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Abstract

We investigate the, — v,, oscillation in the framework of three genemts when neutrinos pass through the Earth. The
oscillation probability is represented by the forf(v. — v,,) = Acoss + Bsiné + C in arbitrary matter profile by using the
leptonic CP phasé. We compare our approximate formula in the previous paper with the formula which includes second order
terms ofa = Am%l/Amél andsy 3 = sinf13. Non-perturbative effects @f ands13 can be taken into account in our formula
and the precision of the formula is rather improved around the MSW resonance region. Furthermore, we compare the Earth
matter effect ofA and B with that of C studied by other authors. We show that the magnitude afd B can reach a few ten %
of C around the main three peaks@fin the regionE > 1 GeV by numerical calculation. Wgve the qualitative understanding
of this result by using our approximate formula. The mantle—core effect, which is different from the usual MSW effect, appears
not only inC but also inA and B, although the effect is weakened.

0 2004 Elsevier B.VOpen access under CC BY license.

1. Introduction tion for Amgl andf2 [2]. This has been confirmed by
the KamLAND experiment by using the artificial neu-
The first evidence of neutrino oscillation have been trino beam emitted from several react¢d}. On the
discovered in the atmospheric neutrino experiments other hand, only the upper bound %13 < 0.1 is
and the mass squared diﬁererjm%ﬂ and the 2— obtained for the 1-3 mixing ang[é]. Thus, the val-
3 mixing anglefzs [1] have been measured. Also the ues of the mass differences and the mixing angles are
deficit of solar neutrino strongly suggests the neutrino gradually clarified. Our aim in the future is to deter-
oscillation with the Large Mixing Angle (LMA) solu-  mine the unknown parameters like the signmhgl,
013 and the leptonic CP phase
E-mail addresses: kimukei@eken phys.nagoya-u.acjp The simple anaIyFic formula for estimating the mat-
(K. Kimura), takamura@eken. phys.nagoya-u.a¢4p Takamura), ter effects is useful in order to study these parameters
yoko@eken.phys.nagoya-u.ac(jg. Yokomakura). because neutrinos pass through the earth in most ex-
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periments and receive the matter potential representedB/C = O(«/s13). S0, it is expected that the CP vio-

by a = v/2GeN,, where N, is the electron number
density andGF is the Fermi constant. In the case of

short baseline length, we can approximate the den-

sity as constant because the variatiom\gfis small.

However, the longer the baseline is, the larger the mat-
ter effect is. In previous papers, several approximate

lating effect due toA and B becomes large and can
reach a few ten % of even for the case that neutri-
nos pass through the earth core. However, the effect
due to the CP phase has not been taken into accountin
previous works.

In this Letter, as the preparation of studying Earth

formulas have been proposed in order to include the matter effect, we review our approximate formula in-

effect of varying density. Classified by the neutrino en-
ergy E, there are following approximate formulas: low
energy formulas by the expansion in the small para-
meter Za/|Am3,| < 1 ors13=sinf13 < 1[5], high
energy formulas by the expansionmgl/ZEa <1
ora = Am3,/Am3; < 1[6], and the formulas by the
expansionin 2E8a/Arg, < 1[7], wheresa is the de-
viation from the average matter potential.

On the other hand, there is the method to approxi-

troduced in Ref[19] as

A > 2c03523 Re[SffZSﬁ’e], (2
B~ —2623s23|m[5ﬁ:5¢e], (3
C = [Ske| e+ | Sk *s3s )

wheres/,, ands?, are the amplitudes calculated from
two-generation Hamiltonian&l, and Hj,. Hy is rep-
resented byAm%l and 612 and Hy, is represented by

mate the Earth matter density as three constant IayersAmgl andé13. We show that our formula includes the

in the case of mantle—core—-manfl. It was dis-
cussed in Ref[9] how the probability is enhanced
when neutrinos pass through periodically varying den-
sity. Then, it was pointed out in Ref10] that the
mantle—core effect, which is different from the usual
Mikheyev—Smirnov—Wolfenstein (MSW) effe¢t1],
appears in the oscillation probability. More detailed
analysis has been in Refd2,13] This effect is in-

non-perturbative effect af ands13 and the precision

is rather improved around the MSW resonance regions
compared to the well-known simple formdt20,21],
which includes up to second order termsxadindsy 3.
Furthermore, we compare the Earth matter effect of
and B with that of C by using the Preliminary Ref-
erence Earth Model (PREM22] in the case of two
reference baseline length. We show that the magnitude

teresting because the large enhancement of the probaof A andB can reach a few ten % @f around the main

bility can occur even if both the effective mixing an-
gles in the mantle and theore are small. In recent
papers[14], the possibility for measuring thé;s in

three peaks of in the regionE > 1 GeV by numeri-
cal calculation. This means that the above perturbative
estimation is valid even in the case of including non-

atmospheric neutrino experiments has been discussederturbative effect. We give the qualitative understand-

by using this mantle—core effect. They concluded that
the value of13 can be measured in some cases.

In our previous papers, we have shown that the
oscillation probability forv, — v, transition is rep-
resented by the following form,

P(ve — v,) =Acoss + Bsing + C (D)

in constant mattef15] and also in arbitrary mat-
ter [16]. By using this general feature for the CP

dependence, the method for solving the parameter

ambiguity problem pointed out in Refl7] is dis-
cussed in Ref[18]. Each coefficients has an order
A= 0(s130), B = O(s13%) andC = O (s35) + O (a?)
on the two small parametess= Am3,/Am%, ~ 0.04
ands13 = sind13 < 0.2. In the case o& < s13, the ra-
tio of A, B to C are given byA/C = O(«/s13) and

ing of this result by using our approximate formula.
The mantle—core effect, which is different from the
usual MSW effect, appears not only @h but also in

A andB, although the effect is weakened.

2. General formulation for neutrino oscillation
probabilities

In this section, we review the exact formulation of
neutrino oscillation in arbitrary matter profile based
on Ref.[16]. At first, let us parametrize the Maki—
Nakagawa—Sakata (MNS) matrix [23], which con-
nects the flavor eigenstatg with the mass eigenstate
v;, by the standard parametrizatif#]

U = 02T 013T; O12, (%)
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whererl = diag(1, 1, ¢%) and 0;; is the rotation ma-
trix betweeni and j generation. As the matter po-
tential only appears in thee¢) component of the
Hamiltonian, O3 and I'; can be factored out. So,
we can rewrite the Hamiltonian in matter & =
0235 H'(0235s)T. H' is the reduced Hamiltonian de-
fined on the basis’ = (023ls)Tv. H' is a real sym-
metric matrix and the concrete expression is given by

H' = 013012diag(0, A21, A31)(013012)"
+diag(a(1), 0, 0), (6)

whereA;; = Aml?/./ZE. The number of parameters in
the HamiltonianH’ is fewer than that in the original
HamiltonianH by two. This is useful to calculate the
oscillation probability simply. If we define the ampli-
tudeS[)[/S of v, — u,g transition as ¢8) component of
time ordered product

L
s =Texp{—i / H'(1) dt:|, @)
0
the oscillation probability is given by
P(v, — v,) =Acoss+ Bsind + C, (8)
A =2c3523Re[ S S, | 9)
B = —2c3523IM[S)1, S, |, (10)
C = 18], [Pc33+ 1Sy, %535, (11)

asin[16].

From the Eqs(9)—(11) one can see that the prob-
ability for v, — v, transition is represented by two
components of the reduced amplitudg, and S;,.
Namely, the matter effect for the oscillation probabil-
ity is only contained in the two components.

3. Non-perturbative effect in our approximate
formula

In this section, we numerically calculate the ampli-
tudess;,, andS;, introduced in the previous section
by using the PREM. Then, it is explained how we
obtain the hint for the basic concept on deriving our
approximate formula. As an example, the approximate
formula in constant matter is derived explicitly and
is compared with the formula in Ref20,21], which
includes up to second order of the small parameters

93

o = Az1/A31 andsy3. As a result, it is shown that our
approximate formula includes the non-perturbative ef-
fect which becomes important around the MSW reso-
nance.

3.1. Behavior of reduced amplitudesin Earth matter

Let us calculate the amplitudes;, and S;, for
the case that neutrinos pass through the earth. We
use the PREM as the Earth density model and we
choose two reference baselines, 6000 and 12000 km.
Fig. 1 shows how the matter density changes along
the path of neutrinos. Ifrig. 2, we plot the values
of the amplitudesS,, and S;, corresponding to the
neutrino energy 0.03—-20 GeV. Here, we use the para-
metersAm3, = 7 x 10° eV2 and sirf 201, = 0.8 as
indicated from the solar neutrino experiments and the
KamLAND experimentAm3, = 2 x 10~2 eV2 from
the atmospheric neutrino experiments and the K2K ex-
periment, and SH26;3 = 0.1 within the upper limit of
the CHOOZ experiment.

It is found fromFig. 2 that S, and S;, become
large in low energy and high energy, respectively, for
both baselines and the regions, wheljg and S;,
dominantly contribute, are separated to each other. In
other words, the MSW effect related to the 1-2 mix-
ing and 1-3 mixing angles are mainly includedsmg
and S.,, respectively. We have derived the approxi-
mate formula for arbitrary matter profile by using this
feature in Ref[19]. ConcretelyS) , ands;, are calcu-
lated from two kinds of different Hamiltonians, which
are given by the 1-2 and 1-3 subsystems, respectively.

3.2. Procedure of deriving approximate formula

The idea introduced in the previous subsection is
actually realized as follows. We use the two small
parameterse = A1/A31 andsiz. Then, our approx-
imate formula is calculated by the following three
steps.

(1) We define two Hamiltonians in the 1-2 and 1-3
subsystems taking the limit 6f3 — 0 andee — 0
in (6) as

Apisty+al(t) Azicizsiz O
Hy = A21c12512 A21€%2 0 ’
0 A3zl
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Fig. 1. Matter density in the PREM with baseline length 6000 and 12000 km from left to right.
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Fig. 2. Energy dependence s[w ands;, with baseline length 6000 and 12 000 km by using the PREM. The solid and dashed lines represent
Sy andSy,, respectively.

5 0 0 3.3. Approximate formula in constant matter

Asisfz+a() 0 Agierssis
Hy, = (12)
Asicty

Azicizsiz O . . _
Next, let us review the approximate formulain con-

stant matter based on R§E9]. According to the pro-
cedure in the previous subsection, we substitute the
Hamiltonian H, in constant matter given b§12) into
(13)and we obtairs?,, as

(2) We calculate two amplitude®’ andS” from the
HamiltoniansH, and H;, by the equations

- L
St =Texp —ing(t)dti|,
- 0

L
—i / Hy (1) dz}.
0

(3) We replace the amplitudes (8)—(11)as wa —
st ands,, — S7,.

st = [exp(—iHeL)]

ne —

. . A
= —iSin X, singy exp(—iﬁL)

S"=Texp (13) (14)

2

where¢, = A,L/2 and the subscript represents the
guantities calculated fron#f,. The concrete expres-
sions for the mass squared difference and the 1-2 mix-
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ing angle in matter are given by
Ay _ sin 212
Aoq "~ sin 2

2
= \/(cos Do — L) + sir? 261
A2

These are well-known expressions in the framework
of two generations. The contribution of the low energy
MSW effect, which is dominant around the energy re-
gion determined by: ~ A21c0s P12, is included in

mainly wa. The phase factor if14) does not con-

tribute when we calculate the probability in two gener-
ations. However, this gives important contribution on

(15)

the calculation of the terms dependent on the CP phase

in three generations.
Similarly, we obtainS”, by substituting), in con-
stant matter given bf12)into (13)as

[exp(—iHyL)].,,
. . A
= —iSsin 2, singy, exp(—i 312+aL>,

where¢, = A, L/2 and the subscrigt represents the
quantities calculated fron#f,. The concrete expres-
sions are given by

h _
Ste

(16)

Ap sin 2913
A31 " sin 2

2
= \/<cos D13 — L) + Sin? 2013
A3z

7
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from these expressions. These approximate formulas
are similar to the following well-known formulas

A21A . . .
~ 221781 ¢13SiN 2912SiN 2923SIiN 2013
a(a — Az1)
. alL . (a— Az1)L Az1L
sin— sin coS , 22
SRl 2 2 (22)
A1 A . . .
~ Aclgsm 212Sin 223Sin 213
a(a — Az1)
.alL . (a— A3z1)L . Azl
sin— sin sin 23
SRl 2 2 (23)
A2 al
C ~ =212 sin? 2015Sin? —
a? €23 12 2
A2 (a— Az)L
31 2 o .
+ ——== sn‘?ZGlgsmzi.
(a— Ag2™ %
(24)

These formulas are often used in order to analyze the
property of neutrino oscillation because they have very
simple form and approximate the exact values with a
good precision.

In the following, we compare the probability cal-
culated from our approximate formu{a9)—(21)with
that from the formula22)—(24)in the case of con-
stant matter. We calculat®(v, — v,) for two kinds
of baselines, 3000 and 6000 km. We use the para-
meters siR20,3 = 1 ands = 0° in addition to those
introduced inFig. 2 Furthermorep = 4.7 g/m? and
Y. = 0.494 are used as the matter density and the elec-
tron fraction. The result is given iRig. 3.

It is found that our approximate formula has good

One can see that these expressions correspond to thosgeincidence to the exact one even around the MSW

obtained by the replacemeniy; — Az1 and 12 —

013 in (14) and(15). The contribution of high energy
MSW effect, which is dominant around the energy re-
gion determined by: ~ Az1c0s @13, is included in
mainly S”,. We can calculatet, B andC in constant
matter as

P(v, — v,) =AcosS+ Bsind + C, (18)

A >~ sin 29, sin 2923Sin 29, Singy Singy, cosAg’zzL ,
(19)
B >~ sin 29, sin 2923Sin 29, Singy Singy, Sin A3—22L
(20)
(21)

C = ¢35Sin? 20, Sir? ¢y + 555 Sir? 26, Sir ¢,

resonance, compared with that from the formi@2)—
(24). We consider the reason for the difference in the
next section.

3.4. Comparison of approximate formulas

Let us explain the order counting@fandss 3 in our
approximate formula. In the limi& — 0, we obtain

S, = 0. Therefore, we can write down the order of

S, @s

Spe = 0(a) + 0(@?) +0(®) +---
+ O(s130) + 0(S13a2) + O(s13a3) 4.
+ 0(5530‘) + 0(553012) + 0(s%3a3) N

T (25)
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Fig. 3. Comparison between the probabilitév, — v,,) calculated from our approximate formu(t9)—(21)and the formulg22)—(24). Two
baseline length are chosen as 3000 and 6000 km from left to right. Tidedashed and dotted lines are the exact, our approximate formula
and that from(22)—(24).

Note thate is included in all terms. Here, if we take ergy regionE > 1 GeV. So, we can roughly consider
thesiz — 0, only the first line is remaining. In these as

terms, all orders otr are included and the first line 5 o AnL

considered to have a larger contribution compared to P (Ve = V) ~ C = s335in* 20 S'nZ(T) (27)
the following lines, because of the increasing exponent
of s13. This is confirmed by the comparison with the
exact formula inFig. 3. In the same way, we obtain
S., =0 inthe limits;3 — 0. Therefore, we can write
down the order of’, as

Note that we have the relatiqd7) between the mass
squared differences and the mixing angles in vacuum
and in matter. Expanding the right-hand side(bt)

on the mixing angle in vacuum, we obtain

Ap _ sin 213

Sre = 0(s13) + O(s53) + O(s33) + - - Az sin2g,
+ O(s130) + O (s232) + O (s350) + - -- ~‘1—i( ﬂsfs
- A A31—a)?
+ 0(5130%) + O (s§50%) + O (s330%) + - -- 3 ( 321A2a)
49231 4

Here, if we take the limite — 0, Only the first line The condition for convergence is given by
is remaining. In these terms, all orderssat are in- 5
cluded and the first line is considered to have a larger 4aAz1513 -
contribution compared to the following lines, because (Az1—a)2
of the increasing exponent at This condition is not satisfied around the MSW reso-
Our method includes both, the terms of higher order nance region, wheréiz; ~ a. Namely, the perturba-
of a in (25) and also those of3 in (26). So, thisnew  tive expansion becomes inconvergent. However, sub-
approach is not a systematic expansion. However, our stituting the above expressiq@8) into (27) of the
method is not in contradiction to the well-known for-  oscillation probability and taking only the first term,
mula (22)—(24) which takes only the first order term  we obtain
of @ ands13in (25), (26) regarding them as small para-
meters. In addition, higher order terms of the perturba- £ (Ve = Vi)
tive expansion, which are not included in the formula , AZ si? 2013 2 A3—a
(22)—(24) are now also included in our formula. =SB g a2 >
In the following, let us investigate the difference be-
tween these two methods more concretely. As seen in
Fig. 2 the contribution ofs’, is dominant in the en-  P(v, — v,,) = s35c25(s13431L)2. (31)

(29)

L. (30)

It gives the finite value in the liminz; — a as
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This is due to the product of the infinity of effec-
tive mixing angle and the zero of the effective mass
squared difference in the probabili¢g0). If we take
the limit Az; — a directly in the non-perturbative ex-
pression27), we obtain

P (v, — v,) = s35c255iP(s13A31L). (32)

We find that the difference between the perturbative
formula (31) and our formula(32) is the sin factor.

In the case of the short baseline lendththe pertur-
bation gives a good approximation, but the longer the
baselineL is, the worse the perturbation becomes, as
shown inFig. 3, although the probability has a finite
value. Concretely, if the condition

1
513431

is satisfied, the perturbation gives a good approxima-
tion. Around the MSW resonance region, the perturba-
tion breaks down because theedficients of the higher
order termsa or s13 become large. Therefore, it is
needed to involve the higher order termsxadinds; 3,

in order to make a good approximate formula. Our
method partially realizes this request.

At the end of this section, let us give a brief com-
ment. In Refs[20,21] the formula calculated by sin-
gle expansion ow is also given and this includes all
order terms of13. So, this approximate formula gives
a good approximation in the high energy MSW res-
onance region compared with the form{22)—(24)
while the difference between the single expansion for-
mula and numerical calcuian becomes large in the
low energy region as commented also in R21.].

L <

(33)

4, Earth matter effect for A, B and C

In this section, we perform numerical calculations
of A, B andC by using the PREM. We give a quali-
tative understanding of the behavior of the coefficients
A, B and C by matter effects of the mantle and the
core.

4.1. Numerical calculationof A, B and C

In the previous section, the order of the reduced
amplitudes are estimated &5, = O(«) and S;, =
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O(s13) in the case that we takes only the first or-
der term ofa and s13 in (25), (26). The order of
coefficients are also obtained ds= O (s13x), B =
O(s130¢) and C = O(s2y) + O(a?) by substituting
Sl/w = O(a) and S, = O(s13) into (11)—(13) In the
case ofa < s13, the magnitude of ratios is give by
A/C = O(a/s13) andB/C = O(«/s13). Therefore, it

is expected from the perturbative point of view that the
CP violating effect due tal and B becomes large and
can reach a few ten % af. However, because non-
perturbative effect becomes importantin MSW region
as shown irFig. 3, the CP violating effect should be
investigated more carefully.

At first, let us numerically calculate how the coef-
ficientsA, B andC are enhanced by the Earth matter
effect, in the case of the baseline lengtk- 6000 and
12 000 km for sik 2613 = 0.10 and 004, respectively.
These values of s#P3 correspond to the values
within the upper bound of the CHOOZ experiments.
The PREM is used as the Earth matter density and the
same mass squared differences and the mixing angles
given in Sectior8 are also used.

In the case ofL = 6000 km, the behavior can be
understood by using the formulati¢h9)—(21)in con-
stant matter. The value af becomes large around
E =5 GeV, which comes from the enhancement of
the effective mixing angle si), for a >~ A, and then
oscillates depending on the factor &jn The values
of A and B become small compared with that 6f
in high energy region, as the suppression fasﬁgroc
1/E. See details in Ref§15,20,25] for example, of
the constant matter density.

In the case ofL = 12000 km, three main peaks
appear inC. On the other hand, the pattern of the
enhancement ford and B seems to become more
complicated than that of. = 6000 km. In the next
subsection, we give a qualitative understanding of the
above results by using our approximate formula for
A, B andC.

We also represent the values4f B andC around
the energy of the three peaks 6fin Table 1 These
values are computed by tmeimerical calculation us-
ing the PREM.

Table 1shows that the coefficientd and B can
be rather large at the three main peak€ofThe ab-
solute values ofA and B become about 06 at the
peak of the core. Furthermore, the ratiey C| and
|B/C| also become a few ten % even for the case
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Fig. 4. Energy dependence af B andC by numerical calculation. We use the PREM as Earth matter density model with two baseline length
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6000 and 12 000 km, and we choose the 1-3 mixing ang@si@ =0.10 and 004 as representative values.

Table 1
Resonance values df, B andC calculated numerically by using the PREM with baseline length 6000 and 12 000 l@rﬁeﬁn: 0.10 and
0.04
L (km) sir? 2013 E (GeV) A (A/C) B (1B/C)) c Peak type
6000 Q010 49 —0.025 (8.3%) —0.003 (1.09%) 0.301 MSW (mantle)
6000 Q04 48 —0.017 (12.0%) —0.001 (0.7%) 0.142 MSW (mantle)
12000 010 21 —0.061 (179%) 0.066 (194%) 0.340 MSW (core)
12000 010 28 0.017 (6.3%) —0.028 (104%) 0.269 Mantle—core
12000 010 52 —0.026 (7.4%) 0.013 (3.7%) 0.352 MSW (mantle)
12000 004 20 —0.068 (316%) 0.038 A7.7% 0.215 MSW (core)
12000 004 30 —0.030 (6.0%) —0.037 (7.4%) 0.500 Mantle—core
12000 004 54 —-0.014 (8.9%) 0.015 (9.69%0) 0.157 MSW (mantle)




K. Kimura et al. / Physics Letters B 600 (2004) 91-103 99

of including non-perturbative effect. These energy re- where the functiorF is defined by

gions E = 2—6 GeV are explored by the atmospheric m e m e

neutrino and the long baseline experiments. In actual F(¢ @5 07,0 )

experiments averaging of various parameters are nec- = sin2p” cos¢® sin ™ + cos ¢™ sing® sin 20°¢
essary for example, energy, zepith-angle distribution, +sir? ¢ sing* sin(29“ _ 49141)‘ (38)

the sum of particle and antiparticle, and so on. There-

fore, the CP phase effect may be weakened to someWe can easily extract the physical meaning from this
extent, but we consider that the CP phase effect shouldexpression, although this functioh” becomes the
be estimated precisely in order to determine the value Same one as given in Refd.2,13] after a short cal-

of 13 in future experiments. culation. We describe the meaning of each term later.
Next, we calculate the amplitudg?, taking the
4.2. Approximate formula in matter with three layers limit o — 0. In this limit, S, Sj’; and so on van-

ish, so the amplitudé’, in three layer is calculated

In order to give a qualitative understanding of the as
results obtained in the previous subsection, letus ap- v wn oc wm |, om oc am | om ac om
proximate the Earth matter density with baseline- Ste = STeSeeS‘Cfe +mS”S”S“ + SteSer Ste
12000 km as three constant layers such that the first + 877 Srr Sre- (39)
and thg third layers have the same density and length. Substituting(16) and
At first, we calculate the amphtud&fw from the

low energy HamiltoniariH,. We use the superscript o, = [exp(—iH;"L)],,

and ¢ for representing the amplitude in the first and _ (cosq&;l" +icos" sin¢,’{’)

third layer (mantle), and the second layer (core). Tak- A n

ing the limits13 — 0, the amplitudesy,, s, and so x eXp(-i?’li—i_aLm)’ (40)
on vanish. Only four terms contribute to the amplitude 2

in three layerss!, as 57 = [exp(—i H'L")]
T T “h

TT

Sﬁe = SZleSgeS;ne + SﬁquwSé"e + SZZSEMSZ; = (COS¢)2" —1iCcos $;ln sin¢Z’)
+ Sy S S (34) y exp(—i Aata” L’"), (41)
Substituting(14) and 2

into (39), we obtain
m . m
See = [eXF(—lHe L)]ee Az + 20 LM 1+ g€ L€
Sho=—i exp(—i )

= (cosgy’ + i cos D}" singy") 2

m m c.m pc
xem(4éE514w), (35) X F (9], 95 07", 65). (42)
which corresponds to E37) by replacing the sub-
script and superscript d8) — (h).

Siu = [exp(—iH"L)], Substituting(37) and(42) into (9)=(11) the coeffi-
= (cosgy’ — i cos ;" sing}') cientsA, B andC in three layers are given by
m . A3l .
. exp(—iAﬂ;a L’"), (36) A~ sin 2623cos( )F(¢7,¢g; 6", 6;)
into (34), we obtain x F (¢, &5 61, 65) (43)
AL + 2a™ L™ + aL€ . . [ Az2L .
Sﬁe =i exp(—i 21 5 a ) B ~sin 292gs|n< 322 )F(q&?, o5 0], 05)

x F(¢). ¢5:6]".65), (37) x F(¢). o5 01, 65), (44)
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C = BF (7' 0f: 677 65) + s35F (87 01 677 65)"
(45)

Thus, we can calculate the coefficiedtand B, which
are related to the magnitude of the CP effect, by using
our approximate formula. We can see the following
from the expressions od, B andC. The expression
of C is given as the sum afy, and Fy, where we use
the abbreviationF,, and Fy as F (¢}, ¢;,; 0;", 6;) and
F(oy', ¢;:6;",67). On the other hand, the expressions
A and B are both given as the product &}, and F
and furthermore multiplied by the oscillating factor re-
lated to A3p. This is the main difference between
B andC. However, all the coefficients depend on the
function F. In the following, we study the behavior of
this functionF.

At first, we divide F given in (38) into three parts
as

F(¢", ¢ 0™,0°) = F1+ F2+ F3, (46)
Fy = sin 2™ cos¢p® sin 0™, 47)
F> = cos ¢ sing® sin ¢, (48)
F3 = sir? ¢ sing* sin(20¢ — 46™). (49)

This separation of the functiof is useful to under-
stand, which contribution becomes large in the ampli-
tude becauséi, F> and F3 correspond to the MSW
effect in the mantle, and in the core, and the mantle—
core effect, respectively. By using the above expres-
sions, the following interpretation in Refd.2,13]can

be understood more clearly.

(1) cos2¢@* = 0 and sip© = 0. Only F; remains
and the function takes the forfi = +sin2™ be-
causeF> = F3 = 0 due to sim® = 0. In the case
that the above conditions are approximately satisfied
around the MSW resonance region of the mantle,
namely, around the energy determined by &ifi 2=
+1, the functionF is enhanced.

(2) sing™ =0 and cog‘ = 0. Only F> remains
and the function takes the fori = 4 sin ¢ because
F1 = F3 =0 due to sipp™ =0 and co®“ = 0. In the

case that the above conditions are approximately sat-

isfied around the MSW resonance region of the core,
namely, around the energy determined by sih2
+1, the functionF is enhanced.

(3) cosp™ = 0 and co®“ = 0. Only F3 remains
and the function takes the form = + sin(20¢ — 49™)
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becauser; = F» = 0 due to cog™ = 0 and co®*
0. Around the energy determined by &@a< — 46™)
+1, the functionF is enhanced. This can be large,
even if both effective mixing angles in the mantle and
in the core @™ and¢, are small. It is considered as
the mantle—core effect. It is realized in the case that
Agg takes the intermediate value of the matter poten-
tials ™ anda®, respectively, for the mantle and the
core.

4.3. Interpretation of numerical results

In this subsection, the numerical result far=
12000 km can be understood, by using the analytical
expression derived in the previous subsection. All the
coefficientsA, B and C are determined by the func-
tions Fy, and F;,. Here, we study the behavior &
and Fj, in the energy region larger thai = 1 GeV.

We can approximaté; by using the factd,1 « a at
E > 1GeV. Thatis, the oscillation part and the mixing
angle are approximated by

AL al
=— 12~ _—~cCcons 50
b > : t (50)
A21Sin
siny = 21 12
\/(Azl cos 1o —a)’ + A%lsinz 2012
A21SinY 1
. A2 12 L (51)
a E

from (15). As a result, we can also approximafe
from (46)—(49)as

Fpo —.
2 E

Thus, the value of; decreases proportional to the in-
verse of the neutrino energy.

On the other hand, some of the peaks apped,in
corresponding t@,1, Fj,2 and Fy,3, sinceF}, includes
the 1-3 MSW effect in the considered energy range.
Fig. 5shows the component @f, by using our analyt-
ical expressiolf46), where we use the matter densities
in the mantle and the core a&" = 4.7 g/cm® and
p¢ =110 g/cm?, the electron fraction ag” = 0.494
andY? = 0.466, calculated by the PREM in the case
of the baselind. = 12000 km.

In these figures, the solid line shows the magnitude
of th, and the dashed, dash-dotted and dotted lines
show the magnitude af?, F2, andF2, respectively.

(52)
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Fig. 5. Components OF}% calculated from our analytical formula with §i2013 =0.10 and 004 from left to right. Solid, dashed, dash-dotted

and dotted lines correspond K7, F7;, FZ, and F2,, respectively.

Table 2
Components ofF, calculated from our analytical formula with
sin? 2913 = 0.10 and 004

sin? 2013 E (GeV) Fj Fp1 Fpo Fp3

0.10 21 0.821 0278 0509 0034
0.10 30 0.726 —0.029 0011 Q744
0.10 54 —0.810 -0.821 0015 —0.004
0.04 20 0.648 0093 0532 0023
0.04 31 0.999 0051 0055 0893
0.04 57 —0.535 —0.545 0013 —0.003

the value ofF}, for sin? 2613 = 0.04 (small mixing) is
larger than that for sf2613 = 0.10 (large mixing). It
is interpreted as the total neutrino conversion pointed
out by Petcov et a[12].

Next, let us study how we can understand the be-
havior ofA, B andC.

From(49), C is approximated by

1 1
C=S(Ff+ F)) = SFf.

where we neglecft,, because of its smallness com-

(53)

Furthermore, we represent the values of each compo-Pared to F, as shown inFig. 5. Actually, the C-

nentFy1, F2 and F3 at three peaks ifable 2

Fig. 5andTable 2show that the peak in the right-
hand side is dominated b¥,1 and mainly depends
on the MSW effect in the mantle. The MSW reso-
nance in the mantle is realized at the conditidh=
Asz1c0S D13. The energy determined by this condition

H ~ A31C08P13 H _
is E BGND 5.7 GeV. The peak in the left

hand side is dominated bfj,» and mainly depends on
the MSW effect in the core. The MSW resonance in
the core is realized at the conditiafi= A3;cos ;3.
Noticing the relatioru© ~ 2.5 x o™, the peak energy is
given by aroundt ~ 5.7/2.5~ 2.3 GeV. The energy
of these peaks do not largely depend on the valge

in the case of sifh2613 <« 1. Furthermore, it is shown

function has almost half of the size of tiﬁﬁ-function.
Therefore,C has three peaks aEhz P(we — vy) in
Ref.[14] corresponds t@ in this Letter. It means that
the termsA and B, related to the CP phase, were not
considered in previous papers.

Next, we obtain the expressions farand B from
(47)and(48) as

AzoL 1 AszoL
A>~co FF —COo F 54
S( > ) S S< > ) n, (54)

. (A
B ~sin

From these expressions, we can see the following.

A3oL

L 1 .
322 )Fth x —sm(

- )Fh. (55)

that the mantle—core effect mainly contributes to the First, the mantle—core effect, which is different from

peak at the center, whefy,3 becomes large. The en-
ergy determined by the condition sg#° — 40™) ~ 1

is aboutE = 3—4 GeV for siff 2013 = 0.04. In the case
of sin? 2013 = 0.10, this condition cannot be satisfied

the usual MSW effect, appears not only@nbut also
in A and B because of the multiplication df;,. Sec-
ond, A and B are suppressed compared within the
energy range& > 1 GeV because afy « 1/E. Third,

in any energy region and as a result the enhancementA and B depend on the oscillation pattsoL /2 addi-
is weakened. This phenomena is interesting becausetionally to L/E dependence included iA. Because
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of this factor, the oscillation phases afand B have a W.W.M. Allison, et al., SOUDAN2 Collaboration, Phys. Lett.
difference of about a quarter of the wavelength. B 391 (1997) 491;
W.W.M. Allison, et al., SOUDAN2 Collaboration, Phys. Lett.
B 449 (1999) 137,
Y. Fukuda, et al., SuperKamiokande Collaboration, Phys. Rev.

5. Summary Lett. 82 (1999) 2644;
Y. Fukuda, et al., SuperKamiokee Collaboration, Phys. Lett.
In this Letter, we investigate the matter effect in- B 467 (1999) 185.

cluded in the terms related to the CP phase, particu- [2] B.T. Cleveland, et al., Homestake Collaboration, Astrophys.

. ) J. 496 (1998) 505;
larly in the case that neutrinos pass through the Earth J.N. Abdurashitov, et al., SAGE Collaboration, Phys. Rev. C 60

core. The results are summarized as follows: (1999) 055801
(1) Our approximate formulag2)—(4) include W. Hampel, et al., GALLEX Collaboration, Phys. Lett. B 447
(1999) 127;

non-perturbatlve effect of the small parameters- Y. Fukuda, et al., SuperKamiokande Collaboration, Phys. Rev.

A21/A31 and s13. As a result, the precision of the Lett. 82 (1999) 1810;
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(2) We numerically caldate the coefficients\, B Lett. 90 (2003) 021802.
andC for the baseline length = 6000 and 12 000 km [4] M. Apollonio, et al., CHOOZ Collaboration, Phys. Lett. B 466

the MSW resonance regions.

) . (1999) 415.
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% of C around the three main peaks@feven for the Erratum;
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) o ) E.Kh. Akhmedov, P. Huber, M. Lindner, T. Ohlsson, Nucl.
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