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Abstract 

Cayley graphs arise naturally in computer science, in the study of word-hyperbolic groups and 
automatic groups, in change-ringing, in creating Escher-like repeating patterns in the hyperbolic 
plane, and in combinatorial designs. Moreover, Babai has shown that all graphs can be realized 
as an induced subgraph of a Cayley graph of any sufficiently large group. 

Since the 1984 survey of results on hamiltonian cycles and paths in Cayley graphs by Witte 
and Gallian, many advances have been made. In this paper we chronicle these results and include 
some open problems and conjectures. 

1. Introduction 

The Cayley digraph on a group G with generating set S, denoted by Cay(S:G),  is 

the digraph with vertex set G and arc set containing an arc from g to gs whenever 
g E G and s E S. The Cayley graph Cay(S : G) is the undirected graph with vertex 
set G and edge set containing an edge from g to gs and from g to gs -1 whenever 

g E G and s E S. To avoid confusion between results about Cayley graphs and Cayley 
digraphs, we will always state explicitly which of the cases is involved. Hamiltonian 
cycles and paths in Cayley graphs and digraphs naturally arise in computer science 

(see [61]), in the study of word-hyperbolic groups and automatic groups (see [35]), in 
change-ringing [81], in creating Escher-like repeating patterns in the hyperbolic plane 
[32], and in combinatorial designs (see [30]). Moreover, Babai [11] has shown that all 

graphs can be realized as an induced subgraph of a Cayley graph of any sufficiently 
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large group. Specifically, he has proved that if G is a graph with n vertices and H is 
any group whose order is greater than 1.026", then there exists a generating set S of 
H such that G is isomorphic to an induced subgraph of the graph Cay(S : H). 

Since the 1984 survey of results on hamiltonian cycles and paths in Cayley graphs 
by Witte and Gallian [86], many advances have been made. In this paper we chronicle 
these results and include some open problems and conjectures. For completeness, we 
occasionally reiterate items from [86]. 

Much of the focus of research has been directed towards proving special cases of 
the following conjecture made by many people. 

Conjecture 1. Every connected Cayley graph with more than 2 vertices is 
hamiltonian. 

The case of a Cayley graph on a group (other than Z2) where the commutator 
subgroup is cyclic of prime-power order was done by Keating and Witte [56]. The 
Keating-Witte theorem vastly generalized the results of Maru~i6 [68], Dumberger 
[33,34] and Chen and Quimpo [16]. The Keating-Witte result raises the following 
natural problem. 

Research Problem 1. Is every connected Cayley graph on a group with cyclic com- 
mutator subgroup (other than Z2) hamiltonian? 

2. Group of special orders 

There are a number of results on Cayley digraphs and graphs of groups with special 
orders. The most impressive is Theorem 1 due to Witte. 

Theorem 1 (Witte [85]). Every connected Cayley digraph on a group of prime-power 
order greater than 2 is hamiltonian. 

The next theorem combines several numerical results into one. The proof relies on 
the Keating-Witte theorem, a result of Witte [84] on dihedral groups and results of 
Jungreis et al. [52] on generalizations of dihedral groups and quaternion groups. 

Theorem 2 (Jungreis et al. [52]). Let p and q be primes. Then every Cayley 
graph on a group of order pq, 4q (q > 3), p2q (2 < p < q), 2p 2, 2pq, 8p or 4p 2 
is hamiltonian. 

Jungreis et al. [52] observed that all the known results taken together imply that 
all Cayley graphs on groups (other than Z2) of order less than 100 are hamiltonian 
with the possible exceptions of groups of orders 48, 54, 60, 72, 75, 80, 84, 90 
and 96. 
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3. Abelian and dihedral Groups 

We begin this section with an application of  the factor group lemma [86, Lemma 
2.2] and the arc-forcing subgroup. The following notation is useful. I f  (ai: 1 <<. i <~ n) 

is a list of  labels in Cay(S : G), then we let m * (a i : 1 <<. i <~ n) be the concatenation 
of  m copies of  (ai: 1 <~ i <<. n). For example, 2 • (3 • a,b)  = (a ,a ,a ,b ,a ,a ,a ,b) .  

Factor  Group Lemma.  Let  H be a cyclic, normal subgroup o f  index n in a finite 

group G and let S be a generating set o f  G. I f  ( s i l l  : 1 <~ i <~ n) is a hamiltonian 

cycle in the Cayley digraph o f  G/H where sl,s2 . . . . .  sn belong to S, and sis2. . .s~ is 

a generator o f  H, then Inl * (si: 1 <~ i <<. n) is a hamiltonian cycle in the digraph 

Cay(S : G). 

For a Cayley digraph Cay(S :G) ,  the arc-forcing subgroup of  G is (ab - l :  a,b E S). 

Theorem 3. Suppose G is a finite abelian group, S = (sl,s2 . . . . .  sk} a generating set 

o f  G and H a cyclic subgroup o f  G. Let  H = (si - sl : 2 <~ i <<, k) and m = Ia :  HI. 
I f  there exist nonnegative integers nl,n2 . . . .  ,nk such that nl + n2 + " .  + nk = m and 

h = nlSl -k n2s2 q- . . .  + nksk generates H, then the Cayley digraph Cay(S : G) is 
hamiltonian. 

Proof.  Observe that sl --- s2 - . - .  --- sk ( mod H) .  Thus Cay({siH : 1 ~ i <~ k} : G / H ) =  

C a y ( { s 1 n }  : G / H )  is isomorphic to a directed cycle on IG : HI vertices. Therefore, 
(n  i * Si H : 1 ~ i <<, k)  = m * s lH  is a hamiltonian directed cycle in Cay({s lH} : G/H).  

Since h = nlsl + n2s2 + . ' .  + nksk generates H ,  IHI * (hi * Si : 1 <~ i <~ k)  is a hamiltonian 
directed cycle in Cay(S :G) ,  by the factor group lemma. [] 

Li [63] and Zhang and Li [89] have discovered Theorem 3 in the case of  a finite 
cyclic group. 

Theorem 4 (Li [63] and Zhang and Li [89]). Suppose that S={S1,S2 . . . . .  Sk} is a gen- 

erating set f o r  Zn and gcd(s2 - s l , s3  - S l  . . . . .  sk--Sl, n )=m.  I f  there are nonnegative in- 

tegers n l, n2 . . . . .  nk such that n l +n2 + ' "  +nk =m and gcd((nl S l + . . .  +nksk )/m, n /m)= 1, 
then the digraph Cay(S :Zn) is hamiltonian. 

To illustrate Theorem 4 we let S = { 10, 22, 55} and n = 330. Then we have g c d ( 2 2 -  
10,55 - 10 ,330)- -  3, nl = n2 = n3 = 1, and gcd((10 + 22 + 55)/3 ,330/3)  = 1. So, the 
digraph Cay({22,55, 10} : Z330) is hamiltonian. 

In [28] Curran and Witte made the following conjecture. 

Conjecture 2 (Curran and Witte [28]). Every Cayley digraph on a finite abelian group 
with a minimal generating set (a set S is minimal i f  S generates G but no proper subset 
of  S does) with 3 or more elements is hamiltonian. 



4 s.J. Curran. J.A. Gallian/Discrete Mathematics 156 (1996) 1-18 

Curran and Witte [28] proved that Conjecture 2 is true when the generators are 
independent (a set S is independent if for every s in S the intersection Is> n (S - {s}) 
is trivial). Recently, Curran [27] has shown that Conjecture 2 is true in certain other 
cases. Specifically, he has proved the following. 

Theorem 5 (Curran [27]). Let G be an abelian group such that the smallest prime 

divisor p o f  IG[ satisfies p >>. 5. Let S be a minimal generating set of  G with n 
generators such that 3 <~ n <<. p + 2. Assume that either [GI ~< p2((p + 1)/2)p-3 tf  
n = 3 ,  or IGI <~ p , - l ( ( p +  1)/2)p"-3-3 t f 4  ~< n ~< p + 2 .  Suppose that there exist y 

in S andx  # y in S such that IG: (S \  {Y})I ( Y - X ) E  ( s - x :  s E S \  {y}). Then the 
digraph Cay(S : G) is hamiltonian. 

Several papers have focused on Cayley digraphs on dihedral groups. For technical 
reasons it is believed by some that the most basic case in proving that every connected 
Cayley graph on a finite group with cyclic commutator subgroup (other than Z2) is 
hamiltonian is the dihedral groups. 

Theorem 6 (Alspach and Zhang [9]). Every connected cubic Cayley graph on a 
dihedral group is hamiltonian. 

Results of Witte [84, Theorem 5.3 and Corollary 5.4] and Alspach and Zhang 
[9, Theorem 3.1] taken together yield the following result. 

Theorem 7. I f  a generating set S for Dn, the dihedral group of  order 2n, has at most 
3 reflections, then the digraph Cay(S :Dn) is hamiltonian. 

A theorem of Witte [27, Theorem 5.4] allows one to reduce the dihedral groups 
problem to one about cyclic groups. 

Theorem 8 (Curran [27, Corollary 5.5]). I f  the digraph Cay(S:Zn) (n ~> 3) is hamil- 
tonian whenever S is a minimal generating set with at least 3 elements, then every 
Cayley digraph on Dn is hamiltonian. 

Jungreis et al. [52] have introduced a generalization of the dihedral groups as follows. 
A group G is said to be of dihedral type if G has a normal abelian subgroup H of 
index 2, and an element a of order 2 such that aha- 1 = h-  1 for all h E H. In this case, 
G = {aih: i = 0 or 1 and h E H}. We denote this situation by (a)H. 

Theorem 9 (Jungreis et al. [52]). Every Cayley graph on a group G = (a>H of  dihe- 
dral type where H has prime-power order or [H I = pqr where p, q and r are (not 
necessarily distinct) primes is hamiltonian. 
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4. Direct products 

For convenience, we denote the digraph Cay({(1,0),(0,1)}: Zm × Z,)  by Zm × Z,. 

Note that Zm x Zn is isomorphic to the cartesian product of a directed m-cycle and a 
directed n-cycle. A number of results have been obtained on directed cycles of various 
lengths in Zm x Z,. Necessary and sufficient conditions for Zm x Z~ to be hamiltonian are 
implicit in the work Rankin [72] in 1948 and these were rediscovered by Trotter and 
Erd6s [80] in 1978. Penn and Witte [70] determined the lengths of all directed cycles 
in Zm x Zn. In particular, they find necessary and sufficient conditions for Zm x Zn to be 
hypohamiltonian (i.e., for the existence of a directed cycle of length ran-  1 ). Wilkinson 
[83] found an elementary, elegant, proof of some of Penn's and Witte's results. Curran 
[25] determined when a collection of disjoint directed cycles of a given toms knot 
class can be simultaneously embedded in Zm x Z,. In another direction, Gallian and 
Witte [41] determined which Zm x Z, have a closed directed walk that visits mn - 1 

vertices exactly once and the remaining vertex exactly twice. Jungreis [49] generalized 
the Gallian-Witte result to closed directed walks in which one or more vertices are 
allowed to be visited exactly twice. Wilkinson [83] also determined the lengths of all 
directed cycles that lie in the Cayley digraph on the group Zm × Z, with the generating 
set {(1,0),(0, 1),(1, 1)}. 

In their examination of Cayley graphs of groups of low order, Jungreis et al. obtained 
several results on direct products of special forms. 

Theorem 10 (Jungreis et al. [52]). Every Cayley graph on a group o f  the form 

Zp x A4 (p  prime, A 4 is the alternating group o f  degree 4) is hamiltonian. 

Theorem 11 (Jungreis et al. [52]). Every Cayley graph on a group o f  the form 

Z3, × Z2 × Z2 or Z3, × Q8 (the quaternion group o f  order 8) is hamiltonian. 

Theorem 12 (Jungreis et al. [52]). Every Cayley graph on a group o f  the form 

O2p × Dzp (p  ~ 2 and prime) is hamiltonian. 

5. Semidirect products 

For each integer r such that r n = 1 ( mod m) there is a semidirect product of Zm and 
Zn given by (x ,y  ] xm= yn= 1, yxy  -1 =xr).  We will denote this group by Zm >~ Z,. 

Llado and Serra [66] have determined a number of sufficient conditions for the digraph 
Cay({x, y}: Zm >~Zn) to be hamiltonian. Their results extend the work of Klerlein and 
Starling [57, 58]. 

R V~"-' " M=gcd(R,m) ,  N=min{h/> 1: Theorem 13 (Llado and Serra [66]). Let =z.,i=0 rZ, 
~~Zo 1 r i ~- 0 (rood M)} and the prime-power factorization o f  M be 2 e' e2 e3. e~ P2 P3 "" Pk " 
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Suppose one o f  the following conditions is satisfied." 
(i) g c d ( M -  1,m):-  1; 

(ii) gcd(M - 2,m/M) = 1 and n is odd; or 
(iii) g c d ( M -  1 ,n /N)= 1 and r -  1 (mod2min~Z,e')p2p3... Pk). 

Then the digraph Cay({x, y}:  Zm X r  Zn) is hamiltonian. 

In the undirected case, Alspach has shown [4] that, except in the trivial cases, the 
graph Cay({x,y):  Zm >~r Zn) is hamiltonian. His result solves a problem posed by 
Witte and Gallian [86]. 

Theorem 14 (Alspach [4]). The graph Cay({x,y} : Zm >~r Zn) is hamiltonian when 
mn >2.  

A number of papers have dealt with enumerating the hamiltonian paths in Cayley 
digraphs of semidirect products. Because Cayley digraphs are vertex transitive there 
is no loss of generality in assuming hamiltonian paths have their initial vertex at the 
identity element. 

Theorem 15 (Housman [45]). The number of  hamiltonian paths with initial vertex 
at the identity in the digraph Cay({x,y}: (x,y I xm = 1,Y n = 1,yxy -1 = x - l ) )  is 

(m - 1)n/2 + 1 when n is even. 

Curran [22] found a simpler proof of Theorem 15 and extended a result of Rankin 
[72] on hamiltonian directed cycles in Cayley digraphs on two-generated groups to 
hamiltonian paths in these digraphs. 

Curran [24] obtained a complicated explicit formula for the number of hamiltonian 
paths in Cayley digraphs of groups G with the generating set {x,y} where (yx -1) 
is a normal subgroup of G. He also proved that the terminal vertices of hamiltonian 
paths with initial vertex 1 in these digraphs cluster together in families of two or more 
terminal vertices each. 

Theorem 16 (Curran [23]). The number of  hamiltonian paths with initial vertex at 
the identity in the digraph Cay({x,y} : (x,y Ix 5=  1,y 4k-- 1,yxy -1 =xr) ) where r = 2  
or 3 is (41k + 3)/3, (41k + 1)/3 or (41k + 5)/3 depending on whether k - O, 1 or 

2 (mod 3), respectively. 

A lattice point (p ,q)  in Z × Z is said to be primitive (or visible) if p and q are 
relatively prime. 

Theorem 17 (Curran [26]). The number o f  hamiltonian paths with initial vertex at 
the identity in the digraph Cay({x,y} : (x,y [ X2'~-l,y4n+2=l,yxy-l=x2m-l+l) ) is two 

more than the number of  primitive lattice points in the interior o f  the 
triangle whose vertices are (0,0), (4n + 2,0) and (2n + 1 + 2m-2,2 'n-l) plus the 
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number o f  primitive lattice points in the interior of  the triangle whose vertices are 
(0,0), (2n + 1,2 m-2) and (0,2m). 

6. Alternating and symmetric groups 

Interest in Hamiltonian directed cycles in Cayley graphs on alternating groups dates 
back at least as far as 1948 when Rankin [72] proved that the Cayley digraph of 
A6 with generators (2 4 6 5 3) and (1 6 3)(2 4 5) is not hamiltonian. Recently 
Cayley graphs on alternating and symmetric groups have been proposed as models 
for the design and analysis of interconnection networks by many authors (see [61]). 
Moreover, hamiltonian paths in Cayley graphs of An and Sn provide an algorithm for 
creating the elements of An and Sn from a particular generating set. 

Theorem 18 (Kompel'makher and Liskovets [59]). The graph Cay(B: Sn) is hamilto- 

nian whenever B is a generating set for Sn consisting of  transpositions. 

Theorem 18 is a special case of the following open problem. 

Research Problem 2. Let B be a generating set for Sn in which every element has 
order 2. Is the graph Cay(B: Sn) hamiltonian? 

Theorem 18 has been generalized as follows. 

Theorem 19 (Tchuente [79]). Let X be a set of  transpositions that generate S~. Then 
there is a hamiltonian path in the graph Cay(X : Sn) joining any two permutations of  
opposite parity. 

Ruskey and Savage have investigated hamiltonian circuits in the graphs Cay(X : Sn) 
of a special sort. 

Theorem 20 (Ruskey and Savage [76]). For any minimal generating set B o f  trans- 

positions in Sn (n > 4) and for any fixed b C B  there is a hamiltonian cycle in the 
graph Cay(B: Sn) in which every other edge is b. 

Jiang and Ruskey [47] have considered Cayley digraphs of Sn. For a fixed n > 2, let 
Xn denote the set o f n -  1 'right rotations' {(1 2),(1 2 3) . . . . .  (1 2 - . . n )}  and Yn the 
set of 'left rotations' {(2 1),(3 2 1) . . . . .  ( n , n - 1 , . . . 2  1)}. The digraphs Cay(Xn : Sn) 
and Cay(Yn : Sn) have been proposed as models for interconnection networks. 

Theorem 21 (Jiang and Ruskey [47]). The digraphs Cay(Xn : Sn) and Cay(Yn : Sn) are 
hamiltonian for all n > 2. 
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Another Cayley digraph on Sn that has been the focus of  attention is the so-called 
's igma-tau '  graph. Let o - - - ( 1 2 . . . n )  and z - - ( 1 2 ) .  Many papers have stated (e.g., 

[69,44,84,86,82]) that the digraph Cay({tr, z} : $5) does not have a hamiltonian path. 

However, Ruskey et al. [75] have recently shown using a computer that the digraph 

Cay({a ,z}  : S~) has a hamiltonian path for n - - 4 ,  5 and 6. Moreover, they show that 
when n - - 4  the digraph is not hamiltonian and when n - -5  the digraph is hamiltonian. It 

is not known if  the digraph for the case n = 6 is hamiltonian. Compton and Williamson 

[19] have shown that the graph Cay({a,z} : Sn) is hamiltonian for all n > 2. 

Following Rasmussen and Savage [73], for 1 -%< k ~< n, we call an element in Sn a 

k-consecutive derangement if  its nonfixed points are i, i +  1 . . . . .  i-q-k+ 1 for some i with 

1 -%< i ~< n - k + 1. For 2 ~< k -%< n and k ~ 3, the set of  k-consecutive derangements is 

a generating set of  Sn (see [73]). 

A graph is hamiltonian-connected if  there is a hamiltonian path between every pair 

of  distinct vertices. A graph is hamiltonian-laceable if  it is bipartite and there is a 
hamiltonian path between every pair of  vertices that are in different partite sets. Note 

that Theorem 19 says that Cay(X:  Sn) is hamiltonian-laceable when X is a generating 
set o f  transpositions for Sn. 

The next theorem subsumes many special cases that had been proved earlier (see 

[73]). 

Theorem 22 (Rasmussen and Savage [73]). For 4 <~ k <,% n, the Cayley graph o f  Sn 

with the generating set consisting o f  k-consecutive derangements is hamiltonian- 

connected. 

Theorem 23 (see Lakshmivarahan et al. [61]). The graphs Cay({(2, 1,3 . . . . .  n), 

(3,2, 1 . . . . .  n) . . . . .  (n,n - 1,n - 2 . . . . .  2, 1)}: Sn) are hamiltonian. 

In [43] Gould and Roth use hamiltonian paths in the altemating groups An to find 
a sequencing of  the elements of  An so that a certain cost function is minimized. In 

particular, they consider the digraphs Cay(Bn : An) where Bn is the minimal generating 
set {(1 j n) [ j C { 2 , 3  . . . . .  n -  1}}. 

T h e o r e m  24 (Gould and Roth [43]). The digraph Cay(Bn : An) is hamiltonian for  

n = 3 and n >1 5; Cay(B4 : An) has a hamiltonian path but is not hamiltonian. 

7. Infinite  C a y l e y  digraphs  

For Cayley digraphs in infinite groups there are two kinds of  hamiltonian paths. A 
one-way infinite hamiltonian path on a digraph G is a list Vl, v2 . . . .  of  the vertices of  
G such that there is an arc from vi to vi+l for each i. Similarily, a two-way infinite 

hamiltonian path is a list . . . .  V_l,vo, vl . . . .  so that for each i there is an arc from vi 
to vi+l. 
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In [86] Witte and Gallian ask if there is a minimal generating set S for Z x Z 
such that there is a one-way or two-way infinite hamiltonian path in Cay(S:Z x Z). 
D. Jungreis [50] answered this affirmatively. 

Theorem 25 (Jungreis [50]). Let a and b be relatively prime integers greater than 
1. Then the cartesian product of n >~ 2 copies of  the digraph Cay({a , -b} :  Z) has 
two edge-disjoint two-way infinite hamiltonian paths and two edge-disjoint one-way 
infinite hamiltonian paths. (The cartesian product of  n copies of  Cay({a, - b }  : Z) is 
a Cayley digraph on the group Z".) 

Theorem 26 (Jungreis [50]). Let a and b be relatively prime integers greater than 
1 and let G be a finite abelian group with generating set S. Then the digraphs 
Cay({a, -b} : Z) n x Cay(S: G) have a two-way infinite hamiltonian path for all n and 
they have a one-way infinite hamiltonian path i f  and only if  n ~ 1. 

Since every finitely generated, infinite abelian group is of the form Z n x G where 
G is a finite abelian group, it follows from Theorem 24 that every finitely generated, 
infinite abelian group has a minimal generating set for which the Cayley digraph has 
a two-way infinite hamiltonian path, and unless the group is of the form Z x G (G 
finite), the digraph has a one-way infinite hamiltonian path as well. 

For each of the 17 euclidean crystallographic groups Jungreis [51] determined the 
existence or nonexistence of one-way and two-way infinite hamiltonian paths in the 
Cayley digraphs arising from the specific natural generating sets given in Coxeter and 
Moser [21]. His results are summarized in the table below. Jungreis [51] also showed 
that if one considers the underlying Cayley graphs (by ignoring directions) for these 17 
Cayley digraphs then both one-way and two-way hamiltonian paths exist in all cases. 
(Note that there are two standard minimal generating sets for each of p2 and p3 as 
given in [21].) 

Dunham et al. [31] have determined whether or not the Cayley digraphs of three 
hyperbolic symmetry groups with certain natural generating sets have one-way infinite 
or two-way infinite hamiltonian paths. The results are too complicated to describe 
here. 

8. Hamiltonian decompositions 

We follow Alspach et al. [6] by incorporating regular graphs of both odd and even 
valency into the definition of a hamiltonian decomposition of a graph. Let G be a 
regular graph with edge set E(G). We say that G is hamiltonian decomposable if 
either 

(i) deg (G)=  2k and E(G) can be partitioned into k hamiltonian cycles, or 
(ii) d e g ( G ) =  2k + 1 and E(G) can be partitioned into k hamiltonian cycles and a 

1 -factor. 
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Table 1 
Euclidean crystallographic groups 

Group Generating set 1-way 2-way 

pl 
pl 
p2 
p2 
pm 

Pg 
cm 
pmm 
pmg 

Pgg 
clTlnl 
p4 
p4m 
p4g 
p3 
p3 
p31m 
p3ml 
p6 
p6m 

2 translations no no 
3 translations (not a minimal generating set) yes yes 
3 half-tums yes yes 
4 half-turns yes yes 
2 reflections and a translation no no 
2 parallel glide-reflections no no 
reflection and glide-reflection no no 
4 reflections yes yes 
reflection and 2 half-turns yes yes 
2 perpendicular glide-reflections no yes 
2 reflections and half-turn yes yes 
tetragonal rotation and half-turn no yes 
reflections in sides of  isoceles right triangle yes yes 
reflection and tetragonal rotation no no 
2 trigonal rotations yes no 
3 trigonal rotations yes yes 
reflection and trigonal rotation no no 
reflection in sides of  equilateral triangle yes yes 
trigonal rotation and a half-turn no no 
reflections in sides of  bisected equilateral triangle yes yes 

A recent survey on hamiltonian decompositions of graphs was given by Alspach 
et al. [6]. Bermond [13] had given an earlier survey on hamiltonian decompositions 
of graphs. The following problem was posed by Alspach. 

Research Problem 3 (Alspach [4]). Does every connected Cayley graph on an abelian 
group have a hamiltonian decomposition? 

The answer is trivially true when the degree of the graph is 2. When the degree of 
the graph is 3, the answer is yes because every such graph has a hamiltonian cycle (see 
[86]). When the degree is 4, Bermond et al. [14] showed that every 4-regular Cayley 
graph on an abelian group is hamiltonian decomposable. Their result was anticipated 
by the partial results obtained by Kotzig [60], and by Y. Huang [46]. When the degree 
is 5, Alspach et al. [8] have shown that every 5-regular Cayley graph on an abelian 
group is hamiltonian decomposable. Foregger [38] has shown that the cartesian product 
of three cycles is Hamiltonian decomposable. This result was extended to a product 
of any number of cycles by Alspach et al. [6]. (The cartesian product of cycles is 
isomorphic to the Cayley graph of the corresponding cyclic groups with the standard 
generating set.) 



s.J. Curran, J.A. GallianlDiscrete Mathematics 156 (1996) 1-18 11 

Theorem 27 (Alspach et al. [6]), The cartesian product o f  any number o f  cycles 
Cnt x Cn2 X . . .  X Cnk (hi >/ 3) is hamiltonian decomposable. 

Theorem 27 was subsumed by a very general result of Stong. 

Theorem 28 (Stong [78]). Let 61 and G2 be 9raphs that are decomposable into n 

and m hamiltonian cycles, respectively, with n <<, m. Then G1 x G2 is hamiltonian 
decomposable i f  one of  the followin9 holds: 

(1) m ~< 3n, 
(2) n 7> 3, 

(3) IGll is even, or 

(4) 1621 >/6[m/n~ - 3. 

Alspach has conjectured a special case of Research Problem 3 above is true. 

Conjecture 3 (Alspach [3]). Every 2k-regular connected Cayley graph on a finite abelian 
group has a hamiltonian decomposition. 

Liu has made progress on Conjecture 3. 

Theorem 29 (Liu [64]). Let G be a finite abelian 9roup and S = {Sl,S2 . . . . .  sk} a set 
o f  9enerators of  G with gcd(Isil, Isjl) = 1 for i ~ j. I f  the 9raph Cay(S : G) is 
2m-regular, then it is hamiltonian decomposable. 

Liu [65] defines a minimal generating set S of a group to be strongly minimal if  
for every s E S, s 2 is not in the subgroup generated by the set S -  s. 

Theorem 30 (Liu [65]). I f  G is a finite abelian 9roup and S is a strongly minimal 
9eneratin9 set o f  G, then Cay(S: G) is hamiltonian decomposable. 

As an immediate consequence of Theorem 30 we have the following. 

Theorem 31 (Liu [65]). Every finite abelian 9roup of  odd order 9enerated by a 
minimal 9eneratin9 set is hamiltonian decomposable. 

Liu and Fan, Lick and Liu have obtained several results pertaining to Research 
Problem 3 for Cayley graphs generated by three elements. 

Theorem 32 (Liu [65]). I f  G is a finite abelian 9roup and S = { S l , S 2 , S 3 }  is a 9en- 
eratin# set o f  G with an element, say s3, of  order at least 6 such that the quotient 
9roup G/(s3) has order at least 13 and the elements sl (s3) and s2(s3) have order at 
least 3, then Cay(S:G) is hamiltonian decomposable. 
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Theorem 33 (Liu [64]). Let G be a finite abelian group and S a three-element 
minimal generating set of  G with either two elements of  order 2 or one element 
of  odd prime order. I f  Cay(S:G) is 2m-regular, then it is hamiltonian decomposable. 

Theorem 34 (Fan et al. [37]). I f  G is an abelian group of odd order and S={Sl,S2,S3} 
is a generating set of  G such that [Sl[ ~ Is21 > Is3[, then Cay(S : G) hamiltonian 
decomposable. 

Alspach et al. [6] have also investigated the hamiltonian decomposability of the n- 
cube. (The n-cube is isomorphic to the Cayley graph of the direct product of n copies 
of Z2 with the standard generating set.) 

Theorem 35 (Alspach et al. [6]). The n-cube Q, is hamiltonian decomposable for 
n~>2. 

For k ~> 2 and n t> 2, BF(k,n), the k-ary butterfly graph of dimension n, is the 
graph whose vertices are of the form (ct;x0xl ...Xn-l), where ~EZn and xi E Zk for 
0 ~< i ~< n -- 1. Two vertices (ct;X0Xl...xn_l) and (ct';X~oX~ ...x~n_l) are joined by an 
edge cd - ct + l (modn)  and xi =x[ for all i ~ ~. BF(k,n) is a 2k-regular Cayley 
graph (see [10]) with nk ~ vertices. BF(k,n) is bipartite if and only if n is even. 

Barth and Raspaud [12] have obtained the following on the decomposability of the 
butterfly graphs. 

Theorem 36 (Barth and Raspaud [12]). The binary butterfly graph BF(2,n) is hamil- 
tonian decomposable. 

Barth and Raspaud conjecture that Theorem 36 generalizes to higher dimensions as 
well. 

Conjecture 4 (Barth and Raspaud [12]). The butterfly graph BF(k,n) is hamiltonian 
decomposable. 

For Cayley digraphs we have the following. 

Theorem 37 (Johnson [48]). The digraph Cay(((1,0),(0, 1),(1, 1)}: Zm × Zn) has two 
arc-disjoint hamiltonian directed cycles. 

Johnson [48] showed that a necessary condition for the digraph Cay({(1,0), 
(0, 1),(1,1)}: Zm x Zn) to be hamiltonian decomposable is that min(m,n)7> 4 and 
max(m, n) t> 6. He then made the following conjecture. 

Conjecture 5 (Johnson [48]). If min(m,n) >~ 4 and max(m,n)/> 6, then the digraph 
Cay((1,0), (0, 1 ), ( 1, 1 ) : Zm × Zn) is hamiltonian decomposable. 
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9. Vertex-transitive graphs 

A vertex-transitive graph is a natural generalization of a Cayley graph. A graph G 
(or digraph) is vertex-transitive if for every pair of vertices u and v of G there is 
an automorphism of G that takes u to v. In 1970 Lov~sz [67] asked whether every 
connected vertex-transitive graph has a Hamiltonian path. A graph (or digraph) is called 
vertex-primitive if it is vertex-transitive and if for every subset S of vertices of G with 
1 < ISI < IV(G)[ there is some automorphism fl of G so that Sfl ~ S and Sf lNS ~ O. 

In 1994 Xu [88] proved that every vertex-primitive digraph of prime-power order 
is hamiltonian by showing that all such digraphs are Cayley digraphs of prime-power 
order groups and applying Witte's result (Theorem 1 ). 

Theorem 38 (Alspach [1]). With the exception of  the Petersen graph, every con- 

nected vertex-transitive graph of  order 2 p, where p is prime, is hamiltonian. 

Theorem 39 (Alspach [2]). Every connected vertex-transitive graph of  order 2p, where 
p is prime and p - 3(mod 4), has a hamiltonian decomposition. 

Research Problem 4 (Alspach and Godsil [7, p. 463]). Is there an infinite family of 
connected vertex-transitive graphs that are not hamiltonian? 

Two classes of vertex-transitive graphs that have been proposed as models of inter- 
connection networks are the arrangement graphs introduced by Day and Tripathi [29] 
and the Faber-Moore digraphs first defined in [36]. The arrangement graph A(n,k) 
is the graph whose vertices are the n ! / ( n -  k)! permutations of k elements from the 
set {1,2 . . . . .  n}. Two vertices are adjacent in A(n,k) if they differ in exactly one po- 
sition. The Faber-Moore digraphs G(n,k) also have the vertex set comprised of all 
k element permutations of the set {1,2 . . . . .  n}. Each vertex xax2.. .xk in G(n,k) has 
n - 1 outgoing arcs and endpoints X 2 X l X  3 " • " X k ,  X 3 X I X 2 X  4 • • • X k ,  . . . , X k X l X  2 • • . X  k _ l  and 
mxlx2.. "Xk-i for each m in {1,2 . . . . .  n}\{xl,x2 . . . . .  xk}. 

Theorem 40 (Jiang and Ruskey [47]). The arrangement graphs A(n, k) are hamiltonian- 
connected for all 1 <~ k <~ n - 2. 

Theorem 41 (Tchuente [79]). The arrangement graphs A(n,n - 1) are hamiltonian 
laceable. 

Theorem 42 (Wong [87]). The k-ary butterfly graph BF(k, n) is hamiltonian-laceable 
when n is even and hamiltonian-connected when n is odd. 

Theorem 43 (Jiang and Ruskey [47]). The Faber-Moore digraphs G(n,k ) are hamil- 
tonian for all 1 <~ k <~ n. 



14 S.J. Curran, J.A. GallianlDiscrete Mathematics 156 (1996) 1-18 

10. Miscellaneous 

A Coxeter presentation for a group is a presentation (see [39, p. 389]) of the 
form (R1,R2 . . . . .  Rn [ RiR~ (i'j)= e, where m(i, i ) =  1). The next theorem is a corrected 
version of a result of Conway et al. [20]. Their original statement was that in finite 
groups of isometrics in euclidean space every Cayley graph generated by reflections is 
hamiltonian. However, both Ruskey and Savage [76] and Reiner [74] have pointed out 
that their proof requires that the generating set give a Coxeter presentation for the group 
and although every finite group generated by reflections has some Coxeter presentation, 
not every set of generators that are reflections gives a Coxeter presentation. 

Theorem 44 (Conway et al. [20]). Let S be a set of  generators for a finite group that 
gives a Coxeter presentation for G. Then the Cayley graph Cay(S:G) is hamiltonian. 

Glover and Yang [42] have investigated the Cayley graph of the group PSL2(p). 

Theorem 45 (Glover and Yang [42]). Let G = PSL2(p) with the generating set S = 
{a,x} where a 2 = x  p = (ax) 3 = e. Then the Cayley graph Cay(S:G) is hamiltonian. 

Research Problem 5 (Chen and Quimpo [18]). Characterize the hamiltonian-connected 
Cayley graphs of order pq, where p and q are primes. 

Research Problem 6 (Chen [15]). Does every 4-regular hamiltonian graph contain 
more than one hamiltonian cycle? 

Research Problem 7 (Chen [15]). Does every regular hamiltonian graph other than a 
cycle contain more than one hamiltonian cycle? 

Chen [15] has shown that every hamiltonian cubic graph contains at least three 
hamiltonian cycles. 

A graph is called edge-hamiltonian if every edge lies on a hamiltonian cycle. 

Conjecture 6 (Chen [15]). Every hamiltonian Cayley graph is edge-hamiltonian. 

Chen [15] has proved Conjecture 4 for Cayley graphs with minimal generating sets 
and for generating sets in which each element has even order. Chen and Quimpo [18] 
proved that every Cayley graph on an abelian group is edge-hamiltonian and every 
Cayley graph of order pq, where p and q are primes, is edge-hamiltonian. 

Research Problem 8 (Rasmussen and Savage [73]). Is every nonbipartite Cayley graph 
with minimum vertex degree at least 3 hamilton-connected? 
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