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1. Introduction

The Robinson-Schensted-Knuth (simply RSK) algorithm [15] has been playing fundamental roles in
combinatorics and representation theory with generalizations in various directions. It gives a bijection
between the set M of N x N matrices with non-negative integral entries of finite support and the set T
of pairs of semistandard tableaux of the same shape, and explains in a bijective way the expansion of
the Cauchy kernel into Schur functions, called the Cauchy identity:

1
_r  _ B
[Tij>1 (1 —xiy)) ;5/\( )s;.(Y)

where the sum is over all partitions A and s;(X) (or s,(Y)) is the Schur function in X = {x1, X2, ...}
(or Y ={y1, y2,...}). A representation theoretic interpretation of the Cauchy identity can be given by
a general principle called Howe duality [7], that is, S(C>°® C>?), the symmetric algebra generated by
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C>%® C>? has a multiplicity-free decomposition into irreducible (gl. ¢, gl )-bimodules parameter-
ized by partitions, where C>? is the complex vector space with a basis {v; | i € N} and gl. o = gl(C>?)
is the corresponding general linear Lie algebra.

We have a more direct interpretation of the RSK map with the help of the Kashiwara’s crystal
base theory of the quantum group Ugq(gl. () [10,12,14]. That is, both M and T have two gl_,-crystal
structures commuting with each other, which are called (gl. g, gl. o)-bicrystals or double crystals [20],
and the RSK map is an isomorphism of bicrystals. The decomposition as a (gl. g, gl.¢)-bimodule fol-
lows immediately by considering highest weight crystal elements in M. We refer the readers to [4,
17,20-23] for more results on bicrystal, its application and generalization to other types of Lie alge-
bras.

The main purpose of this paper is to give a new representation theoretic interpretation of the RSK
correspondence and its applications. Let gl,, be the general linear Lie algebra, which is spanned by
the elementary matrices E;; (i, j € Z\ {0}). Let [=gl_o @ gl be a Levi subalgebra, where 9[20 isa
subalgebra spanned by E;j; (i, j = 0), respectively, and let u. be the nilradical spanned by E;; for i > 0,
j <0 (resp.i <0, j>0). We may identify S(C>° @ C>%) with the enveloping algebra U (u_), which
is a generalized Verma module induced from the maximal parabolic subalgebra p = [ u . (see [3] for
a quantized version of this fact and its relation with canonical basis). Motivated by this observation,
we introduce gl -crystal structures on M and T extending the (gl_g, gl. o)-bicrystal structures (note
that gl_g ~ gl_¢), and then show that the RSK map is an isomorphism of gl -crystals (Theorem 3.6).
Indeed, these are obtained by finding the missing Kashiwara operators compatible with the RSK map,
which correspond to the simple root g connecting the Dynkin diagrams of gl_y and gl_ .

The RSK map also enables us to define a natural embedding of B(nAg) into M, where Ag is the
0th fundamental weight of gl,, and B(nAp) is the crystal graph of the irreducible representation of
the quantum group Uq(gl.,) with highest weight nAq (Proposition 4.3). Hence we may regard M as
a crystal graph of the quantum group Uq(u_) since it can be realized as a limit of B(nAp). In general,
we describe a crystal graph of a generalized Verma module with arbitrary [-dominant highest weight.

Next, we define Demazure crystals M,, and T, for w € W following [11], where W is the Weyl
group for gl,,, and give explicit combinatorial descriptions of them (Theorems 5.4 and 5.7). As an
interesting corollary, the resulting flagged RSK correspondence between M,, and Ty, (Corollary 5.9)
explains a nice relation between the support of a matrix in M and the flag conditions of the corre-
sponding tableaux in T, which was observed earlier in a purely combinatorial way (cf. [31]). In terms
of characters, this can be summarized as follows; for each w € W we have

5 1—[ _Xiyj o > S Kaw))So (Y pw))-

- XI.YJ
ScN?2 (@, 1)65 ve?
W(Sc)éw L)<d(w)

where the left-hand side is the sum over supports in M dominated by w with respect to the Bruhat
order, and the right-hand side is the sum over products of flagged Schur functions with flag conditions
o (w), B(w) determined by w (see Section 5 for the precise definitions of these notations). We present
variations by considering symmetric matrices in M as crystal graphs for affine Lie subalgebras by,
and ¢ Of gl

Finally, we discuss an application to plane partitions. We show that a Demazure crystal associ-
ated with w corresponds to a set of (symmetric) plane partitions whose shapes are bounded by a
partition A corresponding to w, and obtain its trace generating function as a Demazure character.

The paper is organized as follows. In Section 2, we recall necessary background on crystal graphs.
In Section 3, we define gl -crystal structures on M and 7. In Section 4, we describe a crystal graph
of a generalized Verma module with arbitrary [-dominant highest weights including M. In Section 5,
we define and compute the Demazure crystals M,, and T, explicitly. In Section 6, we discuss an
application of Demazure crystals to plane partitions.
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2. Preliminaries
2.1. Lie algebra gl

Let Z* denote the set of non-zero integers. Let gl,, denote the Lie algebra of Z* x Z* complex
matrices with finitely many non-zero entries. Let E;; be the elementary matrix with 1 at the ith row
and the jth column and zero elsewhere.

The Cartan subalgebra is given by b = @,.;« CE;;. Denote by (-,-) the natural pairing on h* x b.
Let MV =t{h j=E_j 1, i1—E_i i, hi=Eii —Eiy1,i41 (i € Z>0), ho=E_1-1 — Eq1} be the set of
simple coroots, IT ={o_j=€_j_1 —€_j, aj =€ — €j41 (i € Z=0), ap =€_1 — €1} the set of simple
roots, and AT ={¢; — € | i, j € Z*, i < j} the set of positive roots, where ¢; € h* is determined by
(€i, Ejj) = 6ij. The Dynkin diagram associated with the Cartan matrix ((«j, h;))i jez is

—O— - —O0— 00— 0O— -+ —(O— -
a_p a1 o) o an
Let P =Py~ Zei ® ZAo be the weight lattice of gl,,, where Ag is given by (Ao, E_i ;) =
—(Ag, Eij) = % for i € Z~o. There is a partial ordering > on P, where A > p if and only if A — p is a
non-negative integral linear combination of «;’s (i € Z). Let PT ={A e P | A(h;) >0, i € Z}, the set
of dominant integral weights. For i € Z*, let

B Ag— Y lie, ifi<0,

i= .
Ao+ Z;czl €, ifi>0.

We call A; € PT (i € Z) the ith fundamental weight of gl...

Remark 2.1. A usual definition of gl is given as the space of Z x Z matrices or sometimes (Z + %) X

Z + %) matrices. But our different convention here allows us to describe more easily a symmetry

between gl_y and gl.,, and their associated crystal graphs in terms of semistandard tableaux with
integral entries, which will be introduced in later sections.

2.2. Crystal graphs
Let us recall the notion of crystal graphs for the Lie algebra gl,, (cf. [10-12]).

Definition 2.2. A gl -crystal is a set B together with the maps wt: B — P, &;, ¢; : B— Z U {—o0} and
ei, fi : B— BU{0} for i € Z, satisfying the following conditions:

(1) for b € B, we have

@i(b) = (wt(b), hi) + &i(b),

(2) if e;b € B for b € B, then

ei(eib) = ;(b) — 1, @i(eib) = @i(b) + 1, wt(é;b) = wt(b) + «;,

(3) if fib e B for b € B, then

gi(fiy=ei)+1,  @i(fib)=¢ib)—1,  wt(fib) =wt(b) -,
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(4) fib="'if and only if b = é;b’ for b,b’ € B,
(5) if @i(b) = —oo, then &b = f;b =0,

where 0 is a formal symbol and —oo is the smallest element in Z U {—oco} such that —oo +n=—o0
for all n € Z.

A gl -crystal B becomes a colored oriented graph, where b L b if and only if b’ = fib (ie?7),
and it is called a crystal graph for gl,. Let C[P] be the group algebra of P with basis {e* | » € P}. We
define the character of B by chB =Y, 5 e"®.

Let By and By be gl -crystals. A morphism v : B — B is a map from B U {0} to B U {0} such
that

) ¥(0)=0,

) wt(yr (b)) = wt(b), &i(¥ (b)) = &;(b), and ¢; (¥ (b)) = ¢;(b) whenever ¥ (b) # 0,
) ¥(eib) =&y (b) for b € By such that ¥ (b) # 0 and v (;b) #0,

)

(
E
(4) ¥ (fib) = fiyw(b) for b € By such that vy (b) # 0 and ¥ (fib) #0.

1
2
3
4
We call ¥ an embedding and Bq_a subcrystal of B, when v is injective, and strict if ¥ : By U {0} —
B, U {0} commutes with €; and f; (i € Z), where we assume that ;0 = f;0 =0.
We define the tensor product of By and B to be the set B; ® B, ={b1 ® by | bj € B; (i=1,2)} with
wt(b1 ® by) = wt(bq) + wt(by),
gi(b1 ® by) = max(g;(b1), €i(b2) — (wt(b1), h;)),
@i(b1 ® by) = max(g;(b1) + (wt(b2), hi), ¢i(b2)),
eib1 ® b2, if pi(b1) > €i(b),
b1 ®eiba, ifgi(b1) < e&i(b2),

fib1 ® b2, if gi(b1) > &i(b2),
b1 ® fiba, ifi(b1) <é&i(ba),

éi(b1 ® by) = {

fi(b1 @ by) = :

for i € Z, where we assume that 0 @ b, =b; ® 0=0.

For b; € B; (i =1, 2), let C(b;) denote the connected component of b; in B; as a Z-colored ori-
ented graph. We say that b; is equivalent to by if there is an isomorphism of crystals C(b1) — C(b3)
sending by to b.

Let B be a gl -crystal given by

..;2>_2;1>_1_0>]_1>2_2>...7

where wt(k) = €, and ¢&;(k) (resp. ¢;(k)) is the number of i-colored arrows coming into k (resp. going
out of k) for k €B.

Let gl_o and gl_, be the subalgebras of gl,, spanned by {Ej; | i, j € Z.o} and {E;j; | i, j € Z>0},
respectively. We can define gl_y-crystals (resp. gl. g-crystals) as in Definition 2.2 with respect to €;’s
and f,-'s for i € Z_o (resp. i € Z~p), and view B_og ={k € B |k <0} (resp. B.o={k€B|k > 0}) as a
gl_o-crystal (resp. gl_o-crystal). In addition, let us consider a gl_g-crystal B, given as follows:

-1 -2 -3
S R G, . QR s G

3

where wt(—k") = —e_y for k > 0. Note that B is the dual crystal of B.o (cf. [12]).
For A € P, let T, = {t,} be a gl -crystal with wt(t,) =2, é;t) = ]‘,'tk =0, and ¢;(t)) = ¢i(t)) = —o©
forieZ.
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2.3. Semistandard tableaux

Let &2 be the set of partitions. We identify a partition A = (A;)i>1 with a Young diagram or a subset
{(d, ) |1 < j < Aj} of N x N [25]. The number of non-zero parts of A is denoted by £(1) and called
the length of A. For u € &2 with u C A, A/ denotes the skew Young diagram, which is given by A —
as a subset in N x N, and |A/u| the number of boxes in the diagram. We denote by ' = (});>1 the
conjugate of A, and A" the skew Young diagram obtained by 180°-rotation of A, which is called an
anti-normal shape.

Let A be a linearly ordered set. For a skew Young diagram A/u, we call a tableau T obtained by
filling A/ with entries in A a semistandard tableau of shape /1 if the entries in each row are weakly
increasing from left to right, and the entries in each column are strictly increasing from top to bottom,
and write sh(T) = A/u. We denote by SST 4 (A/u4) the set of all semistandard tableaux of shape A/u
with entries in A. Let W4 be the set of finite words in A. We associate to each T € SST4(A/u) a
word w(T) € W4 which is obtained by reading the entries of T row by row from top to bottom, and
from right to left in each row.

Suppose that A =B, B, B_g, and Bio, with the linear ordering < induced from the partial order-
ing on P. Then Wp is a gl,-crystal since we may view each non-empty finite word w = wq --- w; as
w1 ®---®@wr € B®. Similarly, Wg_, (resp. Wg_, or WBZO) becomes a gl. o-crystal (resp. gl_g-crystal).
Sending T to w(T) gives an injective map from SST 4 (A/it) to Wa, and the image of SST 4 (A/u) to-
gether with {0} is stable under the operators é;, f;. Hence it is a crystal graph [14].

Suppose that A/u =1 or 7" for some t € &2. Then SST4(\/u) is connected. In particular, if
A =B (resp. B ), then SST 4 (A/1) contains a highest weight element H;,/,, where in each column
of H;u, the Ith entry from the top position is filled with I (resp. —I). Note that any T € SST 4(A/1)

is obtained by applying finitely many fi's to H /.
3. gl -Crystals and the RSK correspondence

In this section, we define gl -crystal structures on the set M of matrices with non-negative in-
tegral entries of finite support and the set T of pairs of semistandard tableaux of the same shape.
We show that the RSK correspondence, which is a bijection from M to T, is an isomorphism of
gl -crystals.

Since it is already known that the RSK correspondence is a morphism of (gl_g, gl. o)-bicrystals [4,
20], our main result in this section is to extend it as a gl,,-crystal morphism by defining the missing
operators €y, ]‘0 on M and T, which are compatible with the RSK algorithm.

3.1. Crystal of integral matrices

Let

2 ={dj € Wgv, x W

>O’
(1)i=iy---irandj= jq--- j, forsomer >0,
(2) (i1, j1) <+ < (ir, jn)}, (3.1

where for (i, j) and (k,) e B, x B,

L. j<l, or
i.j)H)<kDh <

j=landi > k.

Similarly, let £2’ be the set of pairs (k,1) € WBvo x Wg_, such that (1) k=k;---kr and =1y ---1I; for
some r >0 and (2) (k1,11) <'--- < (kr, I;), where
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.o i<k, or
j < kD <

i=kandj>L

Then £2 is a gl_g-crystal, where X;(i,j) = (x;i,j) for (i,j) € 2, x=-e, f and i € Z_o. Here, we as-
sume that x;(i, j) = 0 if x;i = 0. Similarly, 2’ is a gl_¢-crystal, where X;(k, 1) = (k, X;1) for (k,1) € 2/,
x=e, f and j € Z-o.

Consider the following set of N x N matrices with non-negative integers of finite support;

M= {A = (a_iv’j),"j>] a_iv j € Z;o, Z a_jv,j < OO} (32)
i,j>1

For (i,j) € £2, define A(i,j) = (a_;v j) to be the matrix in M, where a_;v j is the number of ks
such that (i, jx) = (—iV, j). Then the map (i,j) — A(i,j) is a bijection between £2 and M, where
the pair of empty words (@, ) corresponds to zero matrix, say O. Similarly, we have a bijection
k, D) +— Ak, D from 2’ to M.

With these bijections, M becomes a crystal graph for both gl_y and gl_,. Moreover, the operators
é;, fi on MU {0} commute with éj, fj fori € Z_¢ and j € Z~(, where we assume x;0 =0 for x=e, f
and i € Z. Hence M becomes a (gl_q, gl.¢)-bicrystal (cf. [4,20]).

Now, for A= (a_jv j) € M, we define

A—E_jvy, ifa_qv1#0,

€A = { .
0, otherwise,

foA=A+E_qv 1,

where E_jv 1 € M denotes the elementary matrix with 1 at the position (=1, 1) and 0 elsewhere.
Put wt(A) = Zi,j>0 a_jvj(—€_i+¢€j), eo(A) =a_qv 1, and @o(A) = (wt(A), ho) + £0(A). Then we have
the following.

Proposition 3.1. M is a gl -crystal, and

M={fi,--- [,0|r>0,i1,....i; e Z}\ {0}.
In particular, M is connected with a unique highest weight element Q.

Proof. It is easy to see that M is a gl -crystal. Let A € M be given. We claim that A = ]‘il e f,-r@ for
some r >0 and iy, ..., ir € Z. We use induction on s(A) = Zz@j a_jv j. If s(A) =0, then it is clear. Let
s(A) be positive. First, A is connected to a diagonal matrix A° = (a‘jivyj) such that a‘jlvj 2%, 5,2
vz 2z since M is a (gl_g, gl.q)-bicrystal (cf. [4,17]). That is, &, ---&;, A = A° for some r >0
and ji,...,jr€Z* and é;A° =0 for all i e Z*. If a°_1v,1 =0, then A° = Q. If not, then épA° # 0 and
s(A°) =s(A) — 1. Hence, the proof completes by induction hypothesis. O

3.2. Crystal of bitableaux

By the RSK algorithm, each A € M is in one-to-one correspondence with (P(A), Q(A)) in
SSTgy, (1) x SSTg_, (%) for some A € 27 [15]. In this paper, we need a variation of this correspon-
dence with anti-normal shaped tableaux. Let us describe it in the following.

Let ve & and T € SST 4 (V™) be given. For a € A, we define T < a to be the tableau of an anti-
normal shape obtained from T by applying the following procedure: (1) let @’ be the largest entry in
the right-most column which is smaller than or equal to a, (2) replace a’ by a. If there is no such ',
put a at the top of the column and stop the procedure, (3) repeat (1) and (2) on the next column
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with @’. For w = wq ---w; € W4, we define P(w) to be (---((wy < w3) < w3)---) < w;. Note that
Wrey = Wy - -+ W1 iS equivalent to P(w) as elements of crystals.

Let A e M be given with A = A(l,j) = Ak, 1) for (i,j) € 22 and (k,1) € 2’. Let irey and ley be the
reverse words of i and 1, respectively. We define

P(A) =P(irv),  Q(A) =Plrev).

Let i=1iq---ir. For 1 <k <r, let us fill a box in shP(A) with c if it is created when i is inserted
into ((i; <= i;—1)---) < ix41 and jr =c. Then we have a tableau Q € SSTg_, (V™) with V™ = shP(irey)
for some v € &2. By the symmetry of the RSK correspondence, we have Q = P(l;ey) = Q(A). Put

T= || SSTgy, (v™) x SSTa_, (V7). (33)
ve#
Hence we have a bijection
K:M—T, (34)
where k(A) = (P(A), Q(A)).
Example 3.2. Let
1 01
A=(a_ igija=(2 1 0]eM,
020

where we assume that a_;v j =0 unless 1 <1, j <3. Then

i=-2"-2"-1V-3"-3V-2V—-1Y, 1=3121122,

and

_1\/ _2\/ \%

P(A) = QA) = 5

-1V =2V -3V 3V’ 2 2 3

Clearly 7 is a (gl_g, gl.g)-bicrystal, and for A € M, P(A) (resp. Q(A)) is equivalent to A as ele-
ments of gl_g (resp. gl.g)-crystals. Summarizing, we have the following.

Proposition 3.3. k is a (gl_g, gl. o)-bicrystal isomorphism.

Now, let us describe a gl -crystal structure on 7. Suppose that (S, T) € T is given. For each kth
column of v enumerated from the right, let s; and t; be the smallest entries in the kth column of S
and T, respectively. We assign

+, if the kth column is empty,
, ifsy>—1Vandt > 1,
P k= (3.5)
—, ifsg=—1"andty =1,

-, otherwise.
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In the sequence o = (..., 03, 01), we replace a pair (oy, 0s5) = (—, +), where s’ > s and oy = - for
s<t<s', by (-,-), and repeat this process as far as possible until we get a sequence with no — placed
to the left of 4. We call this sequence the 0-signature of (S, T).

We call the left-most — in the 0-signature of (S, T) the 0-good — sign, and define éy(S, T) to be
the bitableaux obtained from (S, T) by removing —1Y and 1 in the columns corresponding to the
0-good — sign. If there is no 0-good — sign, then we define éq(S, T) = 0. We call the right-most +
in the O-signature of (S, T) the 0-good + sign, and define fo(S, T) to be the bitableaux obtained from
(§,T) by adding —1¥ and 1 on top of the columns corresponding to the 0-good + sign. If there is no
0-good + sign, then we define fo(S,T)=0.

Example 34. Let (S, T) € T be given with o as follows.

s -1V =3V . 1 3
S A, A LA 11 3 4
0=(...,06,05,04,03,02,01) = (..., +, +,—, -, — +).

Then the 0-good — sign is o4, and 0-good + sign is o5. Hence,

) -1V =3V 1 3

eo(S,T)=<_2v —4V —4V1 3 4),

) -1V -3V 13
fo(s,T>=<_1v Y 2V 4v 411 1 3 4)‘

Proposition 3.5. T is a gl -crystal, and

T={fiy - [ @.0)|r>0 i1,... i e Z}\{0).
In particular, T is connected with a unique highest weight element (9, #}).

Proof. It is straightforward to check that ey(S, T), ]‘0(5, T) e TU{0}. Let (S, T) be given with sh(S) =
sh(T) non-empty. We assume that &;(S, T) =0 for all i € Z*. Then S (resp. T) is a highest weight
element of a gl_g-crystal (resp. gl_o-crystal), where in each column of S (resp. T), the Ith entry from
the top position is filled with —I" (resp. ). Hence &p(S, T) # 0. If we use induction on |sh(S)|, then
we conclude that f;, --- f;, (0,90) = (S, T) for some r >0 and iy,...,ir€Z. O

3.3. Isomorphism

Now we are in a position to state the main result in this section.

Theorem 3.6. The map k : M — T is a gl -crystal isomorphism.

Proof. By Proposition 3.3, it suffices to show that x commutes with éy and fo. More precisely, we
claim that for Ae M and k > 1,

K (f§A) =Kk (KE_1v 1+ A) = fiKk (A). (3.6)
We use induction on t(A) = Zk;l a_gv.1. We may assume that a_qv ; =0.

If t(A) =0, then it is not difficult to see that (3.6) holds. Suppose that t(A) > 0. Let —p" be the
largest one such that a_pv 1 #0. Let B=A — E_pv 1. By induction hypothesis, we have for k > 1

K (FEB) =k (kE_1v 1 + B) = Fik (B).
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For k > 1, let k(kE_1v1 + X) = P®(X),Q® (X)) with X = A, B. Then P®(A) = P¥(B) « —pV
by definition of P(-) and Q®(A) is obtained from Q% (B) by filling the corresponding box, say c,
in sh(P®(A))/sh(P®(B)) with 1. For notational convenience, let us write «(kE_qvj + A) =
k(KE_1v1+ B) < (—p"Y, 1). Let

o=(..,02,01), o'=(...05,0])

be the sequences of signs associated with x(kE_jv 1+ B) and k (kE_1v 1 + A), respectively (see (3.5)),
and let

o=(..,02,01), o'=(..,0'2,0')

be the 0-signatures of k' (kE_;v 1 + B) and k(kE_qv 1 + A), respectively.
Suppose that by the insertion of —p“ into P®)(B), ¢ is filled with —q¥ for some q < p, and it is
located at the tth column enumerated from the rightmost one.

Casel. g > 1. Let kE_yv 1 + B = A(i, j) with (i, j) € £2. Consider the horizontal strip made by inserting
the subwords of iy corresponding to the first column of kE_qv 1 + B.

Then we observe the following facts.

(1) No —1Y has been bumped out in the bumping path for P® (B) « —pV. :

(2) By induction hypothesis all —1Y’s which have been added on P(B) by applying f(’)‘ to «(B) are
placed to the right of —q" in the tth column, and they do not intersect with the bumping path
for P®(B) « —pV.

(3) The insertion of —p" into P®(B) does not change the sign oy for 1 <k <t — 1, and hence
ox=o0, for 1<k<t—1.

Hence we have

[k kE_1v1+B) < (—=p”,1)] =k (B) < (=p",1) =K (A)

and
Tk _ Vv _
ok (A) =Kk (KE_1v1+B) < (=p¥, 1) =k (kE_1v 1+ A).

Case 2. g = 1. Consider the bumping path for P® (B) < —p". Then there exists 1 < s <t such that

(1) —x¥ (x> 2) has been bumped out from the (k — 1)th column and placed at the kth column for
2<k<s,

(2) —1V has been bumped out from the (k — 1)th column and placed at the kth column for s +1 <
k<t

As in Case 1, it follows that all —1V’s which have been added to P(B) by applying fé‘ to k(B) are
placed to the right of the tth column, and o, =0/ for 1 <r <s.

Since all —1Y’s in the rth column of P(")(B) for s <r <t —1 have been shifted to the left by one
column by the insertion of —p¥ to P®(B), we have o, = o/ for s+ 1 <r <t — 1. Note that oy = +
and o/ = —.

Let u be the top entry of the sth column in Q¥ (B). If u =1, then we have o5 = — and o} = -. If
u > 1, then we have o5 = - and o] = +. Now, comparing ¢ and o’ (hence ¢ and &’), it is not difficult
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to see that

88K (KE_1v 1 + A) = 8§ [k (KE_1v 1 + B) < (=p”, 1)] =« (B) < (—=p", 1) =k (A).
This completes the proof. O

Example 3.7. Consider

-1V =3V 13
-1 —2Y 4 471 1 3 4)°

Applying &y and fo on both sides, we get

_am O
o O © O
_ 0 O -
o O = O

0 010
0 0 0 1 -1V =3V 1 3
K = ,
1 000 -2V —4V —4V'1 3 4
1010
and
2 010
00 0 1 ( -1V =3V 1 3)
K = , s
1 0 0O -1V -1V =2¥Y —4Y —4¥v'1 1 1 3 4
1 010

respectively (see Example 3.4).
4. Crystal graphs of generalized Verma modules

Let uy be the subalgebra of gl,, spanned by E;; for i <0, j> 0 (resp. i >0, j <0). Let p =
gl_o @ gl.g®uy be a maximal parabolic subalgebra. Then we have gl,, = u_ @ p. The set of roots for
the nilradical u_ is given by A(u_) ={—€;+¢€j|i>0, j<0}. Let U(u_) be the universal enveloping
algebra of u_. By PBW theorem, U(u_) has a basis parameterized by M.

In this section, we prove that the gl -crystal M is a crystal graph of the generalized Verma mod-
ule U(u_) in the sense that it is the limit of the crystal graph of the irreducible highest weight
glo-module with highest weight nAy as n — oo.

4.1. Crystal B(nAp)

Let F be the set of semi-infinite words

W=---W_3W_2W_1
with letters in B such that

(1) wi_q1 <w; foralli<0,
(2) wi_1=w;—1 forall i «O0.
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W@ w® W@ RO wd W W@ O
-4 -4 -4 =2 -4 -4 -4 -4
-3 -2 1 2 -3 -3 -3 -3

we —2 -1 3 3 Wy 2 "2 2 -2
-1 1 -1 -1
1 11
2 2 2
3 3
5 4

Fig. 1. Semi-infinite semistandard tableaux of shape » = (4,2, —1, —1).

For w € F, we define wt(w) = Ag + Y .gmex € P, where my = [{i | w; = k}| — S_g k. It is well
defined since m = 0 for almost all k € B. For each i € Z, we define the operators é;, fi F—>Fuf{o}
by the same way as we do on Wg. Then é; and f; are well defined, and JF is a gl -crystal, where
&i(w) (resp. ;j(w)) is the number of i-colored arrows coming into w (resp. going out of w) for w € .
Fori<O0,let Hy,=---i—3i—2i—1,andfori>0,let Hy,=--- =2 —11 --- i—1i. We have the
following decomposition as a gl,,-crystal

g=|_|Ban.

i€Z

where B(A;) is the connected component of H,, with wt(H,,) = A;. Recall that JF is the crystal
graph of the Fock space representation, which can be realized as the space of semi-infinite wedge
vectors, and B(A;) is the crystal graph of the irreducible highest weight gl ,-module with highest
weight A; [27].

Let » = (A1,...,An) be a sequence of non-increasing n integers, called a generalized partition of
length n. We call an n-tuple of semi-infinite words w = (w® ..., w®) a semi-infinite semistandard
tableau of shape A if
1) wd =...w? w(')zw(')1 €B(Ay, ;,,) for 1<i<n,

(2) w,i'r;) < w(l) for 1<i<n and k <0, where d; = An_i41 — An_i.

We may identify w with a semistandard tableau with infinitely many rows and n columns, where
each row of w reads (from left to right) as follows:

() 3) @) 1)
Wikdy oty S S Wikd 4, S Wiga, SWo (kK€ D).

Here we assume that w() is empty if there is no corresponding entry (see Fig. 1).

Let A; = Zk:1 Ay, € P* and let B(A;) be the set of all semi-infinite semistandard tableaux of
shape A. We may assume that w=w® ®-..@ w™ €B(A;,) ® --- ® B(A;,). By similar arguments as
in the case of usual semistandard tableaux [14], we can check the following.

Proposition 4.1. B(A;) together with 0 is stable under &; and f,- (i€eZ),and

B(A) ={fi, - fiHa, |T>0, i1,....ir € Z}\ {0},

where Hy, = Hy, ® - @ Hy,, .
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Hence B(A;) is a gl,,-crystal, and it is isomorphic to the crystal graph of the irreducible high-
est weight gl,,-module with highest weight A, since it is the connected component in B(A;,) ®
---®B(Ay,) including H 4, of integral dominant weight.

Now, let us consider B(nAg) for n € N. Given w= (w® ..., w®) e B(nAg), let w.o and w_g
be the subtableaux of w consisting of positive and negative entries, respectively. Note that w.g €
SSTg_, (™) for some € & with w1 <n, and w_p is a semi-infinite semistandard tableau of shape
(= s =)

Suppose that w_g = (WS()), e w(:(),). For each 1 <k <n, we have wi’% € B(A—ML) and wt(w(f())) =
Ay — Zidk €; for a unique Iy = {—if1 > - > —ik#;{} C B.o. Let w”,, be the tableau of shape u7,
whose kth column (from the right) is filled with {—i,f’l <. < _ilj,ui{} C BY,,. Then we have wY, €

SSTBZ0 (u™). Now, define

V(W t_pa,) =k (W, Wp) € M. (41)
Vv

Since (W”,, W) is uniquely determined by w, ¥, is injective.

Example 4.2. Let w € B(4A¢) be as follows:

-5 -5 —5 5
—4 -4 -3 -2

W=
-3 -3 -2 -1
-2 -1 1 3
1 1 3
Then
v -1V =3V 1 3
w = s w = .
0T v v gV gy 0711 3
Therefore,
1 010
0 0 01
—1 eV
K (W2, Wag) =
( <0 >0) 1 0 O O
1 010

Proposition 4.3. For n > 1, the map

W :B(NAQ) @ T_nay — M

is a gl -crystal embedding, which commutes with &; (i € Z).
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Proof. Let w be given. For i € Z.¢ and x =e, f, if X;w # 0, then

W (;‘i w® LnAo)) =, ((iiw) ® tano)
=k (WZO’ )~<iW>0)
=Xk ' (w5, W-0) by Proposition 3.3

=XiYn(W®_nag)-
Similarly, for i € Z_o and x=e, f, if x;w # 0, then
¥ (;(i w® t—nAo)) = l1’r1((>~<1'w) b t—nAo)
=k (%w’y, W-0) by[17 Lemma 5.8]
=Xk ! (w’y.W=q) by Proposition 3.3

=XV (W®t_na,)-

Finally, comparing the definitions of xo (x=e, f) on B(nAp) and 7, it is straightforward to see that

W (Ro(W®t_nap)) =k (Ro(WYg, W=0)).

Since k commutes with ég and fo by Theorem 3.6, we have ¥;(Xog(W ® t_na,)) = XoWn(W ® t_na,)-
The other conditions for ¥, to be a morphism can be verified directly. Finally, ¥, commutes with é;
(i € Z) since ImW¥, C M together with {0} is stable under ;. O

Remark 4.4. We have

ImlI/n:K_l( || SSTBiO(M”)XSSTB>O(Mn)>,
HEDP, p1<n

Imy, clm¥,41 (n>1),

M:UImlpﬂ.

n>1

Note that there exists a strict morphism @, : M ® Ty, — B(nAg) sending O ® ty4, to Hya, such that
Dy (A®thay) #0 if and only if A € Im¥,.

4.2. Crystal graphs of generalized Verma modules
Given u,v e &2, we put
Mpu,v =M x SSTgy (™) x SSTp_, (V),
Opv=(O,Hy~,Hy) e M . (4.2)

For (A, S<0,S-0) € My v, i€Z and x =e, f, we define X;(A, S0, S~0) as follows:
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(1) IfieZ< and X(A® S<0) =A"®S"_,, then

52i(A7 S<0,S-0) = (A/a S/<07 5>0)'
(2) If i € Z-o and X;(A® S-0) = A" ® S”, then

Xi(A, S<0,5-0) = (A", S0, SZy).
(3) Xo(A, S<0, S>0) = (X0A, S<0, S>0).
Here, we assume X;(A, S—g, S-0) = 0 if any of its components is 0.

Proposition 4.5. For (1, v € &2, M,y is a glo,-crystal and

Myv=1{fi, - fi,Quv|r=>0,i1,....ir € Z}\ {0).

Proof. It is easy to see that M, , is a gl-crystal. Let (A, S.o,S>0) € My, be given with
€i(A,S-0,S-0) =0 for all i € Z. First, we have ;A =0 for all i € Z*, which implies that A is a
diagonal matrix with entries a_qv 1 >a_v > ---. Since €A =0, we have a_;v; =0 and hence
A = Q. This implies that S.g = H,~ and S.o = H, since ¢;S.o =0 for i € Z.o and €;S.o =0 for
i € Z~g, respectively. O

For n > 1 4+ v1, we put
Apvin=A; € P,

where A = (A1,...,Ay) is a generalized partition of length n such that

(max(i1,0), ..., max(r,, 0)) = v/,

(max(—An,0), ..., max(—11,0)) = u'.

Proposition 4.6. Let (1, v € &2 be given. Then for n > [u1 + v1, there exists a gl -crystal embedding

lI/p,,u;n : B(A;L,v;n) ® Tang g M}L,Va

sending HA“_M ® t_ns, to Oy, and commuting with e (ieZ).

Proof. Given w = (w", ..., w™) € B(Ay, ,.n), consider the subtableau of w consisting of positive
entries, say w-o. Let wio be the subtableau of w.¢ corresponding to the positions where Hy, .,
has positive entries, and let w_, be the compliment of W;Lo in w.g. Note that w;ro € SSTg_,(v)
and w_, € SSTg_,((n/)™) for some n > u with 11 <n. Here, we understand (/u)”™ as the skew
diagram obtained by 180°-rotation of n/pu.

Let w_o be the subtableau of w consisting of negative entries, which is also a semi-infinite
semistandard tableau of shape (—ny,...,—n}). By the same method as in (4.1), we obtain w”, €
SSTBZ0 n™) from w_g.

Given A= A(i,j) e M and S € SSTBio (u™), we define P(S < A) to be the tableau obtained by
inserting irey =i ---i1 to S, that is,

P(S < A= (- ((S«ip) «ir_q)-) < ij.
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Suppose that shP(S < A) =17 for some t D . For 1 <k <r, let us fill a box in (v/u)™ with c if it
is created when iy is inserted into ((S <—ir)---) < iry+1 and ji = c. This defines the recording tableau
Q(S < A) of shape (t/u)".

Now, we let Ae M and S_g € SSTBZO (u™) be the unique pair such that P(S_g < A) = wio and
Q(S<0 < A)=w_,, and let S.o :wio. This defines an injective map ¥, v;n : B(Ayvin) @ T_nay —
Mp..v by

l1/;4,1);n(w Q®l_nag) = (A, S<0,5>0).

Modifying the arguments in Theorem 3.6 and Proposition 4.3, we can check that ¥ ,.; is a gl-
crystal embedding, which commutes with é; (i€ Z). O

Example 4.7. Let w € B(A4,2,—1,—1)) be as in Fig. 1. Note that © = (2), v=(2,2,1,1) and n =4. We
have

1 2
-1V -1V 1 2
Y Y Y — + 23
W= -2 -3V, wW_,= 3 3, w>0=3 .
-3V -3V -4V 1 0 0O
5
Then we can check that P(S < A) :wi0 and Q(S <« A) =w_,, where
O O 110
S= O o, A=]|0 0 1
o -3V —4v 1 01
Hence
1 2
110
v v 2 3
V2),2,21,1;4WRt_44,) = 00 1),-3"-4 ' 3 € M@),2,2,1,1)-
1 0 1
5

Remark 4.8. (1) In case of v =@, the map sending (wio,

RSK correspondence introduced by Sagan and Stanley [32].

(2) Since M, , = Un>m+v1 Imy, y.n and ImY¥y, . CIMW) yong1, My, is the limit of B(Ay v:n)
as n — oo and hence we may view it as a crystal graph of the generalized Verma module induced
from an irreducible [-module with [-dominant highest weight —3; o i—i€i + Y ;o Vj€j. We also
have a strict morphism @ y.n : My v ® Tha, — B(Ay,v:n) sending Oy v @ tha, to Ha, such that
Dy vin((A, S<0,S50) ®tna,) #0 if and only if (A, S<o, S-0) € Im¥, y.p.

(3) Bitableaux realizations of irreducible highest weight representations of Lie (super) algebras
including B(A;) and their combinatorics can be found in [18].

W_,) to (A, S-o) is a skew version of the

5. Demazure crystals and a flagged RSK correspondence
5.1. Demazure crystals

For i € Z, let s; € GL(h*) be the simple reflection with respect to «; defined by

silM) =A— (A hai (L €h®).
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Then s; acts as the transposition on {¢; | i € Z*} (hence on Z*) given by

(i+1), ifi>0,
si={ (—1i), ifi<0,
(-11), ifi=0.

Let W be the Weyl group of gl.,, which is generated by {s; | i € Z}, and let £(w) denote the length of
w e W. For A e Pt, let W, be the stabilizer of A, and let W4 = {w | £(ws;) > £(w) for s; € W 4}. Let
< denote the Bruhat order on W. It induces the Bruhat order on W4, which is also denoted by <.

Let w e W4 be given and w = Siy -+ i, its reduced expression. We define the Demazure crystal of
B(A) associated with w [11] by

By (A)={f{" - f"Ha |m1,....,m; >0} \ {0). (5.1)

For i € Z, an i-string S in B(A), a connected component with only i-arrows, satisfies one of the
following three conditions;

S CBw(A),
SNBy(A) =0,

SN By (A) is a highest weight element of S. (5.2)

Now, given i, v e & and w e W4 with A = Ay p:N for some N > g + v, we define

Muww = (" [ Opy [mi,...,m; >0} \ {0}. (5.3)

Since each element in M, , w is contained in ¥ ,.n(Bw(Ay v:n) ® T_na,) for some sufficiently
large n, M, »,w does not depend on N and the choice of a reduced expression of w, and hence
it is well defined. Note that for w, w’ € W4, M, v.w C M, w if and only if w < w'.

5.2. Grassmannian permutations

Let A be a partition. The residue of a box (i, j) € A is given by j —i. A standard tableau of shape X is
a tableau obtained by filling A with {1,...,|A|} in such a way that the entries in each column (resp.
row) are increasing from top to bottom (resp. left to right).

Consider Wy, = (s;j | i € Z*) and let w € W4 be given. Let D(w) = {(i, ) € Z* x Z* |
i<w™l(j), j<w(@))} be the diagram of w and let A(w) = (A(w)j)i>1 be the shape of w, where
A(w)i = {j | (—i, j) € D(w)}|. Since w(i) < w(@i+ 1) for i € Z* \ {—1}, and w(—1) > w(1), A(w) is a
partition. Conversely, a partition A determines a unique permutation w € W40 such that A(w) = A.
Hence, we have a bijection from W40 to 22 sending w to A(w), where |A(w)| = £(w). If T is a stan-
dard tableau of shape A(w) and g; is the residue of the box corresponding to i in T (1 <i < {£(w)),
then w = Sq;,,,, Say)—1 ***Sa; gives a reduced expression of w. For w, w' e W40, we have w < w’ if
and only if A(w) C A(w') [24].

Example 5.1. Let w € W40 be given by

. =6 -5 -4 -3 -2 -1 1 2 3 456 -
w= ,
-6 -4 -2 2 5 6 -5 -3 -1 13 4
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where w(i) =i for |i| > 7. Then A(w) = (6, 6, 4, 2, 1), where the residue on each box is given by

0 1 2 3 45
-1 0 1 2 3 4
-2 -1 0 1
-3 =2
—4
5.3. Flagged skew Schur functions
Let X = {x1,x2,...} be a set of formal commuting variables and X = {x1,...,x} for k > 1. Let
¢ =(¢1,...,9q4) be a sequence of weakly increasing positive integers of length d, which is called a

flag of length d. Given a skew Young diagram XA/u with €()), £(u) < d, we define the flagged Schur
function sy, (Xy) by

Sy (Xe) = det(hxﬁuriﬂ(xqﬁi))]gi,jgd’

where hi(Xg,) is the kth complete symmetric function in Xy, [24]. An equivalent definition is that
Sa/u(Xp) = ZXT,
T

where the sum ranges over all semistandard tableaux of shape A/u with entries in N such that the
entries in the ith row are no more than ¢; for 1 <i <d. Here, x! = ]_[ix',.“", where m; is the number
of occurrences of i in T.

Let SSTBZo (A/m)y (resp. SSTp_,(A/1t)p) be the set of semistandard tableaux of shape A/u such
that the entries in the ith row are no more than —¢;” (resp. ¢;) for 1 <i<d. Let Y ={y1,y2,...} be
another set of formal commuting variables and Yy ={y1,..., yx} for k > 1. Then we have

chSSTgy (M/1)¢ = 1/u(Xg),  chSSTp_o(A/1)p = Sr/u(Yy),
where we put

—iv e . i :
X,‘=€Wt( i )=e e_,’ yjzewt(])zeej

for —i¥ € B, and j € B.o. When S ¢ SSTgy, (vV")g (resp. S € SSTg_,(v™)g) is given for v € & with

£(v) < d, we view V7 = (nd)/(n —Vg4,...,n—vq) for some n > vy, and understand that the entries
of S in each ith row from the bottom are no more than —¢>dvfi+1 (resp. ¢g—ijy1) for 1 <i<d.
Let o = (a1, ..., aq) be a sequence of weakly decreasing positive integers of length d. Let

/5\)»/# (Xo) = det(hkiflbjfﬂrj(Xaj))lgi’jgd-

It is easy to check that 5,/ (Xo) = sp/a(Xg), where A= — Ad—it1)1<i<d B = (N — Wg—it1)1<i<a for
some n > A1, 11, and ¢ is the reverse sequence of «. In particular, we have for v € &2 with £(v) <d,

sy (Xgp) =5y (Xa)-
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5.4. A flagged RSK correspondence

In the sequel, we assume that S is a finite subset of N> = N x N. We define 6(S) to be the border
strip of the smallest partition A such that S C A. Recall that a border strip of a partition A is a skew
diagram A/, where A = (1, ..., 4|81, ..., Bq) and w = (a2, ..., oq|B2, ..., Bq) following Frobenius
notation. We put c¢(S) = («1, B1)-

Example 5.2. Let S ={(1, 1), (1,4), (2,2), (3,1),(3,3), (4, 3)}. Then

1 2 3
1] e ° OO m n
S= g . ’ , 9(5)=(4,3,3=,3)/(2,2,2)=D o. ,

1 OO0 m
EEE

where the skew diagram consisting of the black boxes is the border strip 6(S) and * indicates the
point c(S) = (4, 4).

We define inductively a finite sequence of points ¢ = (o1, B1),...,Cq = (0g, Bq) as follows:

(1) let S =S and put ¢; =c(SD),
(2) for 1 <k<d—1, let Sk = s®\ g(s®) and put cppq = c(S*D),

where d is the smallest one such that S@+D = ¢, Note that ¢, is located to the northwest of cy,
that is, oy > og41 and By > Br+1. Now, we define

AS) =(a1,...,04|B1,..., Ba) € & (5.4)

following Frobenius notation, where (o1, ..., ®q) (resp. (B1,..., Bq)) corresponds to the lower (resp.
upper) flag of A(S) with respect to its diagonal. We define w(S) to be the permutation in W %o
corresponding to A(S), that is,

A(w(S)) = A(S). (5.5)

Example 5.3. Let S be as in Example 5.2. Then

1 2 3 OO0 m ®
1] e i
00 m
sh— 2 . L 6(5")=4.3.3.3)/2.2.2) = :
21, 00 m
2 EEE
1.2 3 4 0 m
1] e
N
SO _ o . . 0(s?)=@.2. /)= ;
3. m o«
4
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|
s@= 2 . s == -,

1. 2 3 4
L]

—

Sw

where we have c; = (4,4), c; =(3,2), c3=(1,1). Hence

AS)=(4,3,114,2,1)=(4,3,3,2).

For w € W0 with a reduced expression w =s;, ---s;,, we put

Mu={f"- f"Om,...,m; >0} \ {0}, (5.6)

that is, My = My g w (see (5.3)). For A e M, let supp(A) = {(i, j) | a_jv,j #0} C N2 be the support
of A.

Theorem 5.4. For w € W40, we have

My ={A | A(supp(A)) C A(w)} = {A | w(supp(A)) < w}.

Proof. It suffices to prove the first identity. We use induction on £(w) = [A(W)].

If |A(w)| =1, then w =sg and it is clear. We assume that |A(w)| > 2. Choose w’ € W40 such
that £(w’) = £(w) — 1, equivalently A(w’') C A(w) with |A(w)/A(w')| = 1. Let r be the residue of
A(W)/A(w).

Choose a standard tableau T of shape A(w) such that the largest entry occurs at A(w)/A(w’). Let
a; be the residue of the box corresponding to i in T (1 <i < ¢(w)). Then we have reduced expressions

W = Say) Saywy_1 -~ Sa; and W' =5q,,, 1 -+ -Sq; With apw) =r1. Note that
Fk
Mw = FfMw\ {0}, (5.7)
k=0

Let Ny = {A | A(supp(A)) C A(w)}. By induction hypothesis, it suffices to show that N, =
Ukso FiNw \ {0}.

Let A € Ny, be given. We first claim that A € frkNW/ for some k > 0. We will keep the previous
notations A(S), 6(S%®), and ¢ = (o, Bx) (1 <k < d) with S = supp(A). If A(S) does not contain the
box ¢ = A(w)/A(w’), then A(S) C A(w’) and A € N,,.. So we may assume that ¢ € A(S).

Case 1. Suppose that r = 0. By definition of A(S), we have 6(S@) = (1,1). If we choose k > 1 such

that the entry of eA at (1,1) is 0, then supp(ékA) = supp(A) \ {(1, 1)}. Hence A(supp(ekA)) C A(w')
and ekA e N,

Case 2. Suppose that r # 0. We may assume that r > 0 since the argument for r < 0 is almost the
same. In this case, we have c; = (as, Bs) with s =1+ 1 for some 1 <s<d, and c = (s,r + 1). There
exists 1 <m < a5 such that a_pyv ;1 #0 with (m,r+1) € S® and (i,r+1) ¢ S© for m <i < as.
Since c is a removable corner of A(w) and hence of A(S), we have a_;v , =0 for 1 <i <m (see Fig. 2).
Otherwise, we have Bs_1 =r, which implies that c is not removable. Let A = A(k, 1) and consider the
subword of 1 consisting of r and r+ 1. Then the r + 1’s corresponding to the non-zero entries a_;v 41
for 1 <i<m can be replaced by r applying é’r‘ for some k > 1. Equivalently, applying é’r‘, the entries
a_iv r (resp. a_;v r+1) are replaced by a_;v r +a_;v 11 (resp. 0) for 1 <i <m. On the other hand, we
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B (,r+1)
|
|
H H E N m,r+1)
[ |
|
|
|
H E BN *  (as,T+1)=c;s

Fig. 2. The border strip 8(S®).

can check that (o, B;) are invariant under é’r‘ for 1 <t <d with t #s. Hence A(supp(é’r‘A)) c A(wh)
and eKA € Nyr.

Conversely, let A € N, be given. Using similar arguments, it is not difficult to check that
either A(supp(f¥A)) = A(supp(A)) or A(supp(f¥A))/A(supp(A)) = ¢ whenever fKA # 0. Hence
A(supp(ﬁ‘A)) C A(w). This completes our induction. O

Corollary 5.5. For w € W40, we have

M= 3 [ —2

o Ggpes | TNV
w(S)<w

Remark 5.6. Identifying (i, j) € N? with —e_; + €j € A(u_), one may write

eOl
chMw= > [l

SCA(u-) xeS
w(S)<w
Now, put
Tw=kMw)={[" - F"@,0) | mi,...,m >0} \ {0} (5.8)
for w € W40 with a reduced expression w = Siy -+ Si,. We define a(w) = (a1,...,aq) and g(w) =

(B1, ..., Bq) to be strict partitions of length d such that

AW) = (a(W)|BW)). (5.9)

We put d(w) =d, the diagonal length of A(w) and
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¢pw)=(¢1,....91) = (g, ..., A1),
v(w)=W1,....%a) = Ba ... B1), (5.10)

which are flags of length d.

Theorem 5.7. For w € W40, we have

Tw = I_l S5Tgy, (Vn)qs(w) X SSTB>O(‘)7T)1//(W)'

veP
L(v)<d(w)

Proof. Let S,, be the right-hand side of the above identity. We will use induction on £(w) = |[A(W)].
When £(w) =1, i.e. w =Sp, it is clear. We assume that £(w) > 2.

Choose w' € W40 such that £(w') = £(w) — 1, or A(W') C A(w) with [A(w)/A(W')| = 1. Let r be
the residue of A(w)/A(w’). By (5.7), (5.8) and the induction hypothesis, we have only to show that
Sw = U,@O f,"SW/ \ {0}. We assume that A(w) is as in (5.9) with d =d(w).

Case 1. Suppose that r =0. Then we have d > 2, oy = B3 =1 and

AW = (a1,....aq-11p1, .., Ba-1).

Let (S, T) € 8y be given, where sh(S) = sh(T) =n™ for some n € & with £(n) <d(w’). For k > 1,
suppose that (§',T) = f(’)‘(S, T) # 0 and sh(S') = sh(T’) = t™ for some T € Z2. By definition of fo,
we have £(t) < £€(n) +1<d(w). If £(T) <d(w), then it is clear that (5',T') € 8y» C 8. Assume that
£(t) =d(w), that is, £(t) = £(n) + 1 =d(w). Then the first rows of S’ and T’ are filled only with
—1Y and 1, respectively, and the entries in the other rows of S’ and T’ still satisfy the flag conditions
given by ¢(w’) and ¥ (w’), respectively. Since ¢(w) = (1,¢(w’)) and ¥ (w) = (1, ¥(w')), we have
(5", T) € Sy.

Conversely, let (S, T) € 8§, be given with sh(S) = sh(T) = " for some t € 2. If £(T) < d(w),
then (S, T) € 8y. If £(t) = d(w), then the first rows of S and T are filled only with —1Y and 1,
respectively, and they are all removable under successive application of eg. Hence, the highest weight
element (S’, T') in the O-string of (S, T) belongs to S, .

Case 2. Suppose that r # 0. We may assume that r > 0 since the argument for r < 0 is almost the
same. In this case, we have d(w’) =d(w), and for some 1<i<d

AW = (a1, i aqlBr e B =1 Ba),

where g; =1+ 1.

Let (S, T) € 8y be given. Note that the entries of T in the ith row from the bottom are no more
than B; —1=r, and no r appears in the above rows. This implies that fr"(S, T) e 8y U{0} for k > 0.

Conversely, let (S, T) € 8, be given. The entries of T in the (i + 1)th row from the bottom are
no more than Bj11 < pBi —1=r. So any r + 1 in the ith row of T from the bottom, if exists, can be
replaced by r applying é’r‘ for some k > 0. This implies that E’r‘(S, T)yeSy. O

Corollary 5.8. For w € W49, we have

chTy = Z Sy (Xa(w)))S\v Ygw))-

Ve
L(v)<d(w)
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Combining Theorems 5.4 and 5.7, we obtain a flagged version of the RSK correspondence and the
Cauchy identity as follows.

Corollary 5.9. For w € W49, the map « in (3.4) gives a bijection

{AeM|a(supp(A)) Crm} = || STy, (™)) X SSTBo (V™) ) (-

Ve
L(v)<d(w)

when restricted to M,,, and it commutes with e; (i € Z). In particular, we have

YOIl = Y S e B Vpw).

- Xl)’]
ScN? (@, 1)65 Ve
w(S)<w (w)<d(w)

Remark 5.10. (1) For m,n > 1, let wy, , be the element in W40 such that A(Wp.p) = (™). In this case,
we recover the usual RSK correspondence with m x n matrices and the Cauchy identity with variables
X,y (1<i<m, 1<j<n).

(2) For S C N2, let d(S) =d(w(S)). Then for n > 1, we have

YOIl o= Y sosm.

ScN? (, ])65 1}’1 ve P
d(S)<n L(v)<n

When multiplied by e~"40 the right-hand side of the identity is equal to the character of the irre-
ducible highest weight representation of gl,, with highest weight —nAg, which is not integrable [9].
Hence the left-hand side gives another character formula for this highest weight module. Note that
the right-hand side has a Jacobi-Trudi type formula (see [31, Ch. 7, Ex. 7.16d] and [18] for its general-
ization to irreducible gl -modules with negative integral charges) and a Weyl-Kac type formula [19].

(3) From the correspondence between M,, and T,,, we see that the entries in the first columns of
bitableaux in T is determined only by the support of the corresponding matrix in M. This fact was
also observed by Stanley [31, Ch. 7, Ex. 7.100] in a purely combinatorial way.

5.5. Demazure crystal By, (nAg)
Proposition 5.11. For w € W40 and n > 1, the map « o W, gives a weight preserving bijection
Bw(nAo) ® Tnag— || SSTgv, (v7) o) X SSTBo (V7). -
Ve
v mdW)
Proof. It follows from Remark 4.4 and Theorem 5.7. O

Remark 5.12. Given A = A(i,j) € M with (i,j) € £2, let c(A) be the maximal length of decreasing
subwords of i. It is well known that c(A) is equal to the number of columns in P(A) or Q(A) [15]. By
Remark 4.4 and Theorem 5.4, the embedding ¥;, gives a bijection

By (nAg) — {A| A(supp(A)) C A(w), c(A) <n}.
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For i € Z and X € P, let D; be the linear operator on C[P] defined by

. 1 — e~ I+ hi)e;

Di(e*) =e =

The operators D; satisfy the braid relations, and hence for a reduced expression of w =s;, ---s;. € W,

the operator D, = Dj, --- Dj, is well defined. By (5.2), we have

chBy (nAg) = Dy (e").
Combining with Proposition 5.11, we obtain the following combinatorial identity.

Corollary 5.13. Letn,d > 1, and let o, B be two strict partitions of length d. Then

DW(EHAO)E_HAO = Z ’S\U(Xa)?u(yﬂ)v
veP
vc(nd)

where w is the unique element in W49 such that A(w) = (a|B).

5.6. Crystals of symmetric matrices

From now on, let € denote either 1 or 2. We put

ME={AeM|a_y j=a_jvfori, j>1, e dividesa_; ; fori>1}.

For i € Zo, let

Eo=(@0)¢,  Fo=(fo),

Ei=ei_i, Fi=fif-i (i€Z-o).
By similar arguments as in Proposition 3.1, we can check the following.

Proposition 5.14.

(1) M€ U {0} is invariant under E; and F; for i € Zo.
(2) Mm¢ ={Fj,---F,O|r>0,i1,...,ir € Zxo} \ {0}

Put

ﬁ:{xep)

M| =

(A ho) € Z, (A, hi) = (A, h_) (i €Z>o)},

ﬁ: {620 =c€ug, dj=aj+oa_j(ie Z>0)} Cﬁ.

(5.11)

(512)

Then I7 is a set of simple roots for the root system associated to the affine Lie algebra bos (resp. ¢xo)
when € =1 (resp. € =2) [8], where P is a weight lattice. The associated Dynkin diagrams are as

follows.
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boo: oO«=0o0—O— - —O—0—"C0O— -
do a @ Qn_1 Qn Qny1

Coot oO=0—""0— - —O—0O0—0O— -
Qo ay @ Qn-1 Qn An1

For i € Z>o, let Hi € P* be determined by (A,E-) = (A, hj)= (A, h_;)if i >0, and ()\,Eo) = %()L, ho)
for A € P. Then [TV = {/h\,' |ie€Zxo} is a set of simple coroots. As in Definition 2.2, one may define
an xeo-crystal (x = b, ¢) with respect to E;, i, &, $; (i € Z>o) and wt. By Proposition 5.14, M¢ is
an Xoo-crystal with highest weight element Q. Here, for A € Me Wt(A) = wt(A) € P, Ei(A) = ¢i(A),
Gi(A) = @i(A) (i > 0) and Eo(A) = L£0(A), Po(A) = Lo (A).

Since each A in M¢€ is symmetric, we have «(A) = (—SV,S), where S € SSTg_,(v™) for some
v € &2 with €|, that is, €|v; for i > 1 [15,17], and —S" is the semistandard tableau obtained by
replacing each entry i in S with —i¥. Hence the map ¥ : A~ S gives a bijection

RN — | ] ssTe,(v™). (5.13)

Ve
€lv

Proposition 5.15. Put Ao =€Ag.Forn>1, let
B (nAo) = (Fi, -~ Fi,Hyz, |7 >0, i1,....ir € Z30} \ {0}.
Then Wen (B (Ao) ® T_, 7,) = M€ N Im Wep.
Proof. Let w € B(nAg) be given. By Propositions 4.3 and 5.14, we have
wWeB (ndy) & Ya(W® t_ni,) € MeE.
Hence, we obtain the required identity. O

Remark 5.16. By Remark 4.4, (5.13) and Proposition 5.15, the map K o ¥, gives a weight preserving
bijection

B A ®T_ 5z~ || SSTe.,(v™). (5.14)
ve#
€lv,v1<en

By [13, Theorem 5.1], B¢ (nAy) is isomorphic to the crystal graph of the irreducible highest weight
Xso-module with highest weight nAo, and Proposition 5.15 implies that M€ is the limit of B (TlA())

Let o be the linear automorphism on P defined by o (Ag) = Ap and o (¢;) = —€_; for i € Z. Then
o(aj)=oa_j forieZ. Let

W:{weW|wa:aW}.

Put Sp =sg and 5; = s;s_; for i € Z-¢. Then W is the Coxeter group generated by s (i e Z>0), which
is isomorphic to the Weyl group of Xo (see [5, Section 5.2]). Let W4 be the set of minimal length
left coset representatives of WA We have W40 = W N W40, and A(w) = A(w)’ or ¢p(w) =¥ (w) for

WGWAO.
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For w € W40 with a reduced expression w =5i, -5, (i1, ....ir € Zxg), let
€ =myq =m
M, = {F! ...Firr@)|m1,...,mr>0}\{0},

I

BS,(nAg) = {F[" - F"H, 7 | m1.....m; >0} \ {0}. (5.15)

1

Since EE (nAp) is the crystal graph of an integrable highest weight x-module, the Demazure crystal
B¢, (nA) is well defined and so is M, by Proposition 5.15.

Proposition 5.17. For w € WXO, we have

ME, =M€ N My, = || SSTe,(v

Ve
€lv

¢(W)'

Proof. Let us prove the first identity. Then the second one follows from Proposition 5.7 and (5.13).
First, it is clear by definition that M, C M N M,,. Suppose that A € M€ NM,, is given. Let w' =
Siy -+ -Si,, where w =7, ---5;, is a reduced expression. If i; > 0, then we have

e, A#0 & & A#0 & E A#0,

since A is symmetric. If i; = 0, then we have &yA £ 0 if and only if EgA # 0 by definition. From (5.7),
it follows that E" A e M, for some k > 0. If we use induction on £(w), then we have E A e M N

My = M¢ ,, and hence Ae Mg O

w’?

Put Z ={z; =x;y; |i>1}. For S c N2, let S’ ={(i, j) | (j, i) € S}. Then Proposition 5.17 gives the
following identity.

Corollary 5.18. For w € VV\XO, we have

ZiZj ~
> I = 11 ﬁ= > S Zawy)-

S=S'cN2 @, z)eS ’ i,j)es veP
w(S)<w i<j €lv
L(v)<d(w)

Corollary 5.19. For w € W4 and n > 1, the map k o W, gives a weight preserving bijection

B,1A0)® T ,50—> || SSTeo(v)ym)
veP, €|y
vC(endW))

Proof. It follows from Proposition 5.11 and (5.14). O
ForieZxo and A € P, let D; be the linear operator on C[P] c C[P] defined by

1= e (R
() =e"——m—

For a reduced expression of w = s,1 S5, € W, put Dw = 511 5 Combining the Demazure char-
acter formula ch BE (nAo) = W(e”AO) w1th Corollary 5.19, we obtaln the following identity.
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Corollary 5.20. Let n,d > 1, and let « be a strict partition of length d. Then

Du(e e = 3 5,(Za),

veP, €lv
vc(end)

where w is the unique element in W Ao such that M(w) = (o|).

6. Plane partitions

A plane partition is a collection of non-negative integers 7 = (7jj);,j>1 such that 7r;; # 0 for only
finitely many i, j, and mj; > miyqj and m; > mijq for i, j > 1. The shape of w denoted by sh(rr) is
a Young diagram determined by the support of m, ie. {(i, j) | 7jj # 0}. We may identify 7 with a
tableau of shape sh(w) with entries in N weakly decreasing in each row and column from left to
right and top to bottom, respectively. Let P denote the set of plane partitions.

Let us recall the correspondence between M and P [2]. Let A € M be given with «x(A) =
(P(A), Q(A)). For k> 1, let A® = (a(k)|B(k)) be a partition where a(k) and B(k) are strict par-
titions given by reading the entries of the kth columns of P(A) and Q(A) from bottom to top
(ignoring — and Vv in P(A)), respectively. Note that A1) 5 1@ ..., We define 77 (A) = (77 (A)ij)i, j>1
by w(A); =k | @, )) € A®31. 1t is easy to check that m(A) is a plane partition, and the mapping
A +— m(A) yields a bijection from M to P. One may identify a plane partition 7 with a set of unit
cubes, where 7;; cubes are stacked vertically at each position (i, j) € sh(;r). Then A® is the kth layer
of w(A) from the bottom.

For mr € P, let || = Zl smij and for r € Z, let tr; () = Zl>1 Tii+r, Which is called the r-trace of @
[6,30]. Let g and v, (r € Z) be formal variables. For a subset X of P, the norm (resp. trace) generating
function of X is defined to be

qum and vaﬁrr(ﬂ)’

meX TeXrel

respectively. Note that a norm generating function can be obtained from a trace generating function
by specializing v, =q for r € Z.
Forn>1 and A € &2, we put

Pn={m eP|m1<n},
PO ={m e P|sh(w) C A},
T(A)gn =T<n NPR).

Note that Py is the set of ordinary partitions &7, and hence a gl -crystal [27], where for A € &
and r € Z, f;A is defined to be a partition u such that w/A is a single box with residue r, or 0 if
such u does not exist. If we define the weight of the empty partition to be 0, then it is easy to see
that P« is isomorphic to B(Ag) ® T_4,. For n > 2, we define a gl,-crystal structure on P, by
identifying 7 = AV, 2@, ..., ™) € P, with an element of B(A0)®" ® T_y,, where A% is the kth
layer of 7r. Now, we define a gl -crystal structure on P by identifying each 7 € P with an element
of B(A0)®" ® T_n4, for a sufficiently large n. Then P is a well-defined gl -crystal and the inclusion
map of P, into P is a gl,-crystal embedding.

Proposition 6.1. As gl -crystals, we have

(1) P~M,
(2) P<n =BMAg) @ T_pnpy forn>1
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Proof. Suppose that 7 = (A, 2@, ... A™) e P, is given. Recall that we identify 7 with an el-
ement in B(Ag)®" ® T_na,. Since AV > ... 5™, 7 is an element in B(nAg) ® T_pa, where
A® corresponds to the kth column from the right of the semi-infinite semistandard tableau asso-
ciated with 7. Hence we have a bijection from P, to B(nAg) ® T_n4a,, Say ¢n. By definition of the
glo-crystal structure on Py, it is straightforward to check that ¢, commutes with x; (x=e, f, i € Z).
This proves (2).

Now, let us prove (1). Suppose that = € P is given. Choose a sufficiently large n such that 7 € Pj.
Put A = ¥;, 0 ¢ (7r). By definition of ¥;, and ¢, A does not depend on the choice of n, and 7 (A) = .
This implies that the map m + A is a morphism of gl -crystals, and hence an isomorphism since it
is a bijection. O

Remark 6.2. We have shown in the proof of Proposition 6.1 that the correspondence A+ m(A) is
a gly-crystal isomorphism from M to P, where the subcrystal Im ¥, ~B(nAg) ® T_n4, is mapped
to fpgn.

Corollary 6.3.

(1) chM is the trace generating function of P.
(2) e "o chB(nAy) is the trace generating function of Pcnforn>1.

Proof. For 7 € P, we have wt(w) = — > ., krar, where k; is equal to the r-trace of . Identify-
ing e® with v, in ch)M and e ™40 chB(nAp), we obtain the trace generating functions for P and
P«a, respectively. O

Remark 6.4. By the celebrated Weyl-Kac character formula [8], the trace generating function of P,
is

ZWEW ew(nAo+p)7nAgfp
l_[ozeA*(l —e %)

’

where p € h* is given by (p,h;) =1 for all i € Z. The norm generating function for P and P, are
the corresponding principal g-characters, which are obtained by putting e~ = q for i € Z. Then we
recover

1
I—[i>1 (] _ qi)min(i,n)

chy M and chgB(nAp) =

iz (1=
(see [8] for evaluating g-characters), which are originally due to MacMahon [26].

Now, consider P(1) and P(1)<n, which are subcrystals of P and Py, respectively. Then the results
in the previous section give the following representation theoretic interpretations on them.

Proposition 6.5. Let ). € &2 be given, and let w € W0 be such that »(w) = A. As gl -crystals, we have

(1) P =My,
(2) PV <n =By (Ag) ® T_pa, forn > 1.

Proof. (1) Let A € M be given. By Theorem 5.7, we see that A € My, if and only if AV ¢ A(w), where
2D is the first layer of m(A). Hence 7 (M) = P(X). By Proposition 6.1, we have P(L) >~ M, (see
Remark 6.2).
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(2) Since 7 (M) =PQ) and 7 (Im¥,) = Py, we have
P <n =7 (My NIMP) =7 0 Wy (By (1A0) ® T—nay) = Buw (1Ag) ® T—na,
by Proposition 5.11. O

By Corollary 6.3 and Proposition 6.5, we obtain the generating functions for plane partitions
bounded by a given shape as follows.

Corollary 6.6. Let ). € &2 be given, and let w € W 40 be such that A(w) = A.

(1) The trace generating function of P(1) is

> e

SCA(u-) aeS
A(S)CA

(2) The trace generating function of (L) <n is e 10Dy, (e"4) forn > 1.

Remark 6.7. (1) There are determinantal formulas for the norm and trace generating functions of
various classes of plane partitions including P(1) and P(1), (see [16] for a most general form and
the references therein for the previous works by other people). Also there are evaluations of those
determinants into nice product forms for some special classes of plane partitions. But there is no
such formula for P(1) and P(A)¢n as far as we know.

(2) A representation theoretic approach to plane partitions was first introduced by Proctor [28],
where the norm generating functions for P((u"))<, was proved to be the g-dimension of the irre-
ducible sl;,;,-module with highest weight nw (w is the uth fundamental weight).

A plane partition 7w = (7j;) is called symmetric if 7w;j = mj; for all i, j > 1. Similarly for € =1, 2,
n>1and A € &2 with A =1/, we put
Pe = {m € P | 7 is symmetric and € divides 7;; for all i > 1},
f]’zn =P NPE,
P =P) NPE,
‘P(A);n =P (A) NPE.
Note that M¢ is in one-to-one correspondence with Pe by (5.13). As in Section 5.6, we assume that

x=">bif €e=1 and x = ¢ if € =2. We define an x.o-crystal structure on P c P with E;, F; for
i >0 (5.12). Similar to Propositions 6.1 and 6.5, we can prove the following.

Proposition 6.8. Let A € &2 with A = ) be given, and let w € W4 be such that A(W) = A. As X -Crystals,
we have

1

ﬁe

n ~B¢(ndy) ® T 4, forn>1,

>~ MS,,

(A);n ~B,(nAg) ® T_,z, forn>1.

CICACIS
) QY DY
m//\m m

z

1N



2178 J.-H. Kwon / Journal of Algebra 322 (2009) 2150-2179

Remark 6.9. (1) We define for a subset X of P€ the norm (resp. trace) generating function of X by

qu and vaﬁrﬁ(n)’

weX weXr>0

respectively, where tr,(7) = tr(7r) for r > 1 and try() = e ltro(m). For w € P€, we have wt(r) =
—Zr>o’<r&rv where k, = tr, (). Hence, identifying e~ with vy, we obtain the trace generating
functions for symmetric plane partitions in Proposition 6.8 as the characters of the corresponding
Xoo-Crystals. The norm generating functions can be obtained by specializing e™% = q*> forr >1 and
e % =¢g°.

(2) The norm generating function of f'ﬁ(mm)lgn was conjectured by MacMahon [26], and it was
proved by Andrews [1] and Macdonald [25]. It was observed by Proctor [28,29] that the norm gener-
ating function of fﬁ(mm)zn is the g-dimension of the irreducible representation of the complex simple

Lie algebra so(2m 4 1) C by or sp(2m) C c¢oo with highest weight corresponding to nAo (following
our notation).

(3) Recently Tingley [33] gave a nice representation theoretic interpretation of cylindric plane par-
titions in terms of crystal graphs for affine Lie algebra sl, and its generating function. It would be
interesting to find an application of affine Demazure crystals to cylindric plane partitions.
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