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INTRODUCTION 

One of the main problems in combinatorics is the existence and 
uniqueness questions for designs, especially symmetric designs. We want to 
know for which parameter values such designs exist and for which 
parameter values the designs are unique. The case of projective planes has 
been intensively studied but not much progress has been made since the 
Bruck Ryser Chowla theorem now almost 40 years old. 

In a very recent paper [l] Assmus proposes using sets of ovals in order 
to disprove the long-standing conjecture that, up to isomorphism, there is 
but one projective plane of order p, p a prime. His starting point is a sur- 
prising and interesting observation concerning a certain set of 16 points 
and 16 tonics in PG(2, 5): as Assmus puts it “Quite miraculously these 16 
tonics have the property that any two meet in precisely two points and 
thus constitute a biplane on the point set.” He goes on to say that 
“Although the curious phenomenen just described is probably unique, the 
very existence of any biplane inside a projective plane cries out for an 
examination of such phenomena.” 

Our main purpose here is to re-interpret the biplane in PG(2,5) and to 
show that the existence of this biplane in PG(2, 5) is far from unique. In 
fact (Theorem 3) we show that in n: = PG(2, q) for ail odd q > 3 there exists 
a biplane on 16 points such that the blocks are sets of6 points of z that lie on 
a conic. Our proof consists of exploiting the classical Kummer surface or 
rather the famous configuration of its 16 singular points and planes which, 
in fact, form a biplane of grid type (see Sections 2 and 3). 
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1. NOTATION AND BACKGROUND 

As usual 1x1 denotes the cardinality of a set X. If F is any field then 
C = PG(3, F) denotes the projective space of dimension 3 over F. Any 
plane in C is isomorphic to PG(2, F) the projective plane over F. If 
F= GF(q) the finite field of order q = pr (with p a prime and r a positive 
integer) then we denote PG(2, F) and PG(3, F) by PG(2, q) and PG(3, q), 
respectively. A biplane on 16 objects with block-size 6 is a set X of 16 
objects (called points) and a family Y of 16 subsets of X (called blocks) of 
size 6 such that any 2 points are contained in exactly two blocks and any 
two blocks have exactly 2 points in common. Such a biplane is also called a 
(16,6, 2) design. An example of a (16, 6, 2) design may be constructed as 
follows. The 16 points are the 16 entries, say the numbers 1 to 16, in some 
4 x 4 array. The blocks are described as follows. Choose any point P. Then 
the 6 points other than P lying in the same row or column as P are decreed 
to constitute a block. In fact, there exist exactly three non-isomorphic 
(16, 6, 2) designs. Any (16, 6, 2) design isomorphic to the one described 
above is said to be of grid type. 

2. KUMMER CONFIGURATIONS AND DESIGNS 

Let us summarize some work from [2]. We use round brackets for 
points and square brackets for planes in C= PG(3, F). Then (al, a*, a3, a4) 
(resp. [a,, a*, a3, a4]) is homogeneous coordinates for a point (resp. 
plane) in C. The point (x, y, z, w) is incident with the plane [a, b, c, d] if 
and only if ax + by + cz + dw = 0. For any choice of a,, a,, a3, a4 not all 
zero it is clear that the plane [a,, a*, a3, a,] contains the set T of 6 points 
where 

T= {(a,, -a3, a2, -a,), (a,, a3, -a2, -a,), (a,, a4, --a,, -a,), 

(-a,, a4, a,, -a,), (-a,, 4, a4, -a3), (a,, --a,, a4, -a3)>. 

The preceding six incidences are true for all values of the symbols 
a,, a2, a3, a4 so we may therefore replace [a,, a2, a3, a3] by any of the 
elements of T (changing its round bracket to a square bracket) and so 
obtain other sets of incidences. In fact (see [2, p. 5; and 3, p. 231) at most 
16 distinct points and 16 distinct planes are obtained in this way. This is 
due to the fact that the operations of permuting and sign-changing 
involved in these substitutions form a group G. Here IGI = 16 and G is 
isomorphic to Z, x Z, x Z, x Z,, as follows. Let A, B, C denote respectively 
the permutations (a,a4)(a2a,), (a1a3)(a2a4), (a,a2)(a3a4). Let A’ denote 
the operation of changing the signs of a2, a3: B’ those of a,, a3 and C’ 
those of a,, a,. Put H= { 1, A, B, C}, K= { 1, A’, B’, C’}. Then H, K are 
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Klein groups of order 4. Each element of H commutes with each element of 
K and G = HK is a group of order 16 with G isomorphic to Z, x Z2 x 
Z, x Z2. Then (see [2; 3, p. 231) the orbit of a point (a,, u2, u3, u4) under G 
consists of the following set X of 16 (not necessarily distinct) points 

x= {(a,, a23 a33 a,), (a*, 019 a49 a,), (a,, a39 a*, a,), (a,, 04, a,, a,), 

(a,, a29 -039 -a,), (a29 a,, --a49 -a,), (a,, a39 --a,, -a,), 

(a,, 049 --a,, -a2), (a,, --a29 --a39 a,), (a,, --a,, -a4, a,), 

(a,, -a37 -a29 a,), (a39 -a47 --a,, a,), (a,, ---a,, a37 -a,), 

(a,, -a,, a49 -a,), (a49 -a37 a2r -a,), (a,, -a4, a,, -a,)>. 

Changing round brackets to square brackets we get a set Y of 16 (not 
necessarily distinct) planes. 

If 1x1 = 16 then 1 YI = 16, each point of X or plane of Y can be identified 
with a unique element of G and the following result can be deduced from 
the reasoning in [2, p. 81. 

THEOREM 1. Assume that the 16 points of X (and so, the 16 planes of Y) 
are distinct, so that 1x1 = I Y( = 16. Then 

(1) Each plane of Y contains exactly 6 points of X. 

(2) Each point of X lies on exactly 6 planes of Y. 

(3) For each plane o of Y denote the set of 6 points in o n X by S(c). 
Then the points of X and the subsets S(o) form a (16,6,2) design D. 
Moreover, D is of grid type and its automorphism group contains G. 

Again assume that 1 XI = I Y( = 16. Then from (1) and (2) it follows that 
no 3 of the points of S(a) are collinear. However, using that D is of grid 
type and some projective geometry, the following stronger result is shown 
in [2, p. 121, using the notation of Theorem 1. 

THEOREM 2. Assume that 1x1 = 16. Then for each plane cr the set S(a) 
lies on a non-degenerate conic. 

Let us refer to any set of six points that lie on a non-degenerate conic as 
a conical set. We come to the main result. 

THEOREM 3. Let q = pr with p odd and q > 3. Then in K = PG(2, q) there 
exists a set Z of 16 points and a set W of 16 conical sets such that the set Z 
and the subsets W form a (16, 6, 2) design D. The design D is of grid type. 

ProoJ: We consider two cases. 

Case A. q = 5 or 7 or 9. We project the set X+oordinates as before- 
from the point (0, 0, 0, 1) to the set Z in the plane [0, 0, 0, 11. Conical sets 
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project to conical sets. If we can show that IZI = 16 then 1x1 = 16 (and no 
two points of X are collinear with (0, 0, 0, 1)). The projected design is then 
isomorphic to the one in space and we can then appeal to Theorems 1 
and 2. The following sets of values for a,, a,, a3, a4 ensure that IZI = 
IA-1 = 16: 

For GF(5) put a, = a2 = a3 = 1 and a4 = 2. 

For GF(7) put a, = 1, a, = 2, a3 = 3, and a4 = 4. 

For GF(9) put a, = a2 = a3 = 1 and a4 = 1, where L is any element of 
GF(9) that is not in the subfield GF(3). 

Case B. q > 11. Put a4 = 0 and let a,, a2, a3 have any non-zero values. 
Then, since q is odd, we get 1x1 = 16. For q B 11 we now argue the 
existence of a point P such that no two points of X are collinear with P. By 
projecting X from P to any plane in PG(3, q) not containing P the result 
follows as in part A. To establish the existence of P we simply note that, for 
q> 11, (y)(q- l)<q3+q2+q+ 1- 16. 

Remarks. 1. For q = 5 the 16 points and 16 conical sets obtained in 
Theorem 3 are precisely those obtained in [ 11. 

2. For q odd the sets X, Y of 16 points and planes appear as the 
singular points and planes of a Kummer surface K. However, for q even 
such a surface will have far fewer singular points. I am grateful to J. W. P. 
Hirschfeld for a lo-year old conversation on K, also for bringing [2] to my 
attention and, indeed, for obtaining a second-hand copy of [2] for me. I 
thank R. Hartshorne and A. Ogus for information on Kummer surfaces in 
characteristic two. I also thank E. Assmus for providing me with a copy of 
the preprint [l]. 

Note added in proof I am grateful to a careful referee for pointing out that Theorems 1, 2 

are not quite correct as they stand: the reasoning in [Z] must be modified. To correct 
Theorems 1, 2 adjoin “for suitable choices of a,, a2, ax, u.,“. To demonstrate Theorem 3 sup- 
pose 4 = 1 (4). Put a, = aI = a, = 1 and a., = I, where ,I2 = -1. Then the plane [l, 1, 1, I] (and 

so, by transitivity, all planes of Y) meet X in a set T of 6 points lying on a conic C. (To see 
this note that C projects from (0 0 0 1) to the conic x2 +y2 + z2+ xy fyz + zx=O in 
[0 0 0 1 I). The case q = 3(4) can be handled separately. 
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