=

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by Elsevier - Publisher Connector

J. Differential Equations 252 (2012) 2131-2159

Contents lists available at ScienceDirect
Journal of Differential Equations PG

www.elsevier.com/locate/jde

On the Cauchy problem for a two-component
Degasperis—Procesi system

Kai Yan*, Zhaoyang Yin

Department of Mathematics, Sun Yat-sen University, 510275 Guangzhou, China

ARTICLE INFO ABSTRACT
Article history: This paper is concerned with the Cauchy problem for a two-
Received 27 April 2011 component Degasperis-Procesi system. Firstly, the local well-

Revised 21 July 2011 posedness for this system in the nonhomogeneous Besov spaces is

established. Then the precise blow-up scenario for strong solutions

g/gscc'zs to the system is derived. Finally, two new blow-up criterions
35115 and the exact blow-up rate of strong solutions to the system are
35Q58 presented.

© 2011 Elsevier Inc. All rights reserved.
Keywords:

Two-component Degasperis—Procesi system
Local well-posedness

Besov spaces

Blow-up

1. Introduction

In this paper we consider the Cauchy problem of the following two-component Degasperis-Procesi
system:

me 4+ 3muy +myu +k3ppx =0, t>0, xeR,
ot +koupy + (k1 +ka)uyp =0, t>0, xeR,
u(0, x) =upx), xeR,
£(0, ) = po(x), xeR,

(1.1)

where m = u — uyy, while (k1,k2,k3) =(1,1,c) or (c,1,0) and c takes an arbitrary value.
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Using the Green function p(x) £ e ™, x € R and the identity (1 —32)~'f =px f for all f e
L%(R), we can rewrite System (1.1) as follows:

3 k
ut+qu:P(D)<§u2+ ?3,02>, t>0, xeR,

pr + kaupx = — (k1 + ka)uxp, t>0, xeR, (1.2)
u(0,x) =uo(x), xeRR,
P(0,%) = po(x), xeR,

where the operator P(D) £ —dy(1 —32)~.

System (1.1) as the Hamiltonian extension of the Degasperis-Procesi equation was firstly proposed
in [43]. In particular, for (k1, k>, k3) = (c, 1, 0), System (1.1) is no more coupled and the equation on p
becomes linear. Therefore, we only consider the case (ky, ky,k3) = (1,1, c) in the present paper. That
is

3
ut—i—uux:P(D)(Euz—i— §p2>, t>0, xeR,

P+ Upx = —2uUxp, t>0, xeR, (1.3)
u(0, x) = up(x), xeR,
P(0,%) = po(x), xeR.

For p =0, System (1.1) becomes the Degasperis-Procesi equation [22]. It was proved formally
integrable by constructing a Lax pair [21] and the direct and inverse scattering approach to pursue
it can be seen in [12]. Moreover, they also presented [21] that the DP equation has a bi-Hamiltonian
structure and an infinite number of conservation laws, and admits exact peakon solutions which are
analogous to the Camassa-Holm peakons [1,16,17]. It is worth pointing out that solutions of this
type are not mere abstractizations: the peakons replicate a feature that is characteristic for the waves
of great height—waves of largest amplitude that are exact solutions of the governing equations for
irrotational water waves cf. the papers [6,9,44]. The DP equation is a model for nonlinear shallow
water dynamics cf. the discussion in [14]. The numerical stability of solitons and peakons, the multi-
soliton solutions and their peakon limits, together with an inverse scattering method to compute
n-peakon solutions to DP equation have been investigated respectively in [34,40,41]. Furthermore, the
traveling wave solutions and the classification of all weak traveling wave solutions to DP equation
were presented in [37,45]. After the DP equation appeared, it has been studied in many works [13,27,
33,37,39,41,47,50]. For example, the author established the local well-posedness to DP equation with
initial data ug € H(R), s > % on the line [50] and on the circle [47], and derived the precise blow-up
scenario and a blow-up result. The global existence of strong solutions and global weak solutions to
DP equation were shown in [51,52]. Similar to the Camassa-Holm equation [5,7,8,15,48,49], the DP
equation has not only global strong solutions [38,51] but also blow-up solutions [25,26,38,51]. Apart
from these, it has global entropy weak solutions in L!(R) N BV (R) and LZ(R) N L*(R), cf. [4].

Although the DP equation is very similar to the Camassa-Holm equation in many aspects, espe-
cially in the structure of equation, there are some essential differences between the two equations.
One of the famous features of DP equation is that it has not only peakon solutions uc(t, x) = ce~*—¢tl
with ¢ > 0 [21] and periodic peakon solutions [52], but also shock peakons [39] and the periodic
shock waves [26]. Besides, the Camassa-Holm equation is a re-expression of geodesic flow on the dif-
feomorphism group [13] or on the Bott-Virasoro group [42], while the DP equation can be regarded
as a non-metric Euler equation [23].

Recently, a large amount of literature was devoted to the two-component Camassa-Holm sys-
tem [3,11,24,28-32,35,46]. It is noted that the authors in [46] studied the analytic solutions of the
Cauchy problem for two-component Camassa-Holm shallow water systems, which were proved in
both variables, globally in space and locally in time. The used approach in [46] depends strongly on
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the structure of the given system, so we can obtain the same analyticity results of System (1.3) as
those in two-component Camassa-Holm system. It is worth pointing out that analytic regularity re-
sults hold also for the governing equations cf. the recent paper [10]. This is a further indication that
in finding these approximations, structural properties are preserved. However, the Cauchy problem of
System (1.3) in Besov spaces has not been discussed yet. The goal of this paper is to establish the lo-
cal well-posedness of System (1.3) in the nonhomogeneous Besov spaces, derive the precise blow-up
scenario of strong solutions to the system, and give the new blow-up criterions with respect to the
initial data and the exact blow-up rate of strong solutions to the system. Most of our results can be
carried out to the periodic case and to homogeneous Besov spaces.

To solve the problem, we mainly use the ideas of [18,31,32,38]. One of the difficulties is the treat-
ment of critical index in proving local well-posedness of System (1.3), which has been overcome by
the interpolation method in some sense. On the other hand, the H! x L?-norm conserved quantity
plays a key role in studying the blow-up phenomenon of the two-component Camassa-Holm system
[31,32]. Unfortunately, one cannot find this similar conservation law of System (1.3). This difficulty
has been dealt with in some sense by obtaining a priori estimate L°°-norm of the first component of
the solutions to System (1.3) and making good use of the structure of the system itself.

We now conclude this introduction by outlining the rest of the paper. In Section 2, we will re-
call some facts on the Littlewood-Paley decomposition, the nonhomogeneous Besov spaces and their
some useful properties, and the transport equation theory. In Section 3, we establish the local well-
posedness of the system. In Section 4, we derive the precise blow-up scenario for strong solutions to
the system. Section 5 is devoted to some new blow-up results and the exact blow-up rate of strong
solutions to the system.

2. Preliminaries
In this section, we will recall some facts on the Littlewood-Paley decomposition, the nonhomoge-

neous Besov spaces and their some useful properties, and the transport equation theory, which will
be used in the sequel.

Proposition 2.1 (Littlewood-Paley decomposition). (See [20].) There exists a couple of smooth functions (X , ¢)
valued in [0, 1], such that y is supported in the ball B £ {¢ e R": |£| < %}, and ¢ is supported in the ring

CE(EeR™ % NHES %}. Moreover,

VEER", x(E)+ Y @7 =1,

qeN
and
suppp(27%-) Nsuppp(27) =4, ifla—q|>2,
supp x () Nsuppp(279) =0, ifqg=>1.
Then for all u € §’, we can define the nonhomogeneous dyadic blocks as follows. Let
Aqu=0, ifqg<-2,

A_ju2 x(Dyu=FxFu,
Aqu=@(279D)u :.7-"_1<p(2_qf;‘).7-"U, ifg>0.

Hence,

u= ZAqu in§'(R"),
qeZ

where the right-hand side is called the nonhomogeneous Littlewood-Paley decomposition of u.
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Remark 2.1.

(1) The low frequency cut-off Sq is defined by
q—1
Sque Y Apu=x(279D)u=7F"x(27%)Fu, VgeN.
p=-—1
(2) The Littlewood-Paley decomposition is quasi-orthogonal in L? in the following sense:
ApAqu=0, if|p—ql>2,
Ag(Sp—1uA,v) =0, if|p—q|=5,

for all u, v € S'(R").
(3) Thanks to Young’s inequality, we get

lAqullre, [Squlle < Cllullp, V1< p<oo,
where C is a positive constant independent of q.

Definition 2.1 (Besov spaces). (See [20].) Let s € R, 1 < p,r < co. The nonhomogeneous Besov space
B;YT(R") (B;_,r for short) is defined by

By (R") = {f e S'(R"): IIfllg, < oo},
where
£ 05, = 125 80 f i ny = [ %08 F1e2) g o
If s =00, B, = Nser B} -
Definition 2.2. Let T > 0, s € R and 1< p < oo. Set
E5 (T) £C([0.T]: B, ;) NC'([0. T]: B} ,). ifr < oo,
ES oo (T) £ 1°°([0, T1; BS, ) N Lip([0, T1; B} )

and

ES 2 () E (D).

T>0
Remark 2.2. By Definition 2.1 and Remark 2.1(3), we can deduce that
1Aqullps, . ISqullgs, < Cllullgs .

where C is a positive constant independent of q.

In the following proposition, we list some important properties of Besov spaces.
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Proposition 2.2. (See [2,20,32].) Suppose that s e R, 1 < p,r, p;, 1; < 00,i=1, 2. We have

(1) Topological properties: B;,r is a Banach space which is continuously embedded in S’.
(2) Density: CZ° is dense in B}, . < 1< p,r < 00.
11

s—n(5-—55)
(3) Embedding: B, . <> By, .,’" ", if pi <pyandr <ry,

B}y, <> B}y, locally compact, ifsy <s;.

(4) Algebraic properties: Vs > 0, B;’r () L*° is an algebra. Moreover, B;r is an algebra, provided that s > 2

P
ors> % andr=1.
(5) 1-D Morse-type estimates:
(i) Fors >0,
I felss, @) < C(”f”Bi,yr(]R) gl r) + 1181183, ) I fllitem))- (2.1)
(ii) Vs1 < % <Sy(s2> % ifr=1)and s; + s, > 0, we have
(iii) In Sobolev spaces H*(R) = BE’Z(R), we have for s > 0,
I £ 0xgllms ) < C(ILf Il ps+1 )y 1€ llLoery + 1f oo ) | 9x& s w) ) (23)
where C is a positive constant independent of f and g.
(6) Complex interpolation:
Ll gosyra-ors, < IFN0s IFI57, Yue By NByY,, VO €0, 11. (24)
Byt By, B2

(7) Fatou lemma: if (up)nen is bounded in B;’r andu, - uinS’, thenu € Bi,qr and

i
lullss, < Hminf lunlg;, -

(8) Letm € R and f be an S™-multiplier (i.e., f : R" — R is smooth and satisfies that Yo € N", 3 a constant
Car .t 0% f(§)] < Co (1 + [E])™1*! for all & € R™). Then the operator f(D) is continuous from B, . to
Bs—m,

p.r

Now we state some useful results in the transport equation theory, which are crucial to the proofs
of our main theorems later.

Lemma 2.1 (A priori estimates in Besov spaces). (See [18,20].) Let 1 < p,r < oo and s > — min(%, 1-— %).
1
Assume that fo € BS, , F € L'(0, T; BS, ), and d,v belongs to L' (0, T: B 1) if s > 1+ % ortoL'(0,T; By N
L*) otherwise. If f € L*°(0, T; B;r) (N C([0, T]; S’) solves the following 1-D linear transport equation:
of+voxf=F
T ,
™ {f|t:0=fo,

then there exists a constant C depending only on s, p and r, and such that the following statements hold:
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(1) Ifr=10rs;él—|—%.

t

o dTt c/ Vi@ £
pr

0

T

| £

t
g, < I follss, + / |F (o) 5, @
0
or hence,

t
I£Ols;, <O Wy, + [V LF@)]y dr)
0
with V (t) = [; 8xv (D)l y o drifs<1+ $and V (t) = f 185V (T) | 1 dT else.
By NL® ’

2) Ifs<1+ %, and f} € L, dx f € L>°((0, T]) x R) and 8xF L1(0, T; L*), then

[F© gy, +[0xf O
t
<eO (|l folls,, + lox folli + / e VO([F@ gy, + |8:F @] ) dr).
0
with V(©) = [y laxv(D)l 1+ dr.
BY.nL>®
(3) If f = v, then forall s > 0, (1) holds true with V (t) = f(; [[0xv(T)|| Lo dT.
(4) Ifr < oo, then f € C([0, T]; B;’r). Ifr =00, then f € C([0, T]; ngl)forall s’ <s.

Lemma 2.2 (Existence and uniqueness). (See [20].) Let p,r, s, fo and F be as in the statement of Lemma 2.1.
Assume that v € LP(0,T; B;M) for some p > 1 and M > 0, and 3,v € L'(0, T; B;‘r]) ifs>1+ % or

1
s=1+ % and r =1, and dv € L'(0, T; B} o NL®) if s <1+ %. Then (T) has a unique solution f €
L0, T; B;‘r) NNy €O, TT; ngl)) and the inequalities of Lemma 2.1 can hold true. Moreover, if r < 0o,
then f € C([0, T1; B;,r)-

Lemma 2.3 (A priori estimate in Sobolev spaces). (See [32].) Let 0 < o < 1. Assume that fo € H°,

F e L'(0,T; H?), and v, dyv € L' (0, T; L®). If f € L*°(0, T; H°)(\C([0, T1; S') solves (T), then f e
C([0, T]; H?), and there exists a constant C depending only on o such that the following statement holds:

t t

1f O o < llfollwe + c/{|F(r>||Ho dr + C/ V(@) | @) o dr

0 0

or hence,
t
1f©]0 <Ol follne + / IF(@)| o d7)
0

with V(t) = [y (I1v(D) I + |8,V (D) 1) dT.
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3. Local well-posedness

In this section, we will establish the local well-posedness of System (1.3) in the nonhomogeneous
Besov spaces.

For completeness, we firstly apply the classical Kato’s semigroup theory [36] to obtain the local
well-posedness of System (1.3) in Sobolev spaces. More precisely, we have

Theorem 3.1. Suppose that zg = (Zg) € H(R) x H"1(R), and s > 2. There exists a maximal existence time

T =T (|20l ys () x -1 (r)) > 0, and a unique solution z = (Z) to System (1.3) such that

z=12(,20) € C([0, T); H*(R) x H*"'(R)) N C}([0, T); H*'(R) x H%(R)).
Moreover, the solution depends continuously on the initial data, that is, the mapping zo +— z(-, zp):
HS(R) x H"1(R) — C([0, T); H'(R) x H*'(R)) N C}([0, T); H~'(R) x H%(R))
is continuous.
Proof. The proof is very similar to that in [24], so we omit it here. O

Now we pay attention to the case in the nonhomogeneous Besov spaces. Uniqueness and continu-
ity with respect to the initial data in some sense can be obtained by the following a priori estimates.

Lemma 3.1. Let 1 < p,r < oo and s > max(2 — %,1 + %, %). Suppose that we are given (;',) €
L0, T; B;,r) NC([0,T]; S’ x L*°(0, T; Bi,fr1) NC(0,T]; S (i =1, 2) two solutions of System (1.3) with
the initial data (:2) €B, x By (i=1,2)andletu' £ u®> —u' and p'2 £ p? — p'. Then for allt € [0, T],
we have

(1) ifs>max(2—%,1+ ,%),buts;é2+%,3+%,then

1
p

” u'? ® ” B3 + ” 10]2 ® H B2

t 2 2
€3I @l A O A" Ol +102 Ol )

< (Jug’ Iy + 120l g2)e (31)

(2) ifs=2+ %, then

”ulz(t) ” B! + lez(t) || 852

0 1-6
< C(lug gy + o0 [g52)" x (Ju' O 5y + [u* @1 g5 )

0C fo(lul ()|l lu? (o)l oY) -1 412Dl s—1)d
T - R T

C fiqmu? 2(t 1 - 2(0)|| s—1)dT
e Jo it s 1> @ llgs, +HIP @l gs—1 0%l gs-1) ;
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(3)ifs=3+ %, then

[u© gt + 12O g2
0 1-0
< C(JJug? ”B;jﬂ + [ po? HB;;Z) (o' @] Bt | 0*@® ”3;;‘)

0C [oUut@llgs +Iu2(@llgs +lp @l s—1+102 @)l 1) dT
e fo B} By r By, By +(Hu(1,2

B T |.09* Bsp;z)

m 2 1 2
eCfo(IILl (@llps,  Hu@llgs +llp (t)HBf{rﬁ_Hp (f)HB;?)df

where 6 € (0, 1).
Proof. It is obvious that () € L*(0, T: B},) N C([0, TJ: §') x LX(0, T; B ;) N C(10, TI; ") solves
the following Cauchy problem of the transport equations:

au'? +ulsu'? =F(t, x),
0p'? +u'dep'? = G(t,x),
12, _ 124,21 (32)
U “le=0 = Uy~ = ug — ug,
p%lt=0 = pg> £ 05 — Py
where F(t,x) £ —u3u? + P(D)Gu2@' + u?) + §p%(p! + p?) and G(t.x) £ —u'?jp? —
2(pP0u’ + p2dku™).

Claim. For all s > max(1 + %, %) and t € [0, T], we have

HF(t) ”B;f," HG(t) ”B;frz < C(Hulz(t) HB;;1 + ”plz(t) ”j,jrz)

x (Ju'@®

BS,, +| u?(t)

B, + le(t) ”Bj,j,‘ + sz(t) ”B;jﬂ)*
where C =C(s, p, 1, ) is a positive constant.

Indeed, for s > 1+ %, B;,_rl is an algebra, by Proposition 2.2(4), we have

”ulza"u2 HB;;‘ < CHulz H B3, H axu2 ” B! < C””u”B;jﬂ Hu2

By

Note that P(D) € Op(S~1). According to Proposition 2.2(8) and (2.2), we obtain
3
o (Gut )] < Il (1 g+ 1)

and

HP(D)(%p”(ﬁ1 +p2))

gt < C”pn”B;}Z(”p] ”Bi{ﬂ +? ”Bi,f,l)!

p.r

ifmax(1+%,%)<s<2+%.
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Otherwise, these inequalities can also hold true in view of the fact B 2 is an algebra as s > 2 —|— -
Therefore,

POl < a0 |y + 1020 2)
< (14Ol g, + 12O gy, + 10" O gy + 72O ).
On the other hand, thanks to (2.2), we get
”ulzaxpz “B;}Z < CHU]ZH B “ oo’ “ B
920" g2 < o g 2 g
and
”pzaX”]Z“B;j} < C“pz ”Bi,j,l ”axulz”B;frz’

ifmax(l+%,%)<s<2+%.
For s > 2+ %, we can handle it in a similar way. Therefore,

”G(t) HB;;Z < C(”ulz(t) ”Bj,j,‘ + ”plz(t)H;f})
x ([u'© gy, + WOy + 10" O s+ 12* O 55-2)-

This proves our Claim.
Applying Lemma 2.1(1) and the fact that |[oyw(t)]| 1 < C||w(t)||3;r, ||axw(t)||B§;3 <
BJ.NL>® ' !

Clloxw(®)llgs-2 < Clw(®) g5 . if w e B3, . with s > max(2 — %, 1+ %, 3), we can obtain, for case (1),

t

200 < [0l + [ 1@ gy dr -+ / [t Oy 720 g
0

and
0720 g < 1B lgpz + [I6@) e +C [Ju' @ gy, 102 g2

which together with the Claim yield

02O g2 + 10O g 2
t
<Nl + 108l + € [ (102 g + 1020 2)
0

< ([u' @ gy, + [w* @y, + [0 @ g + 10*@ ] 1) d7

Taking advantage of Gronwall’s inequality, we get (3.1).
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For the critical case (2) s=2+ %, we here use the interpolation method to deal with it. Indeed,

if we choose s; € (max(2 — %,1 + %, 3H—1,s—1),s2e(s—1,5) and 6 = 5252(5511) € (0,1), then
s —1=0s1 4+ (1 —6)sy. According to Proposition 2.2(6) and the consequence of case (1), we have

[u™©1] s

o < 1020 [ a0

<(||u <t)H352 e Olg) ™ (s gy, + 108 go-1)’

¢ ot ()l 51+1+”u @l sl+1+HP @l 5, +lo? @I 51, )dt
X e Bpr

(il + 10825 2) (10 O, + |20, )~

p.r

0C fo(lu (@l +Iu2(@llgs +1p (Ol ys—1+1p* (D)l ys-1)dT
x e p.r p.r p.r p.

On the other hand, thanks to s — 2 = % <1+ %. then the estimate for ||V12(t)”Bs—2 in case (1) can
p.r
also hold true. Hence, we can get the desired result.

For the critical case (3) s =3 + %, its proof is very similar to that of case (2). Therefore, we
complete our proof of Lemma 3.1. O

We next construct the approximation solutions to System (1.3) as follows.

Lemma 3.2. Let p and r be as in the statement of Lemma 3.1. Assume that s > max(2 — 1 b2
1, 4 —1 02 (u’y_ (0
s;«EZ—I—E,zo—(pO)eBS x B} and z —(po)—(0)~Th€”

(1) there exists a sequence of smooth functions (z")pen =

( )nEN belonging to (C(R*; B,))? and solving
the following linear transport equations by induction:

3
8tun+1 + unaxuﬂJrl — P(D)<§(un)2 + %(pn)2>’
(Ty) 3t,0n+1 +u"d pn-H — —2,0”8xu”,

1 n+1
u" o £ ugt (%) = Snyuo,

1 a 1
P im0 2 p "+ (X) = Sn+100,

(2) there exists T > 0 such that the solution (z")nen is uniformly bounded in ES (T x ES*](T) and a

Cauchy sequence in C([0, T]; BS ‘) x C([0, TY; B ) whence it converges to some limit z = (;) €
C([0, T]; B )><C([0 Tl; B )

Proof. Since all the data S;yiug, Sn+100 € BSS,
with respect to the index n that (1) holds.

To prove (2) applymg Remark (2. 2) and simulating the proof of Lemma 3.1(1), we obtain that for
s>max(2—— 1+p 2) and 57é2+—,

oo it then follows from Lemma 2.2 and by induction

t
ny1(t) < CeCU"® <A+feC“ Mg 2(t)dr> (3.3)
0

where an(t) = [u"(®)llg;, + [ o" ©llgs1. A= |luollps, + lloollgs-1 and ILGENN lu™(T)llpy, dz.
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Choose 0 < T < = and suppose that

C2

an(t) < Vte[0, T]. (3.4)

C
1—-2C2At°

Noting that e€U"O-U"(D) < /% and substituting (3.4) into (3.3) yields

t

() < ——2 / CA 5
1 X
" ioaciat ¢1—2C2At0 (1—2C2A7)3

_cA < A)

=20 ¢1—2C2At \/1—2C2At

CA
<——,
1-2C%At

which implies that
("), is uniformly bounded in C([0, T1; B}, ;) x C([0, T1; B;,Trl).

Using the equations (T) and the similar argument in the proof of Lemma 3.1(1), one can easily prove
that

duntl L . _ _
(8;,0”‘” >n€N is uniformly bounded in C([0, T]; Bi,,rl) x C([0, T]; B;er).

Hence,
(z“)"EN is uniformly bounded in E;T(T) X Ef,f,] (T).

Now it suffices to show that (z")nen is a Cauchy sequence in C([0, T]; B; 1) x C([0, TY; B ) Indeed,
for all m,n e N, from (T,), we have

at(un+m+1 _ un+1) + un+max(un+m+1 _ un+1)
— P(D)<§(un+m _ un)(uner + un) + %(anrm _ pn)(anrm 4 ,0")) 4 (un _ un+m)axun+1
and

3t(pn+m+l _ pn-H) + un+max(pn+m+1 _ pn—H)

— _2((pn+m _ pn)axun + pn+m8x(un+m _ un)) + (un _ un-&-m)axpn-s-]'
Similar to the proof of Lemma 3.1(1), for s > max(2 — %, 1 + ) and s #2 +5 1 3+ , we can obtain
that

t

b1 (1) < CeCUO (b”’ 1(0) + / —f””*'"mb?(r)d?(r)dt),
0
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where BI(®) £ ™™ — u)©llgs s + 15" = pDOllgs 2, U© 2 f3 [u™"()llgy , d7, and

dmnr) = ", + flumt? ®Ollg, + Hu““"(t)llsg,vr + IIp”(t)IIB;;g + IIP"H(t)IIB;—g + ||,0"+m(t)||,3;;1-
Thanks to Remark 2.1, we have

n+m n+m N
k(s—1)r
E Aqlg = ( E 2kG=D Ak< E Aqu()) )
g=n+1 B! k>—1 q=n+1 Lp

n+m+1 %
<c( > 2’“2"“||Akuo||;p>

k=n

< C27"uollpy -

Similarly,

n+m

Z Agpo

q=n+1

< €2 poll st
p.r

s—2
By r

Hence, we obtain
byl 1(0) < C2’”(||llo|IB;Lr + ||/00||B;;rl)-

According to the fact that (z")pey is uniformly bounded in E;’r(T) X E;}](T), we can find a positive
constant Ct independent of n, m such that

t

BT L (t) < Cr <2"+/bnm(t)dr>, vt [0, TI.

0

Arguing by induction with respect to the index n, we can obtain

n t

Cnx @TCp)F t—1)"
nm+](t)<CT<2 HZT+C¥+1/TdT

k=0 0

n k n+1
Qercepk\._, . (TCp)
s (CTZ k! )2 T

k=0

which implies the desired result.

On the other hand, for the critical point 3 + %. we can apply the interpolation method which
has been used in the proof of Lemma 3.1 to show that (z"),cn is also a Cauchy sequence in
C(o0,T]; Bf{rl) x C([0, T]; Bf{rz) for this critical case. Therefore, we have completed the proof of
Lemma 3.2. O

Now we are in the position to prove the main theorem of this section.

Theorem 3.2. Assume that 1 < p,r <ocoand s > max(2 — 1,1 + %, 3) withs #2 + %. Let zop £ (zg) €

B, x B ' and z £ (;) be the obtained limit in Lemma 3.2. Then there exists a time T > 0 such that z €
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EZ’T(T) X EZT,l (T) is the unique solution to System (3.1), and the mapping zo — z: is continuous from B;’r X
B! into

([0, T1; BS,) N C' ([0, T1: By ;') x C([0. T1; BS ') N C' ([0, T1; BS?)

foralls’ <sifr=o0ands’ =s otherwise.

Proof. We first claim that z € E;,,r(T) X E;,frl(T) solves System (3.1).
In fact, according to Lemma 3.2(2) and Proposition 2.2(7), one can get

zeL™([0,T]; B ) x L([0, T]; B3, ').
For all s’ <'s, Lemma 3.2(2) applied again, together with an interpolation argument yields
">z, asn— oo, inC([0,T];B,) = C([0,T]; B ).

Taking limit in (T,), we can see that z solves System (3.1) in the sense of C([O, T];B;’f) X

C([0,T]; By7?) for all s’ <ss.

Making use of the equations in System (1.3) twice and the similar proof in the Claim of Lemma 3.1,
together with Lemma 2.1(4) and Lemma 2.2 yields z € E;’T(T) X Ef,fﬂ (T).

On the other hand, the continuity with respect to the initial data in

C([0. T1; BS,) N C' ([0, T1: B ;') x C([0. TL; BS ') N C' ([0, TL: B 2)  (¥s' <)

can be obtained by Lemma 3.1 and a simple interpolation argument. While the continuity in
C(10, T} B,,) N C'(10, T]; BS,H) x C([0,T]; BS;1) N C'([0, T]; BS?) when r < oo can be proved
through the use of a sequence of viscosity approximation solutions (Zz)»o for System (1.3) which
converges uniformly in C([0, T]; B} ,) N C'([0, T]; B ,") x C([0, T1; BS,') N C1([0, T]; B} ). This com-
pletes the proof of Theorem 3.1. O

Remark 3.1.

(1) Note that for every s € R, B;qz = H®. Theorem 3.2 holds true in the corresponding Sobolev spaces

with % <S# % which almost improves the result of Theorem 3.1 proved by Kato’s theory, where
s > 2 is required. Therefore, Theorem 3.2 together with Theorem 3.1 implies that the conclusion
of Theorem 3.1 holds true for all s > 2

5
(2) As we know, uc(t, x) = ce ¥l with ¢ € R is the solitary wave solution to DP equation [21], then
the index s = % is critical in Besov spaces B%,r in the following sense [19]: System (1.3) is not

3 3
local well-posedness in B; . More precisely, there exists a global solution u; € L®[R™"; BS )

:

and v =0 to System (1.3) such that for any T > 0 and ¢ > 0, there exists a solution u; €
3
L*(0,T; B ) and v =0 to System (1.3) with

||u1(0)—uz(0)||3 <e but [lu; —uz ;3 > 1

3 2
;w L>(0,T;B7 )
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4. The precise blow-up scenario

In this section, we will derive the precise blow-up scenario of strong solutions to System (1.3).
Firstly, let us consider the following differential equation:

{qt=u(t,q), tel0,T), (41)

q0,x) =x, xeR,

where u denotes the first component of the solution z to System (1.3).
The following lemmas are very crucial to study the blow-up phenomena of strong solutions to
System (1.3).

Lemma 4.1. (See [5].) Let u € C([0, T); HS(R)) N C1([0, T); HS"1(R)), s > 2. Then Eq. (4.1) has a unique
solution q € C1([0, T) x R; R). Moreover, the map q(t, -) is an increasing diffeomorphism of R with

t

qx(t,x) = exp( /ux(s, q(s, x)) ds) >0, V(t,x) e[0,T)xR.

0

Lemma 4.2. Let zp £ (Zg) € HS(R) x H"'(R) with s > 3 and T > 0 be the maximal existence time of the

corresponding solution z £ (Z ) to System (1.3), which is guaranteed by Remark 3.1(1). Then we have

p(t,q(t,%))q2(t,x) = po(x), ¥(t,x) [0, T) x R. (4.2)

Moreover, if there exists an M > 0 such that u(t,x) > —M for all (t,x) € [0, T) x R, then

lo@. ). o )] 2 <M lpoliys—r. VEe[0,T).

Proof. Differentiating the left-hand side of Eq. (4.2) with respect to t and making use of (4.1) and
System (1.3), we obtain

d 2 2

E(’O(t’ qt, %)) q(t, %)) = (pe(t, @) + px(t, e (t, X))qx (t, ) + 2p(t, O)qx(t, X)qx (£, X)
= (pe(t, @) + px(t, Qult, q) + 2p(t, Qux(t, Q) g2 (t, X)

=0.

This proves (4.2). By Lemma 4.1, in view of (4.2) and the assumption of the lemma, we obtain for all
tel[0,T)

o, )= lo(tat )]~
ol RGN

g 62Mt ”100() ||Loo .

By (4.2) and Lemma 4.1, we get
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/!p(t,X)Ide=/|p(t,q(t,X))|2qx(t,x)dX=/Ipo(X)|2q;3(t,X)dx
R R R
<e3’V’f/|p0(x)|2dx, vt e [0, T).
R

This completes the proof of the lemma. O

As mentioned in the Introduction, the H'-norm of the solutions to DP equation is not conserved.
However, what saves the game in some sense is to establish a priori estimate for the L°°-norm of the
first component u of the strong solutions to System (1.3).

Lemma 4.3. Let zg = (Zg) € HS(R) x HS"1(R) with s > % and T be the maximal existence time of the
solution z = (;) to System (1.3), which is guaranteed by Remark 3.1(1). Assume that there is an M > 0 such
that || p(t, Y, 1o, )2 <e*Mi| pollys—1 for all t € [0, T). Then for all t € [0, T), we have

Ju@]72 <2 2uoli2, + Iele(1 + 8Mo) (€ polls-1)*) (43)
and
Ju®] o < gtez'“(znuonfz +lele(1 +8Mo) (2M | pollgs-1)* + 'fl—'(ez’”f||po||ﬂsq)2> + llugll
2 J@. (44)

Proof. By a standard density argument, here we may assume s > 3 to prove the lemma. Set w =
(4 — 32)~'u. By the first equation of System (1.1) and the fact that (i, W) = (i1, W¢) or Jgmewdx =
Jg mwdx, we have

1d 1 1
za/mwdx:E/mtwdx—kifmwtdx:/mtwdx
R

R R R
:—3/wmuxdx—/wmxudx—c/wp,oxdx
R R R
=—/W(mu)xdx—2/wmuxdx+%/Wx,ozdx.
R R R
While
/W(mu)xdx:—/meudx:/wxuzdx—/wxuﬁdx,
R R R R
and

2/wmuxdx:—/wxu2+/wxu)2(dx.
R R

R

Combining the above three equalities, we deduce that
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d
— /mwdx:c/ wyp? dx.
dt
R R
Integrating from O to t on both sides of the above equality, we have

t

/mwdx:/mowodx+c// przdxds,
0R

R R

which implies

1+
4+

2
Ju®[7 = o]}, <4 / ; e, )" dg = 4(R(©). W)

R
t

=4(m(t), w(b)) :4(mo,wo)+4c// wyp?dxds
oR

t
<4lluol% +4c// wxp? dds,
0R

Note that
[wa®[72 = 3x(4 = 33) w5
< Ju@|7:
Besides, by the assumption of the lemma, we have
loe. )1 <o) oo )5 < (M lloollys1)*, Veelo,T).

Hence,

t

Juco s < a1uol +2¢ [ (fwnts. 2 + s, ) 1)
0

t
< 4lluol% +2|c|t(e2Mf||po||HH)4+2|c|/Hu(s)Hfz ds.
0

By Gronwall’s inequality, we can reach (4.3).
Next we prove (4.4). Indeed, by the first equation in System (1.3), we have

Ur + Uty = —0 3u2+c 2
=— *| = - .
t X xP ) 2/0

Applying Young’s inequality and noting that ||dxp|lre < % we have
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oup# (w2 + S p2 <lowpl [ 2u? + € p2

S PRIV IR PRI
3 2 Ic] 2
<1||U||Lz+Z||P||Lz
3 2 lcl, 5 2
< A_l”u”L2+Z(e Mt||,00||H5-1) .

Besides, in view of (4.1), we have

du(t, q(t, x))

o = ue(t, q(t, %)) + ux(t. q(¢, X))qe (t, x) = (e + uu)(t, q(t. x)).

Thanks to (4.3) and the facts above, we deduce

—P(t) < W <P(D).

where

3 4 c| 2
P(t) £ iez'C“(2||uo||§z + 1l +8MO (™l poll 1) + = (e ool 1) )

Integrating the above inequalities with respect to t < T on [0, t] yields
—tP(t) + uo(x) < u(t,q(t,x)) <tP(t) + ug(x).
Therefore, in view of Lemma 4.1, we get the desired result. This completes the proof of the lemma. O

Corollary 4.1. Let zg = (Zg) € H(R) x H*"'(R) with s > 3 and T be the maximal existence time of the

solution z = (Z) to System (1.3), which is guaranteed by Remark 3.1(1). If d,u € L1(0, T; L), then for all
t €[0, T), we have

N

t
[u®] %tezqt(leuoll%z + |C|t<l + 8/” K ()| oo dt) (ezfot I3l T ool er)?
0

|C| 2 [H)6 00 2
+Z(e fo 511 (T) o0 dT ||,00||Hs—1) + ||u0||L°Q

(1>

L(t).

Proof. By the proof of Lemma 4.2, we also have

L -
p(t, )| p < 2o ldu@lieodey poy oy Ve € [0, T).

”p(tv ) ”Loov

It is then easy to prove the corollary by a similar argument as in the proof of Lemma 4.3. O
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Theorem 4.1. Let zg = (Zg) € H5(R) x H"1(R) with s > % and T be the maximal existence time of the
solution z = (;) to System (1.3), which is guaranteed by Remark 3.1(1). If T < oo, then

T
/||8xu(t)||Loodr = 0.
(0]

Proof. We will prove the theorem by induction with respect to the regular index s (s > %) as follows.

Step 1. For s € (%, 2), by Lemma 2.3 and the second equation of System (1.3), we have

t
10O s < 190l st +C / |t (0)p(D) | s do
0

t
€ [1o@ s (@) | + [0 | ) .
0

Applying (2.1), we get

Ixupllps— < C(Ixull sl pllie + llaxullell ol gs-1)- (4.5)

Thus,

t
[p®)] s < lpollgs—t +C / 8xa(T) | st [ (D] e dT
0

t
€ [1o@ s (@) | + [0 ) . (45)
0

On the other hand, thanks to Lemma 2.1(3) and the first equation of System (1.3), we have (Vs > 1,
indeed)

dt

\ 32,€ 9
Ju)] e < ol + c/ P)( 5+ 507 @
HS
0
t
+ Cf“u(r)”Hs ()| o d.
0
By Proposition 2.2(8) and (2.1), we have

HP(D)Gu2+§p2>

3 c
<c|2u?+ Ep2
Hz t3P

HS Hs—1

< Clullgs-1llulize + ol gs-1llolle).-
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Hence,

t
Ju @] s < luollas + C/Hu(f)IIHs(!Iu(f)IILoo +[ou@] ) de
0

t
+C / o] yor [ o] ) dr. (47)
0

Combining (4.6) and (4.7), we obtain

t
| e + [ 2O yor < lttollns + 1001 et + C/(nuan +11plls )
0

x (Ilullee + 1dxullre + llplli>) dz.

Thanks to Gronwall’s inequality, we have

[u @] s + [ ®] s

"t P
< (||U0||H3 + ”pO”Hs_l)eCjo(llu(f)llLOO+||dxu(T)“L°°+HP(T)HL9°)df. (4.8)

Therefore, if T < oo satisfies fOT [19xu(T)||1= dT < 00, then we deduce from (4.8), Corollary 4.1 and the
fact | o(t, )= < 2o 1Bl dry ooy that

[u®] s + [ ] s
< (luollws + llpoll Hs,l)ef“esz5 UL Ty o) LE)+C JE (D) goc dT (49)
Hence,

limsup([u(®)] s + [ O ot < oo, (4.10)

which contradicts the assumption that T < oo is the maximal existence time. This completes the proof
of the theorem for s € (3,2).

Step 2. For s € [2, %). Lemma 2.1(1) applied to the second equation of System (1.3), we get

t
|o@® ] ys-1 < llollys—1 +C / |du@p@) | s dT
0

t
+¢ [lo@ g ]y .
0

together with (4.5) implies that
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t

|0®)] ysr < llpoll st +C f |xu ()] o1 [ 0| 1 dT
0

H2NL>®

t
+C/||,0(r)||HH ()| 1 dr. (411)
0

By (4.7) and (4.11), we have
¢
[u®] s + 2O y5-1 < lluollns + llooll st +C/(||u||Hs Hlols1)(lull 310 + 00i2) dT,
0

where &g € (0, %) and we used the fact that H3*% <> H3 N L°°. Thanks to Gronwall’s inequality
again, we have

[u@®[ s + 12O s+

C fadlull 3
H

3 1o HIP@ o) 7

< (lluoll s + lpollys-1)e (4.12)

Therefore if T < oo satisfies fOT [19xu(T)||1e dT < 00, then we deduce from (4.12), (4.10) with % +&0 €
(3,2) and the fact [|p(t, )| < e2/o @l dr 5 that

limsup(lu @l + O] 1) < 00, (4.13)

which contradicts the assumption that T < oo is the maximal existence time. This completes the proof
of the theorem for s € [2, %).

Step 3. For s € (2, 3), by differentiating the second equation of System (1.3) with respect to x, we have

0t Px + U Ox Px + 3UxPx + 2Uxxp = 0.

By Lemma 2.3, we get

t
Haxp(t) H gs—2 < 10xpollgs—2 +C / H (Buxpx +2pux)(T) ”HS—Z dt
0

t
€ [ @ g2 (10 o+ (@) ).
0

Thanks to (2.3), we have

luxpxllgs—2 < C(IBxull gs-1ll olloe + l[8xtllee [|8x 0l ys—2)

and
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lotxxllgs—2 < C(lloll s 1Bxulloe + ol lttxxlls-2)-

Hence,

t
[0 ©1 -2 < aspoll- + € [ (Ju@) e + [0 )
0

< ([u@ ] + 3 @] 1 + [p(D)] 1) d

which together with (4.7) and (4.6) with s — 2 instead of s — 1, yields that

t
| s + [ 0O 51 < ltolls + 100151 +C/(||u||Hs +1plls)
0

x (llullee + I3xttllre + Il pllLee) dT

Similar to Step 1, we can easily prove the theorem for s € (2, 3).

2151

Step 4. For s =k € N and k > 3, by differentiating the second equation of System (1.3) k — 2 times

with respect to x, we get

(3 +ud)d2p + > Cr 08 T u a2 p 4+ 2p 9k Tu =0,
l1+l=k-3,l1,,>0

which together with Lemma 2.1(1), implies that

[572 POl <[00 1 + € / |2 [Bu ] 3

fl.3

Since H! is an algebra, it follows that

2 ﬁLOC

I1+1 h+1 _
Cl ok Tuad™ p4+2p05 u
l+lh=k—3,11,1,>0

H1

ook ul| o < Clipll 85 u | < Cllpllp lullns

and

Lh+1, alh+1
Z Cl] o axl uaxz 10
l1+lp=k-3,11,I,>0

‘ < Cllullgs=tlioll gs—1-
H!

Then, we have

t

[0l < [0 pollyn + € f (lu@ s + 0@ ] er)
0

< (Ju@ ] ysr + 0@ 1) de

dr.

(4.14)
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By the classical Gagliardo-Nirenberg inequality, we have for o € (0, 1),

[p® s <O 4o + 1820 ] 10).

which together with (4.14), (4.7) and (4.6) with o instead of s — 1, yields that

t
|4 s + [ 0O | 51 < C(IIuolls + 100l s ) +C/(||u||Hs +1plls)
0

x (lullgs—1 + ol ) dr.

By Gronwall’s inequality, we obtain
[u® s + O s
°t
< C(IIUOIIHS 4 ||p0||HH)eCfo(IIu(r)IIHH+Hp(r)IIH1)dr. (4.15)

If T < oo satisfies fOT [[xu(T)||1o dT < 00, applying Step 3 and arguing by induction assumption, we
can obtain that [|u(t)|gs-1 + [|o(®)| 41 is uniformly bounded. Thanks to (4.15), we get

lirtn STL_lp( [u® | s + | 2O ] ys—1) < o0, (4.16)

which contradicts the assumption that T < oo is the maximal existence time. This completes the proof
of the theorem for s=k e N and k > 3.

Step 5. For s € (k,k+ 1), k € N and k > 3, by differentiating the second equation of System (1.3) k — 1
times with respect to x, we get

(O +ud)d1p + > Cr, 08 a2 o 4 2p ku =o0.
li+l=k—-2,11,I, >0

Applying Lemma 2.3 with s —k € (0, 1), we have

t
[ O e < [0 0 ysos + € f [ o @ s (2@ [ + 050D ) d
0

t
+ C/ Gl w2 p(r) +2p(0) dfuo)|  dr.
o " liHa=k=2,11,,>0 H1
(4.17)
For each ¢ € (0, %), using (2.3) and the fact that Ha+eo <y L*°, we have
o8l x < ([l il oo + [0 ] ol )
<C(lullmslpliee + IILlIIHk,%H0 01l pys—ies1) (4.18)

and
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41, qla+1
Z Cl] ,lz 8)( u 8)( p
h+h=k-2,11,1,>0

<c 3 (1 w10 ol s+ [ i |02 )
li+l=k—2,11,l; >0

Hs—k

< C(||”||H5||P||Hk_%+50 il L P B o1l gs—1)- (419)
Combining (4.17), (4.18) and (4.19), we can get

t

[ POl ys-ie <1557 0 s + € f (lu@ s + 0@ sr)
0

< (Ul g ey TN01 e 34,) T,

which together with (4.7) and (4.6) with s — k € (0, 1) instead of s — 1, yields that

t
lu® | s + |0 ©] 1ys-1 < C(lluollns + ool ys-1) + C/(Ilulle + 1Pl s)
0

X (”u”ka%Jreo + ”p”Hk—%JrEO)dT'

Thanks to Gronwall’s inequality again, we obtain

[u@ s + 1o O] o

Cloul 1., +lol 3., )de
< C(lluollns + llpollys—1)e HO 2T

Noting that k — % +e&9 <k, k— % +¢&9 <k—1 and k > 3, and applying Step 3 and the similar argument
by induction as in Step 4, we can easily get the desired result.
Consequently, we have completed the proof of the theorem from Step 1 to Step 5. O

The following main theorem of this section shows the precise blow-up scenario for sufficiently
regular solutions to System (1.3).

u
P
corresponding solution z = ( : ) to System (1.3), which is guaranteed by Remark 3.1(1). Then the corresponding

solution z blows up in finite time if and only if

Theorem 4.2. Let zo = ( z) € H(R) x H"1(R) with s > % and T > 0 be the maximal existence time of the

liminf inf {ux(t = —00.
gl 0] = e

Proof. As mentioned earlier, we only need to prove the theorem for s > 3. Assume that the solution
z blows up in finite time (T < co) and there exists an M > 0 such that

ux(t,x) > —M, V(,x)e[0,T)xR. (4.20)
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By Lemma 4.2, we have

lo@. )] e 2@ )] 2 <M lpollys—. VEe[0,T).

Differentiating the first equation in System (1.3) with respect to x and noting that 83 pxf=pxf—f,
we have

3 c 3 c
utX:—u,z(—uuxx—p*(§u2+5p2>+5u2+§p2. (4.21)

Note that

duy(t, q(t, X))

dt :uxt(t Q(t,x)) +uxx(f,Q(t’ X))Qt(t’x)

= (Ugx + Ut (£, q(t, X)). (4.22)

By (4.21) and (4.22), in view of uZ >0, pxu® >0, [[p* p?[1 < [plllpll < @Ml polls-1)?
and (4.4), we obtain

dux(t’ Q(L X)) _

dt 2 2

3 c 3 c
—uz(t,q(t, %)) — p <—u2 + 5/)2) (¢ qt.0) + (—u2 + 5/)2) (£ q(t. %)
2 3
<lel(€®llpollygs-1)"+ 5 J2©.
Integrating the above inequality with respect to t < T on [0, t] yields that

2 3
ux(t, q(t, %)) < ux(0) + [clt(e*M[| ool ys-1) +5t12<r), vt e [0, 7).

Then for all t € [0, T), we have

2 3
sup ux(t, X) < || dxuollz + lcle(e®M ) poll 1)~ + 5r12<r)
Xe

2 3
< luolls + Il (€l pollgs-1)”+ SEI*®),

which together with (4.20) and T < oo, implies that

T
/||axu(f)||w dt < oo.
0
This contradicts Theorem 4.1.
On the other hand, by Sobolev’s imbedding theorem, we can see that if

liminf inf {ux(t, x)} = —oo0,
t—T xeR

then the solution z will blow up in finite time. This completes the proof of the theorem. O



K. Yan, Z. Yin / ]. Differential Equations 252 (2012) 2131-2159 2155

Remark 4.1. Theorem 4.2 implies that the blow-up phenomena of the solution z to System (1.3)
depends only on the slope of the first component u. That is, the first component u must blow up
before the second component p in finite time.

5. Blow-up

In this section, we will state two new blow-up criterions with respect to the initial data and the
exact blow-up rate of strong solutions to System (1.3).

Remark 4.1 and Lemma 4.2 imply that if we want to study the fine structure of finite time singu-
larities, one should assume in the following that there is an M > 0 such that ||o(t, -)|Ire, [|o(t, )]l2 <
e2Mt|| pg || ys—1 for all t € [0, T). Next we will apply Lemma 4.3 to establish our first blow-up result
with respect to the initial data.

Theorem 5.1. Let zy = (;g) € HS(R) x HS"Y(R) with s > 3 and T be the maximal existence time of the

solution z = (Z) to System (1.3), which is guaranteed by Remark 3.1(1). Assume that there is an M > 0 such

2
Moo My < e2ME _ ) ko O+H g
that || p(t, )L, o, )2 <e“™ |l pollys—1 forallt € [0,T). Lete >0and T NEERI P 0.1If

there is a point xg € R such that
ug(x0) < —(14&)K(T*),

where K(T*) £ (W(eZMT'(HpOIIHM +1)% 4+ %JZ(T*))% > 0, then T < T*. In other words, the corre-
sponding solution to System (1.3) blows up in finite time.

Proof. As mentioned earlier, we may assume s = 3 here. By (4.21) and (4.22), in view of p (%uz) >0
and [|px o[l < lIpli= 111 < 3 (€M) po]l ys-1)2, we obtain

duy(t, q(t, X)) <

3
o < —u2(t,q(t,x) —p* (Epz(t, qlt, x))) + Euz(t, q(t, %) + %pz(t, q(t, x))

2

3
< —ul(t,qt, %) + %

3
(@ lloollgs)” + 5 Ju®x- (51)

Set m(t) = ux(t, q(t, Xo)) and fix & > 0. From (5.1) and (4.4), we have

? <-m*(t) + K*(T*), Vee[0,T*]N[0,T). (52)

Since m(0) < —(1 + &)K(T*) < —K(T*), it then follows that
m(t) < —K(T*), vte[0,T*]n[0,T).
By solving the inequality (5.2), we get

m(0) + K(T* " 2K(T*
0) + K( )EZK(T)t—1< (T*)

< ————=< (5.3)
m(0) — K(T*) m(t) — K(T*)
Noting that m(0) < —(1 + &)K(T*) and 2K(T*)T* > In(1 + %), we deduce that
m(9) — K(I") K(T*)T*. (5.4)

m(0) + K(T*)
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By (5.3), (5.4) and the fact 0 < mgf—w < 1, there exists

1 m(0) — K(T*)
< n <
2K(T*) m(0)+ K(T*)

*
’

0<T

such that lim;_,t m(t) = —oo. This completes the proof of the theorem. O
In order to establish the second blow-up result, we need the following useful lemma.

Lemma 5.1. (See [8].) Let T > 0 and u € C'([0, T); H). Then for every t € [0, T), there exists at least one
point £(t) € R with

m(t) = ;gﬂg (ux(t, %)) = ux(t, £(®)).

The function m(t) is absolutely continuous on (0, T) with

dm
T u(t,£(t)) ae.on(0,T).
Theorem 5.2. Let zy = (;g) € HS(R) x HS"1(R) with s > % and T be the maximal existence time of
the solution z = (;) to System (1.3), which is guaranteed by Remark 3.1(1). Assume that ¢ > 0 and the
12
—m =To and
limy_, 1, ux(t, 0) = —oo. Moreover, if there is some xg € R such that ug(xo) = infyer ug(x) and py(xo) # 0,
then there exists a T € (0, —%], such that limsup;_, 1, (SUPxer Px(t, X)) = +0o0, if p(/)(xo) > 0 and
liminf,_ 7, (infyer px(t, X)) = —o0 otherwise.

initial data satisfies that ug is odd, po is even, u{)(O) < 0 and po(0) =0. Then T <

Proof. We may assume s = 3 here. By the assumption ug is odd, pp is even, and the structure of
System (1.3), we have u(t, x) is odd and p(t, x) is even with respect to x for t € (0, T). Thus, u(t,0) =0
and px(t,0) =0.

Since pp(0) =0 and the second equation of System (1.3), it follows that

p(t,0) = Po(O)e‘zfé ux(s.00ds _
Set M(t) £ u,(t, 0). By (4.21), (4.22) and in view of ¢ >0, pxu? >0 and p % p% > 0, we have

dM@©® _ o 32 € 2
prae M= (t) p*(zu (t,0)+2p (t,O))

< —M2(D). (5.5)

Note that if M(0) = ug(0) < 0, then M(t) < M(0) <O for all t € (0, T]. From (5.5), we obtain T <

__1
A and

ux(t,0) = M(t) < ”04(?) — —o00, (5.6)
1+ tuy(0)

ast— —u,+0).
0
On the other hand, applying Eq. (4.1) and differentiating the second equation in System (1.3) with
respect to x, we get
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dIOX(t7 Q(t’ X))

" = (—3uxpx — 2uxp)(t. q(t, x)). (5.7)

By Lemma 5.1, there exists £(t) € R such that
ux(t,&(6)) = ;gﬂg(ux(t,x)) vte[0,T). (5.8)
Hence,
ux(t,£(t)) =0 ae.te[0,T). (5.9)
By (5.7), (5.9) and Lemma 4.1, we have

dpx(t,EO) _

5 —3ux (£, £(®) px(t. £D),

together with the assumption ué)(xo) = infyer ué(x) and (5.8) yields £(0) = xo,

Px(t, £(©)) = ph(xo)e ™3 Jo MG ED — it (5)e=3 fo infee (5.0 ds. (5.10)

Thanks to (5.6) again, we have for all t € [0, T),

7(0)
673% infyer Ux(s,X)ds >e fo 1+sou o ds % o
(1+ugy(0)t)
ast— — This implies the desired result and we have completed the proof of the theorem. O

uf (0)
We conclude this section with the exact blow-up rate for blowing-up solutions to System (1.3).

Theorem 5.3. Let zg = (;g) € HS(R) x HS"1(R) with s > 3 and T < oo be the blow-up time of the corre-
sponding solution z = (;) to System (1.3). Assume that there is an M > 0 such that || p(t, -) || 1o, [|o(t, )2 <
e2Mt|| pg || ys—1 for all t € [0, T). Then

llm( mf{ux(t X)J(T — t)) (511)

t—T

Proof. We may assume s = 3 here. By the assumptions of the theorem and (4.4), we can find an
Mo > 0, such that

o, ) oo [ut. )], < Mo, Vte[0,T).

Hence,
|p# 0?] 1o < UPItllRNF~ < Mo* and  |[psu®|, < IIplip ullf= < Mo?,
which together with (4.21) and (4.22), implies that

‘dm(t) mz(t)‘ <K, (5.12)

where K = ﬁ(\d, Mp) is a positive constant.
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For every ¢ € (0, %), using the fact m(t) < ux(t, 0) and (5.6), we can find a tg € (0, T) such that

~ K =
m(to) < — R+ = < —VE.
Thanks to (5.12) again, we have

m(t) < —vK.

This implies that m(t) is decreasing on [tg, T), hence,

. K | K
m(t) < — K—I—;<— s vVt e [tg, T).

Noting that —m2(t) — K < drg# <-m2(t)+ K ae. t e (to, T), we get

d 1
<—(—) <1 e.te(to,T). 513
dt(m(t)) +¢& aetel(ty,T) (513)

Integrating (5.13) with respect to t € [tg, T) on (t, T) and applying lim;—,t m(t) = —oo again, we de-
duce that

1 —5)(T—t)<—L <A +e)(T —1). (5.14)
m(t)

Since ¢ € (0, %) is arbitrary, it then follows from (5.14) that (5.11) holds. This completes the proof of
the theorem. O
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