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Abstract

Following the Witten—Nester formalism, we present a useful prescription using Weyl spinors towards
the positivity of mass. As a generalization of arXiv:1310.1663, we show that some “positivity conditions”
must be imposed upon the gauge connections appearing in the supercovariant derivative acting on spinors.
A complete classification of the connection fulfilling the positivity conditions is given. It turns out that
these positivity conditions are indeed satisfied for a number of extended supergravity theories. It is shown
that the positivity property holds for the Einstein-complex scalar system, provided that the target space is
Hodge—Kihler and the potential is expressed in terms of the superpotential. In the Einstein—-Maxwell-dilaton
theory with a dilaton potential, the dilaton coupling function and the superpotential are fixed by the positive
mass property. We also explore the N = 8 gauged supergravity and demonstrate that the positivity of the
mass holds independently of the gaugings and the deformation parameters.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

The positive mass theorem [1,2] is one of the major achievements in mathematical the-
ory of general relativity. If the positivity property of the mass fails to be valid, the vacuum
Minkowski spacetime which obviously has a vanishing mass possibly decays into configura-
tions with lower energy, and a dynamical “chasing instability” is unavoidable due to the weak
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equivalence principle [3]. The positive mass theorem therefore forbids these undesirable phe-
nomena and accounts for the stability of the lowest energy states.

Since the first proof given by Schoen and Yau [1,2], various attempts have been done towards
the generalization. This subject is stimulated not only by a purely mathematical interest. First of
all, the proof of Schoen and Yau cannot be applied to D > 9 dimensions, since the smoothness
of the deformation of the n-dimensional minimal surface S, is guaranteed for n < 6. The proof
based on the inverse mean curvature flow [4,5] provides a physically clear interpretation. How-
ever, it has been successful only in D = 4 since the Gauss—Bonnet theorem over the two-surface
was explicitly used therein. Furthermore, both of these methods work only in the spacetimes that
tend asymptotically to the Minkowski spacetime. Compared to these proofs, a remarkably simple
and elegant proof was given by Witten [6], later refined by Nester [7]. A distinguished feature of
their proof is the use of a spinor field. The bilinear vector built out of the spinor field used in their
proof plays the role of the infinitesimal generator of the asymptotic symmetry. Although the use
of spinor imposes a mild restriction upon the spacetime topology,' this proof is sometimes more
powerful since it is able to give a strictly positive bound on the mass, rather than a simple posi-
tivity thereof. Moreover, the Witten—Nester approach has additional advantages that it works in
arbitrary dimensions, it is applicable also for asymptotically anti-de Sitter (AdS) spacetimes and
it does not necessarily require the dominant energy condition. Another utility of using spinors is
that it possess an intimate relationship to supergravity theories [11-14].

Recently, a number of widespread revival interests in extended supergravities have been
growing from the viewpoint of string theory and AdS/CFT correspondence. Among others,
the supersymmetric solutions in supergravity have played a central role in their theoretical de-
velopment. Since supersymmetric solutions belong to the short multiplets, they are essentially
nonperturbative objects, hence they usually evade instabilities. They are characterized by the
existence of Killing spinors obeying the first-order differential equations [15]. Similar to the
Bogomol’nyi—Prasad—Sommerfield (BPS) states in solitons, they are often identified as states
saturating a certain kind of inequality between conserved quantities implied by the positive mass
theorem. Note that this is not obvious since the quantities in the superalgebra are associated
with the invariance of the background spacetime, i.e., they do not correspond to the conserved
quantities in the general curved spacetime which approaches asymptotically to that background.

Thus far, various supergravity theories have been shown to admit the BPS bound [16-24],
in terms of globally conserved quantities. It should be worth commenting that the converse
statement is not always true, namely, the theory admitting the BPS-type inequality does not
necessarily have a supergravity origin. For example, the Einstein—-Maxwell-dilaton theory ad-
mits the BPS-type inequality [10]. It was realized, however, that the first-order BPS equation for
the saturation of inequality is incompatible with the equations of motion except for the particular
values of the coupling constant [25]. This implies that it is not always possible to embed the
theory admitting BPS-type inequality into supergravity.

At the current moment, it is also less obvious which theories admit the BPS-type inequal-
ity, when the supergravity embedding is unknown. In our previous paper [26], we tackled this
problem pursuant to the Witten—Nester argument, and found that a certain condition should be

1" The condition that the spacetime admits the spin structure amounts to requiring that the second Stiefel-Whitney class
should vanish. Some five-dimensional asymptotically flat soliton solutions found in Refs. [8,9] violate the mass bound
proven by the spinorial method in [10], since they fail to possess the spin structure. It is an interesting but a challenging
task to derive the lower bound of five-dimensional Arnowitt—-Deser—Misner (ADM) mass in Einstein—-Maxwell-Chern—
Simons gravity without assuming the spin structure.
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imposed toward the positivity bound upon the connection in the supercovariant derivative acting
on a Dirac spinor. By virtue of this condition, we were able to construct the first instance of
noncanonical scalar-field system admitting the BPS-type inequality [26] (see also [27]). In the
current article, we generalize the argument in [26] and reformulate the “positivity conditions” in
terms of Weyl spinors. We also provide a proof for the classification of connections satisfying the
positivity conditions. This would make it clear the relationship to the four-dimensional extended
supergravity theories. In N = 1 supergravity, it has been widely known that the theory admits
the positive mass [11]. The N > 1 case is less clear since extended supergravities do not always
have an N = 1 description except for the consistent truncation. The purpose of the present paper
is to examine the positivity property of various theories inspired by extended supergravities. Us-
ing the positivity conditions, we resolve some issues about the BPS-type inequality in extended
supergravities, and demonstrate that the positivity property is indeed true for wider theories than
formerly considered.

The plan of the present paper is as follows. In the next section, we formulate the Witten—Nester
method in terms of Weyl spinors and address the positivity of the Witten—Nester energy. We
find that the gauge connections appearing in the supercovariant derivatives should satisfy the
“positivity conditions.” This is a generalization of our previous work [26]. A classification of
the connections satisfying the positivity conditions is given in Appendix A, where it is shown
that the possible connections take the same form as those appearing in extended supergravity,
provided we impose an additional condition that the bilinear vector is a Killing field for the BPS
geometry. In Section 3, we apply this formalism to various theories inspired by supergravity.
We resolve some problems in the literature and find that the positivity of energy holds in much
broader class of theories than previously studied. In particular the maximal gauged supergravity
turns out to admit the mass positivity, independent of the gaugings and symplectic frames. The
final conclusion with some future prospective works is described in Section 4.

Our conventions for the metric is taken to be mostly plus sign. w, v, ... refer to the spacetime
indices, whereas a, b, ... to the frame indices. We adopt the units ¢ = 87 G = 1 throughout the

paper.
2. Positive mass theorem a la Witten—-Nester

In our previous paper [26], we derived a minimal condition toward the positive mass for
the gauge connection in the supercovariant derivative acting on a Dirac spinor. This condition
provides a universally simple formula and is able to easily recover all of the previous positive
mass results. In the present paper we are interested in theories inspired by extended supergrav-
ities. Hence it turns out to be more advantageous to generalize the analysis [26] in terms of
Weyl spinors. We shall restrict exclusively to four dimensions for simplicity, although the higher
(even) dimensional extension is straightforward. We will work in mostly plus metric signature
and the Clifford algebra reads {y,, y»} = 2n4p = 2diag(—1, 1, 1, 1),p. Taking the orientation
as €p123 = 1, the chiral matrix is defined by y5 = —(i/4!)eabcdy“b6d = iyp123 with y52 = 1.
The imaginary (anti-)self dual part H* of the 2-form Hy,, is H + = %(H F i+ H), satisfying
*H* = +iH*,

We denote the set of Weyl spinors in four dimensions by €; (i =1,..., N). We take these
spinors to have a negative chirality yse; = —e;. If we define the Dirac conjugate of ¢; by € =
i(¢;)TyY, the charge conjugation of ¢; is denoted as

€l E(Gi)CZC(Ei)TZ—iVOC(éi)*v M
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where C is the charge conjugation matrix satisfying C~'y*C = —yMT . In this paper we adopt
the representation such that the charge conjugation matrix is given by C = —iy°. This enables
us to raise and lower the indices i j , ... simply by the complex conjugatlon and the gamma
matrices are all real, hence Vu =Y yMyo It then follows that the spinors €' with upper mdex
have a positive chirality yse! = ¢! and the Dirac conjugate of € is given by & = —i(e?)Ty?.
Accordingly, the bilinears constructed out of the spinor satisfy

_ _ i\ . - i - -
€i€j=—€j€ = (e ef) , i€'ytej =—iejyte, [€;Yuv€j = € Yuv€i. 2)

Following the argument given in [26], we define the supercovariant derivative operator as
follows

@Mei = V€ +%,u‘j€j -In%jm'jej, 3)

where V, is an ordinary Lorentz-covariant derivative acting on a spinor. The N x N numbers
of 4 x 4 matrix-valued vector fields #7,;/ and %,,;; represent the deviation from the Levi-Civita
connection. These connections obey different commutation relations with the chirality matrix

[, vs] =0, {BLij, s} =0. €]
The Dirac conjugate of the supercovariant derivative is given by

= —-— _; i \T _ iinT

V€l =V, el — efyo(,cf’ﬂ’j) yO+ eij(L@,L”) 0. (5)
Here the transpose operator T is understood as acting on the space spanned by 4 x 4 gamma
matrices, whereas the raising and lowering the indices i, j, ... are done by complex conjugation.
We wish to put some constraints on the connections .27,;/ and %,,;; by requiring the positivity
of energy.

Using the supercovariant derivative defined above, let us introduce the anti-symmetric Nester

tensor [7]

NHY = —i(E"y’“’p@pei — @pe"y”"pei), (6)

which reduces to the one in [7,26] for N = 2. The strategy employed by Witten and Nester for
the mass positivity is two-folds. Let us suppose that the asymptotically flat/AdS spacetime is
foliated by some spacelike slice X'. If X' is an orientable 3-surface, it turns out that the spacetime
admits a spin structure. This allows us to specify the appropriate fall-off rate of the metric, fluxes
and spinors on the spacelike surface X in such a way that the following energy function is finite
and conserved

1 %
EWN == 5 NMvdSM 5 (7)
P

where 90X is the two-dimensional boundary of X at infinity. In the asymptotically flat case, the
Wltten—Nester energy is related to the ADM momentum P [28] as Ewn = — Vi Py, where
VL =ié toY € corresponds to the generator of the asymptotic translational symmetry and
€x0i are the asymptotic value of the spinors. The next step is to convert the surface integral at
infinity—using the Stokes theorem—to the volume integral over X,

EwN = / V,N*dx,, (®)
X
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where dX, is a past-directed volume element of X. If we can show VN 0a > (), where 0,a
means the frame component, the Witten—Nester energy turns out to be positive semi-definite
Ewn > 0. This leads to an inequality involving globally conserved quantities such as mass, an-
gular momentum, electromagnetic charges and so on.

Since the explicit form of Ewy is sensitive both to the asymptotic spacetime structures and
to the field contents of the theory, we tentatively suppose that we can prescribe the boundary
condition so that the Witten—Nester energy converges. Hence our primary concern at the moment
is the positivity of V,N%, or a lack thereof. After some computations, the divergence of the
Nester tensor can be brought into the following form,

vV, NHW = 2;‘@7/‘””@,)@ - G*,(i€'y"e)
= 3@ T + v (F0 ) PN
_i
2
— & [y Boix BN + v (B Boi) Oy e
i [y i — (A7) YOV e
—iﬂ[)f””pdvﬂ — yo(%ji)TVOV“Up]Ej
—i&[y"r B, — yo(%’vﬁ)TVOVWp]ﬁpéj

[y Hgise! =&y (A )y Oy e

— iVl [y Buij — v (Boji) Ty Oy el ©)

where we have defined the two kinds of curvatures
Fui’ = Z(V[u%]ij + %Mik%]kj), (10a)
Hiij =2(ViuBoiij + Hui* Bowj + Bruix ). (10b)

Readers should observe the following relation in deriving Eq. (9),
(&Y B Vel = (—i&iy" " B,7% ;) =iV,eiy0( ;)T yOyrrel. (11)
We assume that the spinors ¢; satisfy the Dirac—Witten condition on X' [6],
yIVie=0, 1=1,23. (12)

If there exist spinors satisfying this differential equation and giving a finite Witten—Nester energy,
the first term of the right side of (9) gives the nonnegative contribution to the volume integral

due to V,ely?V,e; = g’ (V€))7 (V;€:) > 0. According to our convention, the vector field
VI =ielyte; is future-directed and nonspacelike because of VO = E; €; > 0. It follows that the
term —G*, V" turns out to have a positive contribution to the Witten—Nester energy, provided
Einstein’s equations hold and matter fields satisfy the suitable energy conditions. On the other
hand, the last four terms proportional to @pei in Eq. (9) do not to have a definite sign. Hence we
demand as a minimal requirement for the positivity of mass that the gauge connections should
be subjected to the subsequent conditions,

YO, 1) Oy = P e (13a)
YO Boii) YOy =y B (13b)
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We shall refer to these conditions as “positivity conditions.” Although we have not shown that
these conditions are necessary, this requirement seems persuasive since all the theories which
have been shown to admit the mass positivity in Refs. [10,16-24] indeed satisfy this property.
Under the positivity conditions, the divergence of the Nester tensor takes a remarkably simple
form

VoN® =2iV,e'y"PV, e — G, V" + S, (14)

where the current S#* = S ﬁ) + Sk @) +S é) is built out of three different contributions,

Sty = i€y Fypile;, (15a)
Sz = _%(Eiy“”p%pijé‘/ — &y Apej), (15b)
Sty = —21E' Y B BV e (15¢)

Hence if we can show that the zero-th component of the current

Jt=-GH, VY +SH (16)

is nonnegative J° > 0 modulo the field equations, we can conclude the positivity of the Witten—
Nester energy. Due to the simplicity of the formula (14), our approach can circumvent complica-
tions encountered in the model-dependent analysis.

A possible way to find the gauge connections satisfying (13) is to expand them in terms of
the Clifford basis. We give the classification of the connections in Appendix A. It turns out that
the possible connections take the same form as those in extended supergravity if we impose an
additional condition that V#* = i€ y“e, is a Killing field when VMe, =0 is satisfied. Note that
this does not immediately imply that the Witten—Nester energy is positive and finite, since these
conditions are not sufficient to prove J 0 > 0, and the finiteness of the surface integral is sensitive
to the boundary conditions for the metric, gauge fields and scalars.

3. Explicit examples

Exploiting the formulation developed in the previous section, we shall now demonstrate the
positivity of the Witten—Nester energy for various theories. The models we shall discuss are
all motivated by extended supergravities. The following analysis illustrates that ,dmj and A;;
correspond respectively to the connection of the spinor bundle and to the contribution coming
from the flux torsion. It turns out that the positivity conditions (13) are indeed true for all models
inspired by extended supergravities.

3.1. N =2 minimal gauged supergravity

Let us begin with the positivity of Witten—Nester energy in N = 2 minimal gauged supergrav-
ity, i.e., the Einstein—-Maxwell theory with a negative cosmological constant

L=R—F,,F" —2A, a7
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where F =dA and A = —3£72 < 0. The field equations of this system are given by’
1
Guv+ Aguy =TS = 2<FMPFW) — ZngpaFW>, Vo (F* +ix F*’) =0.

(18)
This subject was first discussed in [22] by using a single Dirac spinor. We demonstrate below
that the argument in [22] concerning the surface integral should be refined.
The connections in the supercovariant derivative are given by
P 3 1 i, 3
JZfﬂi/:Z(a )ijA”” @MUZZGUFV[)VUPVM"‘&(O )ijy‘“ (19)
where (o/);/ is a standard Pauli matrix, whose index is lowered by the alternate tensor €;; with
€n=—€er;=1as (al)ij = €1 (al)jk, viz (03),1/ = (01);7. Note that our convention leads to
(ohHii =[(o!); ;1 which differs from the one in [29]. It is a simple exercise to verify that the
connections (19) obey the positivity conditions (13) and (77). Hence we get

Sty = 2w (o) ().

Sty = (TE™H, — A8",) V" = S{}),
Sty =¢€ij (Vo F" +iVy » F')ie'e/ +c.c.,
thereby the current J# = —G*, V¥ 4+ S* vanishes when the equations of motion (18) are satis-
fied. This probes that the Witten—Nester energy is indeed positive semi-definite. It is worth com-
menting that the negativity of the cosmological constant is essential. An attempt to give a positive
cosmological constant does not work, since the positivity conditions (13) fail to hold.® This
would convince us that the positivity conditions (13) are indeed related to the mass positivity.
The surface integral can be expressed in terms of globally conserved quantities as follows. It
is convenient here to exploit the Dirac spinor 7 = €! — i€, to evaluate the surface integral. Let us
assume that the spacetime asymptotes to the AdS at infinity following the notion of Refs. [31-34].
We require that the Dirac spinor 7 tends to the Killing spinor ¢ of AdS at infinity and obeys

(20)

@un:O(l/rZ), as r — 0o. (21)
The expression of Witten—Nester energy was derived in [22] and reads
Ewn={CJapo Pt —2(Qc —iysOm)e, (22)
where 48 is the generator of SO(3, 2) in the spinor representation and J4p is the SO(3, 2)
momentum (A, B,=0,...,4). Q. and Q,, denote the electric and magnetic charges defined by
0. = / WF. Qn= f F. 23)
X X

2 We do not consider here the extra source terms TlETat) and J# 4 i J* to the right side of Einstein’s and Maxwell’s

equations, respectively. The positive mass property continues to be valid provided that T,Y,?a[) satisfies the dominant
energy condition, and that J# and J* are future-pointing timelike vectors.

3 Unlike in the Dirac spinor formulation in [26], the “fake” Killing spinor equations for A = 3H 2 > 0 are not obtained
by the simple Wick-rotation £ — i H —Lof (19), since it is incompatible with raising and lowering the SU(2) indices via
complex conjugation. In the A > 0 case, we have to choose szm-j = HAM(S,-j and %,,;; = e,'j(iFW; Y Py + %Hyu)
in order to produce the correct equations of motion [30]. The latter connection does not satisfy the positivity conditions,
as expected. We thank D. Klemm for useful comments about this.
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Kostelecky and Perry [22] then concluded that the BPS bound should be given by M >
eI+ Qg + Q%w where M = Jos and J = £€J1, represent the mass and angular momen-
tum [31-34]. However, it has been pointed out in Refs. [35,36] that the magnetically charged
Reissner—Norsdtrom-AdS solution cannot be supersymmetric.

This apparent contradiction can be resolved in the following manner. The Killing spinor ¢ in
AdS satisfies [V, + (1/2€)y,]1¢ =0 and is given by [32],

t t 0 0
= (coshg -+ sinh §y1> (cos N + sin ﬂy0> (cos 3 + sin Ey”)

X (cos % + sin %y%’) %o, (24)

where ¢ is a constant Dirac spinor. Here we have employed the global coordinates,
ds? = — cosh p2dr* + €*[dp?* + sinh? p(d6* + sin? d¢?) ]. (25)

The standard radial coordinate is given by r = £sinh p. Given the explicit form of the Killing
spinor (24), one can compute the spinor bilinears appearing in the electric and magnetic charges
of (22) as

£¢ = co, (26a)
iCys¢ = [c1 cos(t/l) 4+ c2 sin(t/@)] cosh p
+ [c3 080 + sin6(c4 cos d + s sing) | sinh p, (26b)

where co_5 are real constants built out of ¢y. For the choice ci_s = 0, one can verify that
U, = i;:yﬂy““ = —ZV/L(iEysg‘) vanishes, which in turn implies that V,, = ify“{ is null due
to the Fierz identity. This boundary condition is not the case that we are interested in, so at least
one of ¢|_s is nonvanishing. It then follows that the bilinear i{ys¢ appearing in the magnetic
charge of (22) diverges at infinity (p — 00), rendering the Witten—Nester energy (22) ill-defined.
Moreover, the presence of magnetic charge implies that the gauge potential A, cannot be glob-
ally defined, otherwise the integral of Q,, in (23) vanishes. It is typically singular on the axis,
leading to the source of delta-function. Since the gauge potential A, appears explicitly in the
supercovariant derivative (19), the Dirac—-Witten operator ' V; therefore cannot be straightfor-
wardly invertible using Green’s function. If one attempts to remove this distributional singularity,
the topological structure of spacetime must change, resulting in a different BPS bound [37,38].
In the case of asymptotically globally AdS case in the Einstein—-Maxwell- A system, we therefore
arrive at the inequality”

1
M=z 11+ Qe 27)

From the standpoint of Osp(4|2) superalgebra, the introduction of magnetic charge as central
extension is forbidden since it fails to satisfy the Jacobi identity due to the breakdown of the
SO(3, 2) covariance [40]. Our explanation seems more convincing in the present context since
the positive mass theorem does not assume the underlying supergravity theories in advance.

4 The appearance of angular momentum into the Witten—Nester energy can also be understood from the fact that in
the framework of N = 2 gauged supergravity, the bilinear vector field V# =i¢zy#¢ in AdS is rotating by the constant
angular velocity ¢~ 1 with respect to the static observer at infinity [39].
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3.2. Kdhler target space

Let us next discuss the case in which the set of the complex scalar fields parameterizing the

Kihler manifold is the source of Einstein’s equations. Namely we shall concentrate on the theory

L=R-2G,;¢""9,z%0 ZB—V(Z 2) G -=782K_ (28)

af H v » &)y ap 9z297P ’

where K (z, z) is a real Kéhler potential and V(z, 2) is the potential to be determined by requir-

ing the positivity of the Witten—Nester energy. The indices «, 8 run over any positive integers

corresponding to the number of complex scalars. The Einstein equations following from this
Lagrangian read

oy B _ ] agrzh) _ ]
Guv =Ty, le=2Ga/§ V@uz*Viz© — Eglvaz VPZF ) — EgMVV. 29)

We assume that G,  is a positive matrix, or equivalently the null energy condition, in such a way
that there appear no ghosts.
We take «7,;/ and %8,,;; satisfying the positivity condition (13) and (77) as

o o 1
()i’ = Z(Kaauz“ — K58,7%)8:7, Bij = EeK/ZWyM(Sij, (30)

where Ky = 0K /0z%. Here W = W(z) is a holomorphic function of z% and is referred to as

a superpotential. The superpotential is assumed to transform as W — We~/ under the Kihler

gauge transformation K — K + f + f. The connection &fmj represents the U(1)" connection.
We define the “variation of dilatini” as

83 = 81y "ol — K26 DsWe, 31)

which has negative chirality y55A%; = —61%;. D, denotes the Kéhler U(1) covariant derivative,
which acts on the superpotential as

DyW =09,W + K, W. (32)
In this case, the on-shell current J#* takes the manifestly nonnegative form
JE=—(G", = TH))VY + G, gis APy snc;, (33)
provided the potential is given by
V =2¢K(G*? D, WDz W —3|W|?), (34)

where G*# is the inverse of G, 5 and 8AP1 = i(18;)Ty0. The existence of the superpotential
obeying the desired transformation under the Kihler gauge transformation implies that the first
Chern class of the line bundle coincides with the Kihler class, i.e., the manifold must be Hodge.
The above discussion means that the volume integral is positive semi-definite as far as the Hodge—
Kihler target space is concerned, irrespective of the choice of superpotential.

The surface integral is finite if we impose Eq. (21) for the spinors and that the scalar fields
fall off faster than r—3/2. This boundary condition for the scalar implies that the mass eigenval-
ues should be above the Breitenlohner—Freedman bound m2BF =-9/ (4£2) [41], where £ is the
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curvature radius of the AdS vacua.’ The finiteness of the Witten—Nester energy is not guaranteed
for the boundary condition employed in [18], in which case the negative mass initial data can be
constructed along the line of [42].

Despite the fact that the potential constructed from the Kihler potential and superpotential is
in general unbounded from below and above, the AdS vacua above the Breitenlohner—Freedman
bound are stabilized to allow the positive mass. For example, the positivity of mass for the
bosonic sector of the gravity multiplet in N = 4 SO(4) gauged supergravity was discussed in
Ref. [18]. In this case, the Kihler metric is given by the SU(1, 1)/U(1) coset and the superpo-
tential takes a constant value [18],

K=—In(1-z]%), W =+2g, (35)

where 7 is an axidilaton and g is an SO(4) gauge coupling constant. We can see that the potential
is indeed unbounded from below and the origin is the unique vacuum with the mass spectrum
m? = —2£72(x2). The analysis given in this section implies that the positivity of the mass holds
in more general settings than the model considered in [18].

It is worthwhile to comment that the stress energy tensor for the complex scalar field does not
respect the dominant energy condition in general. The essential requirement that has played a
crucial role here is the null energy condition, viz., eig(G,5) = 0 [26].

It should be also noticed that the number N of the Weyl spinors can be arbitrary. One may
be suspicious that this cannot be done since N > 8§ extended supersymmetric theory implies the
necessity of introducing higher spin s > 2 fields, which is a main obstacle to construct a local
theory. However, the spinors only play a subsidiary role in the Witten—Nester formulation as the
bilinear vector of the asymptotic symmetry. It therefore follows that the above argument actually
has nothing to do with the full supergravity theories incorporating the fermion interactions even
if it implies the underlying bosonic sector of supergravity theories. Hence our analysis continues
to be valid also in the case involving N > 8 spinors, and also in the (even) D > 11 case, although
its relevance to the physically interesting theories is less obvious.

3.3. Einstein—-Maxwell-dilaton theory

In this subsection, we consider the Einstein-Maxwell theory coupled to the dilaton field with
a potential,

L=R=2(V$)* = h($)Fu F"" —2V(9), (36)

where h(¢) is the dilaton coupling function and V (¢) is the potential of the dilation, both of
which are to be determined by requiring the positive mass. The Einstein equations are given by

G;w = Lpv,

1 1
T;w = 2<VM¢VV¢ - Eguv(v¢)2) - Vgpw +2]’l (FMvap - Zg;wFpona>- (37)

5 1tis important to note that if the mass of the scalar field is in the range m%F <m*- < m%F +¢72 the slowly decaying

solution is also normalizable, admitting any boundary conditions. In this case, it is unclear if the Witten—Nester energy
coincides with other definitions of charges, e.g., the one introduced in [41]. See e.g., Refs. [42,43] for the recent work
addressing this problem. We content ourselves here by imposing the Dirichlet boundary conditions.

2
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The dilaton and Maxwell equations read
1
2

Here the prime denotes the differentiation with respect to ¢.
Setting N = 2, we choose the gauge connections satisfying (13) and (77) as follows

Ay =—ig(07) Ap,  Buij =i Ki@ Fopy™ v +iW @) (07), s (39)

where F' = dA, g is the gauge coupling constant and K1(¢) and W (¢) are some real functions
of ¢. We further define the variation of the spin 1/2 fields as

Shi = iy'V,u(0?), € + Ka(@)ei + (07),/ K3($) Funy™e;, (40)

V2 — V() - %h’«p)F,WFW =0,  V[upF"]=0, dF=0. (38)

where K> 3(¢) are again real functions. A straightforward computation shows that the on-shell
current J# takes the nonnegative form,

JH=—(G*, — TH,)V" +i8AiyHsi,, 1)

provided the Maxwell equations and the Bianchi identity dF = 0 hold, and if the following
relations are satisfied

V=K;—12W? = Ky=-2W, (42a)
h=4(K}+4K}),  Kioch,  K3=2Kj, (42b)
0=g+8WK; +2K>K3. (42¢c)

Eq. (42a) implies that the potential is expressed by the (real) superpotential as

V(@) =4[W'(@)* =3W($)*]. (43)
The differential equation (42b) can be integrated to give

1 o
h=e 29 Ki=———e, K3y=————=ec", (44)
4V1+a? 2V1+a?
where o € R is the coupling constant of the dilaton. Finally, Eq. (42¢) is solved as
_ 8
W () = Woe /% — —=—=e"?, (45)
23/1 +a?

where W, is the integration constant. Thus, in terms of the Dirac spinor 7 = ¢! — ie;, we have

A i

Vun= |:V + e P F Yy + WD)y, +igA }n, (46)

g "2 e g g
ia
Sh=|y"Vup —2W (p) — ————e *PF, y’“’]n. (47)
|: g 2V1 +a? "

When the potential vanishes, this recovers the result in [10]. It is interesting that the superpoten-
tial and the dilaton coupling function 4 (¢) are completely determined by requiring the positivity
within the class (39) and (40). If Wy is tuned suitably, the above system with o = +./3 is ob-
tained by the U(1)* truncation of SO(8) maximal gauged supergravity [44].

The Einstein-Maxwell-dilaton theory admitting the positive mass allows a free parameter «,
which characterizes how the four-dimensional theory is derived from the higher-dimensional



M. Nozawa, T. Shiromizu / Nuclear Physics B 887 (2014) 380-399 391

theory. One may hope from the positive mass theorem above that this theory can be embedded
into supergravity for an arbitrary value of «. In order to see this, let us consider the BPS system
described by [25]

A

Vun=0,  sr=0. (48)

The first relation is first-order differential equation, while the second is purely algebraic. Then it
is not obvious for this BPS system to have a solution, thereby we have to check the integrability.
Acting y"V, to A =0 and using V,n =0, we obtain

0= [vzqs +AW'(3W — W) + %e‘z"‘"’F,wF“"

. —ad
+ %{Q(W _ W//) + (Ol2 B l)W/}
o
- % {eia¢ (v”t * FIW)VVVS + e"“"VM (e72a¢ F/Lv)yv}
. )
%e’z‘”’% * F]n -

Assuming the dilaton field equation, the Maxwell equation and the Bianchi identity, the first
three lines of (49) drop out [note that the second line vanishes due to (45)]. However, the term
at the last line remains nonvanishing unless a(a? — 3)F A F = 0. Hence it follows that the
first-order system (48) does not allow solutions in general except for « = 0 or @ = £+/3. The
latter is obtained by the Kaluza—Klein reduction of five-dimensional gravity if the potential is
absent [44]. This means that the general coupling case cannot be embedded into supergravity.
Since the F A F # 0 case corresponds to the dyonic metric, the purely electric/magnetic solution
may admit Killing spinors as in the massless case [25].

3.4. N =8 supergravity

Finally, let us see the case of N = 8 gauged supergravity. In Ref. [18], the positivity of the
Witten—Nester energy was explored for the electric SO(8) gauging models constructed by de Wit
and Nicolai [45]. In recent years we have witnessed a lot of progress in N = 8 gauged super-
gravity. Of particular interest is the discovery of the one-parameter family of the deformation of
SO(8) gaugings [46] (see [47] for the deformation of the SL(8)-type gaugings). The deformed
theory displays considerably rich physics compared to the undeformed one, since it admits new
kinds of vacua [48,49] and new supersymmetry breaking patterns [48,50]. The deformation pa-
rameter might give rise to a new interpretation to M-theory embeddings and their field theory
duals. Although the higher-dimensional origin of the noncompact gaugings is not identified yet,
it has been extensively studied recently from the viewpoint of generalized geometry (see e.g.,
[51] and references therein). Hence it is intriguing to see whether the positivity of Witten—Nester
energy depends on the deformation and the underlying gauging group. In particular, the noncom-
pact gaugings might be associated to the ghost contribution, hence the positive mass property is
quite nontrivial.

The recent development of N = 8 gauged supergravity is based on the embedding tensor
formalism [52], by which we can discuss in a duality covariant manner how to gauge a group
by introducing additional 28 magnetic vector fields. The embedding tensor ®y;* specifies how
to choose the gauge group G inside E7(7), and defined by the relation Xy = @ *t,, where
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to and Xy, are the generators of E7(7y and G, respectively. Here o, B,...=1,...,133 and
M,N,...=1,...,56 are the adjoint and fundamental of E7(7y. The consistent gaugings amount
to requiring that the embedding tensor obeys linear and quadratic constraints [52]. The linear
constraint implies that &y/* is sitting in the 912 representation of E7(7), whereas the quadratic
constraint corresponds to the closure condition 2MN©y,*OyNf =0, where QYN =ior ® Ing
is the Sp(56, R) invariant metric. Once the symplectic frame is chosen, the gauging can be done
by the replacement d,, — D, =9, — gA HM Op“ty, where g is the gauge coupling constant and
A, M consists of electric and magnetic vectors A, M = (A, 4, A, 4).
Einstein’s equations read [53]

Gp,v = Tuv»
| 1 L
Tuw = P Poyijt = <§|Pp|2 + V)g,w +HY 0", (50)

where P is the self-dual vector field which corresponds to the kinetic term for scalars param-
eterizing the E7(7y/SU(8) coset space, and given in terms of the mixed coset representative Vit
as Puiju = i.QMNVM,-jDMVNkl, where D, is the SU(8) covariant derivative [52]. The potential
V arises from the O(g?) corrections for the supersymmetry transformation and is constructed
out of the T -tensor as [52]

|
V:g2<ﬁ|A2i1kl| —Z]A1”| > (51)

Here A| and A; denote the 36 and 420 irrep of the SU(8).

The embedding tensor keeps the U-duality covariance at the price of introducing additional
28 magnetic vector fields A, 4, in addition to the usual electric vector fields A HA. This renders
the usual field strength F,,™ =201, A1™ + gX(vp)™ A A, " defined by the Ricci identity
[Dy, Dy] = —g]-',“,M Xy no longer covariant. A proposed prescription to overcome this is to
introduce a tensorial auxiliary field B,y [54], which can be used to construct a covariant field
strength H,, ™ = Fu™ + gZMBy,q, where 2% = L 2MN @\, Using the electric part of
this field strength, it turns out that the following vector field strength transforms as a symplectic
vector,

g+ M — H+[,LVA .

wy NA2H+MVE+21(9+H,,A ’

where Vs x = N4 x) is the kinetic term for the vector fields defined by VXN 45 = —V4 ", and
ot wva describes the fermion contribution [52] which is taken to vanish in our computation, and
“4” stands for the self-dual part, i.e., QZ‘VM = %(QWM —1i *g,wM). The quantity 7—[+,w,'j appear-
ing in Einstein’s equation is dressed by a mixed coset representative as " wij = VMij Q:[VM .In
terms of these ingredients, the equation for the vector fields is given by [53]

(52)

EMy =DM + PojuH 4 + %Az[i”“w ikt =0 (53)

We now turn to the discussion for the positive mass. As a connection ,Qfmj , we choose (half
of) the SU(8) connection «Qf,u'j = %QWJ with Qﬂij = —Qﬂji and Qmi = 0. This connection
obviously satisfies the positivity condition. Hence the current Sﬁ) can be written in terms of the

SU(8) curvature F,W(Q)ij =20, Qv]ij + Q[,u'kQU]kj. Note that a physical degree of freedom
is not encoded in this field, since SU(8) is the maximal compact subgroup of E7(7,. Using the
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Maurer—Cartan equations [see Eq. (3.5) of [53]], the SU(8) curvature is expressed by other fields
and the current S 5) is given by

2 y L
Sty = _gpv]klmppiklm (i&'y"Pe;) + g(x M) Quri’ € yue, (54)

where QM,'k = %i.QNPVN,'jXMPQVij.
Let us take the connection %,,;; satisfying the positivity condition as

V2
Buij=——H"1jVpoVu +

=X &
8

AliiVu-
«/E s
The T-tensor variational identity [Eq. (D2) of [53]] leads to DﬂAlij = —%Pukl"’(iAzj)klm,
which yields

(55)

Sty =V2[D/H (i€ el) — D H " (ige)]
V2 _ . DN e
+ _3g (Pokim Az i€y el — PRmE A0 g i&y™Ve;). (56)
A simple computation shows that
Sam = —2H (L H 0" (i€ e)) + 687 Ak AN (i€ ye)
+2g[AH WM (€Y e;) — H i ALY (i€ V)] (57)

Finally we define the variation of dilatini as
3
Sxijk = =2V 2Puijuyte + E)/MH“”[UGH —28A ke (58)

The self-dual property of P,y implies P(vij ki Poyijkm = %PW- jkanij kns ! hence after some
calculations we find

iSXijkyMSXijk = —18(H+Mpij7'[7vp[ij +7—l+vp,‘j7'l*“p[ij)i€k]yvek
— 12V2[H PR (i) + H M Pyjjm (i€€™) ]
— 12g[H i Ao F (18 er) + H T A i (i€ y em) |
+ 8i€l Y € Prijta P K™ + 467 Ay K AY™ i€ y e
— (PMIMPyija + PHijia P — 84| PPR)iE™y e
+ 42 (i€ € P* i jim An U + 1&1€, PHIM AY™ 1)
+ 428 (1€ Y €M Pyijim Au'* — &y M en Py AL k). (59)
Focusing on terms proportional to ié’.y"ej in (57) and (59), the following relation holds
HE ki (AZijkl + 24 j[kt?”i) +H M (A i + 2A1i[k511j)
4 . _ .
= _§(H+uvlei’/kl +H /wle‘/ikl)
= —iQMNQMij(g+uvPVPleNkI + giuvPVPleNkl)
=—2"NQ2pnOui! (G710 =G ") =i Qumi’ *Gun™. (60)
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where we have used VMI</VNij — VMijVN"j =i2un, Q+WPVPH = —%(’)"‘kal and QMNQpy
=38pM. Due to the property ZM-*X ), =0, we have «(FM — GM),,,Qui/ = x«(HM — GM),,,, x
Qumi’ =0, where the second equality follows from the equations of motion of B, yo. Combined
with the fact that the T'-tensor identity [Eq. (3.30) of [52]] implies

1 . .
Ve 232<§A21”kA2mijk —6Au,~A1”“), (61)

it follows that the terms involving i&'yVe j are canceled out except for the stress energy tensor.
We therefore arrive at

St=TH,(ie'y"e) + 10Xy gk + V2 (i€ )Eijt — (i&e;) EVH]. (62)

This is the desired one which gives rise to the positive contribution to the Witten—Nester energy
when the bosonic equations of motion (53) are satisfied, that is, the on-shell current J# becomes

1 .7
JH = Ei(Sx’Jky“chijk. (63)

In deriving Eq. (62), we have used the Maurer—Cartan equations and the T'-tensor iden-
tities. The Maurer—Cartan equation is derived based upon the closure relation [X7, Xy] =
—Xunt Xp, whereas the T-tensor identities are coming from the branching of 912 of E77
into irrep of SU(8). This means that the positivity of Witten—Nester energy holds as long as the
linear and quadratic constraints on the embedding tensor are satisfied (but the explicit solutions
for these constraints are unnecessary). Namely, the positivity property continues to be valid for
the consistent gaugings for any symplectic frames. This is a generalization of the result in [18],
where the positivity has been shown for the SO(8) electric gaugings of de Wit and Nicolai [45].

4. Summary

Inspired by the recent sparkling development of our understanding the extended supergravi-
ties, this article studied the positivity of mass in these theories. We presented a formulation for
the positivity of Witten—Nester energy in terms of Weyl spinors. We found that the positivity
conditions (13) should be satisfied as a minimal requirement for the positivity. These conditions
are the direct generalization of the one proposed in our previous paper [26].

We derived the universal formula (14) under the positivity conditions. Of particular use of this
formula is its simplicity, allowing one to evaluate the mass positivity without lengthy computa-
tions as have been done in the literature. Although we have explored the “positivity conditions”
for particular theories inspired by supergravity, we have verified that this is indeed true for all
ungauged models in [55]. We gave a detailed proof for the classification of the connection in
Appendix A. If we required that the bilinear vector field is a Killing vector for BPS states, it
turned out that the possible connections take the same form as those appearing in extended su-
pergravities (except for the unusual type of “trombone gaugings”). There should presumably be
a profound reason for this. We leave the deeper investigation for future study.

We revealed various new aspects that have been overlooked in the past studies and provided
a generalization of the mass positivity proof considered in the literature. We first revisited the
minimal N = 2 gauged supergravity, for which the contribution of the magnetic charge to the
BPS-type inequality was reconsidered. We argued the absence of magnetic charge without re-
sorting the supersymmetry algebra. We expect that the similar argument can be carried out for the
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matter-coupled N = 2 supergravity [29]. As a generalization of the result in [18], it was shown
that the positivity holds as far as the target space of the complex scalar is the Hodge—Kahler. This
is a gratifying result from the viewpoint of scalar-multiplet in supergravity. In Einstein-Maxwell-
dilaton theory, we showed that the dilaton coupling function and the superpotential are severely
constrained due to the positive mass property. The supergravity embedding was explored by in-
vestigating the integrability condition for the dilation variation, allowing us to find that this is the
case for the particular values of the coupling constant. We also extended the result of Ref. [18]
concerning the N = 8 gauged supergravity by making use of the modern formulation based upon
the embedding tensor. Recent development of the maximal gauged supergravity revealed that the
deformed theories display interesting physics quite different from those predicted in undeformed
theory. Despite that the positive mass property is obscure for deformed theories and for noncom-
pact gaugings, we nevertheless demonstrated that the mass positivity is insensitive to the gauging
and deformation parameter, as far as the linear and quadratic constraints on the embedding tensor
are satisfied.

Recently, several gravitational theories have been considered motivated by dark energy. Most
of these theories are phenomenological and suffer from various stability problems. These theories
may be constrained by requiring the positive mass, as discussed in [26,27]. For these purposes,
the results of Section 2 and Appendix A would be of great help, since the possible connections
are highly restricted. Looking for modified gravitational theories admitting the positive mass and
the (bosonic sector of) supergravity with noncanonical scalar fields are interesting future work.
We hope to report the results in a separate paper.
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Appendix A. Classifying the positivity conditions

In the body of text, we imposed the conditions (13) on the connections in the supercovariant
derivatives for the positivity of the Witten—Nester energy. Here we give a classification of the
connection satisfying the positivity conditions (13).

Our strategy here is to expand the connections in terms of the Clifford basis {L, ys, v,
YuVs, Yuv}. Taking into account the commutation relation (4), the connections ﬂ/mj and AB;;
can be expanded as®

6 Expressions (64) and (65) are actually redundant, since pfmj (Zij) acts on the spinors with negative (positive)
chirality. Hence a(2) and b(y) can be absorbed respectively into a(jy and b(jy, and a3y can be chosen to satisfy
%e\,p”a(g)um =1ia(3)yup- I this is done, however, the positivity conditions (13a) and (13b) must be projected by 1 —ys
and 1 + ys, respectively. In this case, one must take great care of the dual of the form fields. In order to circumvent this,
we leave the chiral matrix in (64) and (65), for which the basis {I, ys5, ¥, Y. ¥5, Yuv} is independent. The redundancy
can be removed by taking ap) — —a(), b(z) — b(l), %va(”d(:%)uar = i&(3)uv,0 and a(3)/)p,,_ = —%Eyp(;ua(:;)lvpﬁj
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it = aqyui T+ a@yui’ vs + a@yupi’ v*°s (64)
Bij =baywijy" +boyuwiiy Vs, (65)

where a(_3) and b(1_2) are N x N matrix-valued tensorial fields with a3),p = a@)u[vp]-
Let us begin with the case of %,,;;. Substituting (65) into (13), expanding again by the Clifford
basis and comparing the coefficients of the both sides of equation, we can get two set of relations

byuniij = =bmyrunjis byuviij = =b@unjis (66)
i i
bayp™ij8" 16" + Ebmp[“ije””]m =Dy, ji8" 16 + §b<2)p[“ji6”p]rx~ (67)

Contracting indices of (67) and using (66), we obtain

i
bayvyij =bayuwjis  bywij =b@ywwjis  byuviij = —geuvpob@)” %ij- (68)

b(1,2)(uv) can be further decomposed into trace and trace-free parts as

1 . .
biryuvyij = Zguvbu)pp ij + by uvij, bay’ij =0, I1=1,2. (69)

One can similarly obtain the relation for the coefficients a(j—3) as above. Suppressing the
indices 7, j, ..., the 3-tensor a3, has 24 components. Hence it is decomposable into the irre-
ducible parts 24 — 4+ 16 + 4 as

i 2
aAB3)uvp = A3)[uve] T A@)uvp — ga(3)ga[vgp]u’ (70)
where d(3yuvp = 3 (@) — AG) vl + A3 gp1u) satisfies

d@uve =A@ulvpls 43 on =a3) pe =0, a@)uwp) =0. (71)

Noting that y5 is pure-imaginary and anti-symmetric in our convention, insertion of (64) into
(13) yields

ag)upli’ = =a@uel’ i AGupi’ =0, a3’ pui’ =a3)’ pu’i,
. . 4 . . . 2 .
amyui’ +amyu’i = —§a<3>”pm” aoui’ +au’i = —glévmu%)[”p"'i’- (72)

Egs. (66), (68) and (72) are exhaustive constraints arising from the positivity conditions (13)
(see also the comments in footnote 6). One can easily verify that all connections considered in
the body of text satisfy these relations. Comparing with the model of Einstein-Maxwell-dilaton
theory in Section 3.3, one sees that b(y)[,vij] term correspond to the Maxwell field, a(l)m/ is
the gauge connection and b(1),” (;;) denotes the superpotential contributions.

Although the positivity conditions (13) put some restrictions to the possible form of the con-
nections, some unfamiliar terms (a3y” p,, and 13(1) wv) Temain. Eq. (72) implies that a(j) fails to
describe the connection contained in the subgroup of U(N) if a(3) pu is nonvanishing. Also,

there exist no supergravity models which contain b(l)(,w),] b(l)(w)w) (see e.g., [55] for

[see (70) for definition] at the final expression. Because of this, the imaginary self-dual property of b()[;,y] follows from
(68).
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ungauged models). Hence the positivity conditions leave some more freedom than extended su-
pergravity models, although it is not clear yet such terms in fact produce the positive and finite
Witten—Nester energy.

Nevertheless, we can fix these remaining terms as follows. Let us consider the case in which
@Mei = 0 is satisfied, for which the spacetime is in “BPS.” If the supergravity embedding is
indeed possible, the bilinear vector V# = i& y*¢; vector turns out to be a Killing field for the
BPS metric [lS]A.7 Hence it might be reasonable to require that V* = i&'y"¢; satisfies the Killing

equation when V,¢€; =0 is satisfied. This gives

0=V Wy
=& [y j.)T vy = Yo’ Jej + i€y Bl e — iy Buyije’ (73)
ey W i) Y Vo) =YLt |€j TIEY(uHFv) "€ T LE Y(uHFv)ij€,
where we have used iéiyo(,%(uji)Tyoyv)ej = —Ii§; y(U.@,L)ij €;. It follows that dmj obeys
o )

J/O(ﬂf(u]i) Yo%) = Yo i’ (74)
Substituting (64) into the above equation and using (72), we have further constraints

a@p’wi’ =0, a@yupi’ =0. (75)
This implies that a(1);/ = —aq)/;, viz., ay is anti-hermitian and therefore describes the con-

nection contained in U(N).
For the connection %,,;;, Eq. (73) does not imply y(,%.)i; = 0 since the property (2) must
be taken into account. With this remark in mind, the condition €'y, %,);;j€/ = 0 yields

byuij =0, I1=1,2. (76)

After the replacement a(2) — —aq1y, by — b(1) with chiral projections, we finally arrive at
i = AL Buij = Waj v+ Fuvtiny” a7

where A, is anti-hermitian, W(;;y is an N x N symmetric matrix and F),, = Fj,,| is imaginary
self-dual xF},,, =i F,,,. This is exactly the same form as those appearing in extended supergravity
models considered thus far.® It therefore turns out that the conditions (13) and (73) are closely
related to the construction of extended supergravity. Note however that the condition (77) is not
sufficient to probe that the Witten—Nester energy is positive nor the supergravity embedding is
possible. For example, the connection ;sz-j in the maximal gauged supergravity is not U(8) but
SU(8) [i.e., Tr(A,) = 0], which corresponds to the R-symmetry.

Since V* =ie'yMe; generates an asymptotic time translation at infinity, the condition (73)
requires that this asymptotic symmetry is enhanced to the exact symmetry for the configuration
in which @u €; = 0 is satisfied. This is in accordance with the intuition that the BPS states are in
mechanical equilibrium for which gravitational attractions and moduli fields are compensated by
the electromagnetic repulsive forces, implying the existence of the Killing field.

7 The Einstein~-Maxwell-dilaton theory does not have a supergravity origin for the general coupling as shown in Sec-
tion 3.3, yet this property continues to hold and the positivity condition is also met. In the Einstein-A(> 0) system for
which the positivity condition is not satisfied, the bilinear vector field also fails to be a Killing vector.

8 More precisely, this is true except for the gauged supergravity in which the “trombone symmetry” is gauged. In this
case, b(1),”[ij] = 0 is not satisfied [53]. This accords with the intuition since this kind of gaugings contributes positively
to the cosmological constant and even more this theory does not have a covariant action (even in the electric gaugings).
It would be interesting to understand better this fact and its relation to the positivity conditions.
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Though we did not discuss the new types of connections in the body of text, the results of this
appendix will be instrumental for constructing (bosonic sector of) supergravity incorporating
noncanonical scalar fields and constraining modified theories of gravity.
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