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Abstract

As was shown earlier, the one-loop correction in 10d supergravity on AdS5 x 53 corresponds to the
contributions to the vacuum energy and 4d boundary conformal anomaly which are minus the values for
one A" = 4 Maxwell supermultiplet, thus reproducing the subleading term in the N 2 _ 1 coefficient in the
dual SU(N) SYM theory. We perform similar one-loop computations in 11d supergravity on AdS7 x s
and 10d supergravity on AdS3 x $3 x T%.In the AdS7 case we find that the corrections to the 6d conformal
anomaly a-coefficient and the vacuum energy are again minus the ones for one (2,0) tensor multiplet,
suggesting that the total a-anomaly coefficient for the dual (2, 0) theory is 4N 39 /AN — 7/4 and thus
vanishes for N = 1. In the AdS3 case the one-loop correction to the vacuum energy or 2d central charge
turns out to be equal to that of one free (4, 4) scalar multiplet, i.e. is ¢ = 4-6. This reproduces the subleading
term in the central charge ¢ = 6(Q1 Q5 + 1) of the dual 2d CFT describing decoupling limit of D5-D1
system. We also present the expressions for the 6d a-anomaly coefficient and vacuum energy contributions
of general-symmetry higher spin field in AdS7 and consider their application to tests of vectorial AdS/CFT
with the boundary conformal 6d theory represented by free scalars, spinors or rank-2 antisymmetric tensors.
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1. Introduction

One of the key probes of the AdS/CFT correspondence [ 1-3] is the boundary theory conformal
anomaly which is closely related to the simplest correlators of the stress tensor [4—6]. In the
case of the duality between N =4 SU(N) SYM theory and string theory in AdSs x $° the
gauge-theory result for the Weyl anomaly is Ay = —a€y +cWy, a=c = (N? — Dk; (k; = %
is the contribution of a single N'= 4 vector multiplet). It is determined by the 2- and 3-point
correlators of stress tensor and should thus be exact. The N2 term is indeed reproduced at strong
coupling by the classical supergravity action [5].

It was suggested in [7,8]> that the —1 term in N> — 1 coefficient should come from the one-
loop 10d supergravity correction (the contribution of all massive string mode multiplets should
vanish). This was recently confirmed in [10] where it was found that the contributions of the
massless 5d supergravity modes and the massive S° KK modes to the boundary conformal
anomaly can be universally described by a simple formula: a, = ¢, = pk;, where p =1 for
a vector multiplet (or boundary doubleton to be omitted), p = 2 for the massless 5d supergravity
modes, and p = 3,4, ... for the massive KK levels. Summing over p using a special regular-
ization prescription Z;o: 1 » =0 (which is, in fact, required for consistency with the standard
¢ -function regularization for the Casimir energy in 10d) gives indeed (a = ¢)1.100p sugra = — 1.

Below will perform a similar one-loop computation of the boundary a-anomaly in the case of
11d supergravity on AdS; x §* (correcting an earlier attempt in [11]). This will determine the
subleading N term in the a-coefficient of conformal anomaly of the 6d (2, 0) theory describing
N coincident M5-branes which should be dual to M-theory on AdS7 x S*.

In addition to the duality examples based on AdSs x S° and AdS7 x S* supergravity back-
grounds there is also the duality [1,12] between string theory in AdS3 x S x T* space supported
by RR 3-form flux and 2d CFT corresponding to gauge theory describing low-energy limit
D5-D1 system. The central charge of this CFT is c =6(Q1 05+ 1) [13,12] (Q; are the number
of branes). The leading 60 Q5 can be reproduced from the classical action of 10d supergravity
on §3 x T* [5,14]. Here we shall demonstrate that the subleading 46 term is reproduced by
the one-loop 10d supergravity contribution. This provides a non-trivial test of this AdS3/CFT,
duality.

1.1. AdS;/CFT

The conformal anomaly of a classical Weyl invariant theory in 6d has the following general
form [15-17]

Ag =a&e + We + De, We=ci11) +calr +c313, (1.1)

where & is the Euler density in six dimensions, W is a combination of three independent Weyl
invariants and Dg is a total derivative term (which can be changed by adding a local counterterm
and thus depends on a scheme). Omitting the derivative Dg term, the conformal anomaly corre-
sponding to a single 6d tensor multiplet [17] and the 6d conformal anomaly contribution coming
from the classical 11d supergravity action on S” [5] (that should be representing the large N limit
of the (2, 0) theory result) may be written as

2 This follows the analogy with what happens in the case of the R-symmetry anomaly [9].
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Ag = a&g + W, We =961 + 241, — 813, (1.2)
7
Atens. = Y Cens. = 1, a2,0) = 4N3 + -, C22,00 = 4N? + - (1.3)

The fact that the anomaly in these two cases contains the same Weyl-invariant combination Wg
(so that its Weyl-tensor or B-anomaly part is effectively parametrized by just one overall coeffi-
cient c) is related to non-renormalization of the ratio of the 2- and 3-point correlation functions
of the corresponding stress tensor [18].°

By analogy with a subleading order-N term in the R-symmetry anomaly of (2, 0) theory [19]
it was suggested in [20] that there should be also order N contributions to a(2,0) and c(2,0) coming
from the R* term in the M-theory 11d effective action,

9
an,0) =4N° — N+a  ceo= AN3 3N 4 ¢ (1.4)

In [20] the further NO corrections aj, ¢; were ignored, while the coefficients of order N terms
were fixed so that the resulting N + N terms interpolated to N = 1 match the single tensor-
multiplet anomalies in (1.3). As in the case of 10d supergravity on S°, one may expect that a;
and c; should be determined by the one-loop 11d supergravity correction [11].

Following the example of the D3-brane-based AdSs x S° duality where the full anomaly
coefficient N> — 1 vanishes for N = 1 it is natural to expect that here too the boundary singleton
(single M5-brane tensor multiplet) should decouple and thus the full 6d anomaly of the (2, 0)
theory should vanish for N = 1. This suggests that a; and ¢ should be non-zero and given by
minus the values for a single tensor multiplet in (1.3)

7
a) = —aens. = 2
It was noted in [21] that the expression c(2,0y = AN3 3N —1= (N—-1)Q2N+ 1)2 is exactly the
same as the central charge of the Ax_; Toda theory at the “symmetric” coupling point (cf. also
[22,23]).4

Here we shall provide support for (1.5) by showing that the one-loop 11d supergravity correc-

tion indeed produces the value a; = —acens.. Then the expected exact value of a2 o) is’

€1 = —Ctens. = — 1. (1.5)

9 7 7
a(2,0)=4N3—ZN—Z=(N—1)<4N2+4N+Z). (1.6)

Below we shall consider the one-loop 11d supergravity on S’ supergravity contributions in
the case when the 6d boundary of AdS7 is either S° (determining the a-anomaly part of Ag) or

3 The a-coefficient in 6d is related to 4-point stress tensor correlator and may thus receive a more non-trivial renormal-
ization.

4 6d CFT with (2,0) supersymmetry possess a protected sector of operators and observables related to a 2d chiral
algebra [21] which is VV-algebra labeled by a simply-laced Lie algebra g for a specific value of the central charge. In the
g= Apy_1 case this leads to ¢ = —1.

5 The non-vanishing 1-loop supergravity correction to the conformal anomaly implies that there should be also a similar
correction also to the corresponding R-symmetry anomaly (i.e. N — N — 1 in the /g term in the anomaly [24]) implying
its vanishing for N = 1. The chiral anomaly of the boundary theory is accounted for by the Chern—Simons terms in the
supergravity action. In the case of AdSs5 x S3 the 1-loop supergravity correction shifts the Chern—Simons coefficient
N2 — N2 —1[9]. A similar shift is then expected in the AdS7 x § 7 case where the CS term reproduces the leading N 3
anomaly and also the O(N) correction [19].
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R x §° (finding the vacuum or Casimir energy E.). We will find that in both cases the result is
minus that of a single tensor multiplet

A1-loop sugra = —dtens.» E¢ 1.100p sugra = — E¢ tens. - (L.7)

We shall use similar methods as in the AdSs x S° case in [10], i.e. first determine the contributions
to a and E. coming from a generic AdS7 higher spin filed in representation (A; hy, hy, h3) of
SO(2, 6) and then sum up the contributions of the relevant fields appearing in the supergravity
spectrum.

We shall also apply our general expressions for a(A; hy, hy, h3) and E.(A; hy, hy, h3) to
provide tests of the vectorial AdS/CFT duality [25-27] in the case when the boundary theory is
represented by a free scalar, spinor or tensor singleton.

1.2. AdS3/CFT;

The 2d CFT dual to superstring in AdS3 x $3 x T* with RR charges Qs, Qg is described
by a coupled system of three (4, 4) supersymmetric multiplets (see [13,12] and [28] for a recent
review): U (Q1) adjoint vector multiplet, U(Q1) adjoint hypermultiplet, and U(Q1) x U(Q5)
bi-fundamental hypermultiplet. The contribution to 2d conformal anomaly of a single free (4, 4)
hypermultiplet (with 4 real scalars and 4 real fermions) is c =4 4+ 4 x % = 6.° The 2d vector
multiplet has an irrelevant kinetic term and thus contributes to anomaly only through measure
(or ghost) factor, with single U (1) vector giving negative contribution ¢ = —1.” The U (1) part
of the vector multiplet is decoupled (representing the c.o.m. of the bound D5-D1 system) and
thus the total central charge count is®

c=6010s+ 07 —6(01 — 1) =60105 +6, (1.8)

where the first term is the contribution of bi-fundamental hypers, the second of adjoint hypers
and the third one of the vectors (with the U (1) part subtracted).’

A peculiarity of the 2d case is that here the subleading (for large Q5) term in the central charge
which is responsible for subtraction of the decoupled c.0.m. modes enters with plus rather than
minus sign (as was in 4d and 6d examples). Still, we shall demonstrate below that as in the AdSs
and AdS7 cases this extra +6 term (which should be protected and thus receive contributions
only from the BPS modes) is also reproduced on the dual AdS theory side by the corresponding
one-loop correction in 10d supergravity on AdS3 x §3 x M* with M* = T* or K 3.

More precisely, instead of computing directly the correction to the central ¢ we shall determine
the one-loop correction to the AdS3 vacuum energy or S' Casimir energy in 2d; the latter should
be directly related to the central charge [31]

6 In 2d the conformal anomaly is Ay =4mwby, =aR,a= %c, so that ¢ = 1 for one real scalar.

7 The contribution of “non-dynamical” 2d vector gauge field to the central charge is negative (—1) [29] just like that
of non-dynamical 2d gravity (—26) [30]. The reason for this —1 contribution can be understood also by giving vector
a mass by coupling it to a complex scalar so that it will not contribute to c; then the central charge of the scalar part is
reduced by 1 as one scalar component is absorbed by the vector.

8 The same result is found by counting the SU(2) chiral anomaly of the (4, 4) superconformal algebra [13,12].

9 The (4,4) vector multiplet contains one 2d vector A, 4 scalars ¢;, 4 real spinors ¥ and 3 auxiliary fields Dy,
all having canonical dimensions (i.e. 1 for A;;, and ¢;, % for Y and 2 for D, ). With these dimension assignments the
corresponding 2d conformal anomaly can be found from the following dimensionless action (same as the standard one
but with each kinetic term containing an extra 32 factor) f dzx[(Af,;)2 + ¢i2 + D, 072D, + ka*I Yi]. As aresult,

the total central charge contributionis c=—-1+0+3 x (=1)+4 x (—%) =—6.
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1 1
EC:—EC, i.e.c:6<—>EC=—§. (1.9)

We shall find that the one-loop supergravity contribution gives indeed E, = —% after summing
over the contributions of the KK modes of 10d supergravity on 3 x M*.

The rest of this paper is organized as follows. In Section 2 we shall present the expressions for
the a-anomaly coefficient and the vacuum energy of a higher-spin field in AdS7 corresponding
to an arbitrary (massive or massless) representation of SO(2, 6), generalizing earlier results for
symmetric tensors to mixed symmetry case.

In Section 3 we shall apply these results to compute the one-loop corrections to the 6d bound-
ary a-anomaly and vacuum energy in 11d supergravity compactified on S obtaining Eq. (1.7).
As another application, in Section 4 we shall perform checks of vectorial AdS7/CFT4 duality in
the cases when the boundary 6d theory is represented by free scalars, spinors or (self-dual) rank-
2 tensors. We shall find that matching of both a-anomaly and Casimir energy requires particular
shifts of the inverse coupling of the AdS7 higher spin theory.

In Section 5 we shall turn to the case of 10d supergravity in AdS3 x §3 x M* and compute the
corresponding one-loop correction to the vacuum energy, demonstrating that it is equal to —% as
in (1.8), thus deriving the subleading term in the central charge (1.9) on the dual string theory
side.

There are several technical appendices. In Appendix A we present the expressions for the
Casimir energy, a-anomaly and partition function for the fields of the free (2, 0) multiplet in 6d. In
Appendix B we derive the 6d boundary a-anomaly coefficient corresponding to a generic higher
spin field on AdS7 using spectral ¢-function method. Appendix C collects decompositions of ten-
sor products of two SO(2, 6) singleton representations with spin 0, %, 1 into infinite sums of other
representations and the corresponding relations for the characters. These Flato—Fronsdal like
relations are used in the discussion of applications to vectorial AAS/CFT duality in Section 4. Ap-
pendix D contains discussion of some properties of the Casimir energy of spin 0, %, 1 singletons
in AdS4+1 for general d. They are useful in comparing the 6d results to the previously studied
4d case. In Appendix E we list the explicit field content of the SU(2, 2|1) x SU(2,2|1) building
blocks appearing in the Kaluza—Klein towers of 6d supergravity compactified on 3. Appendix F
contains the discussion of the relation between the expression for the 2d Casimir energy in Sec-
tion 5 and the 2d central charge derived [32] using AdS3 method for short SU(2, 2|1) x SU(2, 2|1)
multiplets.

2. Casimir energy and a-anomaly for generic higher spin fields in AdS7

Given a generic conformal field in 6d we may associate to it a field in AdS7 corresponding
to the same representation of SO(2, 6). That allows to interpret the one-loop contributions for a
field in AdS7 in terms of Casimir energy and conformal anomaly of the boundary field (see [10]
and refs. there).

The SO(2,6) conformal group representations will be denoted as (A;h) where h =
(h1, hp, h3) are the SO(6) highest weights or Young tableu labels (h; are all integers or all
half-integers with i1 > hy > |h3|).'"

10" An alternative is to use SO(6) Dynkin labels [ry, rp, r3] = (hp — h3, h1 — hy, ho + h3).
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The unitary irreducible representations of SO(2, 6) have (see, e.g., [33])

i) A>A=h;+4, forh;>hy>|hs|,
(i) A=>=A=h1+3, forh;=hy>|h3|,
(iii) A>A=h;+2, forh;=hy==hs,
iv) A=>=2orA=0 forhy=hy=h3=0.

2.1

If A does not saturate the above inequalities then the character of the corresponding massive

representation is'’
Z+(A§h) =d(h)m, (2.2)

where d(h) is the multiplicity of the representation

1
d(h) = E(l +hy —ho)(L+hy —h3)(A +hy+h3)(2+hy —h3) 2+ hy + h3)
X 3+ hi + ha). 2.3)

If A is at one of the unitarity bounds the corresponding representation is short or massless (i.e.
corresponds to a massless field in AdS7 space)'” and its character requires a proper subtraction
of null states and their descendants. For the A = A1 + 4 case in (i) in (2.1) we have the following
massless representation character

ZY(h 44 hy ho h3) = ZX(hy +4:hi hy hs) — 25 (h 4+ 5:hy — 1, ho  h3),  (2.4)

where Z+ is given in (2.2). For the massless A = k| + 3 case with i = hy = h > |h3] in (il) we
get

ZYh+3;hhhy) =2 Y +3h hohs) — 2T (h+4:h, h — 1, h3)
+Zth+5h—1,h—1,h3). (2.5)

In the massless case of (iii) with A = h+2 and h = (h, h, £h) which corresponds to the singleton
representation the character is

ZXh+2h b, £h) = ZY(h+2; b, b, £h) — Z5 (h+3; b, b, £(h — 1))
+ZF(h 44 hh—1,£(h 1))
—Zt(h+5h—1,h—1,£(h — 1)). (2.6)

In particular, it is possible to view the (2, 0) tensor multiplet as supersingleton [35] which is a
combination of 6d singletons with & =0, %, 1: the one-particle partition functions for a scalar ¢,
Majorana—Weyl fermion 1 and self-dual tensor T are the characters of the corresponding sin-
gleton representations (see also Appendices A and C)

I The label t indicates that this will represent the partition function of the corresponding AdS7 field with standard

(Dirichlet) boundary conditions. Same quantity without T corresponds to associated conformal field in boundary theory

(see [10] for details). ~ indicates massive representation character.

12 1y general [34], given a field in AdS;4 1 (with even d) corresponding to SO(2, d) representation (A; hy, ha, ..., ha)
2

where first k =0, 1,2, ... raws of the SO(d) Young tableu may be equal,i.e. hy =---=hg > hy 1 > hgy2>-->hy,

2
this field is massless if A = hy — k 4+ d — 2. In the case of (2.1) where d = 6 the lower bounds in (i), (ii) and (iii)
correspond to k =0, 1, 2.
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" (5111
Zy=Z10y=2"(2;0,0,0), Z¢=Z{%}=Z E;E,E,E )
Zr=Zn=273;1,1,1). .7

From one-particle partition function Z(gq) given by the corresponding SO(2, 6) character one
can extract the expression for the Casimir energy E. as [36]

1 1
Ee= 5D Ydyon = 5-DF e, 5

1 [
{E(Z)Zzw—észdﬂﬂz 1Z(eP). (2.9)
" 0

For a generic massive representation (A; h) with the character (2.2) the corresponding Casimir
energy is found to be (h = hy + hy + h3)

N o Ve (L P
EelAm="10060 4~
x [12(A = 3)® — 126(A — 3)* +336(A — 3)> — 191]. (2.10)

The expression for the a-anomaly can be found from the one-loop partition function on Euclidean

AdS7 as explained in Appendix B
(=1)*"d(h)

2 x 96 x 37800

—21(A =3[ + hi(hy +4) + ha(hy +2) + 5]

+35(A = 3)*[(h1 +2)(hy + 1)* + (h1 (hy +4) + ha(hy +2) + 5)h3]

— 105(h1 +2)*(ha + 1)*h3]. (2.11)

at(ash) = (A =3)[15(A —3)°

In the case of short representations saturating a unitarity bound one needs to combine the massive
representation expression as in (2.4), (2.5), (2.6).

In the special case of the totally symmetric massive spin s tensor representation with h =
(s,0,0), the expression (2.11) can be written in the following alternative form

5(s +2)(s +3)!
8(6!))2ms!
A

X [dx x=3)x+s—Dx—s5s—=5Tx—DI'(S —x)sin(mx),
3

at(A;s,0,0) =

2.12)

which is in agreement with the earlier result in [32,26].

3. One-loop correction to vacuum energy and a-anomaly in 11d supergravity
on AdS7 x §*

Let us now apply the above results (2.10) and (2.11) to compute the corresponding total con-
tribution of the fields in the spectrum of 11d supergravity compactified on $*. The corresponding
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Table 1
SO(2,6) x USp(4) representations of the fields of 11d supergravity on AdS7 x 54,
(A5 hy, ha, h3) USp(4) (A;hy, hy, h3) USp(4)
p=2 817:0,10,?)1 L Fllpl ; p>4 2p +2:0,0,0) [4, p—4]
Pti3i2.2.73 P apy .11 1 3,4
@p+ii1,1-1) [0, p— 1] @p+3i2.3.73) 3. p =4l
2p+1;1,0,0) 2,p—2] 2p+3;1,0,0) [2,p—4]
7.1 1 1
@p+3:3.3.—3) (1, p—2] @p+3:32:2) (1, p—4]
2p+2:2,0,0) [0, p —2] (2p+4;0,0,0) [0, p—4]
p=3 Cp+3:54h [3.p—3]
2p+21,1,0) [2,p—3]
ep+33.1 Y (1, p—3
Cp+31,1,1) [0, p—3]

KK spectrum [37,35,38] is given in Table | (see also [39]). The massless level p = 2 correspond
to the fields of maximal gauged 7d supergravity with AdS7 vacuum.

Contributions of the AdS7 fields should be summed with multiplicities corresponding to their
USp(4) = SO(5) representations.'?

Using (2.10) to sum of the vacuum energy contributions at each level p we find

325 925 25

+  __22 + __ 72 + __
Perma=73gp Fepss= 3y FepmaT T3y

The value for the massless multiplet p = 2 is in agreement with [36]. The expressions for the

a-anomaly are similar

b9 N 259 N
p=2

(6p* —6p+1). (3.1

7
- =——, =——(6p*—6p+1). 3.2
1152 H=3T 112 424 = "33 (67"~ 6P+ 1) (3-2)

Recalling that for one (2, 0) tensor multiplet (see Appendix A)
25 n 7

—, Qens, = 4] = ————.

384 N TT5)

we observe that, remarkably, both the vacuum energy and a-anomaly has the following universal
expressions for any value of p=1,2,3, ...

Ectens. =ES | =— (3.3)

E::p = (6p2 —6p+ 1)Ec,tens.v a; = (6172 —6p+ l)atens.o (3.4)

This is the direct analog to what was found in the case of 10d supergravity on AdSs x S in
[10] where the role of tensor multiplet was played by A/ = 4 vector one (or superdoubleton) and
instead of the coefficient 6p> — 6p + 1 we had simply p.'*

To sum over p we shall use the same prescription as in [10], i.e. introducing a sharp cutoff
and dropping all divergent terms'>

13 The dimension of the USp(4) representation [, b] (a, b are Dynkin labels) is dim(a, b) = £ (a + (b + 1)(a + b +
2)(a +2b +3).

14 For comparison, in the case of 11d supergravity on AdSs x S7 one finds [40.41] that the contributions to the AdSy
vacuum energy sum up to zero at each level p separately, i.e. E;'f p = 0. The boundary conformal anomaly also vanishes
as the boundary is 3-dimensional.

15 Explicitly, 1};1(6p2 —6p+1)=2P3—P 0.
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(0.¢]
> (6p* —6p+1)=0. (3.5)
p=1
This prescription can be justified by using the spectral ¢-function regularization directly in 11d,
i.e. before explicitly expanding in modes of §* (see below); it is such a regularization that should
be consistent with diffeomorphism symmetry of 11d theory.

Assuming (3.5) we conclude that if the boundary (2, 0) singleton were included in the spec-
trum of 11d supergravity, the total vacuum energy and a-anomaly would vanish. However, it
should be left out representing gauge degrees of freedom. Thus we conclude that the total one-
loop supergravity contributions are exactly minus the tensor multiplet ones

Z E C 1 = —E¢ tens. Z a, = _al = —¢ens., (3.6)

as claimed in (1.7).

Let us now demonstrate that the prescription (3.5) is indeed equivalent to the use of spectral
¢ -function directly in 11d theory. We shall consider the case of the Casimir energy (for a similar
discussion on 10d case see [10]). For a massive 7d field in representation (A;h) the vacuum
energy can be extracted from the partition function (2.2) that we may write in the form

ZH(A:h) = d(h)Z <" +5> At (3.7)

n=0

Then from (2.8), (2.9) we obtain a formal (divergent) expression for E,

o
EXf (A=) en(Aih),  en(Aih)= ( 1>2”d<h)< )(A +n). (3.8)

n=0
This sum can be computed using the ¢ -function regularization applied to the full effective energy
eigenvalue A + n, or, equivalently, by introducing an exponential cutoff via e, — e,e (A1),
doing the sum, expanding in € — 0, and finally dropping all singular terms. Keeping € finite we
may find the contribution to the sum (3.8) from all KK states (taking into account that p =2
states are massless, cf. (2.4), (2.5)). Denoting the total summand from level p as e, (p; €) and,

summing over both n and p =1, 2, ..., we obtain
e* /2 3¢/2 2
€ € € €
E E en(p;e) = @ DT D £ 1 (20€/* + 50¢° + 100e>/* + 178

p=1n=0
+260e°/% +343¢3€ + 400e7€/? + 428 + 400e7¢/2 4 343¢%€

+260e! /% + 178¢% + 100e3/2 + 50¢7¢ 4 20e'7¢/2 + 5¢° +5)
785
204863
Thus the finite part of the sum over p > 1 vanishes in agreement with (3.5). Equivalently,

ZZen(p,e)— Zen(l €)= %er, (3.10)

p=2n=0

+ O(e). (3.9

in agreement with (3.3), (3.6).
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4. Vectorial AdS7/CFTg duality

As in lower dimensions, we may start with a free CFT in 6d described, e.g., by N (com-
plex or real) scalars, spinors or rank-2 antisymmetric tensors and consider the duality between
its singlet sector represented by the corresponding bilinear conserved currents and higher spin
theory in AdS7 (see, e.g., [26]). The representation content of the 7d theory is determined from
the Flato—Fronsdal type decomposition of the product of 2 singleton representations into sum
of higher-spin SO(2, 6) representations described in Appendix C (see also [10]). Then using the
general expressions for the Casimir energy (2.10) and a-anomaly coefficient (2.11) given in Sec-
tion 2 we may study the matching of these quantities on the two sides of the duality. In what
follows we shall denote by K™ the two quantities at and E corresponding to AdS7 field in a
generic massless SO(2, 6) representation and also use K = —2K ™ for the associated boundary
conformal field values.

Starting with the case of a free conformal scalar boundary 6d theory, the corresponding fields
of the dual AdS7 theory (“type A” theory) are massless totally symmetric tensors with spin s, for
which we find from (2.10), (2.11)

Ef(s+4;5,0,0)=— v (1207 =580 —6v +117), v=(s+D(s+2) @.1)

483840
n _ _ 1 2793 2
a (s+4,s,0,0)——mv (2207 — 550" —4v +2). 4.2)
The Casimir energy (4.1) is a simple extension of the results in [27]. The a-anomaly expression
(4.2) is the same as found in [26]. To sum over spins we shall follow the spectral ¢-function
prescription of [26] which is equivalent to introducing the cutoff e €6+ = ¢me6+3) and
dropping all singular terms in the limit € — 0, i.e.

o0 o 3
K(s)=) e 6tk . 43
Z (S) Z ¢ (S) finite part, e —~0 ( )
s=1 s=1
Below we shall use the same prescription also for mixed representations with s = A — 4.
One can then verify the following relations
[e¢)
KT(4;0,0,0)+ > K ¥(4+5:5,0,0)=0, (4.4)
s=1
o
KT(4;0,0,00+ > KT(4+45:5,0,0) =Ky, 4.5)
s=2.4,...

where Ky = (ag, Ecy) are the real scalar values from (A.1) and (A.5). As discussed in Ap-
pendix C, the Lh.s. of (4.4) corresponds to the representation content of the tensor product of
two scalar singletons and the associated sum of characters is equal to the partition function of
the singlet sector of the 6d U(N) invariant theory of N free complex scalars, see (C.5). The
vanishing to the r.h.s. of (4.5) is consistent with the expectation that the a-anomaly and Casimir
energy of the U(N) 6d CFT which are proportional to N should be exactly reproduced by the
classical action of “non-minimal” type A higher spin theory in AdS7 with the inverse coupling
G;olrl-min ~ N, so that the one-loop HS correction should vanish [25,26].

The 1.h.s. of (4.5) corresponds the field content of the “minimal” type A theory in AdS7 which
should be dual to singlet sector of O(N) invariant free real scalar 6d theory, with the partition
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function relation given by (C.8) (for similar relations in the case of 3d and 4d cases see [27,10]).
Here the non-vanishing r.h.s. may be canceled against part of the classical contribution of non-
minimal type A theory if one assumed that in this case G;liln ~ N —1[2527].

Similarly, in the case when the boundary 6d theory is the U (V) invariant free complex (Weyl)
fermion theory or O(N) invariant free Majorana—Weyl fermion theory (with the dual theory

being non-minimal or minimal type B theory in AdS7 ) we get

o0
Y[kt @+sis. L)+ K (4 +5:5,0,0]=0, (4.6)
s=1

o o

Y Kt@+sis. LD+ D> KT(4+5:5,0,0) =Ky, (4.7)
s=2.4,... s=1,3,...

where the field content corresponds to the one in the r.h.s. of (C.3), (C.6) and (C.9) and Ky, is
givenin (A.1), (A.5). Here we have also other representations than totally symmetric tensors and
thus require general expressions in (2.10), (2.11). As in the scalar case, the non-vanishing r.h.s.
of (4.7) may be compensated by assuming that the coupling constant of minimal type B theory
isG_l ~N—1.

When the 6d boundary theory is described by N real or complex self-dual 2-tensors with dual
theory being non-minimal or minimal “type C” theory in AdS7 we find (see (C.4), (C.7), (C.10)
and (A.1), (A.5))

o
Z[K+(4+s;s,2,2)+K+(4—i—s;s,1,1)+K+(4+s;s,0,0)]:—KT, (4.8)
s=2
o0 o
[KT@+5:5.2.2)+K @ +5:5.0,00]+ Y KT@d+s:s1,1)
s=2.4,... s=3,5,...
Lg
=5 K. (4.9)

Here the non-vanishing result is found in both non-minimal and minimal cases. This is similar to
what was found in the case of the AdSs/CFT4 duality with the boundary theory represented by
N complex or real Maxwell vectors [10,42]. The (real) vector corresponds to the parity invariant
singleton combination {1}, = (2; 1,0) 4+ (2; 0, 1) in the SO(2, 4) notation.'® There the r.h.s. of
the analogs of Egs. (4.8) and (4.9) for the non-minimal and minimal type C theories was the same
2Ky, i.e. twice a single 4d real vector contribution, implying the same —2 shift of couplings, i.e.
Gt . ~2N-—2and G} ~N—2.

In the present case of the 6d self-dual tensor multiplet theory corresponding to chiral {1} sin-
gleton Eqs. (4.8) and (4.9) imply instead G;oln_min ~2N + 1 and Gr;iln ~N — % Considering in-
stead the full (self-dual + anti-self-dual) tensor represented by {1}, =@3; 1,1,1)+@3; 1,1, —1)
(see (C.1), (C.12)) one finds that the r.h.s. of the analogs of (4.8) and (4.9) become —2K7 and 0
respectively (for the values of E. see (D.6), (D.10)). This implies that in the AdS7 theory dual to
the 6d theory of N complex 6d tensors G;oln-min ~2N —1and Gr;iln ~2N.

The 1.h.s. of the above relations (4.4), (4.6) and (4.8) correspond to K of the products of
singletons {0} x {0}, {%} X {%}, and {1} x {1} (see (C.2), (C.3), (C.4)). One can also consider

16 Here we follow [10] and use the SU(2) x SU(2) weight notation for SO(2,4) representation: (A; ji, jp), where
hy=j1+j2. h2=j1 = j2-
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a generalization when each factor in the product is a linear combination of the singletons, i.e.
ne{0} + n,/,{%} + n7{1}. Then (4.4), (4.6), (4.8) are generalized to

K+[<n¢{0} +n¢{%} +nT{1}> X <n¢{0} +n¢{%} +nT{1}>]

=-—nyt(nyKy +ny Ky +n7Kr), (4.10)

where the 1.h.s. is computed for the representation content appearing in the character relation in
(C.11). For example, in the case when the boundary theory is described by N complex (2, 0)
tensor multiplets we have ngy =5, ny =4, n7 =1 we get

K+({tens,} X {tens.}) = —Kiens., {tens.} ={1} —1—4{%} + 5{0}, 4.11)

where the tensor multiplet values of K, are given in (3.3). This may be compared with the
relation found in the case of N =4 vector multiplet in 4d [10,42]: KT ({vect.} x {vect.}) =
2Kvect.-

5. One-loop vacuum energy in 10d supergravity on AdS3; x $3 x M*

As discussed in the Introduction, one may also perform a similar one-loop computations in
the supergravity sector of type IIB superstring on AdS3 x S x T* to determine the subleading
term in the central charge (1.8) or the vacuum energy (1.9).'7

The one-loop AdS3 vacuum energy can be computed by starting with the spectrum of 6d
supergravity on AdS3 x §3 as massive KK multiplets on M* = T* should not contribute due to
supersymmetric cancellation. More generally, we may consider in parallel the cases of ITA or IIB
supergravities on M* = T* or K3. The results for the one-loop vacuum energy are expected to
be the same.'®

The list of relevant 6d supergravities with "= (ny, ng) supersymmetry was given in [43],
where an algorithm for construction of the corresponding KK spectrum on S3 was presented.
Below we shall consider the following cases:

10d M*  (np,ng)
IIB K3 2,0 (5.1)
1A K3 (1, '

IIA or IIB T4 2,2)

5.1. KK towers of states on S>

The 6d supergravity fields transform in representations (i, j») of the 6d little group SO’ (4) ~
SU2) x SU(2) (of SO(1,5) in the tangent space). This gives a set @ of representations of the
diagonal subgroup SO(3) ~ SU(2) of SO(4). Considering compactification on S3, the above
SO(3) can be identified with the factor in 3 = SO(4)/SO(3). Each representation R € @ is

17 String modes corresponding to massive unprotected multiplets are expected not to contribute to c.

18 For example, type IIB theory on AdS3 x §3 x T4 with RR 3-form flux is S-dual to type IIB theory with NSNS flux
and as the supergravity theory is S-duality invariant the same should be true for the value of E.. Since NS-NS sector is
common to [IB and ITA theories, the same result should be found also in the corresponding IIA theory.
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associated with a tower of KK states with SO(4) representations containing R under restriction
to their diagonal SO(3).

These KK fields carry also representation of the AdS; isometry group SO(2, 2) (or global part
of 2d conformal group) which are are labeled by scaling dimension and spin (A, s), with A > |s|.
The values of (A, s) can be determined by re-organizing the KK towers in short supermultiplets
of SU2,2|1) x SU(2,2|1) since its generators include the dilatation (Virasoro Lg) and spin
operators. The relevant short representations (J)s of SU(2, 2 |1) have the following content

States | j Lo

R J
Dst g0y [1-1 s+
0.0 10|/ -1 J+1

where |0) is the lowest weight of the representation in the usual oscillator construction [44],
Q4 are the supercharges, and j is SU(2) spin. Thus, in general, each short (J)s representation
contains four SO(2, 2) representations. Using (5.2) and that A = Lo + Lo, s = Lo — Lo one
obtains the quantum numbers of representations in the tensor products (J, J)s.

Let us now list the KK towers that appear in the theories in (5.1). For (2, 0) 6d supergravity, or
IIB theory dimensionally reduced on K3 the field content is a graviton, five self-dual two-forms,
four gravitinos, and n7 = 21 tensor multiplet of one anti-self-dual two-form, four fermions and
five scalars (see also [45,46])7

(5.2)

1 1
20 =(1,1)+4 5(0,1 1,0)+4( =,0)+5(0,0) |.
=(1, D+ (2 >+( bz | (1,0-+4( 3.0)+50.0 53
g Y B B v @
Reorganizing KK towers in short multiplets of SU(2, 2|1) x SU(2, 2|1), we find
11
o) = Z@z(@>+(m+1)2¢1(£>+w(2 2) (5.4)
£=0 =0
where
£+1 243 £+3 £+1 L+2 £+2
o) =\—]—F ) +t|—5 — )" e)=\—F——F]) - (5.5)
2 2/ 2 2/ 2 2/

The towers in the first and second sums are called spin-2 and spin-1 towers because of the max-
imum spin of their bottom floor £ = 0. The explicit field content is collected in Appendix E and
their 6d origin is discussed in [45].

For (1, 1) 6d supergravity, or 10d ITA supergravity reduced on K3, the field content is the sum
of 6d graviton multiplet and ny = 20 vector multiplets [47]. The SO(4) little group representa-
tions are”’

o0 =1 nra( 1) 200 +4( 2 1) v4(Lo) + 0.0
2 2°2 2

11
+nv|:<2 2>+4< >+4(0,0):|, (5.6)

19" We shall keep nr generic because this will be useful in comparing with IIA case.
20 Here we combine representations related by conjugation (ji, jo») — (j2, j1) since they give same contribution to KK
spectrum.
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and the KK towers are

- > 11
o =Y D20 + (v +2) Y D1(0) + (ny + 1)(5, 5) . (5.7)
=0 =0 s

Comparing (5.4) and (5.7), we see that they are equal under the identification ny + 1 = ny that
is indeed true for the physical values. Thus we should find that E.(IIB on K3) = E.(ITA on K3)
(as was already mentioned above, this is implied by S-duality of IIB theory and NS-NS sector
being common for ITA and IIB theories).

Finally, for (2, 2) 6d supergravity, or IIA or IIB theory dimensionally reduced on T* the field
content is a graviton, five self-dual and five anti-self-dual two-forms, eight gravitinos, 16 gauge
fields, 40 fermions and 25 scalars:

22 1 11 1
Q% =(1,1)+8 5,1 +5(0, D+5(1,0)+16 35 +40 5,0 +25(0, 0).

2 (5.8)
8uv Y B B P ¥ %
The KK towers here are
(2,2)
] = (0] 4 b )] —, = .
KK =D P20 +4) @30 +6) 1(4)+5<2,2>, (5.9)
=0 =0 =0 S
where
L4+1 ¢42 L4+2 ¢+1
D3 (0) = , , 5.10
3()<2 2)s<2 2>s 10

is a fermionic spin-% tower (see Appendix E).
5.2. Vacuum energy

The AdS3 vacuum energy contributions of the above KK towers can be computed using the
expressions for the characters or one-particle partition functions of the corresponding SO(2, 2)
representations which we shall first recall.

SO(2,2) viewed as global conformal group in 2d is generated by the Lo, L+ and Lo, Li1
Virasoro generators. Unitary irreducible representations of SO(2, 2) are massive for A > |s| and
massless for A = |s|. A massive representation is built on a ground state |k, k) with hh > 0.

Thus, both L_; and L_; give a non=zero result and the resulting character is (see, e.g., [44])21
o~ qA
A>|s|: ZT(Ars) = , (5.11)
(1—¢)?

A massless representation with A = |s| > 0 has conformal weights (&, 0) or (0, h). Acting with
the lowering operators L_j and L_; on |h, h) only one of them gives a non-zero result. As a
consequence, here

P gt — gt

il =ZT(Ars)— ZT(A+ 1;5). (5.12)

A=lsl: Z%(lsl;s) =

21 The double factor of 1/(1 — q) takes into account multiple applications of both L _j and L_7.
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Finally, for A = s = 0, we have only the ground state |0, 0) and Z*(0; 0) = 1. The expressions
(5.11) and (5.12) can be used to prove that SU(1, 1 | 2) short multiplets obey the important
relation E, = —% ¢, see (1.9). We discuss this in details in Appendix F.

The contribution from a particular SO(2,2) representation to the AdS; vacuum or S' 2d
Casimir energy E. can then be computed using (2.8),(2.9). Explicitly, for a massive field in
AdS3, we may write the partition function (5.11) as

o0
ZT(Ars) =) (n+ gt (5.13)
n=0
We then obtain a formal (divergent) expression for the corresponding E. as (cf. (3.7), (3.8))

(0.0]
EX (M) =) en(Ais), en(Dis)= %(—1)2“(11 +1(A+n). (5.14)
n=0
In addition, we then need to sum over the KK states.

There will be divergences coming from the sum over n, but also from the sum over the KK
level £. Like in AdSs x S5 case [10] and AdS7 x $% case in Section 3 the total sum may be again
computed using the ¢-function regularization applied to the full effective 6d energy eigenvalue
A + n, or, equivalently, by introducing the cutoff e, — e,e €A doing the sum, expanding
in € — 0, and dropping all singular terms. Applying this procedure to the KK towers appearing
in (5.4), (5.7) and (5.9), we obtain

Eco= [Z qw)] ~Tog  FEe= [Z«bs (z)] (5.15)
11 1
c 1= |:Z ¢1(£)] Ec,extra = EC[(Ei §>Sj| = Z, (5-16)

where E exura is the contribution from the ( %, %)S representation appearing in (5.4), (5.7), and
(5.9) in the bottom part of the KK towers.

The above are the contributions from the massive SO(2, 2) representations. As discussed in
[45,43], the resolution of the missing states puzzle raised in [48] amounts to the re-introduction
of the massless representations (£ = —1 states in the spin 2 and % towers). These are massless
multiplets in AdS3 that do not carry propagating degrees of freedom. Their structure is presented
in Appendix E. For these multiplets we find

1
EPSNS = E.[(0,1)s + (1,0)5] = >

1 1 1
Emassless E. 0, _ —, 0 = ——. 5.17
mpe e (0) +(30) ]=-3 47

Collecting all contributions of states in (5.4), we find in the case of for IIB theory on K3

Eéz’O) = Emassless + Ec 2+ (nr + 1)Ec 1+ nTEc,extra
1 89 101 1 29 5 nr=21 1

_Ll_ e A S ol N 5.18
3 197 D3t arg =g T3t 2 (5.18)

This is also the result for IIA theory on K3, as follows from (5.7). From (5.9) we also get exactly
the same result for IIA or IIB theory on T4,
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E£2,2) — Eglgssless + Ec,2 +4(E£ngssless + Ec ; ) + 6EC,1 + 5Ec,extra
i) ’

1 89 119 101 11
LAY (R ey S 5.19
T ( 4+96> 34773772 (.19)

in agreement with the claim in (1.9).

(ST}
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Appendix A. Free (2, 0) multiplet in 6d

The field content of the (2, 0) tensor multiplet is composed of five scalars fields ¢“, two
complex Weyl fermions £ or 4 Majorana—Weyl fermions (each with 4 real components), and
an antisymmetric tensor 7;; with (anti-)self-dual strength. It represents a free 6d CFT invariant
under superconformal N = (2, 0) group [49,50] containing the conformal group SO(2, 6) and
the R-symmetry group SO(5) ~ USp(4).

The Weyl anomaly of the (2, 0) multiplet was discussed in [17]. The values of the a-anomaly
coefficients for the individual fields are (here v stands for one 6d Majorana—Weyl fermion)

1 191 221

_ , __ o L Al
Y= "72576 =T 1451520 4 =" 10320 (A1)

The total a-anomaly of one free (2, 0) tensor multiplet is thus

7
Agens. = Sap +4ay +ar = 152" (A2)
Considering (2, 0) multiplet on S' x S> one may compute the corresponding thermal partition
function. The canonical (or one-particle) partition function of a free CFT in §' x S¢~! can be
computed by direct evaluation of the free QFT path-integral in terms of the eigenmodes of the
quadratic kinetic operator. An alternative approach is the operator counting method [51-53].
From the spectrum of eigenvalues of the Hamiltonian or dilatation operator w,, = A, and their
degeneracies d, one gets

Z(g)=Tre P =Y "dye P =3 "d, g™, gq=eF. (A.3)
n n

In the approach based on counting of states one needs to consider the contribution of off-shell
components (and their derivative descendants) of a suitable gauge invariant field strength modulo
non-trivial gauge identities and then subtract the components of the equations of motion for the
field strength (and their derivatives). The single particle partition functions for the 5 scalars, 4
Majorana—Weyl fermions, and self-dual tensor in S! x $3 are [52]

q*—q*
(1—¢)°¢

1 (o8]
Zp@) =55 2 i+ D1 +2)°(n+3)g" =
n=0
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00 5 ,
)= éZ(n + D +2)(1+3)n+4)g"HE = %,
n=0
Ly 10g3 — 15¢* + 64° — ¢°
Zr@)=7) 1+ D+ D0+ )0 +5)g" " = q (16]_ q)Gq q "

n=0

These expressions are in agreement with (2.7), (2.6), (2.2).
The related Casimir energy on S> can be computed from the one-particle partition function
Z(q) using (2.8), (2.9):

E - 31 E - 367 £ 191 (AS5)
“¢ = 760480 “V' = 796768 o1 = 74032 '
Then the total Casimir energy for the free (2, 0) tensor multiplet is
25

3847

This agrees with the value found in [36].22

Let us note that the expressions in (A.4) admit also AdS7 interpretation. In general, given
a conformal 6d field, the corresponding one-particle partition function Z(g) may be expressed
as [53]

Ec,tens. = SEc,d) + 4Ec,1// + Ec,T = (A~6)

Z@)=2"(9) - 2" (@), (A7)

where Z%(g) are the one-particle partition functions for the one-loop partition function Z*
of the associated higher spin field in (thermal quotient of) AdS; computed with the standard
(“Dirichlet”) or alternative (“Neumann’) boundary conditions. The canonical dimension of the
conformal 6d field is equal to A_ =6 — A, A = A. For generic representation (A.7) may be
written as

Z@)=Z Ash(g") - ZF(Ash)(g) + 0 (g), (A.8)

where o (g) can be interpreted as a Killing tensor character associated with missing gauge invari-
ances [53]. This term is a polynomial in ¢ and 1/g which is symmetric under ¢ — 1/g. For a 6d
conformal scalar with canonical dimension 2 we find that (see (2.2), (2.6), (2.7), (A.4))

Z4(q) = Z7(4:0,0,00(¢™") = 27 (4:0,0,0)(). (A9)
For the Majorana—Weyl 6d fermion with canonical dimension % we get

7111 7111
ZW(Q):ZJr(E;E’E’E)(q1)_Z+(E;§’§’E>(Q)' (A.10)

In the case of rank-2 tensor of dimension 2 let us define (see (2.2), (2.5))

ZE=ZY41,1,00=Z(4;1,1,0) — Z¥(5;1,0,0) + Z7(6; 0,0, 0). (A.11)

22 Note that the ratio of the vacuum energy (A.6) and the a-anomaly (A.2), i.e. E¢ tens./atens. = ? differs from the
expression in [54]. The reason is that the Casimir energy is computed in the standard ¢-function regularization scheme
in which derivative terms Dg in the conformal anomaly (1.1) do not vanish [17] while Ref. [54] assumed an abstract
scheme where there are no derivative terms in the anomaly (see also a related discussion in [10]).
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This is a SO(2, 6) character corresponding to the massless case (unitarity bound) in (ii) in (2.1 )23
One observes then that

22r(@) =25 (¢ - 25 (@) -1, (A.12)

where Z7 is the self-dual tensor partition function in (2.7), (A.4). The —1 term should be inter-
preted as a subtraction of a non-normalizable gauge transformation.

Note that in the case of the (2, 0) tensor multiplet corresponding formally to the p = 1 single-
ton level of KK tower in Table 1 we find

502 +16g3 +15¢3 —5¢* + ¢°

Ziens.(q) =52y +42y + 21 = d=qy , (A.13)
which satisfies the relation

Ziens. (@) + Ziens.(¢7') +1=0. (A.14)
The general relations for the boundary conformal anomaly and Casimir energy are [10]

a=—2a", E.=-2E]. (A.15)
Denoting K = (E.,a) and K+ = (E}, at), we have”

K1 (4;0,0,0) = Lk ko(L LIV 1y

$0,0,0)= =5 Ry, 2235 ) T 5k
K*(41,1,0)=—Kr, (A.16)

where Ky, Ky, K are given by (A.1) and (A.5).
Appendix B. a-anomaly from spectral ¢-function in AdS7

The a-coefficient of the boundary conformal anomaly can be determined from the logarithmic
IR singular part of the one-loop partition function in Euclidean AdS7 with boundary S°, i.e.
hyperboloid H (see, e.g., [55,32])

1 1
logZ" = ) logdet, O = EC’(O) =—-96aT logR+---. (B.1)

Here ¢(z) is the spectral zeta function found by evaluating the trace of the H’ heat kernel [56]
associated with the 7d operator O and R is an IR cutoff regularizing the volume of H’.

Below we shall consider the operator O corresponding to a generic massive (or massless)
higher spin field in representation (A; h) generalizing the expression in [32] found in the totally
symmetric tensor case h; = s, ho = h3 = 0»

O=-D>+X, X=A(A—6)—h; —hy— |h3|. (B.2)

Here D? is the standard Laplacian in AdS7 defined on transverse field. The discussion will be
parallel to the one in AdSs case in [10].

23 Here the two additional terms are related to gauge freedom in the rank-2 tensor potential.
24 n the tensor case, the factor % is absent due to the self-duality condition.
25 For the general form of X see [57,34,58].
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The spectral ¢-function of the operator O can be expressed in terms of the heat kernel
o0
1 z—1 -0
(()=—=—— [ dttr" " TrK, K(x,y;t)=(x|le "~ |y). (B.3)
I'(z)
0

Since H’ is homogeneous, the trace over the position x gives a factor of (regularized) volume,
ie.

()= Vol(]HI7)§(z; x), (zx)= % dit* " w K (x, x; 1), (B.4)
0

where tr is the trace over the representation indices of the operator and ¢ (z; x) does not actually
depend on x.

One can use the results for the heat kernel of the Laplacian in AdS,,+1 with even n derived in
[56,59] applying them to the case of n = 3. It is convenient to start with heat-kernel for the sphere
S7 and then analytically continue to AdS7. Let us consider a field on S” transforming under the
tangent space rotations in a representation G of SO(7). Since S7 = S0(8)/SO(7), the heat kernel
receives contributions from each representation R of SO(8) that contains G when restricted to
SO(7). Let us denote R and G by the corresponding weights as

R=({1,€2,83,¢44), £1 =L >032> Ly,

G=1(81.82.83), 81=8=282=0, (B.5)
were all labels are integer or half integer. The branching condition on the representation R is

bi=g1>0>g>03>g3> Uy, (B.6)
with the additional requirement that £; — g; € Z. The heat kernel at the coincident points, traced
over representation indices, can be written as

3 [©)
rK(x,x;t)=— ) dre 'Er | B.7
(00 == EZ R (B.7)

where Eé‘H) are the eigenvalues of the Laplacian —D? on S’ expressed in terms of the second
Casimir values for the two representations and dg is the dimension of R

—D?|g — EY) = C2(R) — C2(G), (B.8)
Ca(R) = €3+ £1(£1 4+ 6) + £2(L2 +4) + £3(£3 + 2), (B.9)
C2(G) = g3+ g3+ g1(g1 +5) + 22(g2 + 3), (B.10)
dp = m[(zl +3)% = (b2 +2)2][(01 +3)> — (€5 + 1)?]

x [(€2+2)* = (63 + D[ +3)> — £5][ (€2 +2)* — £3][(€3 + D> = ¢5]. (B.1D)
The analytic continuation from S7 to AdS7 amounts to [56,59]
£y — ik =3, (B.12)

with the sum over ¢; becoming an integral over A > 0. Finally, considering states saturating the
inequalities (B.6) and identifying (2, €3, £4) =h = (h1, h2, h3), we find that the eigenvalues of
the operator (B.2) for the representation (A; h) are
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(—D2—|—X)|Ads7 —> A2+ (A -3)% (B.13)

The regularized volume may be written as Vol(H) = %n3 logR+- - - where the IR cutoff R is the

radius of S® measured in 7d metric dp® + sinh® p d .(262 at large p. Doing the analytic continuation
(B.12) in the dimension dg in (B.11) we finally obtain

¢(z) = Vol(H")¢(z; x)
logR
_, __o8R
43207
7 1 (1 +4) + 2% + 41lha(hy +2) + 32 + 11(h3 + 4%)
x [ dr :

A2+ (A =3)%)F

(hi — ha + 1) (h1 + ha + 3)[(h1 +2)* = h3)((ha + 1) — 3]

(B.14)

0

Integrating over A and taking the z-derivative at z = 0 we may then use (B.1) to find the expres-
sion for 41 in (2.11).

Appendix C. Tensor products of SO(2, 6) singleton representations and associated
character relations

Let us introduce the following notation for the spin j =0, %, 1, ... singleton representations
of SO(2, 6)
y=Q+jsj.J. n- (C.1)

Here {0} corresponds to a real scalar ¢, {%} to MW fermion v, and {1} to self-dual tensor 7. We
shall also use the notation (A; k1, ha, h3)e = (A; hy, ho, h3) + (A; hy, ho, —h3), so that {j}. =
QA+Jj Js D+ Qs jij,—J)-

From the general Flato—Fronsdal relations in [60,33] we get in the present 6d case

{0} x {0} =(4;0,0,0) + @(4+s; s5,0,0), (C2)

s=1

{%}x{%}: [4+s:5,1,1) + @ +5355,0,0)], (C.3)
=1

N

P

M x {1 =EP[@+5:52,2)+@+s;5,1,1) + @E+5:5,0,0)]. (C.4)

||
S}

N

The above relations imply analogous relations for the characters or one-particle partition func-
tions

[Zo@)]’ = Z274:0,0,0) + > Z¥ (4 +5:5.0,0), (C.5)
s=1
[Zv,(q)]2 = Z[Z+(4 +s555, L, D+ Z24+5:5,0,0)], (C.6)
s=1
[ZT(q)]2 = Z[z+(4 +5:5,2,2)+ 2 @ +s;5, 1, D+ ZT (4 +5:5,0,0)]. (C.7

||
S}

N
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Here the Lh.s. may be interpreted as the one-particle partition functions corresponding to the
single sector of the U (N) boundary theory, with Z4 = Zq), Zy = Z{ 1y Z7 = Zy1y given in
2.7), (A4).

The case of the real O(N) invariant theory is found by an appropriate Z, projection. The
corresponding sums then represent the partition functions of the singlet sector of O (N) invariant
free real scalar, Majorana fermion, and real self-dual tensor theories in 6d:

1 1 >
SE @ + 3256 =27 @0+ Y 2T +s15.0,0) (C.8)
s=2.4,...
! 21 2 .- + c +
s[Zv@] = 324(@) = Zt@+sis LD+ Y ZY(@4+5:5.0,0), (C9)
s=2,4,... s=1,3,...

¢

| 1
E[zf(qy)]2 +52r(¢°) = [Zt(@4+5:5,2,2)+ 2t (@4 +5;5,0,0)]

s=2

>

o0
+ Y Zfdé+sis L. (C.10)
s=3,5,...

These relations (C.5)—(C.7) can be generalized by considering a tensor product of the linear
combination of singletons: [ng {0} + n,/,{%} +nr{l1}] x [ne{0} + nw{%} + nr{1}]. This gives for
the corresponding characters

[n6Z24(@) + 1y Zy @) +n1 21 ()]

o0 o
=n3 Y Z'(s+4:5.0,0)+ny Y [ZT(s+4:5.0,00+ 2 (s +4:5.1,1)]
s=0 s=1

o0
+n2T Z[Z+(s +4;5,0,0) +Z+(s +4;5,1,1)+ Z+(s +4;s,2, 2)]
s=2

Ay

o0 o0
9 1 11
+2ngny E Z+<§ —I—s,z—i—s,E,E)—i—Zn(l,nTE Z+(s—|—4;s,1,1)
s=0

s=1
o0
9 1 11 9 1 33
2 ZHZ4+si—4s, =, = |+ 2T 2 +s, =+, 2,2 ) |. C.11
+n¢nTYZ;|: <2+s2+s22>+ <2+s2+s22)] (C.11)

It is of interest to consider also the reducible case when the boundary theory is represented by
an unrestricted 2-tensor, i.e. the parity-invariant combination of self-dual and anti-self-dual ten-
sors, i.e. {1}, =(3;1,1,1)+ (3; 1, 1, —1). Then the corresponding Flato—Fronsdal type relation
becomes (cf. (C.4))

{1e x {1}e = 2[(6:2.2,0) + (6: 1. 1,0) + (6:0.0,0)] + 24 + 51 5.2, 0)

s=3
o0
+EP[@+5:5.2.2)c + @ +555. 1, De +2(4 +5:5,0,0)]. (C.12)
s=2

Then Z(1), = 2Zr and one finds that (C.7) is replaced by



232 M. Beccaria et al. / Nuclear Physics B 892 (2015) 211-238

[2Z7 (q)]2 =2[Z27(6:2,2,00+ 27(6;1,1,0) + Z%(6;0,0,0)]

o0
+2@D 2 @ +5:5.2,0)
s=3

o0
+EP[ZT @ +5:5.2.2c+ ZT @A 4515, 1, 1) + 22T (@ +5:5,0,0)].

s=2
(C.13)
Also, the analog of (C.10) is
1 1
§[2ZT(6])]2 +5[22r(¢)]=27(6:2,2,0+ 27(6: 1,1,0) + £7(6;0,0,0)
oo
+ [Z74+5;5,2,2)c+22%(4+5:5,0,0)]
s=2.4,...
o0
+ ZP@ 455 LD+ Y 2T (A +5:5,2,0).
s=3,5,... s=3
(C.14)

Appendix D. Casimir energy for spin 0, %, 1 singletons in AdS 41

It is useful to derive the general expressions for the Casimir energy for spin j = 0, %, 1
SO(2, d) singletons in the general case of even dimension d =2, 4, 6, ... of the boundary.

For j =0, 1 the corresponding character or one-particle partition functions are readily found,
e.g., by counting states of free scalar or fermion in d dimensions”®

2 (-¢) 19T (1-¢)

_1 —9%

These satisfy
Zo@) +20(¢7") =0,  Zi@+Z(¢7") =0 (D.2)

As a consequence, in any even d the Casimir energy associated with the U (N) singlet partition

functions [Zo]2 and [Z1 1? vanishes because these functions are invariant under q— q_l.
2

The character of the j = 1 singleton representation is [33]°’

o0

1 (nt+d—1)" .4
Z =
1@ [(%—1)!1220 et d) T

d
2

d! d d

zz(%>zz(1—q>d—‘2Fl< 2 "2 ) ®-2

26 The singleton with spin j occurs with two possible chiralities. Here we consider one of them.
27 Explicitly, we find Z(g) = Py(¢q)/(1 — q) where

Pi(q) =3¢ —4q> +q*.  Pg(g) =35¢" — 5647 +28¢° — 84" + 4%,

Pe(q) =10¢° — 15¢% +6¢° — %, Pio(q) = 126¢° —210¢° + 12047 — 45¢% + 104° — 4'°.
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One can check that

Zi@)+21(q7") = (=D, (D.4)
so that
1
2@ =-([Z2@] +[Z(@ )] = 1)+ (=D 2. (D.5)
2

The first term in the r.h.s. is symmetric under ¢ — ¢! and thus it does not contribute the Casimir

energy. As a result, we find for the Casimir energy of the product of two spin 1 singletons (see
(2.9), (A.5))

Ec((1) x (1)) = (=D E({1)). (D.6)

For example, for the boundary U (N) theory described by the d = 4 vector corresponding to {1}
(self-dual and anti-self-dual strength) we get [10]

d=4 Ec({l}e x (1)) = 4E({1} x (1}) = 4Ec({1}) = 2E.({1]), (D.7)
while for chiral singleton in 6d, i.e. self-dual (or anti-self-dual) 6d tensor
d=6: EC({l}x{l}):—Ec({l}), (D.8)

in agreement with (4.8), (4.10).
Similar results can be obtained in the O(N) case of real boundary singleton theory, i.e. for
the singlet partition functions [27,42]

1 1
Zjwea(@) = 5[ 2 @] + 5D Z(0). (D.9)

In this case?®

camegmson e 2o 1) _=on(2)

24 (=42
Ec(n A} xn- {1})real =—>
Then in 4d for the scalar, Dirac fermion and the vector we recover the results from [27,42]

d=4 E({0} % (0)) oy = Ec(10)),

(2] (2 = (el == ()
E 3=t X3z =2E (3=t |=E 3= ,
2 c 2 ¢/ real 2 2 c
EC({I}C X {l}c)reall =4Ec({1}) = 2EC({1}C). (D.11)
In 6d we get instead

rms soeeon ({32 ==((3)

1
Ec({1} x {1})real=5Ec({1}), (D.12)
in agreement with (4.5), (4.7), (4.9).

E.({1}). (D.10)

28 Heren - {/} denotes n copies of the singleton, with partition function nZ ;. Note also that Ec({j}c) =2Ec({j}.
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Appendix E. Field content of KK towers in 6d supergravity on S$3

Here we collect the field content of the KK towers discussed in Section 5. Let us list the
representations of fields transforming in the (A; s) x (j1, j2) representations of SO(2, 2) x SO (4)

as a formal sum of the form
(E.1)

A s
D onasinnd X Ry -
For states of the spin-2 tower in (5.5) with £ > 0 we get

L+1 ¢4+3 L+3 £4+1
dyy = (51 EE2) (2 L
2 2 )\ ),

=q€[q2(xRﬁ,% +x _IR%’%)
/2R

2
+q5/2(2x2/2RLi+2x Rey2 01 +
72

7

N

(PRt g+ R
+Re 1443 + Rey3 u)
2 2 2
+q7/2(2x3/2R£ 1+ 20 Rep o+ 25" PRy o + 257 PR 1)
202 2 02 202 2 2
+q*(xReet 1 +x "R 1) (E.2)
2 2 2 2
The massless states at £ = —1 are
(0, Ds+ (1,005 = g (xRo.1 +x*1R1,o)+q3/2(2x3/2R0%+2x ‘/ZR% )
+ 6]2()62Ro,o + x_zRo,o)- (E.3)
For the spin % tower (5.10) we get
£+1 €42 £4+2 £+1
D;3(0) = ) + s
2 2 2 ), 2 02 ),
-1
+q (ZXR%,% + 2x R%’% +2(Re ¢ +R%’%+1))
+q° (P Ress ¢ +x PRy e+ VX@Re s1 + Rz 1)
2 02 20 2 20 2 2 2
+a V2 (Rt 2 +4Rep )
+gq (ZXRg ¢ +2x7 Rg ¢ +2(Re=1 ¢41 + Reqr b))
2°2 2°2 202 2 2
+q"? (VxR ¢ +x7 2R, 1)), (E4)
and its massless part at £ = —1
(E.5)

1 1 172 -1/2
<0, 5)9 + (5,0>S = ﬁ(x / Ro,% +xV R%,o) —|—q(2xRo,o + 2x Ro,o)
For the spin-1 tower in (5.5) we have for £ > 0
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£+2 €42
@1(@:(L L)

27 2
=q [q Rz+z 42 +q5/2(2x l/zRul 2 + 2x /2Re+2)%)
+q (sz Ly +xT Rz ¢ HARG %)

7

+q7/2(2x 12 R/z =l +2x'2R %é)—l-q“R%’%]. (E.6)
Finally, the extra term in (4.5), (5.7), and (5.9) is
11 ;
- 2) = /2(n—1/2 1/2 2
(2’2>S Ry 1+ (267 7Ry 1 +2x Ry o) +49” Roo- (E.7)

Appendix F. Relation between Casimir energy and 2d central charge computed from
AdS3 for short SU((2,2| 1) x SU(2, 2 | 1) multiplets

The short multiplet (Jy, J2)s of SU(2,2 | 1) x SU(2,2 | 1) contains, for generic ji, j», the
following representations (A; s)(j,, j) of SO(2,2) x SO(4) (see (5.2)):

1 1
i, D)=+ =), T2\ N+ D+ h—h— 2
2 2/ -5

1 1
+2<J1+-12+§§J1 —Jz+§>
(1=%.72)

+N+h+L N =D —=Du,no
+4(1+H+ 10— JZ)(Jl—%»Jz—%) +N+h+L I =D+ D=5

3 1
+2<J1 + L+ i —Jz——>
2 2 -t n-1
2
+ N +DL+2, 01— D)y =1,5-1)- (F.1)

The S! Casimir energy for a 2d conformal field in the SO(2,2) representation (A;s) can be
found from the partition functions Z% in (5.11) and (5.12) and using E. = —2Ej:

3 1
+2<J1+J2+§;J1—J2+—>
(=1,

EC(A;s)z—ll—z(—l)2s(A—1)[2(A—1)2—1]. (E2)

At the same time, the 2d central charge can be computed via “dual” route as the coefficient of
the logarithmic IR divergence of 1-loop partition function of the corresponding higher spin field
in AdS3 [32,25,26]; for a single chiral spin s component it reads

cads; (A3 8) = (=D (A — D[(A — D? = 35%]. (E.3)

Comparing (F.2) and (F.3) we observe that the 2d relation E, = —11—2c in (1.9) does not hold for

a single massive field. Nevertheless, this relation holds for a massless field with A = s, because

Ec(sis) —Ec(s+ 155 — 1) = CAds; (53 9) — cagss (s + 1,5 = 1)]

1
12[
= E(_1)25[1 —6s(1—9)]. (F4)
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It also holds if we evaluate the total E. and ¢ = cags; for a short multiplet (J1, J2)s, i.e.

1 1
Ee[(1, h)s] == FelUn 2] = =5 (DR + ). (E5)
Different expressions are found when additional shortening occur due to particular low values of
Ji or Jo, but we checked that the relation E, = — %c always holds.
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