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ABSTRACT

We consider maps in the tangent family for which the asymptotic values are eventually mapped
onto poles. For such functions the Julia set J(f) = C. We prove that for almost all z & J{f) the limit
set w(z) is the post-singular set and f is non-ergodic on J(f). We also prove that for such f does not
exist a f-invariant measure absolutely continuous with respect to the Lebesgue measure finite on
compact subsets of C.

1. INTRODUCTION

The Fatou set F(f) of a meromorphic function f : C — C is defined in exactly
the same manner as for rational functions; F(f) is the set of points z € C such
that all the iterates are defined and form a normal family on a neighborhood
of z. The Julia set J(f) is the complement of F(f) in C. Thus, F(f) is open, J(f)
is closed, F(f) is completely invariant while f~1(J(f)) = J(f) \ {oc} and
S\ {oc}) CJ(f). For a general description of the dynamics of mer-
omorphic functions see e.g. [1]. We would however like to note that it easily
follows from Montel’s criterion of normality that if f : C — C has at least one
pole which is not an omitted value then

(LY I = U f7(c0).

n>0

The post-singular set of f i.e. the closure in C of the forward orbit of the set of
singularities of /!, is denoted by P(f). If z is a point which belongs to the do-
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main of the definition of each iterate of f we denote by w(z) the set of cluster
points of the sequence (f"(z)),cy in C. Let dist,(z, 4) denote the distance of

the point z to the set A C C with respect to the chordal metric x. In ([3], The-
orem 6.2) there is proved a very important characterization.

Theorem 1.1. If f is a rational function of degree > 2 or a transcendental mer-
omorphic function then at least one of the following statements holds:
() lim,_, o dist, (f"(z), P(f)) = 0 for almost all z € J(f);
(i) J(f) = Cand forall A C C of positive measure the set {n € N : f"(z) € A}
is infinite for almost all z € C.

It may be difficult to decide which of statements (i) or (ii) applies to a given
meromorphic function. It can also occur that both statements hold for a mer-
omorphic function. Note that in the case (i) f is ergodic and recurrent. For
example if the set of singularities of ! is finite and each singularity is pre-
periodic but not periodic then statement (ii) holds for f and w(z) = C for al-
most all z € C. The more general results giving sufficient conditions for maps
to be ergodic is proved in [6] (see Theorem 1, p.133).
We consider a holomorphic family

F ={fi(z) = Atanz, A eC* z€C},

where C* := C — {0}, which is called the tangent family. The singular sets S,
contain exactly two asymptotic values, the omitted values 4-Ai. The pre-image
of a punctured neighborhood of Ai (resp. —AJ) is an upper (resp. lower) half
plane. It follows from the symmetry of the tangent function that the forward
orbits of these asymptotic values are symmetric with respect to origin.

To simplify notation we write F, Jy, w) for objects associated to functions in
F. All functions in the family have the same poles; we use the notation
Pk =5+ km, k > 0for the poles on the positive axis and —py for the poles on the
negative axis.

The symmetry of the maps with respect to 0 implies that the Fatou set £ and
the Julia set J, are symmetric with respect to the origin. In [5], the stable be-
havior of functions in F was completely characterized. We define the sets:

(12)  Co={oc}, Cp={N:ff(M)=o00}p>0, C= ['Oj C,.

Points in C, are called virtual centers of order p. The hyperbolic maps form a
natural and important subset of . In this family these maps can be character-
ized as

H ={X € C": £, has an attracting periodic cycle}.

We denote a connected component of H by {2 In [5] section 8, the hyperbolic
components are enumerated in terms of the sets defined in (1.2). We recall the
following results proved in ([5], Proposition 8.11, Theorem 8.12)
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Theorem 1.2. The virtual centers ¢, € C, _y are in one to one correspondence with
pairs of hyperbolic components ({2, LQ;) In $2, each function has a pair of periodic
cycles of period p and each attracts the orbit of an asymptotic value whereas in !21’,
each function has a single attracting cycle of period 2p which attracts both
asymptotic values. The virtual center c, € C,_1 is a common boundary point of
(12,, “Qz;) The virtual center cy is the point at infinity and it corresponds to the un-
ique pair of components (£21, £21); these are the only unbounded components and
they are linked by hyperbolic components of period 2.

Thus the parameters A € C play a very special role in the family 7. The other
motivation to study maps corresponding to these parameters follows from [7],
where it is shown that if Ay € C,,p > 1, then some repelling periodic points of
period p + 1 of f; tend to a pole for A — X and for A = )y these cycles diss-
appear.

In this paper we describe the metric properties of the Julia set J) for these X's.
For A €C,,p > 1, the post-singular set Py = {A, fi(£Ai),..., {_l(iAi),
SL(£X) = oo} and J, = C. Set

L(f)=4{z¢C: mli_r)noofm"(z) =00}, n>1.

It follows from Theorem 1.1 that, if 7,(f) has positive measure, then (i) holds.
One can check that for A € C,, p > 1, f) satisfies the assumptions of Proposi-
tion 8.1 and Theorem 8.2 in [3], so

meas(l;(f3)) =0 and meas(l,,(f))) >0,

where meas denotes 2-dimensional Lebesgue measure. Thus by Theorem 1.1
w(z) C Py for almost all z € C. We prove that for these maps a stronger prop-
erty holds, namely,

Theorem A. Let A € Cp, p > 1. Then w(z) = Py for almost all z € C.

To prove ergodicity of transcendental function on its Julia set one assumes that
post-singular set is a compact repeller. If this assumption is not satisfied the
map does not have to be ergodic. For example, for f(z) = ¢ the post-singular
set is unbounded. In [9] it is proved that the post-singular set is a metric at-
tractor for almost all z € J(f) = C and f is not ergodic. One of the other pos-
sibility when the post-singular sets is not a compact repeller is the case when
the singular values are prepoles i.e. some their iterates are equal to co. The
considered maps satisfied this property. Our second main result is

Theorem B. Let A € C,, p > 1, then [y is not ergodic on Jy. There is a wandering
set of positive measure in J.

Theorem 1 in [8] provide the sufficient conditions for existence of o-finite ergo-
dic conservative f- invariant measure p equivalent with the Lebesgue measure.
In our case the assumptions of that Theorem are not satisfied. We also show
that
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Theorem C. Let A € Cy, p > 1. Then for f) does not exist a f-invariant measure

absolutely continuous with respect to the Lebesgue measure finite on compact
subsets of C.

2. PRELIMINARIES

We need the following version of Koebe’s Theorem (compare [4])

Theorem 2.1. Let f : B(zy, p) — C be a holomorphic univalent map, 0 < n < 1.
Then for z € S(zg,m0) = {z € C: |z — zo| = no}

) 1f1(2)Ine < 1f(2) = f(zo)] < L if (Z)Ifm

a+ )2
L2 147
@) 5 3<|f ol <oy
(iii) arg(f )) <21n(1+")

and its straightforward corollaries.

Lemma 2.2, Let f : B(zp, 0) — C be a holomorphic univalent map, 0 < n < 1.
Then for all A C B C B(zgy, np) holds
_,meas(4) < meas(f(A)) ,meas(4)
meas(B) ~ meas(f (B)) meas(B)’

, 4
— SUP:enian) @ (m)
where L = 18, € Bz 11/ @1 = \I=7) °

Lemma 2.3. Letf : B{zy, 0) — C be a holomorphic univalent map. Then
B(f(z0), /" (z0)]e/8) C f(B(z0,0/2)) C B(f(20),2|f"(20)]0)-

We recall lemma stated in [10]

Lemma 2.4. Foreachk € N let E; be a finite collection of disjoint compact subsets
of R%, each of them has positive 2-dimensional measure, and define

U E, E=() E
FcE; k=1
meas(Eg4 NF)

density(Eg41,F) = meas(F)

Suppose also that for each F ¢ E,, there exists F' € Ey., and a unique
F" e E,_ysuchthat F' C F C F" then
(1) if for every F € E, density(Ex.1,F) > A, then density(E,Ey) >

IT=0 A
(2) if for every F € Ey, density(Eg41,F) < A}, then density(E,Ey) <

IIiZo 4¢
We will use the following property of infinite products.

Lemma 2.5. Leta; >0,i€Nandy ;2 ja; =5 < 1/2. Then
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0 (1-a)>(1-2)

i=0

Proof. Define b, := [];_,(1 — &;). Then

~lnb, = Enj -In(l — @) < Zi a,.
i=0 i=0
The last inequality is a consequence of the property — In(1 — x) < 2x which
holds for x € (0,1). Since the sequence —Inb,, n € N, is increasing there exists
b =lim,_ « b, and b < 25. Consequently e~? > ¢=%, To finish the proof it is
enough to observe that e > > 1 —2sfors € (0,3). O

Assume X € Cp, p > 1, and for readability omit the subscript A. Then J(f) = C.
We consider a new map S(z) := f?+!(z) defined on J \ U5 _, /(o). Set

g = N(2T]) £E=d md el =g o oal)

Then ¢(0) = —1, since f7~1(\i) is a pole px =%+ km, and also f7+1(z) =
g1 © poga(z). Let ¢ > 0 be large enough such that S(z) is well defined for z sa-
tisfying [Imz| > c and

(2.1)  Ve—o. o1 Im(FEOE))| < c

and ¢ is univalent on the disk B(0,e%). Let g := e, and M := |;‘,‘(AO|)| . Choose
yo such that
(2.2) Yo > ¢,
(2.3) >1 3
. Yo + M
aM 1
24)  yo>—+2 +,
Q Q
(25) Yo > 4Ma
(26)  yo>32v21
and define the sequence of real numbers y; = -1 y_; = —e@*-1 for k > 1.

We also define for k& # 0 the families of sets.
Vie={z = x+iy; ypy+ 20p-1 < | £ vpg1 — 2y, sgny = sgnk}
Vi ={z=x+iy e Vi; (sgnk)s+nm+3/yy < x
< (sgnk)s + /2 + nm — 3y}
Vi i={z=x+iy € Vi; (sgnk)s +n/2+nm+3/yp < x
< (sgnk)s + (n+ )7 — 3/y },
where s = §if

—ImARep’(0) + ReAlmp’(0) =0 and ReARey’(0) 4+ ImAImep’(0) > 0,
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or s =3 if
—ImARep’(0) + ReAlmp’(0) =0 and ReARep’(0) + ImAImep'(0) < 0.
Otherwise s is chosen such that

ReARey’(0) + ImAImep'(0)

2235 = Zjm3Rep (0) + ReNmp/(0)

and se€ (0,7/4)U(3r/4,7) if —ImAReyp’(0) +ReAlmyp’(0) >0, and s€
(n/4,3n/4) if —ImAReyp’(0) + ReAlmp’(0) < 0.

Theorem 2.6. Fork >0
() ifze V' then S(z) € Viy1andifz € Vi then S(z) € V_4 1),
(i) ifze V', then S(z) € V_ g1y andifz € V2 then S(z) € Vi1

To prove Theorem 2.6 we need the following Lemmas.

Lemma 2.7. For z € C such that y = Im(z) > yo the following inequalities are
satisfied:

(2.7)  |S(z) + Ai| > M( 2 + Elle_y)

(2.8)  |S(z) + Al < M(eZy +24 5215>

Proof. Let n=e % /p then 5 € (0,1). Since ¢ is univalent on B(0, p), we can
apply Theorem 2.1 to . Then for £ — 0} = ng we get

1’ (O)ne _ l"(0)|ne
el CCRR B 2
where ¢(0) = —1. Thus

1(6(©) + M| = 2N .

and if £ = g»(2) it follows

— 2 2
M(l__zl+_77> < |S(z) + M| < M<1_+_2ﬁi) 0
ne ne

Lemma 2.8. Let z=x+iy, z/ =x'+iy". Suppose |y| >y V'|> v+
2yk_1, k> 1and

(2.9)  |sin(arg(Sz’ + )| > 1/
then

ImSz'| > |ImSz| + 2yk 1.
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Proof. We only will consider the case when y,y’ > 0. Otherwise one can use
property
Im(Sz)| = [Im(S(—2))|

which holds as S is an odd function. Using (2.8) and (2.5), we can estimate as
follows

[ImSz| < |Sz| < |8z + M|+ |A| < M(e¥ +2/0+ 1/(0%¢)) + ||
< Me” +2M/p+1/0* + ).
Analogously, using (2.9) and (2.3) along with (2.4) we get

ImSz'| > [Tm(Sz’ + Ai)| — |A| = |sin(arg(Sz’ + Xi))| - |Sz’ + Ni| — | )|

> M@ =2/ + /(@) - N 2 o M- 2 /g~ A

> Me?y —2M /o — |\ = Me®(1+3/M) —2M /g — |A
> Me” + 2y 1 +v0—2M/o— |\ > Me¥ +2M [0+ 1/ 0* + |\ + 2ye11
> |ImSz| + 2y 1. O

Lemma 2.9. There is a constant b such that for all k > 0 and yo > b it holds:
() ifz € V| thenIm(Sz) > 0 and arg(S(z) + Xi) € 2/yx,m — 2/k).
(i) ifz € V thenIm(Sz) < 0 and arg(S(z) + M) € (7 +2/yk,2m — 2/ k).

Proof. Fix k € Nand n € Z . We will show that each point z which belongs to
the half-line
Le={z=(s+nm+3/y) +1y; y€R, y = yo}
has the property that
arg(Sz + Mi) > 2/y.
We also consider a half-line
L={z=s+nr+iy; y€R, y >y}

Then g;(z) = €l%) = ¢=¢™ maps these straight-lines onto rays starting at 0
ie. go(L) = e ¥ and go(Ly) = e 22675 y > yo. Since |x — (s + nm)| =
we get

3
i’

ace(e(D) - are(ex(L)] =5

The function ¢ : B(0, 9) — C maps the rays g,(L) and g,(Ly) onto curves
starting at ¢(0) = —1. Let L’ and L; be the half-lines tangent respectively to the
curves {g2(L)) and ¢(g2(Ly)) at zo = —1. Hence
L’([) = — 1 + tei{arg(w,(o))‘i‘zs]’ t > 0
(2.10) ‘ , B
L) = — 1 + /BB O+ 2546 4> g
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Since ¢ is a univalent holomorphic map in B(0, p), the angle between L’ and L
is the same as the angle between go(L) and gy(L;) and is equal to 6/yx. Fix
z € Ly and define z; = g5(z). Then :

(2.11)  ¢(z1) = —1+re?, r>0.

Define arg(L’) := arg(¢’(0)) + 2s, arg(L)) := arg(e’(0)) + 25+ 6/yr. We
claim that there exists b such that if yg > b, then

(212) |0 - arg(L))| < 2/n.
It implies that
(213) [0 —arg(L")] > 2/,

since

6
e larg(Ly) —arg(L')| = |arg(L;) — 6+ 0 — arg(L')|.

The half-line L' is mapped by g(z) := —\i (jﬂ) onto half-line starting from
—Ai. We choose s such that gy (L'} is parallel to the real axis R, i.e. Im(g;(L')) =
Im(—Ai). One may check that s = §if

—ImMRep’(0) + ReAlmyp’(0) =0 and ReARey’(0) + ImAImep’(0) > 0,

ors:%fif

~ImARey’(0) + ReAlmep’(0) =0 and ReARep’(0) + ImAImy’(0) < 0.
Otherwise s is chosen such that
ReARep’(0) + ImAIme’(0)
—ImARep’(0) + ReAlmyp’(0)

and s¢ (0,7/4)U (3r/4,7) if —ImARey’(0) + ReAlmp’(0) >0, and se
(n/4,37/4) if —ImAReyp’(0) + ReAlmp’(0) < 0. Consequently for S(z) =
g1(i0(z1)) we get S(z) = —Xi + te”¥ for some 7> 0 and 0 < ¢ < 27. Then by
.13)

(2.14)  arg(S(z) + i) > 2/w

tan(2s) =

and we are done. One can check, using similar arguments, that each point z
which belongs to the half-line

3
L= {Z= <S+(n+1/2)7f—-y-> +1iy; y €R, yZyo},
k
has property

(2.15)  arg(S(z) + X)) < m—2/x.

We choose b such that for yo > b the images S(Ly), S(L}) are above the line
parallel to the real axis, passing trough —Ai. Also the images of the points be-
longing to ¥, and contained in the strip bounded by lines Ly, L} and the line
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y = yp have the same property, i.e. Im(S(z) + Ai) > 0. It follows from (2.14) and
(2.15) that these points satisfy the assumption (2.9) of Lemma 2.8. Since
yo > |Im()\i)| by the assumption (2.1), Lemma 2.8 implies that Im(S( ) > 0.

Now we prove the claim. Choose r such that 1/¢” < o. Set n = ;. Then by
Theorem 2.1 (iii) for £ € B(0,1/e") we obtain

arg <:zf8> ‘ < Zln%;f—n = o(1/r).

In 1+n
I4n _ -1
where In =] = o(1/r) since lim, o~ = 2. Hence, enlarging b if it is necessary,

for r > b and for all ¢ € B(0,1/¢*) we get inequality
w’(f)) ‘
ar <1/r.
o( o) <

Bi(t) =z - t,t € [0, 1],

where z; was defined above and consider the curve 3(t) = f;(,ﬂ(é]gtz)l) ,t€0,1].
. eZiz
Since 5o(1) = £l and  B2(0) = g then Ba(1) - 52(0) = et
consequently

(2.16)

Set

, and

212
(2.17)  arg(Ba(1) — $a(0)) = arg ((—(0))—11—) _ arg(p(z) + 1) — arg(LY),

where arg(L;) was defined above. By (2.16)
larg("(B1(1)) /" (O)] < 1/¥k-

Using (2.17) and the following inequality
larg(52(1) — A2(0))] < max larg(B5())1,

we obtain

eZiz
ase (A5 00| < max fara(34(0)] =
max larg (" (B1(9) /" (O] < 2/,

This proves (2.12) and finishes the proof of part (i). The proof of part (ii) is
analogous. [l

From now we will assume that

(2.18)  yo>b.

Proof of Theorem.
Case (i). Suppose z € V7 U V-, for k > 0, then vl < ¥k+1 — 2yr. We must show
that

[Im(Sz)| < yk+2 = 2k+1-
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Since
ImSz| < |Sz| < [Sz+ A + |A,

and using (2.8) together with (2.5) and (2.4) we get
[ImSz| < i 2M/ (s 1)’ +2M /0 + 1/ + |

Syk+2/2‘"yk+2/4+2M/Q+ 1/@2+ |)\|
<Ve+2/2 < Yret2 — 2941

If z € V) UV, then |y| > yi + 2yk—_1. It follows from the proof of Lemma 2.9
that if yo > b then Property (2.9) holds for S(z). Then the assumption of
Lemma 2.8 are satisfied. So

Im(Sz)| > 2pr11 > yiy1 + 20

and consequently S(z) € V41 U V_g1). The proof of case (ii) follows from (i)
and the property that S(z) is an odd function. [

3. PROOF OF THEOREM B

We define a family G = {Q,.m); m, n € Z}, where Q, ) is a square bounded by
straight-lines

x=s+nm, x=s+m+)m, y=mnr, y=m+)r
ifm>0or
x=-s+nr, x=-s+m+lm, y=mn, y=(m+Unr

if m<0. Let Q €G be such that Q C V, U V_; for some k€ N, k £0. Let
" € {'—17 1}3
ZHQ) ={Q'€G: Q' cIntS(@NV)},

PH(Q) ={z € Q: Sz Z4(Q)}.

For each i > 1 define
G =(00,...,0i-1), 6, €Z%,j=0,...,i—1
Bo=(po,-- - pi-1), iy € {-1,1},j=0,...,i—1,
PQ):={z€ Q:Fze PHi(Q,), j=0,...,i— 1},
Ey(Q) = {0},
E{(Q) := {Pg(Q) : 7, T have a length i},

E(Q) = ﬁo E(Q)

where

E(Q)=UE(Q)
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E:=U{E(Q):Q¢€G, 3 O C Vi}.

G= U f(E)

i= 00
Lemma 3.1. Let z € C be such that |Imf™(2)| > yx — 2y -1,k > 1. Then
ny/ >y_k
U @) 22

Proof. Let ¢ be a holomorphic branch of the inverse map (f 7)~! mapping f™ (z)
onto z. Then ¢ is univalent in a ball B(f"(z),%). By Koebe i-Theorem

S(B(f"(2),%)) D B(z,%|¢'(f"(2))]). Since ¢(B(f"(2),%)) is contained in the
strip of w1dth 7 we obtain that 3% |¢'(f"(z))] < /2. It 1mphes that

618U <
Vi
and consequently |(f")'(z)| > %. O

Lemma 3.2. For every Q € G contained in Vi

137

meas(Q\ (PT(Q)UP(Q))) < —
Yk

Proof. It follows directly from the definition that

(3.2)  meas(Q\ (VyuV) < 4— 12m
Vi yk

Since S(Q N V) \ \JZ*(Q) is contained in v2m-neighborhood of 3S(Q N V)
then (QN V) \ P*(Q) is a subset of v2rK-neighbourhood of 8(QnN V),
where

K= max (S (2)]
zesenvNU z#(0)

and S~! means a holomorphic branch of the inverse function mapping
S(@N V})onto QN V. It together with (3.1) implies that (O N V) \ P*(Q) is
contained in *¥<&- */_“Z nelghborhood of 8(Q N V). Therefore

8\/—772 32\/_71'

Yi+1 Ye+1

meas((Q N V) \ PA(Q)) <

Thus by (3.2) and (2.6) we get

meas(Q \ (PH(Q) U P~(Q))) < 2% 4 32Y2m 13T
Yk Vi+1 Vi
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Lemma 3.3. There exists a constant Dy > 0 suchthat foryg > D), Q€ G QO C V4,
F ¢ E{(Q) and i > 0 holds

meas(Fi,1(Q)NF) S

density By, 1(0),F) =P S 2 1

Proof. Suppose F € E;(Q) then S'(F) is a square contained in V; with sides of
lenght 7, where |/| = [k| 4 i. By Lemma 3.2

137

Yk +i

(33)  meas(S'(F)\ S'(£i+1(Q))) <

Let ¢ be a holomorphic branch of S~/ mapping S'(F) onto F. Let z; be a center
of S'(F). We consider a ball with center at z; € S*(F) and radius r = 2. Then

(F) C B(z;, 22

Since ¢ is univalent on B(z;, r) it has a bounded distortion on B(z;, 5). It follows
from Lemma 2.2 and (3.3) that

meas($(S'(F) \ S"(Ei+1(Q))) _ <1 + n)smcaS(Si(F) \ S'(Ei+1(0)))
meas(¢(S'(F))) “\l-7 meas(S/(F))

8
< (ﬂ) 21371' .
1 =7/ mYK+i

Y;Tlﬁr—-' So we can choose D, such that for y; > Dj thesis holds. []

where 77 :=

Lemma 3.4. There exists a constant D > D such that for yo > D, Q€ G, Q C V}
holds

meas(E( )ﬂQ) 12

density(£(Q), Q) := meas(Q) ~ yu

Proof. Fix k& # 0 and assume that yy > D;. It follows from Lemma 2.4 and
Lemma 3.3 that

density(E(Q), Q) > 10__0{( > )

Ykl +i

To get a lower bound on [];2, < ) it is enough to find an upper bound on

s Vil +
Yoo y;k;+ . Since
x5 x5 x5 5 21 S5p0 1
< Sy <y = —
Eo ViKl+i Eo it iZ:O vt T m ; Yoo vo—1lyp
there exists D > D such that Y ;- J’\k|+ < y|k1 S for yy > D. It follows from (2.6)

that 6 < 1/2. Hence by Lemma 2.5 we get

114



00 12
I1 <1 _2 ) >1-—. 0O
i=0 Ykl +i YIk|

As a consequence of this Lemma we get the following Proposition.

Proposition 3.5. meas(E)} > 0.

Further we will assume that

(34)  yo>D.

Theorem B. Let A € C,, p > 1, then f) is not ergodic on J). There is a wandering
set of positive measure in J.

Proof. We will show that there exist two sets Qf, Q5 contained in E which for-
ward trajectories are disjoint. Fix £ > 0 and choose two squares Q;, Q> C
Vi U V_; such that

(i) meas(Q,NE) >0,

(i) forall z; € Qy, z2 € Q7 holds |Im(z;)| — [Tm(z3)| > 2y 1.

Denote Q; := Q;NE, i =1,2. We will show that for all integers j € N the
following conditions are satsfied

(a) SjZi S Vk+jU V—(k+j)a i=12,

(b) [Im(S7(z1))| — [Im(S/(22))| > 2pic;-1.

The proof is by induction. For j = 0 the conditions (a) and (b) are just the
assumptions (i) and (ii). Let now assume that a), b) holds for j = n. Since E is
forward invariant for S thus §”(z;) € £ and by the assumption S"(z;) €
Vietn U V_(k4n). Theorem 2.6 implies that $"*'(z;) € Viqns+1U Vi n1)- For
J = nit follows from (b) that

[Tm(S™(z1))] — [Tm(S™(22))| > 2pk+n-1-

Since 8*(2;) € Viyn U V_(k4.n) thus analogously as in the proof of Lemma 2.9
we can show that

| sin(arg(S*1 1 (z) + )| > ——.
Yi+n

Thus the assumption (2.9) of Lemma 2.8 is satisfied. Therefore
Im(S" ! (z0)] = Im(S"* 1 (22))] > 2vkns1 > koan

what gives the condition (b) for j = n + 1. Therefore the forward trajectories of
Q[ and Q; are disjoint. Their great orbits are also disjoint. So Q and Q; are
wandering subsets of J) of positive measure. Define Q':=J2, S/(0Q)),
Q"= Uf; S/(Q3). They are invariant, disjoint sets of positive measure. It
implies that f) is not ergodicon J(3) =C. [

4. PROOF OF THEOREM A

Lemma 4.1. For almost z € C there is a sequence of integers ny — oo such that
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[Tm /™ ()| — oo,

Proof. By Theorem 1.1(i) for almost all z € C there is an asymptotic value
a € {\i,—Ai} and a sequence of integers n; + 1, m+ 1,...,(n + 1),... such
that | f™*1(z) — a| — 0 and consequently |Imf"(z)| — co. [

Lemma 4.2.

meas(C \ G) =0.

Proof. Suppose to the contrary that meas(C \ G) > 0. So there exists a density
point z of C\G. By Lemma 4.1 there are two sequences of integers
ny € Ny — oo and Iy € Z,ly — oo satisfying

Vi, = 2y, -1 < |Imf™(2)| < yp 41— 204,

Ix — oo. Let ¢,, denote the a holomorphic branch of the inverse map /%
sending z,, = f"(z) to z. Let K,, be a square with center at z,, and sides of lengh
Sy[k_1. Then

|
meas(K,, N J Vi) > imeas(K,,k),
i€Z.

where Z, := Z\{0}. It implies that for

K, ={z€Ky:30€G, zcQCK, N |J Vi}

ieZ,

the following inequality is true

1
meas(K, ) > Zmeas(Knk).

From Lemma 3.4 we have that for Q C J;.z, Vi

meas(QN E) > %meas(Q).

Hence
, 1
meas(K, NE) > -meas(K,,).
The map @, is univalent on the disc B(zy,,2r,) where r, =3idiam(K, ) =

4\/§ylk 1. Also the distortion of ¢, on disc B(z,,,r, ) is universally bounded.
By Lemma 2.3

B(z, pn./4) C ¢(B(zn,Tw,)) C B(z,4pn,),

where py, = |$,, (2, )|7n,- Then, using Lemma 2.2,
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meas(B(z,4p,,) N G) - meas(B(z,4py,) N G) N meas (Cf)(B(ana Tme)) 0 G)
meas(B(z,4p,,)) ~ 162meas(B(z, 04, /4)) ~ 162 meas(qS(B(znk,rnk)))

meas(B(zy,, ) N G) meas(K, N E) 1
= 812162 meas(Blzy, 7)) — 812162(x/2)meas(Ky,) = 8 - 812162(r/2)

> 0.

Moreover by Lemma 3.1 we get

4\/§y1,(A1

—0 for k— o
yzk/gﬂ'

pnk <
Since z is a density point of C \ F this leads to a contradiction. [
Theorem A. Let A € Cy,p > 1. Then w(z) = Py foralmostall z € C.

Proof. We will show that

meas({z € E : wg(z) # P»}) =0.

Let Q be a square in G such that Q C V;. Denote:

Ey ={0},

Ef = {P;(Q) : 11,5, have length i, y =1, j=1,...,i~ 1},

E; ={P}(Q): fi,d, have length i, y = —1,j=1,...,i— 1},
Analogously as in Lemma 3.3 we can control distortion of ™. Since for every
Q' c Vyandeach pe {-1,1}

meas(Q' N V}")

meas(Q’)

we obtain for every F € EY

1
< -
-2

Ls

2

for some L3 > 0 and |/| = |k| +i. We can assume that the constant Ls is less
then 1.5. So

density(EY |, F) < 3/4.

density(EY, |, F) < Ladensity(Q' NV}, Q") <

I
i+1

Consequently by Lemma 2.4

38

(4.1)  density(( E¥ E}) =0.
i=0

Set Z:={z€G: w(z)# P}, W(Q)=NEUNE;.Then

i

zZcl { E_OJ f7(W(Q): Q€ G, QC ¥ for some k}.

=00

Since meas(W(Q)) = 0 by (4.1) then also meas(Z) =0. [
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5. PROOF OF THEOREM C

Suppose there exists an invariant measure g absolutely continuous with respect
to the Lebesgue measure. It follows from Lemma 4.2 that meas(C\ G) = 0.
Thus also u(C\G)=0, so pu(G)#0. Since G=J;.;f*(E), then
w(Ugez SH(E)) #0. It implies that u(E) # 0. Suppose to the contrary that
p(E) = 0. Since p is f-invariant, then u(f*(E)) = u(E) = 0 for all k < 0. For
k > 0 we have S(E) = f¢+V%(E) C E, so u(f®+Y*(E)) = 0. Now we consider
fle+k=a(g) C fa(f P+ V((E)) = f~2(S*(E)) for g =1,...,p. Again since
is f invariant, p(f®+Y%~9(E)) =0. Thus p(U,.z fF(E)) =0 and we get a
contradiction.

Denote Ax = {z:|Im(z)| > yx},k > 1. Then E C 4; and S/(E) C 4; for
7 € N. Note that S™*(S*(E)) D Eso u(4x) > u(E). Since f(Ay) is contained in a
union of two balls B(Ai, pr) U B(—Ai, p), where p; > p; > ... and p; — 0 for
k— oo, then {M,—=Ai} =5 BN, o) UB(=Xi,p) and p({i,—-Ai}) =
limy, _ oo (B(AL, pr) U B(— i, pr)) > w(E). It leads to a contradiction with the
definition of absolutely continouos measure with respect to the Lebesgue mea-
sure.
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