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Abstract

A new approach to nonlinear L2-stability for double diffusive convection in porous media is given. An
auxiliary system X of PDEs and two functionals V, W are introduced. Denoting by L and N the linear
and nonlinear operators involved in X, it is shown that X'-solutions are linearly linked to the dynamic
perturbations, and that V and W depend directly on L-eigenvalues, while (along X') % and ali_VtV not only
depend directly on L-eigenvalues but also are independent of N. The nonlinear L2-stability (instability)
of the rest state is reduced to the stability (instability) of the zero solution of a linear system of ODEs.
Necessary and sufficient conditions for general, global L2—stabi1ity (i.e. absence of regions of subcritical
instabilities for any Rayleigh number) are obtained, and these are extended to cover the presence of a
uniform rotation about the vertical axis.
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1. Introduction

The equations governing the motion of a binary fluid mixture bounded by the horizontal planes
7=0, z=d > 0, in the Darcy—Oberbeck—Boussinesq scheme, are [1-4]

n
kV+,0fg,

V'VZO, (1)
AT, 4+v-VT =kr AT,
eC;+v-VC=kcAC,

Vp=-—

where

p=po[l = yr(T —To) +yc(C = Co)] 2
and where the following notation is used:

yr = thermal expansion coefficient, yc = solute expansion coefficient,

& = porosity, v = seepage velocity field,

C = concentration field, p = pressure field,

T = temperature field, W = viscosity,

Ty = reference temperature, Co = reference concentration,

k7 = thermal diffusivity, kc = solute diffusivity,

¢ = specific heat of the solid, A= M,

(pocp) ¢
po = fluid density at Ty, Cp. k = permeability coefficient,

¢p = specific heat of fluid at constant pressure.
The subscripts m and f refer to the porous medium and the fluid, respectively.
To (1) we append the boundary conditions

1 1
TL:To-i-E(Tl—Tz), CL=C0+5(C1—C2) onz =0,

| | (3)
Tu=To—§(T1—T2), Cu=Co—§(C1—C2) onz=d,
with 77 > 7> and C; > C». By introducing the scaling
Ad? kr
= d *7 = t*a = *’
X X i \4 7 v
p*zk(P-i-pogz)’ T*ZT_TO’ C*ZC—CO
wkr -1 -G
the dimensionless versions of (1) and (3)—omitting the stars—are respectively
Vp=—-v+ (RT — CCO)k,
V-v=0,
“4)
T:+v-VT =AT,
eLeC,+Lev-VC =AC,
T, = ] CL= 1 =0
L—Z, L—2 onz=>_, (5)
1 1
TUZ—E, CUZ—E 0I1Z=1,
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with

_yrg(Th —Th)kd

R (thermal Rayleigh number),

va
C1 — Co)kd
C= yes(€i = Co)kd (solutal Rayleigh number),
l)kT
k
Le="-L (Levis number),
kc
124 . L .
V= — (kinematic viscosity),
00
€
€= 3 (normalized porosity).

Equations (4)—(5) admit the steady solution (motionless state)

1
vs =0, VpAs(z)Z—(RJrC)(z—E)k,

Te(z) = ! Ci() = !
s(z)——<z—§), s(z)——<z—§>-

The stability of (6) has been considered by several authors (also when rotation about the vertical
axis is incorporated) [4—18]. Precisely, denoting by

(6)

u = (u, v, w) the velocity perturbation field,

6 the temperature perturbation field,

I' the concentration perturbation field,

R(CL) the critical Rayleigh number of linear stability,

R(CE) the critical Rayleigh number of nonlinear energy stability

and assuming that the perturbations (u, v, w, 0, I")
. T . . . . 2 2.
(1) are periodic in the x and y directions respectively of periods % and a_Z’
(i) on the periodicity cell £2 = [0, i—’;] x [0, i—f] x [0, 1] (in order to guarantee uniqueness)
u and v have zero mean value, )
(iii) belong to L2(£2), Vt € R,

the results on nonlinear energy stability [4—18], as far as we know, can be summarized as follows:
there exists a bounded positive number R* < 0o such that

R<R*
€)) R(CE) = R(CL) (i.e. absence of regions of subcritical instabilities for
= R< R,
2)R < RéE) implies global nonlinear L>-stability,
R > R*
(D R(CE) < R(CL) (i.e. existence of potential regions of subcritical instabilities),
- 2)R < R(CE) implies local nonlinear L>-stability.

In the present paper, I reconsider the problem with the aim of showing that in the case at hand
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(I) R* = oo (i.e. absence of regions of subcritical instabilities VR > 0),
(I1) the nonlinear L>-stability is always global.

Denoting by L3(§2) the class of perturbations (u, 8, I") satisfying (i)—(iii) and such that all
their first derivatives and second spatial derivatives can be expanded in a Fourier series absolutely
and uniformly convergent in £2, the aim is to derive the following (main) theorem:

Theorem 1. Motion (6) is globally asymptotically exponentially L*-stable if and only if the zero
solution of the linear binary system of ODEs

d
—E=a1§+azn,
dt 7
dn @)
— =az§ +aan
dt
with
2 2
a“R 2 5 a
ag=—————(a"+7°), ap=————=LeC,
1= 212 ( ) 2 a? +n? ®)
_ a’R L _ 1 a’c a’+ 2
a3_a2+n28 ¢ M=z a?+n? Le

is stable for any value of the positive parameter a>.

As far as we know, this is the first time that for double diffusive convection, coincidence of
linear stability and global nonlinear L>-stability of the rest state is established VR. In fact, for
(Rp =4n?, C* = ﬁ}, the L2-global stability conditions implied by (8) are

ele>1, C>C*,
ele<1,
C 1 9)
R < Rp+LeC; R<—+(1+— |Rp
€ ele

and coincide with those of linear stability VR. Therefore—in the case at hand—the absence of
regions of subcritical instabilities is established.

The plan of the paper is as follows. In Section 2—dedicated to preliminaries—it is shown
that u is linearly linked to (@, I"). In Section 3 an auxiliary system X of PDEs and a quadratic
functional V (different from the L2(£2)-norm of (8, I')) are introduced. Denoting by L and N,
respectively, the linear and nonlinear operators involved in X', it is shown that

(a) the solutions of ¥ are linearly linked to the perturbations (u, 8, I") (Theorem 2);
(b) V depends in a simple direct way on the L eigenvalues;
dv

(c) along X, <7~ not only depends in a simple direct way on the L eigenvalues, but also does not

depend on N (Theorem 3).

Section 4 is devoted to the global nonlinear stability. By virtue of (c) conditions sufficient for
guaranteeing global nonlinear L2-stability are found (Theorems 4—5). Instability is considered
in Section 5. By the introduction of a functional W having the properties (b)—(c) it is shown that
the conditions found in Section 4 are necessary for the stability of the rest state (Theorems 6-8).
Sections 67 are devoted to proof of the main theorem and its generalization to a rotating layer.
The paper ends with an Appendices A.1-A.3 in which—for the sake of completeness—some
results, used in the paper, are discussed.
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2. Preliminaries

By virtue of (4)—(5), the equations governing the perturbations (u, 8, I") are
Vi =—u+ (RO —CI)k,
V-u=0,

0
oy Tu Ve =00+ w, (10)

ar
eLe§+Leu-VF=AF+w
under the boundary conditions
w=0=I'=0 onz=0,1, (1T)

7 being the perturbation to the pressure field.

Since the sequence {sinnmz} (n =1, 2,...) is acomplete orthogonal system for L2~([0, 1]), by
virtue of the periodicity, it turns out that for £ € {w, 6, I'} there exists a sequence {L,(x, y, 1)}
such that

o
EzZZn(x,y,t)sinnnz, vVt >0, (12)
n=1
with
~ 25 32 82 2 2 2
Alﬁnz_a £ns Al:ﬁjLayz’ a —ax+a} (13)
Setting
¢ =(V xu) -k, (14)
in view of (10),, one obtains
Pw 9
A= a_g
e W (15)
0w d¢
AMlv=——+—
dydz  dy
On the other hand (10); implies ¢ = 0, hence
92w %w
Alu=— , Av=———,
0x0z 0yoz
and therefore one obtains
> d
u= Zﬁn(x, y,t)d—z(sinnnz),
n=1
> d
v= X;vnoc, y.0) - (sinnz), (16)
n=
A, = —azﬁn, A, = —azﬁn,
- 1 dw, . 1 dw,
Uy = — , Uy = — .
" a2 ax " a2 ay
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Then w, 6, I' are the effective perturbation fields. These fields are not independent, however. In
fact, from (10); it follows that

Vx(Vxu) -k=Vx[Vx (R —LeCIKk] -k
ie.
Aw=A (R0 —LeCI),

and (10) becomes

Aw = A{(RO — LeCI),

V.-u=0,
a0
E:A9+w—u~ve, (17
or —1 (AT 4+ w) 1u vrIr
p— w) — — . .
ot e€le €
According to (12)

wy, = Wy (x, y,t)sinnrz,

Oy =0, (x,y,t)sinnnz, (18)

I, = f,,(x, y,t)sinnwz
and, in view of (12)—(16), one obtains
Aw, = —(n2n2 + a2)w,,,
U, = (p, Vn, W),
1 9%w, 1 9%w, (19)
Up = ;m, Up = ;8))—31’
A6, =—a%0,, AT, =—d’T,.

Therefore, setting

a

E_n’
it follows that
wyp = Vu (RO, — LeCIly,),
_(1 2w, 1 9w, ) (21)
n — n

a? 9xdz " a? 8yaz’w

o £, =a* +n’n>, (20)

satisfy, (a2, n) e Rt x N, the boundary conditions
w, =0, = n:O OHZ:O,],V”EN+, (22)
(1)—(i1) and (17)1—(17);. Then—>by virtue of linearity—the general solutions of (17)1, (17), are

00 9]
w=3w  u=3, @3
n=1

n=1

with w,, u, given by (21).
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3. Linearization principle via an auxiliary system

Let Z, = Z,sin(prz) with Z, € {8,, I',}, p € N*, and let (-,-), (-,-) denote, respectively,
the scalar product in L?(§2) and L?[0, 1]. The following lemmas hold.

Lemma 1. Let p, g, n € NT. Then max(p, g) < n implies

. . 1/2 for p=gq,
(sin(prz), sin(gm2)) = {O for p£a, (24)
0 + ,
(sin(gmrz) sin(nz), cos(pmz)) = { 1/ ;Z: i +Z iZ (25)

Proof. (24) immediately follows from

1
(sin(prz), sin(gm2)) = <<§ cos[(p — q)wz] —cos[(p + q)nz]>>.

Concerning (25), we observe that, by virtue of
. . 1
sin(gmz) sin(nmz) = 3 {cos[(n — q)rrz] — cos[(n + q)nz] },
1
cos[(n — q)mz]cos(pmz) = E{cos[(n —q—p)z]+cos[(n+p—q)nz]}.
1
Cos[(n + q)nz] cos(pmz) = E{cos[(n +q+ p)nz] + cos[(n +q — p)nz]}
it follows that

((sin(qrrz) sin(nmwz), cos(prrz)))

4

and hence (25) immediately follows. O

1
= <<—, cos[(n +p- q)nz] + cos[(p +q - n)yrz] — cos[(n +q— p)rrz]>> (26)

Lemma 2. Let Z =37 Z,,. Then it follows that

<<Zzp, sin(nrrz)>> = % (27)

p=l1

(( V2, sin( )» {O forp+q #n, (28)
u, - ,sin(nmz)) = - = -z
P q %(Q%Vw,,-vijqupzq) forp+qg=n.
Proof. Lemma 2 is immediately implied by Lemma 1. 0O
Let us set
bin =yuR =&y, by = —yuLeC,
R 2
3n=Vn ’ b4n:_yn LeC"‘E—n s 29
ele ele Yn

m m
S =2 b S=DL Un=)m, (30)
n=1 n=1
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with w, and u,, given by (19) and m,n € N*. Then {5’519 ), S,(,,F), U,,} is a dynamical perturbation
iff
a m
Esr(n@) = Z(blnen + by 1) — Uy VSr(ne)a

n=1

3 =z 1

gsr(nl“) = X:I(bSnen + b4nFn) - gUm ' VSr(nF), (31)
n=

Vr,=—u, + (RO, — LeCI,)k,

V-ou,=0,

wy = Yp (RO, — Le CI7,)

under the boundary data (22) and u, given by (20)—(21).
With (31) we associate the auxiliary system

*

0
81‘1 = b6} + by I = UL, - VO;,
ory 1
8[1 =310 + by I'}" — EU’:” VI,
(32)
ﬁ _ * * _ YT* *
5 =bim0,, +bou I, — U, - VO, ,
ary 1
= b3m9:1 + b4,,11—',71< — —UZ . VI—',:,
ot €
where
m 2% 2.0 0%
I 0%w,; 1 0w
U>l< == u*, u*: _—n’_—ns . )
" ; " " (a2 dxdz  a? 9ydz w")
~ (33)
wy =Wy sin(nrz), 6 =06, (x,y,t)sin(nrz),
¥ =T x,y, t)sin(nrz), W)=y (RO} — LeCT))

with 6, I'* periodic in the x, y directions with §2 as cell of periodicity, under the boundary data
analogous to (22)

6f=T=0 forz=0,1. (34)

Theorem 2. Let {67, ..., 0% I, ..., I ULY with {UZ, given by (33) and (S = Y67,

m?
SY = 3y e [L3(2)12 m € N} be the solution of (32)~(34). Then (30) with {6, =
O, Iy=I (n=1,...,m); Uy, =U}} is the solution of (31) under (20)-(22). Vice versa,
if 30) with {S\), S5} € [LE(2)12, m €N, is the solution of (31) under (20)~(22), then
OF,....00 Iy, ..., T Up Y with (0, =0, I, =1, (n=1,...,m); Uy, = Uy, } is the solution

of (32)—(34).

Proof. Let (6f,...,00; I, ..., I Uy, = Y T'uf) with {u} given by (33) and (S99

Yex, SY) =Y IF) € [LE($2)12, m € N} be the solution of (32)—(34). Then by adding (32)
it immediately follows that (S = Y76, S\ = Y I"* U%) is the solution of (31) under
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(20)-(22). Vice versa, let (S, S\ ), U with {5, S '} € [LE(£2)]%, m € N, be solution of
(31) under (20)—(22) with

SO =) 0,00, S =Y "60,00. (35)
1 1

Denoting by (6, ...,0,; I, ..., Iy) the solution of (32)—(34) associated with the initial data
60,(0)=06,(00), I,;0)=1I,0), wu;0)=u,0), Vne{l,..m}, (36)

it follows that (S,(j g , S,(nF*), U}) is the solution of (31) under (20)—(22). In view of the uniqueness
theorem for (31) under (20)—(22) (see Appendix A.1), it turns out that

0 =6, I*=T, u =u, Vne(l,...m}). O (37)

n

Remark 1. In view of Theorem 2, we can determine the stability of (6) by substituting (32)—(34)
in (31) under (20)—(22).

Setting
I, =bln +b4n, An =blnb4n _b2nb3n (38)

the following linearization principle holds.

Theorem 3. The time derivative of

1
V= E[An(nenn2 F T 1P) + 1610 Ty — b3uBnlI* + 11620 Ty — banbn 1] (39)
along the solutions of (31) is given by
dV,
dt” = An Ly (1162117 + 1 5011%). (40)

Proof. By virtue of Theorem 2, we may evaluate the time derivative of V,, along the solution of
(32)-(34) and hence along the solution of

a0
an = blnen + b2nFn - Um : Vel’h
31{‘ | n=1,...,m. (41)
== b3n9n +b4nrn - _Um . Van
at £
It turns out that {cf. Appendix A.3}
dv,
== Al (1617 +1T17) + ¥ (42)

where ¥, the contribution of the nonlinear terms appearing in (41), is given by
1
Yy = — (a1 — azp L5y, Uy - VO,) — g<a2nrn —a3p0n, Uy - V1), (43)
A=A+ b%n + bin, oy =Ap + b%” + b%n, azp = b1ub3y + bopbay.

By virtue of (28), it turns out that
(Um - VO, 1) =(Up - VI;,6,) =0, n=1,...,m. (44)
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Further, in view of V - U,, = 0 and the boundary data, it follows that
1
2

1
(Up -V, ) = E(Um, VI7)=0.

(U - V63, 60,) = =(Uy, VOZ) =0,

Then (44)—(45) imply
v, =0 Vne{l,2,...,m}

O

Remark 2. Let us observe that:

(1) denoting by (A1, A2,) the eigenvalues of

de
d_n :blnen +b2nFn»
t
ar;
dt = b3n9n + b4nFn
it follows that
Ap=An - A2n,
Iy = A + Aops

1045

(45)

(46)

(47)

(48)

(ii) V, and V,, are linked in a direct simple way to the eigenvalues of the linear operator involved

in (32) and, moreover, Vn does not depend on the nonlinear operator involved in (32);

(iii) the time derivative of
1
E,= 5(||9n||2 + 1113017

along the solutions of (41) is given by
dE,
dt

= b1 l16n 11> + (Ban + b32) (Bs T} + banl Tl

(49)

(50)

and is also independent of the nonlinear terms. However, the eigenvalues of the quadratic
form appearing in the right-hand side of (50)—in view of by, # b3y, Yn € NT—are not, in

general, those determined by (2;” 2i" )

4. Global stability

Lemma 3. Serting
Rp=4rn2,  RY =Rp+LeC,

@_C 1 () Q)
RP”=Z4(1+— )Rz,  Rc=inf(RV, R
¢ 6+(+6Le>3 c=inf(R¢". RZ)

it follows that

RB:infE—n,
Vn
ele<1l = Rc=R(Cl)<R(Cz),
Rp @ _ p)
ele>1, C>C*=—"—"— = Rc=R <R-’.
{ (eLe—l)Le} €c=%c =%

61y

(52)
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Proof. By virtue of

gn B (a2+n27.[2)2 (a2+7[2)2
VYn B a? 2 '

(52)1 immediately follows. In view of

a

1 R

(2) (D B

R — R =—|(1—€Le)C+—|,

¢ ¢ € |:( ex + Le i|

(52), becomes obvious. Passing to (52)3, from C > C*, it turns out that

1/ Rp R

@ _ p 5 Ke

RZ —R <-(-—+—=)=0. O
© ¢ e< Le+Le)

Lemma 4. Let
R < Rc.

Then ¥n € NT, Va > 0,

-
Apz —0 —=n1) >0,
€le

1
Ing_ﬂ'2<1+—>(1_7l2)<0a Aply <=9
€le

with
. R—-CJe
"~ Rp(1+1/(sLe))’

5= 7 (14! (1= =)
"~ €le ele N 7)-
Proof. (55)implies 0 < n; <1 (i =1, 2). Further, by virtue of (51)—(54), it turns out that
2
R
An:g"y" <§—”+L6C—R)>—€" (l |2 )

1
=—(R—-LeC),
n RB( eC) n2

e€Lle \ yn eLe\ En/Vn
(az +l’l27T2)2 7.[4
STl a- ==,

o (I —mny) > eLe( n1)

1 " 1 n
enl{ ) e ) E )
ele )y, € ele )\ vy
_ R _mRp N2
= (1 + eLe)én(l §n/yn> > (1 + eLe)n (1 —=mn). O

Lemma S. Let (55) hold. Setting
B, =2max(b},, b3, b3, +b3,),

1n>

_ 27%(1+¢€lLe)
(14 pelLe

(1 —mn2),

2 (LeC + Rp)* R?
=——(1- 2eLe(RZ+R%), ———20  —_ eLC?
a Rg( m)max{ € Le(R" + Ry) €Le eLe’ €

(53)

(54)

(55)

(56)

(57)

(58)

(59)
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it turns out that Y¥n € N, Ya > 0)

B
- <u,

An
(60)
d :M>d
A, + By

n

Proof. In view of

2 2
Ay > 2 (5) (1—m),
ele\ y,

bi, _ iR —En/vn) _ 272+ o) _ 2¢Le(R* + Rp)
An Avo Ay S d—n)R}
% < y2Le*C%e Le < eLe’C?
Av "2 -y (=nDRp
b3, y2eLe R? - R?

T 2Ly ) eLeRy(—m)

A
b2 1 C 1\? 1 C 1\> «€Le
Tt ) < 5ot ) mee—
Ap €A, " \&n/yn  Le € R Le) & (1—m)
_ (LeC+Rp)?
eLeRZ(1—m)

(60), easily follows. On the other hand, by virtue of
_ 2Ll 2kl

I+8 7 1+u

N

(61)

=

n

(62)
(60)3 is implied by (56),. O
Lemma 6. Let A, > 0. Then V,, is positive definite and it turns out that (Y¥n € NT)

v,
E, < A—" <(1+pE,. (63)

n

Proof. From Lemma 5, (63) immediately follows. O

Theorem 4. Let either
ele<1,

(64)
R < Rp+LeC

or
ele>1, C > C*,

eCaie L) ©
€

e€le

hold. Then the nonlinear global asymptotic exponential L*-stability of (6), with respect to the
perturbations {S,(,,e ), S,(,,F), U,.}, Ym € N*, is guaranteed.
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Proof. (64)—(65) imply (55). Then, by virtue of (40) and Lemmas 4—6 it turns out that

T A, <—%Vn <—av,. (66)
1.€.

V, (1) <V, (0)e™ " V>0, Vn <m, (67)
and, in view of (63), one obtains

E,(t) <1+ ) E,(0)e™ . (68)
Setting

VE= Zv Em=) En (69)
1

(66)—(67) imply
{ VELVEO)e ™,

70
En < (14 )En(0)e™. O 70

Theorem 5. Let either (64) or (65) hold. Then (6) is nonlinearly globally exponentially L2-stable
with respect to any perturbation {0, I',u} according to

{E(t)<(1+M)E(0)e_‘”, 70
V < V(0)e ¥
with
o o0
E=Ex=) E,, V=Vi=) V. (72)
1 1
Proof. In view of (70), letting m — oo, (71) immediately follow. O
5. Instability
Theorem 6. Suppose there exists an a> € Rt such that
I(a*) >0 (73)
or
A(@%) <o. (74)
Then (6) is L2-unstable.
Proof. In the case (73) with A; > 0, Va? e Rt, in view of (72) and (63), it turns out that
%
E>E > —— (75)
14+ A
with
A% 21

— =2LHAE1 > 1

Vi, 76
7 il (76)
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i.e.

21
Vi 2 Vi(0)exp t]. a7
I+ pu
In the case (74), in view of {b3; > 0, Va?}, we introduce the functional
1
W= (IXI2+1717) (78)

with

X = (by — A)T* — b6,

Y=(by— 1) — b36*,

A+ A2 =[11]a=a; M2 =[A1la=a,

br=Ibi1la=a, b3=Ib31la=a, 0" =[01la=a, I =I[I1la=a-

(79

By straightforward calculations (cf. Appendix A.2), it follows that

1
0 = —[(b1 — X)X — (b1 — A)Y|,
bg(kg—kl)[( 1 —A2) (b1 —A)Y] )

L1
r*= (X —7Y)
A2 — A

and, in view of (41)—for n = 1 and ¢ = a—we obtain

X
=X+ F,

; o

—=MY+G

ot

with
1 _

F=b3U,, - V0* — —(by — x)U,, - VI'*,
£

1 _
G = b3U,, - VO* — ~(b) — 1)U, - VI'*, (82)
£

[-Jm = [Um la=a-

By virtue of (74), the eigenvalues A; are real, nonnegative numbers, hence (81) implies

WZMIIXII + (X, F) + 12|V [I” + (Y, G). (83)

On the other hand Ya?, (28) implies
(X,F)=(Y,G)=0, (34)

hence the instability follows from

dw
- =0 (W(@©),1)eR" xRT. O (85)
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Theorem 7. Let
€le>1, R > Rc. (86)

Then (6) is nonlinearly L*-unstable.
Proof. In view of (52), it follows that

C 1
ele>1 = RC=R(CZ)=—+<1+—>RB
€ ele
and hence (86), implies

1
R=9+(1+—>(RB +k), 87)
€ ele

k being a positive constant. If
Rg)<R<R(Cl) (88)

then (87) implies

2 C & 1
n@)=n|r-¢- (e )

&1 (&1 1 &y (&
Ay (d? ——|=+LeC—R =—|——Rp).
1(a )> eLe<y1 +he ¢ ele B

Let 0 < 1 < 1 and consider the equation
£1(a?)
y1(a?)

having the positive roots

—
+
m
==
&
~—
—
=
s+
+
»‘

|

| oo
S~

Y
(89)

=Rp+eik (90)

2 472 + g1k £/ (An2 + £1k)% — 4714'
2
It turns out that {1 (a) > 0, Aj(a) > 0} and the instability comes from Theorem 6. In the case

oD

R>RY > RY 92)
there exist two positive constants k, k1 such that (87) and

R=RY +k (93)
hold. It follows that

1 3
L=y|(l+—])|Re+k——),
€le Y1

94
A= Ein (é_l Ry —kl>-
€Le \ y1
If k > k1, then for any a such that
R3+k1<$1(6f) <Rp+k 95)

Yila
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one obtains {/1(a) > 0, A1(a) > 0} and instability follows. If k < k1, then for any a such that
&1(a)
y1(a)

it follows that (74) is established. O

<Rp+k (96)

Theorem 8. Let

eLe< 1, c<C,
o7

R > Rc.
Then (6) is L*-unstable.
Proof. In view of (52), it follows that

feLe<l, C<C*} = Rc=RY =Rp+LeC,

and hence (97) implies (93)—(94), and (74) for any a such that

S L S (98)

yi(a)

Remark 3. In the case {/; =0, A; > 0} it follows that {/,, <0, A, > 0}, Vn > 1. By virtue of
(66), it turns out that

(i) (6) is (simply) a L>-stable center;
(ii) all the harmonics tend to zero, except the principal one (n = 1).

6. Proof of the main theorem

Collecting the L>-stability (instability) results obtained, we have to show that they can be
incapsulated in Theorem 1. By virtue of

C 1\ &
Li=y|R———(14+— ]2,
€ ele) v,
A, =Y (5 pcR). (99)
ele \ y,
9
Yn>0, & >0, —(5—”>>o, Va?,
on \ ¥n

it follows that [V(n?, a%) € NT x R]
L <0 = I,<0; Ai>0 = A,>0
and that Aj; (&2) < Oonlyif Ay (&2) < 0. Taking into account (56)3, Theorems 2—8 and

I <0, 2
Ya = R <R,
Al >0,

the proof of Theorem 1, by virtue of (a; = b1, ax = ba1, a3 = b3y, as = bs1), immediately
follows.
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7. Rotating layer

When the layer rotates with constant angular velocity w, = w.k about the vertical z axis,
(1) becomes

Vp:—%v—l—pfg—Z@Q* XV,
e

v-v=0, (100)
AT, +v-VT =kr AT,
£C+V-VC =kcAC

with
1 2
p=pi— EPO[Q* x K] (101)

under the boundary conditions (3). By using the same scalings as in Section 1, the dimensionless
version of Egs. (100) is

Vp=—v+ (RT —CC)k+Tv xKk,
V.v=0,

T,+v-VT =AT,
eLeC;+v-VC=AC,

(102)

where 7 = 2@ g the Taylor—Darcy number. Under the boundary data (5), (6) continues

to be the onlyl equilibrium state admissible. The equations governing the perturbations [u =
(u, v, w), 0, I'] are easily found to be

Va=-u+ (RO —CINk+7Tu xKk,
V.-u=0,

(103)
0;=w+ AT —u- Vo,
eleC;=w+ Al —Leu-VI
under the boundary data (11). Following the procedure of Section 2, it turns out that
Aw +T?w,. = A{(RO — LeCT),
V.-u=0,
20
¥=A9+w—u-ve, (104)
or : (AT +w) : vr
- = — —u-
ot  €le v €

under the boundary data (11). It easily follows that the general solution of (104)1—(104); is given
by

o0
w:an, u=Zun (105)
1

1
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with
Wy = V:(Ren —CrI,),

a2

§n+72n2ﬂ2’
1 32w, 1 8%w,

u,=|— s =5 > Wy |.

" a2 9xdz " a? dydz "

Then—following step by step—the procedures of Sections 3—6, and setting

* __ _ 2 2_2
Yy = & =a"+nm”, (106)

Rp=m (1+\/1+72) 1nf— (107)

n

one finds that, on replacing Rp by R%, each result of Sections 4-6 continues to hold. In particu-
lar; the main Theorem 1 continues to hold with a* + (1 + T)x? in place of a®> + w>.
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Appendix A.1. Uniqueness theorem

Let (u, 0, I', ), (u*, 0%, I'*, 7*) be two perturbations to the rest state (6) having the same
initial data. Then—by virtue of the uniqueness theorem for (1)—it turns out that

u=u*
0 =0%*, vt > 0. (108)
I =ro%*,

Therefore, in view of

O SIN(RTTZ), (109)

)% sin(nmz) (110)

I
.
igs 10

it turns out that

m
> (6a = 67)sin(nrz) =0 Vi >0, (111)

n=1

and hence

16, — 6| =0 VYn<meN', teR", (112)
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Analogously
m
I = ZF” sin(nmz),
. = | -[F|=0 Vn<meN', 1eR" (113)
r* = Zf‘n* sin(nwz)
1
and hence
m
u= Zﬁn sin(nwz),
. = |, -] =0 Va<meN', teR". (114)
ut = Zﬁ: sin(nmz)
1

In conclusion, one obtains that each harmonic (uy, 8, I;,) of the perturbation field (u = Z'I"u,,,
0 =310, I' =) 1'T},) is uniquely determined by its initial value.

Appendix A.2. Time derivative of W along (41)

For the sake of generality we consider

ou _

ot ’

v _pr (115)
ar

with
o =aju+apv+y,
B* = ayiu +anv+v*,

a;j (i, j =1,2) being constants such that ajjax — ajpaz; <0and ¥ =¥ (u, v), ¥* =™ (u, v).
By virtue of

(116)

1
u=———"/[(a11 —A)X — (a11 — M)Y],
az1 (A2 — A1) 117)
= X-Y
v Fy )»1( )
it turns out that
IX Y .
(@11 —A2)— —(a11 — A1) ——=ax (A2 — Apa’,
dt at 118
X  aY . (118)
-
5 51 (A2 —ADB
and hence
0
— =—aya* + (a11 — r)B",
ot 119)
Y (
rTin —ag1* + (a11 — r2)B*.
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Taking into account that

one ob

ajl —iy=A;—axp, ai—Ai=>iy—axn,

ajiair — A2) +anaz = ri(ai — A2),

aji(air —Ay) +anaz; = ra(ai; — A1)

tains

v
a1 (A2 — A1)

B* (M X — 1Y) +v¥,

M(a — )X — haan — A)Y ]+ ¥,

T — A

wja* = {[ar1(a1r — 22) + aziarn] X

Ay — Aq
—[an(an —r) +anan )Y} +any

[A(a11 —22)X — M@ — ADY ] +any,

- Ay — A

Al —Ap *

(aig —ADB = ——[M X — Y]+ (a1 —ADY T,
Ao — A

ail— A "
———[M X = Y]+ (a1 — AV,
1

—A *
(a1 —A2)pB %

and hence by virtue of

=A1(A2 —A)X,

=A2(A2 =AY

it turns out that

—ayia* + (a1 —A)B* =M X + FF,
—az1a + (a11 — A)B =212+ G*,
F*=—anyy + (a11 — AV,

G* =—any + (a1 — M)Y™.

Therefore in view of (119) and (123) one obtains

X

— =M X+ F*,
ot
Y .
—=0Y+G
at

and hence

1
W=5[||X||2+||Y||2]

implies

d_W— 2 * 2 *
=MIXN"+ (X, F7) + 00 Y[17+ (Y, GT).

dt

[(a11 — A1 =A@ — 2] X + [(a11 — ADra — Aalar — A)]Y

[(a11 — A)A1 =A@ — 22) X + [(a11 — ADAa — Aa(arn — M) Y

1055

(120)

(121)

(122)

(123)

(124)

(125)
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Appendix A.3. Time derivative of V,, along (41)

For the sake of generality we consider (115)—(116). Setting [18]
A =ajjaxn —apay, I =ay +axn (126)

and introducing the functional

1%

1
E[A(nun2 + vlI%) + llanv — apul® + a2y — aznul*] (127)

it follows that
dv

= (A4 a3 +ad) ) + (At afy +ab) )

— (a11a21 + apan)(v, us) — (a11as1 + apan){u, vr). (128)
Since, along (115)—(116), it turns out that

tlull® + ara(u, v) + (u, ¥),

(M, Mt) =aj
(v, v) = a2 {u, v) + anlvll* + (v, ¥*), (129)
(v, ur) = ari (u, v) +anlv|* + (v, ¥),
(u, vr) = az |lul|® + aza (e, v) + (u, ¥*),
by straightforward calculations it follows that
dv
— = ALl + [o]?) + v (130)
with
U = (aju — a3v, ¥) + (ov — azu, Y¥), 30
o] =A+a2l+a22, Ol2=A+a%1+a%2, a3 =dai1az] + apna.
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