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Fuzzy Measures Assuming Their Values
in the Set of Fuzzy Numbers
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Fuzzy-valued fuzzy measures are defined in an axiomatic way. Extending a result
of Klement (J. Math. Anal. Appl. 75 (1980), 330-339) it is shown that they can be
characterized by a suitable family of ordinary measures and Markov kernels.

1. INTRODUCTION

It is the aim of this article to develop axiomatically a measure theory in
which fuzzy sets are measured by fuzzy rather than by crisp numbers. To be
precise, we consider fuzzy-valued fuzzy measures to be functions from a
fuzzy o-algebra o (see [12]) into the set #7(lR,) of fuzzy nonnegative
numbers. The definition of -#°(R , ) and other notations and preliminaries are
given in Section II. In Section III, we first give the definition of fuzzy-valued
fuzzy measures, show the connection with crisp-valued fuzzy measures as
studied in [13, 15}, and present some natural examples of these measures.

In {13] the author has shown that, given a generated fuzzy o-algebra, a
finite crisp-valued fuzzy measure can be characterized by an ordinary
measure P and a Markov kernel K. The main result of this article is an
extension of the cited result to the fuzzy-valued case. Each finite fuzzy-
valued fuzzy measure corresponds to a family (P,,K,), e[, Of ordinary
measures and Markov kernels, respectively, fulfilling some rather technical
conditions (Section IV). Finally, using this result for some of our examples
in Section III the families (P,, K,),c(,;; are constructed explicitly in these
cases.

II. BAsic NOTATIONS AND PRELIMINARIES

Throughout this article, X will denote an ordinary nonempty set. A fuzzy
set on X, as usual, is then a mapping u: X — [0, 1], the value u(x) being
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interpreted as the degree of membership of the point x in the fuzzy set u. We
shall write R, for [0, co[ and R, for [0, c0]. Then .#, and .2, will denote
the o-algebra of Borel subsets of R, and R,, respectively. If 4 is a
nonempty subset of R, we shall write #MA for the o-algebra of Borel
subsets of 4.

In a lattice (L, ) the symbols A and V denote meet and join, respectively,
of two elements of L. If the lattice (L, ) is complete, we shall write A and
V for infimum and supremum, respectively. For example, (R,,<) is a
(noncomplete) lattice and (R, , <) and ([0, 1]*, <), where in the latter case
« is the usual (pointwise) partial ordering of fuzzy sets on X, are complete
lattices. Furthermore, (R,,<, +) and (R,,<, +) form partially ordered,
commutative semigroups.

The concept of fuzzy numbers we shall use for our definition of fuzzy-
valued fuzzy measures follows the ideas of Hohle [9-11]. There are some
significant differences to other definitions of fuzzy numbers which are
summarized in Dubois and Prade [6] and which have been studied by Zadeh
[21], Dubois and Prade {4, 5], Mizumoto and Tanaka [16], Dubois [3], and
others. We also shall restrict ourselves to nonnegative fuzzy numbers, for an
extension to a vector space of fuzzy numbers see Hohle [9].

A nonnegative fuzzy number is defined to be a mapping p: R, - [0, 1]
fulfilling either

p(0)=0,  p(0)=1, (2.1)
vreR,:p(r)=\ {p(s)|sER,,s<r} (2.2)

or being the fuzzy infinity ¢, defined by

Eo = Lio}- (2.3)

We shall denote the family of nonnegative fuzzy numbers by #(R ).

The interpretation of the fuzzy number p is as follows: p(r) is the degree of
p being contained in the ordinary interval [0, r[. A partial ordering on
#(R,) is given by

pSo<VreRp(r) 2 0(r) (2.4)

and (#(R,), <) is a complete lattice. A natural algebraic operation 7, on
#(R,) is defined by

AP, 0)r) =\ {p(s) A o) |5, tER s+ 1=}, (2.5)

Then (#(R.), S, 7,) forms a partially ordered, commutative semigroup.
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There is a natural embedding of (R, , <, +) into (#(R. ), <, 7,) by virtue of
the complete monomorphism x — ¢, where ¢, for x € R is defined by

e, =1 (2.6)

x Ix, 001"

Next, for any pEa‘V(I_f? +) we consider its quasi-inverse [p]? to be a
function from [0, 1] into R, as follows:

1@ =\ {re R, |p(r) < a}. (2.7)

This notion of the quasi-inverse was introduced by Sherwood and Taylor
[18]. Since all proper prime ideals in ([0, 1], <) are of the form [0, «],
a€[0,1[, or [0,a], a € ]0, 1], it is also a special case of the quasi-inverse
studied by Héhle [9, 11]. It is straightforward that the set #(R,) of all
quasi-inverses of elements of .#(R_) is precisely the set of all functions
f:10, 1] - R, fulfilling

fl@y=\/ {fB®|BE[0,al}, if a>0,
=0, if a=0.

(2.8)

If we endow #7(R, ) with <, the usual (pointwise) partial ordering of real
functions and +, the usual (pointwise) addition of real functions, then it is
obvious that (#(R,),<) is a complete lattice and (#*(R,), <, +) is a
partially ordered, commutative semigroup. Moreover, p— [p]? is a complete
isomorphism from (#(R ), <, 7,) onto (R, ), <, +).

If we are interested in finite fuzzy numbers only, we consider #(R )
which consists of the restrictions of elements of %(P Ne tto R, , ie., of
all functions fulfilling

p(0)=0, \/ {p(|reR, j=1, (2.9)
VreR,:p(r)=\ {p(s)|sER,,s < 7. (2.10)

That means, #(RR , ) is the set of all nondecreasing, left-continuous functions
fulfilling the boundary condition (2.9), i.e., ##(R,) coincides with the set
& " of all nonnegative probability distribution functions (see Schweizer
[17]). The partial ordering < and the operation 7, can be restricted to
#(R,) in a straightforward manner. Now (-#(R,), <) is a lattice (but not
a complete one) and (#(R ), <, 7,) is still a partially ordered, commutative
semigroup in which, additionally, the cancellation law holds. Of course,
X — &, is again a monomorphism from (R, , <, +) into (#(R ), <, 7,).
Given a finite fuzzy number p € #(R ), its quasi-inverse [p]? is now a
function from [0, 1] into R, . The set #%(R ) of all quasi-inverses of finite
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fuzzy numbers is therefore the set of all functions f: [0, 1{ - R, satisfying
property (2.8). Obviously, (#7(R.),<) is a (noncomplete) lattice and
#R,), < +) is a partially ordered, commutative semigroup, where the
cancellation law holds. And still p— [p]? is an isomorphism from
#(R,). S 1) into (R ,), <, +).

Finally, we recall the definition of a Markov kernel which we shall use
frequently in this article. If (X, »/) is an ordinary measurable space, then a
function

K:XX(#2N[0,1])~ [0,1] (2.11)

is called a Markov kernel from (X, 57) to ([0, 1{, 2 N [0, 1) if it fulfills the
following properties: for each B € .# M [0, 1] the function

K(-, B): x - K(x, B) (2.12)

is measurable (with respect to .« and #M [0, 1}]); for each x € X the
function

K(x, -): B— K(x, B) (2.13)

is a probability measure on ([0, 1[, #N [0, 1[). For other notations
concerning lattice theory we refer to Birkhoff [2], in the fields of measure
and probability theory to Halmos [7] and Bauer [1].

III. Fuzzy-VALUED Fuzzy MEASURES

The idea of measuring fuzzy sets using fuzzy numbers rather than crisp
numbers was presented for the first time by Zadeh [21] in the context of
linguistic variables. An axiomatic measure theory of this type for G-fuzzy
sets, i.c., mappings u: X - G, G being a regular Boolean algebra, can be
found in Hohle [8]. Since [0, 1] is not a Boolean algebra, our approach is
somewhat different.

First recall the definition of a fuzzy o-algebra (cf. [12]). A fuzzy o-algebra
o is a subfamily o of [0, 1]* containing all constant fuzzy sets and being
closed under complementation and countable union, ie., fulfilling these
properties:

a constant = ¢ € o, (3.1

Uu€o=>1—uco, (3.2)

(,U,,),,ENEUNZ> \/ :uneo' (33)
neN

The pair (X, o) is then called a measurable space. Obviously, if & is a



316 E. P. KLEMENT

classical o-algebra on X, then the family {(«/) of all measurable functions
u: X — |0, 1] forms a fuzzy c-algebra; it is called a generated one.

A crisp-valued fuzzy measure m on (X, o) is a function m: 0 - R* such
that

m(0) =0, (3.4)
m(u vV v)+ mu A v)=mu) + m(v), (3.5)
ﬂ,<ﬂ2<~-=>m(\/wu,,): \V m,). (3.6)

If m(1) < o0, then the measure is said to be finite. These measures have been
studied extensively in [13, 15]. Analogously, a fuzzy-valued fuzzy measure m
on (X, o) is a function ri: 0 - #°(R ) such that

1i(0) = &, (3.7
EA (R V ), 7 A ) = T\ ), (D)), (3.8)
w << (V) ) = V 1) (3.9)

Again the measure is called finite if (1) < g,.
Using the isomorphism p - [p]? we can characterize fuzzy-valued fuzzy
measures as follows:

PROPOSITION 3.1. A function ri: 6 -#(R,) is a fuzzy-valued fuzzy
measure if and only if we have

[#(0)] = 0, (3.10)
[V VI + [ A )] @+ [AG) (311)
msm <= [ (Vow) ] = V i (3.12)

Now let us present some examples of fuzzy-valued measures showing that
they are indeed proper generalizations of crisp-valued ones.

ExaMpLE 1. If m is a crisp-valued fuzzy measure on (X, o), then £,
given by

En(l) = € (3.13)

is a (trivial) fuzzy-valued fuzzy measure. Note that we also have

)= | 16.)]"(@) de. (3.14)
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Generally, if 71 is a fuzzy-valued fuzzy measure on (X, o), then

= | | 1i))"(@) da (3.15)

defines a crisp-valued fuzzy measure on (X, o). These results have been
proved in [14].

EXAMPLE 2, It was shown in [13] that, given a generated fuzzy o-
algebra {(+/) on X, a function m: {(«/') > R, is a finite crisp-valued fuzzy
measure if and only if there is a (classical) finite measure P and a Markov
kernel K from (X, /) to ([0, 1{, £ M [0, 1[) such that

m(u) = L K(x, [0, u(x)[) dP(x). (3.16)

Now let m be a finite crisp-valued fuzzy measure and P and K the
corresponding measure and Markov kernel, respectively. Then m defined by

Aw)(r)=\/ {a € [0, 1]| P(K, > 1 —a}) <}, (3.17)
where K, is the function specified by
K, (x) = K(x, [0, u(x)[), (3.18)
is a finite fuzzy-valued fuzzy measure. Again we have
m)={ i) da (3.19)
(0,11
and, if 4 € & is a crisp set, then
(1) = €pe4)- (3.20)
ExaMpLE 3. Let % be the power set of X. Then i defined by
mw)(r)=\ {a € [0, 1] card({u > | —a}) < r} (3.21)

is a fuzzy-valued fuzzy measure on (X, [0, 1]¥), called the fuzzy cardinality.
Note that again for crisp sets 4 we have

'ﬁ(lA)zacard(A)' (322)

ExAMPLE 4. Let (X,0) and (Y, &) be two fuzzy measurable spaces and
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fi(X,0)—> (Y, &) a fuzzy measurable function (cf. [12]). If # is a fuzzy-
valued fuzzy measure on (X, o), then | fi] given by

[ft)(u)=m(/ " () (3.23)

is a fuzzy-valued fuzzy measure on (Y, &), called the image of ri under
/- Furthermore, | f#i] is finite if and only if /7 is finite.

IV. CHARACTERIZATION OF FINITE Fuzzy-VALUED MEASURES

As we mentioned in Example 2, a finite crisp-valued fuzzy measure on
(X, {(+)) can be characterized completely by an ordinary finite measure P
and a Markov kernel K. In this section, we show that a fuzzy-valued fuzzy
measure can be identified with a suitable family (P,, K,,),(o.,; Of ordinary
finite measures and Markov kernels, respectively. Throughout this section let
&/ be an ordinary o-algebra on X. A family (P,, K,),(0.1» Where each P,
is an ordinary finite measure on (X, .%") and each K, is a Markov kernel
from (X, »/) to ([0, 1], 2N [0, 1]) is called an adapted family provided the
following properties are fulfilled:

(i) P, is the zero measure,

(ii) for each A€/ the function a— P,(4) is bounded,
nondecreasing and left-continuous, and

(iii) for each y € [0, 1| we have
ap,
@hoer T a= (Ko (10D G2 () TKG 0D, Paae

(4.1)

The expression dP, /dP, in (iii) stands for the Radon—Nikodym derivative
of P, with respect to P, (which always exists as a consequence of (ii)).
Now we get the result,

LeEmMMA 4.1. Let (P, K,),c10.1 be a family of ordinary measures P, on

(X, ) and Markov kernels K, from (X, /) to ([0, 1[, Z N |0, 1{). Then
Jor each u € {(7') the function F,: [0, [ - R, specified by

Ful@)=| K6 [0,4(0)]) dP,(x) (4.2)

is a bounded element of #(R | ) if and only if (P,,K,),c0.1; IS an adapted
Sfamily.
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Proof. Assume first that for each u € {(+/) F, is a bounded element of
#%R,). Then F, is also nondecreasing, left-continuous, and we have
F,(0) = 0. Now choosing 4 € & leads to

P() =] Ko, [0, 1,0 P, (x) = F, (@)

Therefore the wvalidity of (i) and (ii) is checked easily using the
corresponding properties of F, . As for condition (iii), observe first that for a
given (y,4) € [0, 1] X & we obtain

Fpar (@)= Kol 1071) dP,.
Thus, if (a,),en | @, then

(L K, (x [0, 7]) dPan(x))

neN

= (] Ko 101D 22 ) P 0)

1] Kol 10,71) 4P, x).

Since 4 was choosen arbitrarily this proves that (iii) is fulfilled. Hence
(Py> K,)aero,11 is an adapted family.

Conversely, if (P,,K,),c0,1; 15 an adapted family, it is readily seen that
(i) implies F,(0)=0 for all u€{(+/). The boundedness of F, is an
immediate consequence of the boundedness of both K and a — P_(X). Next
choose a measurable step function s, say,

]
14~

il

Vi X 1y,

Then, if (@,),en T @, we get

(Fla,))pen= i | K(x, [0, Vi[)dpa" (x) dP ,(x)
=), dpP

neN

and therefore, because of (iii) and the Lebesgue monotone convergence
theorem,

(Fs(an))nEN T Fs(a)’ (43)

showing that F is nondecreasing and left-continuous.
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For an arbitrary u € {(«), let (s,,).en be a nondecreasing sequence of
measurable step functions such that 4 =V, .S, Thus for (a,),cn | @ the
application of (iv) and of the Lebesgue monotone convergence theorem
yields

(Fu(an))nst T F“((Z).

Hence F, is nondecreasing and left-continuous, too, and therefore an element
of #Y(R,). 1

Now we are ready to state the main result.

THEOREM 4.2. A function ri: () #(R,) is a finite fuzzy-valued
fuzzy measure on (X,{(s7)) if and only if there is an adapted family
(P, K, )aeqo.1) Such that for each u € {(+)

[70))7(@) = | K, (x, 10, 4(0)[) 4P, ) (4.4)

Furthermore, rit is characterized by (P, K,),c(0,1; Uniquely in the sense that,
i Py, K )acion and (@, Lo)aero.y are adapted families fulfilling (4.4),
then we have P, = Q,, for each a € [0, 1| and K (-, A)=L (-, A) P, almost
everywhere for each (a,A)€ [0, 1| X &

Proof. If m is a finite fuzzy-valued fuzzy measure, then by
Proposition 3.1 [ri(-)]? fulfills (3.10)~(3.12). Then, for each a € [0, 1], the
function ¢ — [i(u)]%(a) is a finite crisp-valued fuzzy measure. Now, from
[13] we know that there is an ordinary finite measure P, on (X, %) and a
Markov kernel K, from (X, %) to ([0, 1[,.# M {0, 1[) such that for each

HEUS)
()] (@) = | Ko [0,4)]) P, ).

Since F, = [ri(u)]? is bounded and an element of #7(R ,) Lemma 4.1 tells
us that (P, K,),c[0.1 has to be an adapted family.

On the other hand, if (P,,X,),c[0,,; is an adapted family, then for each
€ {(«) the function F, defined by (4.2) is bounded and belongs to
#%R,). Using the properties of the Markov kernel and of the integral,
especially the Lebesgue monotone convergence theorem, it is perfectly clear
that the mapping x — F, also fulfills (3.10)~(3.12). Thus, by Proposition 3.1
there is a finite fuzzy-valued fuzzy measure s such that [ri(x)]|? = F, for all
uEL(A).

Finally, suppose that both (P, K,),c(0.1; and (@4, Ly)acfo,1; are adapted
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families fulfilling (4.4). Then putting =1, leads immediately to P, =Q
for all ¢ € [0, 1]. Consequently, if 4=y X 1,, we obtain

a

J Kol 0,71 dPo() = | L0 10, 71) dPy(x)

which implies K, (-,4)=L,(-,A) P, almost everywhere for all (a,4)€E
[0, 1] X /. This completes the proof.

We now want to apply these results to some examples.

ExaMPLE 5. In Example 1, we mentioned that, given a fuzzy-valued
measure M on (X, (7)) then m defined by (3.14) is a crisp-valued fuzzy
measure on (X, {(+)). Obviously, if m is finite, so is m. Then by
Theorem 4.2, ri is characterized by an adapted family (P,, K,),cj0.1;> bY the
main result of [13] m is represented by an ordinary finite measure P on
(X, ») and a Markov kernel X from (X, =) to ([0, 1], 2N [0, L]). It is
now easy to construct P and K if the family (P,, K,),c(0,1; is known. For
each A € &/ we have

P(4) = j P.(4)da,
10,11
K is determined P almost everywhere by
dg
K ’ 05 = ]
(% [0, =—5 (%)

where dQ, /dP is again the Radon-Nikodym derivative of the measure Q,
with respect to P, Q, being given by

Q)= | K,(x[07)dP,(x) da

10,11
for each 4 € 7.

ExaMPLE 6. In Example 2 we started with a finite crisp-valued fuzzy
measure m on (X, {(=/)) and, using the characterization of m by an ordinary
finite measure P and a Markov kernel K, we constructed a finite fuzzy-
valued fuzzy measure i by means of (3.17). If we now look at the adapted
family (P, K,)aer0.1 Characterizing si according to Theorem 4.2, we obtain
for P, the zero measure and therefore we can choose an arbitrary Markov
kernel K. If @ # 0, we get P, = P, and the Markov kernel K, is determined
P almost everywhere by

K,([0,7) = Lik( g0y >1-a
for each y € {0, 1].
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ExAMpPLE 7. If we are given an ordinary finite measure P on (X, %), we
can also ask which finite fuzzy-valued fuzzy measures /% on (X, (/")) fulfill
Eq. (3.20) for each 4 € .%/. The solution is simply the set of finite fuzzy-
valued fuzzy measures such that for the corresponding adapted families
(Py>Ko)acronr» Po=0, and P, = P for all @ > 0 holds.

ExAMPLE 8. Suppose (X,.»/) and (Y, %) are two ordinary measurable
spaces and f: (X, {()) — (Y, {(¥)) is fuzzy measurable. Let #i be a finite
fuzzy-valued fuzzy measure and (P,,K,),c.,; the corresponding adapted
family. Then the adapted family (Q,,L,),c0.1; associated with the finite
fuzzy-valued fuzzy measure [fii] defined by (3.23) fulfills the following
properties:

Qa = [fpa]’ La("B) =E(Ka("B) ’f_l(g))ﬁ

where [fP,] is the image of P, under fand E(K (-, B) |/~ '(#¥)) stands for
the conditional expected value of K (-, B) with respect to the o-algebra
@) =0 Ce?).
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