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This paper examines the necessary and sufficient conditions for which the
solutions of a system with impulse effect tend exponentially to a constant as
t— oC. € 1988 Academic Press, Inc.

1. INTRODUCTION

In connection with a number of applications in the recent years, the
interest towards the systems with impulse effect of the kind

dx
_(Ezf(z, X), t# Ty,
Ax’l:rk=1k(x), k=1,2,

has increased.

Some problems of the qualitative theory for the systems of the kind (1)
are considered in [1-8].

We shall note that many papers are devoted to differential equations
with impulses, introduced with a Dirac function. Some of these papers are
given in the reference of Pandit and Deo’s monography [9].

In this paper, with the help of partially continuous analogues of
Liapunov’s functions [8], necessary and sufficient conditions are found for
which the solutions of the systems with impulse effect (1) tend exponen-
tially to a constant as ¢t — oc.

Some investigations are performed [10-14] for convergence of solutions
of different classes of differential equations without impulses to a constant
as t — 0.
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384 SIMEONOV AND BAINOV
2. PRELIMINARY NOTES

The systems with impulse effect are characterized such that for 1€/,
t # 1, the solution of (1) is defined by the differential system dx/dt =f (¢, x).
In the moments ¢ =r1,, the mapping point (#, x) undergoing short period
forces (a hit, an impulse, etc.) moves from position (z,, x(1,)) to position
(T, x(t,) + I(x(1,))) instantaneously. We assume, that the solutions of
system (1) are left continuous in the moments of a jump, ie.,
x(1,—=0)=x(1), Ax(t.)=x(t,+0)—x(t,)=1I1(x(t;)). Further on, we
shall use the following notation: |x|, the norm of xe R"; I= [0, «0); E, the
unit nx n matrix; |4| =sup, -, |[4x|, the norm of the matrix 4 =(a,);
i(2, ), the number of the points t, lying in the interval (¢, s); B, = {xe R™
x| <4}; Go= (1, 1, 14)xB,;and D= (1, 1,7, 1xB,, k=12, ...

We shall say that the conditions (H) hold if the following conditions are
fulfilled:

H1. The functions f:IxB,—» R" and I,: B, > R" (k=1,2,..) are
continuous in their domains.

H2. f(:,0)=0, I,(0)=0 (tel, k=1,2,..).
H3 1,,,—7t20>0(k=12.)
H4. There exists a constant L > 0 such that

[, x)=f(, )<Lix—yl  (x,yeB,, tel),
e (x) =Ly} < L|x—y| (x, yeB,,k=1,2,..).
HS. There exists a constant /> 0 such that

(e, x)—f(t,y) <l|x||t—s] (xeB,;t,sel).

Let toel and x,€ B,. We denote x(t; ty, X,) as the solution of system
(1), for which x(z,+0; 14, x5) = Xx,, and J*(z,, xo) as the maximum inter-
val of the kind (¢,, ), where this solution is right continuable.

DerFINITION 1. We shall say that the system with impulse effect (1) has
a property (A) if there exist constants M, 4, and (M >0,0<4<p, 2>0)
such that for every (z,, x,) € I x B, there exists K(¢,, x,) € R", for which

|x(£; £, X0) ~ K(tg, Xo)l S M |xo| e 7" (1> 1). (2)
Remark 1. 1If system (1) has a property (A) then

[x(2; 1o, Xo)| < (2M + 1) |xo] (1> 1,20, x0€ By). (3)
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The proof of (3) is analogous to the proof of the respective inequality
from [14].

Let the function h:Ix B,— I be continuous in its domain. Following
[15,16], we shall give a definition for A-exponential stability of the trivial
solution of the system with impulse effect (1).

DEerINITION 2. The trivial solution of the system with impulse effect (1)
is called h-exponentially stable if there exist constants M, A4, a(M >0,
0<4<p, 2>0) such that for every (¢,, x,)€Ix B,

h(t, x(2; 1o, xo)) S M |xol €7t —1y)  (1>1o)
Let the functions A,: B, — I, k=1, 2, ... be continuous in their domains.
DeriNITION 3. The trivial solution of (1) is called (h; A, )-exponentially

stable if there exist constants M, A4, a(M >0, 0 < 4 < p, a > 0) such that for
every (2o, xo)€Ix B,

h(r; x(8 1, X0)) S M | x| e 270 (1> 1),

he(x(te; Lo, X)) S M | x| 7100 (1, > 1,).

DerFINITION 4. We shall say that the function V:Ix B, — I belongs to
the class 75 if:

1. V(t,x) is continuous in each of the sets D, (k=1,2,..) and
V(t,0)=0 (tel).
2. Forevery k=1,2,.. and xe B, there exists a finite limit
lim V(¢ y)=V(z, +0, x).

(ty) = (14, x)
> Ty

Let Vev,. For (1, x)e Gy, k=1, 2, ... we define the upper right derivative
D*V)(t, x) of the function V with respect to system (1):

D*V(t, x)=limsup (V(t+ 7, x + tf (¢, x)) — V(¢, x))/z.

t—-0,

We shall note that if x(¢) is a solution of system (1) and the function V is
locally Lipschitzian in x, then for the upper right Dini derivative of the
function v(z) = V(t, x(z)) the equality

D¥o(t)=D*V (1, x(1)) ((t, x(1))e C) Gk)
k=1

holds [17].
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When proving the main results we shail use the following lemmas:

LemMMA 1 [8]. Let the function v: I - I be continuous for t #1,, have a
first kind discontinuity at the points t,, k=1, 2, ..., and be left continuous.
Also, let the following inequalities be fulfilled.

D o(t) < ku(t) (t>1,20,t#1,),
(T, +0)<d,v(t,) (1> to),

v(to+0)<e,

where K, d, =0, and c =0 are constants. Then for t > t, the inequality

vy<e [] dee' ™

<<t

holds.

LeEMMA 2. Let the function u: I — I be continuous for t # 1., have a first
kind discontinuity at the points t,, k=1, 2, ..., and satisfy the inequality

W <uo+ [ aus)ds+ ¥ Baulr) (1> 1),

<Tp<t

where 220, 8,=0, and uy, 20 are constants.
Then for t > 1, the inequality

u(t)Suo l_l (]+ﬁk)ea(l—rg)

<tk <t

holds.

Proof. The function v(r)=uo+ [ au(s) ds+ ¥, <<, Biu(ty) satisfies
the conditions of Lemma 1 with x=d, d, =1+ 8,, and c=u,. We apply
Lemma 1 and obtain the assertion of Lemma 2.

3. MaiN RESULTS

THEOREM 1. Let the conditions (H) hold. Then system (1) has property
(A) if and only if the trivial solution of system (1) is (| f|; |1;|)-exponentially
stable.

Proof. Sufficiency. Let the trivial solution of system (1) be (|f]; |7 })-
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exponentially stable; ie., there exist constants M, 4, a(M >0, 0<4<p,
o > 0) such that for every (¢4, xo)eIx B,

|1 (t, x(1; 1, Xo))| S M |xp] e 7271 (1> 1), 4)

[ (x(Ty; ton X)) S M |xo| @ 7710 (k: 1> 1), (5)

Then the integral [ f(s, x(s; o, Xo)) ds and the series 3, ., Li(x(z;
fo. Xo)) are absolutely convergent for every ¢ > ¢, and

” * , M |x
f F(s, x(85 19, Xo)) ds éf M|x0[€7°(“7’0jds=__|_i|e*11f*lo)’
' t x
: . M | x4l
Y L(x(tt, X)) | < Y M xgle M ’0><_____1— 0 gmati— o,
Tzt

Tk 21

Moreover, for 1>,

x(1; t0ax0)_xo_flf(5, x(s5 29, Xo)) ds — Z Li(x(ty; g, X0))

>ty

flf(s, x(s3 10y Xo)) ds+ Y. L(x(1; 1o, X))

=1

SM l_}_ 1 'X()' efall——lo).
o l—e ’

i.e., system (1) has property (A) and

K(tg, x5)=x¢+ fx.f(s, x(s; ty, Xp)) ds

]

+ Z L(x(T45 1o, X))

>t

Necessity. Let system (1) have property (A); i.e., there exist constants
M>0, 4>0, and o >0 such that for every (¢, x,) € I x B, the inequality
(2) is fulfilled.

For the function x(t) = x(¢; {4, Xo) from the conditions H2, H4 and (3), it
follows that

[f(t, x(1; tg, X0))| S LM +1) | x| (t>1,20,x,eB))
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Letr,_, <t,<1;. Then for 1,<1, <, <1, <1, , We have

(t2) = x(e ) < [ /5, x(s))] ds < LM + 1) xol (13— 1),

|%(82) = X(2)] =1 (12, x(22)) = f (£, x(1,))]
S, x(12)) =1 (21, X(£2))] (6)
+ 1/, x(12)) = £y, x(1,))]
x| (1= 1)) + L x(2) — x(2,)]
S+ LM + 1) |xo| (1, ~ 1))

We introduce the function g(¢) = x(t) — K(¢,, x,) for t>t,. From (6) and
(2) for g(t) we obtain

|g(t)] SN |xo| e 71 (1> 1), (7)
1€(£,) = (1) < N |xo| (12~ 1,) (ST <, SH<Teuy) (8)
where N =max(M, (I+ L*)2M +1)).

We choose successively the numbers ie(0,1) and >0 such that
(1 —A)/A>4(1 +e*?)/8%, B=06/24. Then

BEA(1—A)— e~ > B2A(1 — A) — e*P* > 1. (9)

We shall prove that for this choice of B for ¢ > 1, the estimate

18(2) < /n BN |xo| e~ N~ (10)

holds.
Let us assume that there exist j (1<j<n) and T (1, <1, <T<1,,,)
such that for the jth component g,(¢) of g(¢) the inequality

|gAT)| > BN |xo| e *2(T=10) = 6N |x,], (11)

is fulfilled, where &= fe 2T -% < g,

(a) Let 1, <T<i(t;+144,) Then, according to condition H3 and
the choice of f, the number T,=T+ A4 is smaller than t,,,, and for
te[T, T,] we have

18(0) 2 18ATH — |8,(T) — §(1)| 2 6N |xo| — AON |x,]
=(1—1)0N |xy. (12)
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Using (11), (12), (7), (8), and (9), we get
N x| e T~ > | g(T) 2 g(T)—gAT\)| — |g,T))|

T
> [ 180 ds= N [xol =7
T

T
;f "(1 = 4)0N |xo| ds— N |xo| e *7:
T

2 A1 —4)8°N |xg| = N |xq| e =170
=N|x0| e*i(T—Io)(ﬁZA(l_ )__efoué)
> Nlxgl e *7 79,

which is a contradiction.

(b) Let Yti+1e,,)<T<74,,. Then T,=T—i5>1, and for
te[T,, T] we have

1€,(t)] = (1 —A)0N |xq,
after which we come to another contradiction:

N|xol e’ a(T—Io)? 'g/(T), = |g,(T1)—g,(T)| - Igj(Tl)l
T
> [T 1860 ds =N ol €27
T

> N |xol e T~ D(B2A(1 - 4) — )

2N |xp| e 2T,

Therefore, the assumption is not true and for every i=1, ..,n and t>71;
the inequality |g,(1)] <fBNe "'~ |xy| is fulfilled from where (10)
follows. If 7,— 1y > 0, then similar to cases (a) and (b) we prove that (10)
holds for re(tq, 7,]. If 1,— 1, <6, then for te (2, ,] the estimate

[8()] = 1/(t, x(1; 19, x0))| S L(2M + 1) | x|
<L(2M+ 1) a0/2 —af/2 Ixol
<L(2M+ l)eao/ze*(i/ﬂ“*lo) 'x0|

holds; i.e., for 1> ¢,
(2, x(£; 10, X0))| < Q |xo| e~ /21— 1),
where

Q =max(M, (I+ L*)(2M + 1), L(2M + 1)e*%?).
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Moreover, for 1, > 1,

He(x(tis 10, X0)) = [x(14 4+ 0) — x(1,)] = | g(1x +0) — g(74)|
<2M |xp| e 1) (13)

thus proving that the trivial solution of system (1) is (|f]; |1.])-
exponentially stable.

THEOREM 2. Let the conditions H1-H4 hold. Then the following assertion
hold.

1. Let there exist constants M, A, (M >0, 0 < A4 < p, a>0Q) such that
for every (14, xo) € I x B, there exist K(t,, xo) € B, such that for every t > t,
the estimates

1X(£; to, xo) — K(tg, Xo)| S M |xo| e * " (14)
|/ (1, K(tg, xo))| < M |xo| e 7'~ (15)

are fulfilled.
Then the trivial solution of system (1) is (| f|; |1,|)-exponentially stable.

2. Let the trivial solution of system (1) be (|1f1;|I.|)-exponentially
stable. Then there exist constants M, A, a(M >0, 0< 4 < p, 2> 0) such that
for every (t,, xq) € Ix B, there exists K(ty, xo) € R” such that (14) holds for
1> t,. If, additionally, K(t,, x,) € B, then estimate (15) holds.

The proof of Theorem 2 is carried out by applying the inequality of the
triangle.

Let system (1) have property (A) and for (¢, xo) € Ix B4, PK(ty, xo)=0
is fulfilled, where P is an n x n-matrix. Then

I Px(t; to, Xo)| < |P| [x(£; t, Xo) — K(2g, Xo)|
+ | PK(1g, xo)| < |P| M |x,| e %"~ ");

i.e., the trivial solution of system (1) is (| P|; |I;|)-exponentially stable. If
additionally, condition HS holds, then the trivial solution of system (1) is
(|P| + | f1; |I])-exponentially stable.

THEOREM 3. Let the conditions (H) hold and let there exist constants
M, 5, a(M>0,0<8<pL™', a>0) such that if x(t; 1y, xo) is a solution of
system (1) and x(t; ty, xo) € B for t, <t <w, then the inequalities
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|Px(t; 1y, x0)| + [(E— P) f(1, x(1; £y, X))
<M |xyl e 20 (to<t<w), (16)
HE = P) L(x(ty5 1y, X0)) S M x| e *—1) (o<ti<w) (17)
hold, where P is an n x n-matrix.

Then the trivial solution of system (1) is (|P| + |(E— P) f|; [(E—P)I,.|)-
exponentially stable and system (1) has property (A) with

K(ty, xo) = (E— P) <x0+ff—f(s, x(83t9, Xo)) ds

+ Z Ik(x(Tkifo,xo))>-
T > 1o
Proof. Let 0<A<d(M+Moa '+ M(1—e *) "'+ |E—P|) '(1+L)"!
and (19, xo)eIxB,. Let (1, w) be the maximum interval, such that
X(1;19, Xo) € B;s for 1€ (25, w). Let us assume o < oo. From (16) and (17) it
follows that the solution x(¢)= x(t; t,, x,) satisfies the inequalities

I(E— P)(x(1) — X,)|

=}(E—P)f'f<s,x(s))dH(E—P) Y Llx(n)

<t <t

1
Sj M |xg| e 570 do 4 Y Mxgle X% o
to

<<t

M M
g(?ﬂ-e“”) ol e

|Px(0)] S M |xol e ™" "< M |xq|,
Ix()] S I(E = P)x(1)] + | Px(1)|
SIE=P)(x(1) = Xo)| + [(E— P)xo| + | Px(1)|

M M 5
< —_ —_— J— _—
(a tr st M+ E Pl) ol <37 <9

(to<t<w) (19)

In particular, |x(w)| = [x(w —0)| <d/(1+ L) and recalling H2 and H4 we
get [x(w+0)[<(1+L)[x(w)| <d. Then there exists w,>w such that
[x(?)] <d for te(ty, w,)>(1y, w), a contradiction. Hence, w=cc and
estimates (16)}-(19) hold for > ¢,.

Thus, the trivial solution of system (1) is (| P| + [(E — P) f|; [(E = P)L|)-
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exponentially stable. Besides, from estimate (18) it follows that the integral
jf (E—P) f(s, x(s)) ds and the series 2, ., (E— P)I,(x(z,)) are absolutely
convergent for ¢ > t, and then

x(t) = (E—P) (x0+j' fls.xts) ds+ ¥ Ik(x(rk)))l

k>t

<IPx(o)+|(E=P) [ S5, x0) s+ (E=P) T stz

T >
SM’)COl e—ozu "O)+M{X71 |x0| efa(l—rm

+ M1 —e ) x| e )

SM+Ma "+ M1 —e ) ") |xo| e 10,

Thus Theorem 3 is proved.

THEOREM 4. Let the conditions (H) hold.

Then the trivial solution of system (1) is (| f|; |1;|)-exponentially stable
if and only if there exists a function Ve ¥y, V:IxB,— 1 and positive
constants m, C,; (i=1, 2, 3) such that the following conditions hold:

Lf(& )" <Vt x)<Cy|x|™ (tel, xe B,), (20)
[1.(x)|" < Vg, X) (xeB,,k=1,2,..), (21)
Vi, x)—V(t, I <Cy|x—y| (tel; x, ve By), (22)
DYVt x)< —Cy V(1 x) <(t,x)e U Gk>, (23)
k=1
Vit, +0, x+ L (x)) < V(1 x) (xeB,,k=1,2,..) (24)

Proof. Sufficiency. Let the conditions (20)-(24) be fulfilled, let
(to, xg)eIx B,, and let x(7)=x(t; 1y, x,) be a solution of system (1),
defined in J* =(t,, w). Then for the function v(t)= V(¢, x(r)) from (23)
and (24) we have

DFo(1)< —C;o(t) (ted™, t#1,),
v(t, +0)<o(ty) (t,€J™).

We apply Lemma 1 and get v(r)<ov(to+0)e " © for teJ*. Then
from (20) and (21) it follows that

|f(2, x(£; tg, x0))| < C{/m [xol e (Gmit= ) (th<t<w),

[T (x(Th3 1o, X0))| S CY™ |xq € (Gt (to <1 < @)
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Applying Theorem 3 (with P=0) we obtain that the trivial solution of
system (1) is (| f|; |7, )-exponentially stable.

Necessity. Let the trivial solution of system (1) be (|f];|1.])-
exponentially stable and the estimates (4) and (5) with constants
M A, a(M>0, O0<Ad<p, a>0) be fulfilled Let >0 and
m=1+(L+6 "In(1+L)+B)a"". For (¢, x)eIx B, we define

V(t, x)=W(t, x)+ U(t, x), (25)
where

W(t, x)=sup [f(t+s x(t+5 0 x)|" e  (t#7,),

§>0 (26)
U(t, x)= sup [I(x(t,; 1, x))|" P10 (r#14),

kitg >t
Wit,, x)=W(t,—0, x), U(t,, x)=U(t,—0, x). (27)

From (26) and (27) it immediately follows that
Wi, x)=|f(e, x)I™  (120) (28)
and from (4) and (26) it follows that

Wi(t, x)<sup (M |x| e ™Y e < M™ |x|"=C, |x|™ (29)

>0

Using conditions H3 and H4 and applying Lemma 2 we get the estimate
[X(1; 1o, Xo) = x(#; 10, Yol
< Jxg— ol (14 Lyto0ettt=

< IXO'—yO| (1 +L)e(L+(1/6)lntl+L))(1rto) ([> to)- (30)

Then from the inequality

la™ —b™| <m |a—b| (max(a, b)) ! (a=0,620)

and from extimate (30) it follows that for x,, yoe B, and > 1,

LS8 x(8; to, X)) ™ = 1 £(2, X(8; 19, ¥o))I™|
sm |f([’ x(t’ Lo, XO)) ——f([’ x([; 1o, .VO)),
x (M max(|x,|, | yo))e 2~ 0)m—1

<mL(1 +L)(MA)m~I IXO—,VOIe(L-*-“/g”n“+L)71(m’l”“—’0)'
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Therefore, according to the choice of m, we shall have

|Wity, xo) — W(tg, o)l

= [supl| f(1o+5, x(to +5; 15, Xo))| ™ €*

r>0

—sup | f(to+ 5, X(to+ 55 te, ¥))™ ™|

s> 0

<sup [ [f(to+ 5, x{tg+ 55 10, X))

s> 0

— | flto+ 5, x(tg+ 85 1g, o))" | e”

c,
<mL(1+ L)(Ma)y" ! lxo—y(,lzj“lxo—yol. (31)

Let x’ = x{¢+ 1, ¢, x). Then, successively we get

W+, x')=sup f(t+t4s x(t+1+51+71, X)) e
>0

=sup | f(t+ 0, x(t+ 01, x))|"ePe < W(t, x)e 7,

7>T

b

i

1
—;—(W(H-r, x(1+71; 1, x))— Wiz, x)) < W(t, x) —;

(32)
D*W,\(1, x)< — BWI(L, X).

Let xe B,, x+1,(x)eB
value problems

and &(t), n(t) be the solutions of the initial

e

d
Ef-:f(z,é), Slr)=x <7

i
7’:=f(t, ), nt)=x+Idx), 31,

Letr, ,<t<t<7,, yeB, ze B, Then

|W(t, y)— Wiz, 2)|
<AL, p) = WL, S + WL, &) — Wz, &)
+W(r, &(r)) — W1, 2)| (33)
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and having in mind (31) and condition H4 we get

IW(t, y) =W EN<SCyly =8N <Cy |y —x|
+Cx =SS Cyly—xI+Cyolp t—1,];  (34)

[W(z, &) — W, 2)| < Cy [x—z| + C L, [t — 1. (35)
Moreover,
Wi, é(t))=§1i;,> | (s, x(s3 0, 8(2)))| ™ P00
:max[ sup |f(s, x(s:2, E(2))) ™ P01,

sup | (s, x(s; ¢, E(2)))|™ eﬂ(vn}_

But since x(s; ¢, £(7)) = x(s; 1, £(1)) for s>t then

sup | f(s, x(s5 1, &(1))) ™ &P

=sup |f(s, (s 7, &(2)))|" €0 P = (r, ¢(c))ee
and
sup | f(s, x(s; ¢, &(2)))| " ePs =0
<Al &7 e+ sup || f(s, E(s))]™
— 1 f(z, &))" P
< W, &(1) " 0+ a1, 1),
where

at, )= sup |[f(s, E()I™ =1 f(x, &(r))|™] e~ < const |1 — 1.

Ty

Therefore,

[W(t, &(1)) — W(x, E(1))e? 9 <a(t, 1) < const |1 — 7). (36)

From (33)—-(36) it follows that the limit W(r,—0, x) exists. The
existence of the limits W(t,+0,x) and W(z,+0, x+ I(x)) is proved
similarly.

Letr, <i<t,<u<t,,,.veB, zeB,.

49 136 2-5
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Since x(s; 4, £(L)) = x(s; u, n(u)) for s > u then

Wi, n(u)) < W(4, ¢(4)). (37)

Recaliing that lim; ,, [{(A)—x|=0 and lim, . o |5(p)—x—I(x)
= after a passage to the limit in (37) we obtain

Wity +0,x+ I (x))< W(r,—0, x) = W(1, x). (38)

With similar reasonings it is proved that for the function U the
inequalities

U(t, x) < M™ le'"_——_% x|, (39)
Ulte, ¥)= Ulz, — 0, x) 3 | T(x)|", (40)
100, x) = U, 9| <52 x 1, (41)
D+Um(t,x)<—-ﬁU(t,x), (42)
U(t, +0, x+ I, (x)) < Uy, x) (43)

hold.

From (25), (28), (29), (31), (32), (38)-(43) it follows that the function V'
satisfies the conditions (20)-(24).

Let P be an arbitrary »n x n-matrix.

THEOREM 5. Let the conditions (H) hold. Then:

1. If there exists a function Ve¥y, V.IxB,—>1(0<4<p), and
positive constants m, C, (i=1,2, 3) such that the conditions (22)-(24) and
the conditions

|Px|"+ (E—P) f(t, x)" < V(t, x) < Cy |x|™ (tel, xe B,), (44)
(E — P)L(x)|" < V(z,, x) (xeB,k=1,2,..) (45)

are fulfilled, then the trivial solution of system (1) is (|P| + |(E— P) fl;
|(E — P)I,|)-exponentially stable.

2. If the trivial solution of system (1) is (|P|+|(E—P)fl;
|(E — P)I|)-exponentially stable, then there exists a function V€ ¥y, which
satisfies conditions (22)—-(24) and conditions (44), (45) with appropriate
positive constants m, A, C; (i=1, 2, 3).

3. If the trivial solution of system (1) is (JP| + | f|; |1 }-exponentially
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stable, then there exists a function Ve ¥y, which satisfies conditions
(22)-(24) and conditions

|Px|™ + | f(t, x)I" < V{1, x) < Cy |x]7,
LX) < VT, x)

with appropriate positive constants m, 4, C, (i=1, 2, 3).

Proof. The proof of Theorem 5 is based on Theorem 3 and is analogous
to the proof of Theorem 4 using respectively the functions

V(t, x)=sup |Px(t+s; 1, x)|™ e?

s3>0

+sup [(E—P) f(t+s, x(t+s;1, x))|™ e
s>0

+ sup [(E—P) I (x(ty; 8, x))|™ P =" (46)
kitg >t

and

V(t, x) =sup | Px(1 + s; 1, x)|™ e®

s>0

+sup | f(t+s, x(t+s;1, )™ e”

s3>0

+ sup [ L(x(tes 8, x))| ™ P10, (47)

k.otp>1

Remark 2. The function V from assertion 3 of Theorem 5 satisfies
condition (22) with C,=m(1 + L)}(MA4)™ ' (2L + |P)).
Let us consider the linear system

d
;;=A(t)x, t#1,,
‘ (48)
Ax.l1=7k=ka’ k=1, 2, .
and its respective perturbed system
d
-ﬁzAUM+ﬂnm, 1£7,,
(49)
dx |,_, =B x+ I (x), k=12, ..,

where A(t) and B, satisfy the following conditions (C):

Cl. A(t) and B, are n x n-matrices, 4(t) is continuous in /, and there
exists a constant L >0 such that |A(¢)| <L, |B,]<L (tel, k=1,2,..)
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C2. There exists a constant K>0 such that |A(z,)— A(£) <
Kit,— 6] (1), €l

Remark 3. Since system (48) is linear, then for every A€ R, x,, yo€ R,
and 1> ¢,=20

x(1; 1, Axg) = Ax(L; 1y, Xo), (50)
X(t; g, Xo) — Xx(1; 1o, Yo)=x(t: tg, Xg— Vo) (51)

is fulfilled. If the trivial solution of system (48) is (|A[; | B¢|)-exponentially
stable, then from (50) and Theorem 1 it follows that there exist positive
constants M and « such that for every (¢,, xo)€ Ix R"

|A(8) x(2; g, Xo)| S M | x| e 710 (1> t5),
|Byx(tys to. Xo)| S M | x| e X% 10 (T > 1o)

is fulfilled.
In this case, following the proof of Theorem 4 and having in mind (51),
we obtain that there exists a function Ve ¥ for which the conditions

|A(t)x| < VL, x) <2M |x| (tel,xe R"),
<V

| B x| (1), X) (xeR" k=1,2,.), (52)

[V({t, x)— V{1, ) <2M |x —y| (x, yeR", tel), (53)
D™V 451, x) < —aV(1, x) (tel, xeR"), (54)
V(t,+0, x+ B, x) < V(1,, x) (xeR" k=1,2,..) (55)

are fulfilled.

We shall also note that in the linear case, the functions (46) and (47)
from Theorem 5 satisfy the inequality (54) and in Theorem 5 we can
choose m=1.

Let P be an arbitrary # x n-matrix.

THEOREM 6. Let the conditions (H) and (C) be fulfilled, let system (48)
have property (A) and its trivial solution be |P|-exponentially stable, and let
Sfunctions f and I, satisfy the inequalities

Lf(t, ) S N(IPx|" 7+ A()x|'*7)  (tel, xeB,), (56)
LX) S N(IPx|' 7+ |Bex|'*7) (xeB,, k=1,2,..), (57)
where N> 0 and y> 0 are constants.

Then system (49) has property (A) and its trivial solution is | P|-exponen-
tially stable.



EQUATIONS WITH IMPULSE EFFECT 399

Proof. From Theorems 2 and 4, and according to Remark 3, it follows
that there exists a function Ve ¥, V:IxB,— I for which conditions
(52)—(55) and condition

|Pxt+ [A(r) x| < V(1, x) <2M |x]| (58)

are fulfilled. From (56), (57), (58), (52), (53), and (55) the estimates
|Px| + |A(1)x +f(1, x)| < |Px| + |A(t)x| + | f(1, x)|
SV(t x)+ N(|Px| + [A() x[ )| P|"+ L) 4"
< (14 9) (1, x), (59)
|Bx+ ()| <(14+3)V(ty, x) (60)
follow, where 6 = N(JP|" + L?)4". Also,
Wity +0, x+ B.x+ 1,(x))
=W, +0, x4+ B.x)+ V(t, +0, x+ B, x+ {,(x))
— V(e + 0, x+ Bex) < V(ty, x)+ 2M |1 (x)|
< (14 2M6) V(z,, x). (61)
For D* V 4,(t, x) the estimate
DYV ot x) KDV 450(t, x) + 2M | f(1, x)]
holds [18] or
DV o)t x) < (—a+2MO) V{1, x). (62)

We choose 4>0 such that f=a—2Mé—0 'In(1+2M35)>0. Let
(ty, xo)eIx B,. Then from (62), (61), and Lemma 1, it follows that for
t > t, the estimate

V(t, x(t; ty, x0)) < Vg, xo)(1 +2M)e P~ (63)
is fulfilled and (63), (59), (60), and Theorem 1 yield that system (49) has
property (A) and its trivial solution is | P|-exponentially stable.

Let us consider the system

é—’f:a(t’x)’ [?(:Tk’

dt
Ax!r:rk:bk(x)s k:1,2,

(64)
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and its perturbed system

dx

oo AL Hfnx), rE,

Ax | oo = bi(x)+ L(x), k=1,2,...

We introduce the following condition:

D. The functions a:Ix B, - R" and b,: B, — R" are continuous in
their domains and for every # > 0 there exist real numbers ¢ >0, 7> 0, and
v>0, and an integer k, > | such that for every t,s€ [T, 0); x, ye B,, and
k =k, the inequalities

la(t, x)—a(t, ) <nlx—yl, (66)
1bi(x)=bily)l <n|x—yl, (67)
la(t, x)—a(s, x)| <v|t—s| (68)

are fulfilled and a(z,0)=0, b,(0)=0 (telLk=1,2,..).

THEOREM 7. Let the following conditions be fulfilled:
1. The conditions (H) and (D) hold.
2. For (1, x)eIx B, the inequalities
|f(t, x) S N(|Px|" 7 + la(t, x)|"+7), (69)
e(x)] S NI Px]' 7+ b)) (70)

hold, where N >0 and y >0 are constants.

3. The system (64) has property (A) and its trivial solution is
| P|-exponentially stable.

Then system (65) has property (A) and its trivial solution is | P|-exponen-
tially stable.

Proof. From the conditions 1 and 3 of Theorem 7 and according to
Theorem 1, it follows that the trivial solution of system (64) is
(|P} + |al; |b,|)-exponentially ~ stable; ie., there exist constants
M, A4, 0(M>=1,0<4<p, a>0) such that for (¢,, x,) € I x B, the estimates

|Px(t; Lo, Xo)| + |a(t, x(2; 19, Xo))| S M |xo| e >~ 1 (1> 1),
1ba(x(Tis 1o, X))l S M [xo| e~ %1 (T > 1)

hold.
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Let 0 <e<7y. Successively we choose the positive constants 5, », and 4
such that:

e
ﬁ=3,
1 1
n:;<n+51n(1+n)+ﬁ>=e, (71)
A:xsﬂ——é—ln(l-+-K(A)C(A))—K(A)C(A)>O, (72)
(14+e)2r(4)) <1, (73)

where
K(4)=(1+¢)(2n+ |P|)(1 +n)(MA)’,

CA)y=M(P" "+n ")4""° (74)
HA)=nd+ N(|P|'*7 4! *7) 41+,
We choose o(0<o<d4d), Tz0, v>0, and ky=1 such that the
inequalities (66), (67), and (68) are fulfilled.

Then according to Theorem 5 there exists a function FVev¥g,
V: [T, o) x B, — I such that

[Px|' e+ a(t, x)|' e V(e x) < Cy x| (75)
b ()] 2 < Vg, x), (76)

[V, x)—V(t, y) < K(o) |x—yl, (77)
D*Veat. x)< =BV, x). (78)

Vit +0, x+ b, (x)) < V(t,, x). (79)

Using (69), (70), (75), and (76) we obtain successively
LA, x)| S N(1Px|" 2 |Px]?~* + |a(e, x)|' 7 |a(t, x)|7 )
SN Px|' 2 Jals, )" TP 2407~ %)o?
< C(o) V(1 x), (80)
()| < Cla) V(T x). (81)
Recalling (77)-(81) we find that
DTV igs(t, x) S DTV ga)(t, x) + K(a) | f(2, x)]
<(—B+ K(o)Cla)) V11, x),
Vity+0, x+ b, (x)+ I (x))< (1 + K(6)C(0)) V(1), X).
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Let (24, xo)e [T, 0)xB, and v(t)= V (¢, x(¢; ty, x,))- Then
Dro(t)<(—-p+ K(a)C(a))v(1) (teJ " (o, Xg))s
(1, +0) < (1 + K(0) C(0)) v(14) (1o €J7 (g, X)),
and applying Lemma 1 we get
V)< V(tg+0)(1 + K(o)
X C(o.))€¥(/f-K(U)C(u?‘(l/t?)ln(l+K(0)C(a)))(1~lo)
or
Vt, x(£)) < V(tg, xo (1 + K(6)C(a))e <~ %)
<C (1 +K(a)C(a)) |xo|' T e U1, (82)
Since condition (73) is fulfilled then for the «, ve [0, r(4)) inequality
(u+v)' <o +u (83)

holds.

But for |x| < g, according to (74), (66), (67), (69), and (70), we have that
Lf(¢, x)|, la(t, x)|, T {x)], and |b,(x)| do not exceed r(4). Therefore, from
(83), (75), (76), (71), and (72) we obtain the estimate

|Px]" "+ Ja(t, x) + f(2, x)|'
SIPx|M e la(n, )+ 1 f(2 x)

<(1+ C(a)) V1, x), (84)
1b4(x) + Lol < Jbi(x) '+ [ 1)
<(14C(a)) V(zy, X). (85)

From (84), (85), and (82) it follows that system (65) has property (A)
and its trivial solution is | P)-exponentially stable.
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