=

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by Elsevier - Publisher Connector

Journal of Number Theory 131 (2011) 1054-1061

Contents lists available at ScienceDirect

Journal of Number Theory o o

l.; <5

TER www.elsevier.com/locate/jnt

ELSEV

On stronger conjectures that imply the Erdos—Moser
conjecture

B.C. Kellner

Mathematisches Institut, Universitdt Gottingen, Bunsenstr. 3-5, 37073 Gottingen, Germany

ARTICLE INFO ABSTRACT
Article history: The Erdds-Moser conjecture states that the Diophantine equation
Received 16 March 2010 Si(m) =mK, where Sg(m) = 1¥+2*+... 4+ (m—1)¥, has no solution

Revised 29 November 2010
Accepted 3 January 2011
Available online 12 February 2011
Communicated by David Goss

for positive integers k and m with k > 2. We show that stronger
conjectures about consecutive values of the function S, that seem
to be more naturally, imply the Erd6s-Moser conjecture.

© 2011 Elsevier Inc. All rights reserved.

MSC:
primary 11B83
secondary 11A05, 11B68

Keywords:
Erdés-Moser equation
Consecutive values of polynomials

1. Introduction

Let k and m be positive integers throughout this paper. Define

Sem) =142+ ... 4 (m — Dk,
Conjecture 1 (Erdés-Moser). The Diophantine equation
Sk(m) =m" (1)

has only the trivial solution (k, m) = (1, 3) for positive integers k, m.
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In 1953 Moser [7] showed that if a solution of (1) exists for k > 2, then k must be even and m >
1010°, Recently, this bound has been greatly increased to m > 101°° by Gallot, Moree, and Zudilin [2].
So it is widely believed that non-trivial solutions do not exist. Comparing Sy with the integral | XK dx,
see [2], one gets an easy estimate that

k <m < 2k. (2)

A general result of the author [5, Prop. 8.5, p. 436] states that

m T Sem) < m'|By 3)

for r=1, 2 and even k, where Bj, denotes the k-th Bernoulli number. Thus a non-trivial solution (k, m)
of (1) has the property that m? must divide the numerator of By for k > 4; this result concerning (1)
was also shown in [6] in a different form.

Because the Erdés-Moser equation is very special, one can consider properties of consecutive
values of the function Sj in general. This leads to two stronger conjectures, described in the next
sections, that imply the conjecture of Erdés-Moser.

2. Preliminaries
We use the following notation. We write p” || m when p" |m but p'*!{m, ie, r= ord, m where p

always denotes a prime. Next we recall some properties of the Bernoulli numbers and the function Sj.
The Bernoulli numbers B, are defined by

z O g
=) Ba=. |zl <2m.
e?—1 n!
n=0

These numbers are rational where B, =0 for odd n > 1 and (—1)%Jr1 B, > 0 for even n > 0. A table
of the Bernoulli numbers up to index 20 is given in [5, p. 437]. The denominator of B, for even n is
described by the von Staudt-Clausen theorem, see [4, p. 233], that

denom(B;) = l_[ p. (4)
p—1in

The function Sy is closely related to the Bernoulli numbers and is given by the well-known for-
mula, cf. [4, p. 234]:

k
mv+1

k
VWEDY (V>Bk_u ST (5)

v=0

3. Stronger conjecture — Part I

The strictly increasing function Sy is a polynomial of degree k + 1 as a result of (5). One may not
expect that consecutive values of S have highly common prime factors, such that Sp(m + 1)/S,(m)
is an integer for sufficiently large m.

Conjecture 2. Let k, m be positive integers with m > 3. Then

Sk(m+1)

Sy <N = kme{d3,6.3} (®)
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Note that we have to require m > 3, since Si(1) =0 and S;(2) =1 for all k > 1. Due to the well-
known identity S;(m)% = S3(m), a solution for k =1 implies a solution for k = 3. Hereby we have the
only known solutions

1+2+3
L:Z and -
1+2 13423

13423433
+2°+3° 7

based on some computer search. Since Sp(m+ 1)/Sg(m) — 1 as m — oo, it is clear that we can only
have a finite number of solutions for a fixed k. By Si(m + 1) = Si(m) + m¥, one easily observes that
(6) is equivalent to

aSkm=mt = (a.km e{(1,1,3).3,3,3)}
where a is a positive integer. This gives a generalization of (1).
Proposition 1. Conjecture 2 implies Conjecture 1.
Proof. Eq. (1) can be rewritten as 2S,(m) = Sg(m + 1) after adding Sy(m) on both sides. Conjecture 2
states that Sy(m + 1)/Sk(m) is not a positive integer except for the cases (k,m)=(1,3) and (k,m) =
(3, 3) as given in (7). This implies Conjecture 1, which predicts Sx(m + 1)/Sx(m) #2 for k> 2. O

4. Stronger conjecture — Part Il

The connection between the function Sy and the Bernoulli numbers leads to the following theo-
rem, which we will prove later. In the following we always write By = Ny/Dj in lowest terms with
Dy > 0 for even k. For now we write (a, b) for gcd(a, b).

Theorem 1. Let k, m be positive integers with even k. Define

(S(m), Sg(m + 1))
- .

gr(m) =

Then

1
mingy(m) = — and maxgi(m) > |Ng|.
m>1gk( ) Dy m>1gk( ) 2 |Ng|

=

Generally

g&(m=1 <= (DgNp,m)=1

and special values are given by

1
gk(Dk)=D—’» gk(INkl) = [Ng|, and gi(DiINkl) = |Bkl.
K

More generally,

gk(m) = Nil, if (Dk,m) =1 and |[Ni| | m.
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In particular if Ny is square-free, then

and max gi(m) = |Ng|.
m>1

Remark 1. It is well known that |Ni| =1 exactly for k € {2, 4,6, 8}. Known indices k, where |Ng|
is prime, are recorded as sequence A092132 in [8]: 10,12, 14, 16, 18, 36, 42. Sequence A090997 in
[8] gives the indices k, where Nj is not square-free: 50, 98, 150, 196, 228, .... By this, all N; are
square-free for 2 <k < 48.

Since Sp(m + 1) = Sx(m) +m¥, we have

(Sk(m), S(m + 1)) = (Sk(m), mk), (8)

giving a connection with (1). The function g, heavily depends on the Bernoulli number Bj. For 2 <
k < 48 and some higher indices k we even have

min g (m) - max g (m) = |By|.
1 m>1

= =

The problem is to find an accurate upper bound of g to solve (1). This relation is demonstrated by
Theorem 2 below and we raise the following conjecture based on Theorem 1 and some computations.

Conjecture 3. The function gj, has an upper bound as given in Theorem 2.

Theorem 2. Let k, m, r be positive integers with even k > 10. If
max gi(m) < IN|log" [Ni| fork > C;
mz=

and (1) has no solution for k < Cr, where C; is an effectively computable constant, then Conjecture 1 is true. In
particular, one can choose C, =10 forr=1,...,6.

Proof. Considering Theorem 1 and (8), a possible solution of (1) must trivially satisfy

m* = (Sk(m), m*) = mg(m). 9)

For k =2, 4,6, 8 there is no solution of (1), since |[Ny| = 1. Now let k > 10. Using the relation of By to
the Riemann zeta function by Euler’s formula, cf. [4, p. 231], we have

k!

Bkl sz(k)m-

Since ¢(s) — 1 monotonically as s — oo and ¢(2) = 72/6, we obtain

7% K 272 k!

N - -
| k|< 3 (zn)k k< 3 nks

using the fact that Dy | 2(2¥ — 1), see [1]. Stirling’s series of the Gamma function, cf. [3, p. 481], states
that k! < v2mkkke=*+1/12k since e!/12k < 11 we deduce that
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k—1
1 11
INg| <’7"%<é) withn:E%«/ZJT&VZ.lZ.

Further we conclude that log|Ny| < klog(k/m). Finally, we achieve that

K\ k-1
Ni|log" [N | — 10
[Nk|log' | k|<fr()<en> (10)
with
frk) = nk%” log" (k/7).
For a fixed r we have “/f.(k) = 1 as k — oo. Define

I1(r) =min{n > 10: “V/f;(k) <en forallk >n},

which is an increasing function depending on r. A short computation shows that I(r) = 10 for r =
1,...,6. We set Cr = I(r). Consequently (10) turns into

“VINkllog' [Ng| <k fork>C,. (11)

Now, we assume that (1) has no solution for k < C, and that
max gi.(m) < |Nk| log" INy| fork > C;. (12)
mz

According to (9), (11), and (12), we then achieve that m <k for k > C;, which contradicts (2). Thus
there is no solution of (1) for all k > 2 implying Conjecture 1. O

To prove Theorem 1, we shall need some preparations and a refinement of (3).
Theorem 3. Let k, m be positive integers where k is even and m > 2. Then
Sg(m)=Bym (modm), ifk>2,

Sk(m)=Bym (modm?), ifk>4and (Dy,m)=1,
Sk(m)=Bgm (modm?®), ifk>6andm|Ny.
More precisely for p" || m:
Sk(m)=Bgm (mod p*), ifk>4andptDy,
Sk(m) = Bgm (mod p3’), ifk>6and p | N.
Proof. This follows by exploiting the proof of [5, Prop. 8.5, pp. 436-437]. O
Lemma 1. Let a,b be positive integers. The sequence {(a,b")},>1 is increasing and eventually constant.

If (a,b") = (a,b™t') for some r > 1, then {(a,b")}v>r is constant. Especially if ordya < sordpb, then
ordy(a,b’) =ordpa forv >s.
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Proof. If (a,b) =1, then (a,b") =1 for v > 1. Assume that (a,b) > 1. For each p | (a,b), we have
ord,(a, b”) = min{ordp a, v ordp b}, which is increasing and bounded as v — oo. It follows that if
ordpa < sordp b, then ordy(a, b”) = ord, a for v > s. Considering all primes p | (a,b), we deduce that
(a,b") = (a,b™t") for some r > 1 implies that (a, b") is constant for v>r. O

Proposition 2. Let k, m be positive integers with even k. Then

1
and mingg(m)= —.
m>1

(Sktm.m) = = g Dy

Proof. Let m > 1, since the case m =1 is trivial. By Theorem 3 we have
N
Sp(m) = “Km (mod m).
Dy

For each prime power p» || m, we then infer that p® | Si(m), if p { Dy; otherwise p®~1|| Si(m),
since Dy is square-free due to (4). This gives the first equation above. Using Lemma 1 and (8), we
deduce the relation

(Skm). m*) _ (Seam).m) 1
~m (Dem)

gk(m) =

If m = Dy, then we even have that (Sip(m),m") =1 for v > 1, giving the minimum with g,(m) =
1/Dy. O

Proposition 3. Let k, m be positive integers with even k. Then

(Sk(m),m2) _ (Ny,m)
m  (Dem)

Proof. The case k =2 follows by (5), By = % and (m—1)(2m—1), m) = 1. Now let k >4, m > 2, and
assume that (Dy, m) = 1. Applying Theorem 3 for this case we then have

Sk(m) = g—im (mod m?). (13)

Thus we deduce that (S, (m), m?) =m(Ny, m). Now let m be arbitrary. Using Proposition 2 we obtain
the relation

S s )= m(Sk ) =CmTn
(Sk(m), m?) = ci (S (m), m) = ¢y, (Dr.m)

with some integer cx m > 1. Since (N, Di) =1, those factors of (Ny,m) can only give a contribution to
the factor ¢ n; while other factors of m are reduced by (D, m). To be more precise, consider a prime
p where p" || m: If p| Dy, then ordp(Sx(m),m") =r —1 for v > 1 by Proposition 2 and Lemma 1.
Otherwise p { Dy and (13) remains valid (mod p?") by Theorem 3. Hence Ck,m = (N, m), which yields
the result. O

Proposition 4. Let k, m be positive integers with even k. Then

(Sk(m),m®) _ (N, m?)
m  (Dm)
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Proof. The cases k = 2,4,6,8 are compatible with Proposition 3, since |Ni| = 1. Now let k > 10,
m > 2, and assume that m | Ni. Using Theorem 3 we have for this case that

Sp(m) = g—;‘m (mod m?). (14)

This shows that (Sg(m), m3) = m(Ny, m2). Now let m be arbitrary. With Proposition 3 we obtain the
relation

(Nka m)
(Dg,m)

(Sk(m), m?) = di m (Sk(m), m?) = dy ym
with some integer di ,; > 1. Consider a prime p where p” || m: If p { N, then

ord, (Sk(m),m”) <r, v

WV

1,

using Propositions 2 and 3 and Lemma 1. Thus p gives no contribution to di ;. If p | Ni, then (13)
and (14) remain valid (mod p?") and (mod p3") by Theorem 3, respectively. So a power of p gives
a contribution to di ;. Counting the prime powers, which fulfill both (13) and (14), we then finally
deduce that dy ,, = (N, m?)/(Ng,m). O

Corollary 1. Let k, m be positive integers with even k. Then

(Sk(m), m*) = egm(Se(m), m?),
where ey, is a positive integer with the property that p | e, implies that p | Ni.

Proof. As in the proof of Proposition 4, we can use the same arguments. A prime p with p { Ny cannot
give a contribution to ey, anymore. O

Proof of Theorem 1. The minimum of g is shown by Proposition 2. As a consequence of Proposition 4
and Corollary 1, it follows for arbitrary m that gi(m) =1 if and only if (D¢Ny, m) = 1. Combining
Propositions 2-4 we have achieved that

(Ng,m"~1)

(Sem).m’) =m =

, o v=1,2,3. (15)

The values of gi(m) for m = Dy, |Ni|, Di|Ny| follow easily by (15) using Lemma 1, since (S(m), m")
is constant for v > 2 in these cases. If (Dy,m) =1 and |Ni| | m, then g(m) = |Nk| by the same
arguments, which implies that

max g (m) 2> |Nkl. (16)
m>=1

=

It remains the case where Ny is square-free. By (15) and Lemma 1 we conclude that (Si(m),m") is
constant for v > 2 for arbitrary m. Thus gi(m) = (N, m)/(Dy, m) in this case. Consequently (16) holds
with equality. O
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