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1. Introduction

In this paper we consider some classes of non-associative algebras. There exist several classes of
non-associative algebras (baric, evolution, Bernstein, train, stochastic, etc.), whose investigation has
provided a number of significant contributions to theoretical population genetics. Such classes have
been defined at different times by several authors, and all the algebras belonging to these classes are
generally called “genetic”. Etherington introduced the formal language of abstract algebra to study of
genetics in his series of seminal papers [2-4]. In recent years many authors have tried to investigate
the difficult problem of classification of these algebras. The most comprehensive references for the
mathematical research done in this area are [11,12,15,16].

In [11] an evolution algebra A associated to the free population is introduced and using this non-
associative algebra many results are obtained in explicit form, e.g. the explicit description of sta-
tionary quadratic operators, and the explicit solutions of a nonlinear evolutionary equation in the
absence of selection, as well as general theorems on convergence to equilibrium in the presence of
selection.

In [15] a new type of evolution algebra is introduced. This evolution algebra is defined as follows.
Let (E, -) be an algebra over a field K. If it admits a basis eq, ey, ..., such thate; - e; = 0, if i # jand
e - e; = > i Qikey, for any i, then this algebra is called an evolution algebra.

In this paper by the term evolution algebra we will understand a finite dimensional evolution algebra
E (as mentioned above) over field R.

Evolution algebras have the following elementary properties (see [15]): Evolution algebras are not
associative, in general; they are commutative, flexible, but not power-associative, in general; direct
sums of evolution algebras are also evolution algebras; Kronecker products of evolutions algebras are
also evolution algebras.

The concept of evolution algebras lies between algebras and dynamical systems. Algebraically,
evolution algebras are non-associative Banach algebra; dynamically, they represent discrete dynamical
systems. Evolution algebras have many connections with other mathematical fields including graph
theory, group theory, stochastic processes, mathematical physics, etc.

In the book [15], the foundation of evolution algebra theory and applications in non-Mendelian
genetics and Markov chains are developed, with pointers to some further research topics.

In [13] the algebraic structures of function spaces defined by graphs and state spaces equipped
with Gibbs measures by associating evolution algebras are studied. Results of [13] also allow a natural
introduction of thermodynamics in studying of several systems of biology, physics and mathematics
by theory of evolution algebras.

The paper is organized as follows. In section we give main definitions related to a chain of evolution
algebras. Therein we give several examples (time homogenous, time non-homogenous, periodic, etc.) of
such chains. For a periodic chain of evolution algebras we construct a continuum set of non-isomorphic
evolution algebras and show that the corresponding discrete time chain of evolution algebras is dense
in the set. In Section 3 we obtain a criteria for an evolution algebra to be baric. The concept of a
property transition is introduced in Section 4. This section also contains several chains of evolution
algebras for which we describe the behavior of the baric property depending on the time. For a chain
of evolution algebras given by the matrix of a two-state evolution we define a baric property controller
function and under some conditions on this controller we prove that the chain is not baric almost surely
(with respect to Lebesgue measure). We also construct examples of the almost surely baric chains of
evolution algebras. We show that there are chains of evolution algebras such that if it has a unique
(resp. infinitely many) absolute nilpotent element at a fixed time, then it has unique (resp. infinitely
many) absolute nilpotent element any time; also there are chains of evolution algebras which have not
such property. In the last subsection for an example of two dimensional chain of evolution algebras
we give the full set of idempotent elements and show that for some values of parameters the number
of idempotent elements does not depend on time, but for other values of parameters there is a critical
time t. such that the chain has only two idempotent elements if time t > t. and it has four idempotent
elements if time t < t..
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2. Definition and examples of CEA

Consider a family {E[S't] s, teR, 0<s < t} of n-dimensional evolution algebras over the field
R, with basis eq, . . ., e, and multiplication table

eieizM,-[S’t] Za[”] i, i=1,...,n; ee =0, i#]. (2.1)

Here parameters s, t are considered as time.

Denote by Mistl = (ai[js’t]), - -the matrix of structural constants.
i,j=1,...,n

Definition 2.1. A family { Estl: s teR, 0< } of n-dimensional evolution algebras over the

field R is called a chain of evolution algebras (CEA) if the matrix M!St of structural constants satisfies
the Chapman-Kolmogorov equation

M = pB T B8 forany s <7 <t (2.2)

If p; is a projection map of Els-t] which maps every element of Elst to its e component, then Eq.
(2.2) can be written as

[s,t]

M; Zp] M[s T])M o t], forany s <71 <'t. (2.3)

j=1

Definition 2.2. A CEA is called a time-homogenous CEA if the matrix Mis:tl depends onlyont —s.In
this case we write M5,

Definition 2.3. A CEA is called periodic if its matrix M!St is periodic with respect to at least one of
the variables s, t, i.e. (periodicity with respect to t) ML = ALt for all values of t. The constant
P is called the period, and is required to be non-zero.

Remark 2.4. In general, an algebra Al can be given by a cubic matrix Mist = (ai[ﬁét]),-j fei

of structural constants. Our Definition 2.1 can be extended to A*!! using analogues of the Chapman-
Kolmogorov equations for quadratic operators (see [6,7,14]). Since in the general case there are two
types of the Chapman-Kolmogorov equations: type A and type B [6], one also can define two types of
chain of (general) algebras using the Chapman-Kolmogorov equations of type A and type B, respectively.

In this paper we shall only consider CEA, which is more simple than general case, because it is defined
by quadratic matrices.

The CEA corresponding to a Markov process

Let {M[S't], 0<s< t} be a family of stochastic matrices which satisfies the Eq. (2.2), then it
defines a Markov process. Thus we have

Theorem 2.5. For each Markov process, there is a CEA whose structural constants are transition probabil-
ities of the process, and whose generator set (basis) is the state space of the Markov process.

If M5t does not depend on time (i.e. = M) then the CEA contains only one evolution algebra E.
Note that for a Markov chain defined by M the corresponding E has been studied in [15].
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Now we shall give several concrete examples of CEA.

Example 1. To show a time dependent CEA we use the following example of time homogenous Markov
process (see [10]) : for n = 3 consider

[t]
a;

2 -3 (t)+1 i=1,2,3
= —e cos(o - i=1,2,3;
3 3

1 1 1
agg = agg] = agal e (\/§ sin(at) — 3 cos(at)) + 5;

3 1 1
all = gl = gl = =24 ( sin(at) + = cos(at)) 3

J3
whereA > 0,0 = */gA

LetEl ¢ > 0be the corresponding CEA. Itis easy tosee that E [t] has an oscillation behavior depend-
ing on tlme t. Moreover lim¢— 400 E!l = E, where E is an evolution algebra with the multiplication
table

2 2 ) 1 .
e =€2=€3=§(€1+82+83), ejej =0,i #j.

The CEA corresponding to a family of matrices which do not define a process.

Example 2. We shall give a time homogenous CEA which are different from CEAs corresponding to
Markov processes. For n = 2 take

[t] [t] [t] [t] t
ayp = a4y —a[] ayp = 4y = bl

Then Eq. (2.2) is equivalent to
all = gltlglt=71  plelplt=l.

pltl — glTlplt—7] + plelgle=71

Denote f(t) = altl 4 pltl , o) = altl — pltl then the last system of functional equations can be
written as

fO =f@Of(t—=1), @) =)t —1).

Both these equations are known as exponential Cauchy equation and the system of equations has
solution f(t) = AL, ¢(t) = ', where A, 1 > 0. Consequently, al! = %()J + uh), bl = %(A[ —ub).
But this solution does not define any Markov process, in general.

LetEl] t > Obethe corresponding CEA. Depending on parameters A and u we get distinct behavior
of EI! for t — +o00, i.e. we have

Eg if 0 <A, <1,

Eq lf)\,I/L:],

lim El =1 EpifA=1,0<1n <1,
t—+400

Eipif p=10<x<1,

E~o otherwise,
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where Eg is an evolution algebra with zero multiplication; E; is an evolution algebra with multiplication
table

2 2 .
e] =e1,e; =ey, ejep =0;

Eq/ is an evolution algebra with multiplication table
2 21
el =e; = 5(e1 +e), eie; =0;
E_12 is an evolution algebra with multiplication table

2 1 2 1
e] = 5(61 —ey), e;= —5(61 —ey), ejep =0;

and E,, is a vector space which has “infinity multiplication”, or we can say that in E,, an algebra
structure is not defined. This example shows that a limit of a CEA can be non-evolution algebra.

Example 3. A two-state evolution. Now we shall give an example of time non-homogeneous CEA,
the matrix of structural constants of which also does not define any (time non-homogenous) Markov

process in general. Consider n = 2 and matrix Mt = (ai[js’[])ij_1 5 with

=1 +a6n+B60), d3 =10 —a6 - BG6.1),

24
=10 +ai -6 0), a5 =10—a6 0+ B 0). 24

In this case the Eq. (2.2) is equivalent to (see [9])
as, t) =a(r, t) + als, 7)B(t, t), (2.5)

B(s, t) = B(s, T)B(T,1), s<T <t

The second equation of the system (2.5) is known as Cantor’s second equation, it has very rich family
of solutions: B(s, t) = %, where @ is an arbitrary function with ®(s) # 0. Using this function j
for the function o we obtain

(s, t) _ a(t,t)  als, 1)
o) D) o(1)

a(s,t)
D(t)

Now denote y (s, t) = then the last equation gets the following form

y(s,t) =y(s, 1)+ y(T,0).

This equation is known as Cantor’s first equation which also has very rich family of solutions: y (s, t) =

W (t) — W(s), where W is an arbitrary function. Hence a solution M!S:t] = (a,[js’t])i 12 to the Eq.(2.2)

is given by

a0 = L4 O (W() — W(s)) + 20
n 2 o(s) )’
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s (. _ 0]
G =3 (1 Q) (W (L) — P (s)) q>(s))’
N LY P D) (W (E) — W(s)) — 2®

a7 o(s) )’

s 1, B (t)
U2 =3 (1 Q) (W () —W(s) + d)(s))'

Let EI51 0 < s < t be the corresponding to this solution CEA. This CEA varies by two parameters, for
example, if t = s we get Eltf1 = F with multiplication table e% = eq, e% = ey, e1e; = 0. Moreover,
choosing functions ® and W one can variate the limit behavior of the CEA. For example, if ® and ¥ such
that limy—, 4 oo ()W (t) = limi— o0 ©(t) = 0, then for a fixed s we have lim;_, 4 Elstl = Eq1)2,
where Eq/; is an evolution algebra with multiplication table

1
el = e% = 5(61 +e), eie; =0.

Example 4. A n-dimensional time non-homogenous CEA. Here for arbitrary n we shall give an example
of time non-homogenous CEA. Let {Al'l, ¢ > 0} be a family of invertible (for all t), n x n matrices.
Define the following matrix

misth — 4lsl (A[t])—l’
where (A1)~ s the inverse of ALl
This matrix satisfies the Eq. (2.2). Indeed, using associativity of the multiplication of matrices we
get
ST pletl — 4lsl ((A[r])flA[r]) A =1 = Al althy=1 — pylst],

Thus each family (with one parameter) of invertible n x n matrices defines a CEA E's:t1 which is time
non-homogenous, in general. But will be a time homogenous CEA, for example, if Al'! is equal to tth
power of an invertible matrix A.

Construction of a family of invertible n x n matrices Al is not difficult, for example, one can take
Al a5 a triangular n x n matrix of the form

a! o 0o ... 0

ag]] ath] o ... O

A= dd gl o
0

M G - g ]

which is called lower triangular matrix or one can take an upper triangular matrix. Then the matrices

are invertible iff a,.[f] # 0,foralli = 1,...,n and t. So this example also gives a very rich class of
CEAs.
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Example 5. Periodic CEA. To get a periodic CEA, we can consider the E s:t] constructed in Example 3,
and choose @ and W as periodic (non-constant) functions. Then corresponding CEA is periodic. In this
case for any fixed s, the limit lim;— 40 E [s:t] does not exist in general, moreover its set of limit points
(evolution algebras) can be a continuum set. We shall make this point clear as follows. Construct a
time homogenous CEA which is periodic. Consider n = 2 take

adlfl = gt = gld; gl = —pltl - glt] = plt],

Then Eq. (2.2) is equivalent to

altl = gltlglt=t) _ plelple—tl.

pltl — glelplt=7l | plrlglt—7l,

This system reminds the following identities
cost = cost cos(t — t) — sin T sin(t — 7);

sint = cos T sin(t — 7) + sin 7 cos(t — 7).

Consequently, one solution Ml = (a,-[jt])ij_1 5 to Eq. (2.2) is

el cost sint
MY = . (2.6)

—sint cost

Since that matrix is periodic with period P = 27, the corresponding CEA E[l is also periodic. Moreover
this CEA is very interesting: for arbitrary 2-dimensional evolution algebra Ej ,orE;,a € [—1, 1] with
structural constants matrix

Mi=< a :I:\/l—az)

‘ FV/1 —a? a

respectiiely, there is a sequence t, = t,(a) of times such that lim,_, o Eltnl = Ej or E; . We have
E;t # Ej if a # b. Moreover the following is true

Proposition 2.6. (1) Foranya,b € [—1, 1], a # =b, the algebras Ej and E;‘ are not isomorphic. The
algebras Ej‘ and Ei‘a are isomorphic.

(2)Foranya, b € [—1, 1], a # =%b, the algebras E;” and E, are not isomorphic. The algebras E; and
E_, are isomorphic.

o p
Proof. (1) Letp = s be an isomorphism of the evolution algebra E;L to the evolution algebra
14

El;". Here det(¢) # 0. By the multiplication table of the evolution algebras, we get the following
relation between matrices M and M;':

1
M=
b7 det(p)

X
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(@ — 1 —a2y)a® — (ay + 1 —a28)B? (ax + V1 —a2B)p? — (@B — V1 — a2a)a?
(@d — 1 —a2y)y? — (ay + 1 —a28)8% (ax + /1 — a2B)8% — (af — V1 — a?a)y?

Since det(/vlj) = 1, it is easy to see that there are two classes of isomorphisms:

e B

For the class C; the matrix /\/ll‘,|r must satisfy the following

2
M+_< b m) e V1-a

b = 3 =
1—b b —/1 = a2§ as
From this equality we get o = § = }:Z; = g if a # 0, &1 which is satisfied iff a = b. Hence

the isomorphisms from the class C; can not give an isomorphism from /\/lj' to M;. For a = 0 we get
b = 0.0necantake« = § = F1ifa = &1 and b = F1. Hence E, is isomorph to EJ;F]-
For the class C; the matrix M; must satisfy the following

_J1_—zF
et b oi-pr\ [ 1=a
L PV, gy > R

1—02%3 ay

From this equality we get § =y = —,/ }:22 = g ifa # 0, =1 which is satisfied iff a = —b. Hence

the isomorphisms from the class C, can only give an isomorphism from M;," to Mfa.
(2) The proof of (2) is similar to the proof of (1). O

Consider now discrete time n, n € N and the CEA {E[”], n € N} given by matrix (2.6).

Proposition 2.7. The discrete time CEA EM™, n € N, is dense in the set {ch, a € [—1, 1]} of evolution
algebras, i.e. for an arbitrary evolution algebra Eai there exists a sequence {ny}r=1,2,... of natural numbers
such that limy_ o0 E™ = Ef or E.

Proof. It is known that the sequences {sinn} and {cosn}, n € N, are dense in [—1, 1] (see e.g.[5]).
Henceforanya € [—1, 1] thereisasequence {ny}x=1,2,... of naturalnumbers such that limy_, o, cos(ny)
= a. The same sequence can be used to get limy_, o Eld = Ej orE,;. O

3. A criterion for an evolution algebra to be baric

A character for an algebra A is a non-zero multiplicative linear form on A, that is, a non-zero algebra
homomorphism from A to R [11]. Not every algebra admits a character. For example, an algebra with
the zero multiplication has no character.

Definition 3.1. A pair (A, o) consisting of an algebra A and a character o on A is called a baric algebra.
The homomorphism o is called the weight (or baric) function of A and o (x) the weight (baric value)
of x.
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In [11] for the evolution algebra of a free population it is proven that there is a character o (x) =
>i xi, therefore that algebra is baric. But the evolution algebra E introduced in [15] is not baric, in
general. The following theorem gives a criterion for an evolution algebra E to be baric.

Theorem 3.2. An n-dimensional evolution algebra E, over field the R, is baric if and only if there is a
column (ayjy, . . ., am-O)T of its structural constants matrix M = (a,j)ij:1 . such that a;j;, # 0 and
aii, = 0, for all i # iy. Moreover, the corresponding weight function is o (x) = @j,i,Xi,-

Proof (Necessity). Take x, y € Ewithx = > | xje;, y = 2L, yie;. Assume o (x) = >, aix;, x € E
is a character. We have
n n n n
oxy) =2 [ D ajos | xiyis oo @) =D diajxy;.
i=1 \j=1 i=1j=1

From o (xy) = o (x)o (y) we get

ajoj =0 forany i#j, i,j=1,...,n (3.1)
n
Zaijajzcxiz forany i=1,...,n. (3.2)
j=1

It is easy to see that the system (3.1) has a solution « = (a1, ..., &y) with a% + -4 a,f > 0if

and only if exactly one coordinate of ¢, say «;,, is not zero, and all others are zeros. Substituting this
solution in (3.2) we get

a,-ioa,-ozo, ifi#io,i:l,...,n;
_ 2 . s
Qigig Ui = ;s if i =1j.

From the last equations we get a;,;, 7# 0, a;i, = 0, for alli # ip and aj, = @jpj,-
(Sufficiency). Assume there is a column (ayj,, . . ., an,-O)T, such that a;y;, # 0 and a;, = O, for all

i # ip. Then it is easy to see that o (x) = aj,j,Xj, is a weight function, therefore E is a baric evolution
algebra. [

A baric algebra A may have several weight functions. As a corollary of Theorem 3.2 we have

T
Corollary 3.3. If the matrix M, mentioned in Theorem 3.2, has several columns (auj, ey amj) , j=

i1, ..., 1im, m < n, which satisfy conditions of Theorem 3.2 then the evolution algebra E has exactly m
weight functions o (x) = @y Xy, j = i1, ..., im-

There are two types of trivial evolution algebras [15]: zero evolution algebra, which satisfies eje; = 0
foralli,j = 1,...,n; non-zero trivial evolution algebra, which satisfies e;e; = 0 for all i # j and
ei2 = aj;e;, where g;; € R is non-zero forsomei = 1, ..., n. By Theorem 3.2 we conclude that the zero
evolution algebra is not baric, but any non-zero trivial evolution algebra is a baric algebra. Moreover,
there are baric evolution algebras which are not trivial.

4. Property transition

If a system has parameters (as usually like: temperature, time, interaction, etc.) then a property
of the system can variate by a parameter. For example, the behavior of phases (states) of a system in
physics, depends on temperature T > 0, if for some values of T there is a unique phase and for other
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values there are several phases, then the physical system has a phase transition [8]. Similar transitions
of a property can be seen for systems of biology, chemistry, etc. Here we shall define a notion of property
transition for CEA.

Definition 4.1. Assume a CEA, EI>t hasa property, say P, at pair of times (sg, tp); we say that the CEA
has P property transition if there is a pair (s, t) #% (So, tp) at which the CEA has no the property P.

Denote
T={(61t:0<s<th
Tp = {(s, t) € T : E has property P}
TPO =7T\Tp ={(s,t) € T: E has no property P}.
Definition 4.2. We call the set
7Tp-the duration of the property P;

7},0—the lost duration of the property P;
The partition {7p, 7},0} of the set 7 is called P property diagram.

For example, if P = commutativity then since any evolution algebra is commutative, we conclude
that any CEA has not commutativity property transition.

4.3. Baric property transition

Since a CEA is not a baric algebra, in general, using Theorem 3.2 we can give baric property diagram.
Let us do this for the above given Examples 1-4.

Example 1. For the case of Example 1, by Theorem 3.2 we have that E [t] s baric iff

2 3 1
(t] —2At
a4 = e 2% cos(at) + 3= 1.

This has unique solution t = 0. Consequently, Tparic = {0}, Tbgric = {t : t > 0}. Thus the CEA ElYl is
baric (even non-zero trivial) evolution algebra only at initial time, and it loses baricity as soon as the
time turned on.

Example 2. In Example 2, using Theorem 3.2 we obtain that

{0} if A #
7 if A= pu.

Tparic =

Thus the CEA E!] has not baric property transition if A = p, and it has a baric property transition, as
in Example 1',if & # u.

Example 3'. Baric property transition for a two-state evolution. Since in case of Example 3, we have a
rich class of CEA here we shall give a special theory of the baric property transition. Using Theorem
3.2 we obtain that Tparic is the set of (s, t) such that

14+ (D(t)(\l’(t) — \I/(S)) — m =0or1-— (D(t)(\ll(t) - \I’(S)) - @ =
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These equations can be rewritten as
0(t) =0(s), 07(t) =07 (s),

where

1 1

Thus
Tparic = Tbaric(e) U 7I-Jaric(97),
here Tparic () = {(s,t) € T : 0(t) = 0(s)}.

Remark 4.4. To describe the set 7yaric One has to describe the sets Tparic(6) and Tparic (60 ), both of
which are defined by the parameter functions ® and W. Note that if we replace ® with —® or ¥ with
—W then these sets transfer to each other. Since ® and W are arbitrary functions, it will be enough
to describe only 7paric(0) for arbitrary 6. Thus in the sequel of this subsection we shall deal with
description of Zparic(6).

The function 0(t) is called baric property controller of the CEA. Because, it really controls the baric
duration set, for example, if 6 is a strong monotone function then the duration is “minimal”, i.e. the line
s = t, but if @ is a constant function then the baric duration set is “maximal”, i.e. it is 7. Since ® and
W are arbitrary functions, we have a rich class of controller functions, therefore we have a “powerful”
control on the property to be baric.

For a special choose of & we have

Proposition 4.5. If®(t) = AL A > 0and W(t) = ct,c € R. Then
Tvaric(0) = Tparic(A, ¢) = {(s,t) : s =t} U

] if0<A<1,¢c>1In); or
A>1,ce (—00,0] U [InA, +00),

{G5,):0<s<te, te <t L, O0()=0(t)) if 0<i<1,c<InA; or
A>1,ce(0,lnA),

where t. and t. serve as critical times, which defined by t. = 1 In (l“)‘) and t. > 0is a unique solution

InA ¢
to6(t) = 1.

Proof. Under the conditions of the proposition we have 0 (t) = A~! + ct, and the simple analysis of
the equation 6 (s) = 0 (t) for this 6 gives the full set Tpasic(A, ¢). O

In Fig. 1, the baric property diagram is given.
As a corollary of Proposition 4.5 we have

Corollary 4.6. (1) For any fixed s, with 0 < s < t. (resp. tc < s < t), the time t has two (resp. one)

critical values: tél) = s (resp. s) and tc(z) which is a unique solution of9(t§2)) = 0(s).
(2) For any fixed t, with0 < s < t < tcort. < t(resp.t, <t < t.), the time s has one (resp. two)
critical values: sgl) = t (resp. sél) =tand sgz) which is a unique solution of@(tc(z)) = 6(s)).

Let us discuss some more examples of the controller 6. If 6 (t) = tan(t) then tan(s) = tan(t) has
solutiont = s+ mk, k € Z.The intersection of this family of lines with 7 gives the family of half lines,
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S

Baric curve

Non-baric set

/
te t. t
Fig. 1. The baric property diagram for 6 (t) = A~" + ct.
S

| |
| Il |
| Il |
| Il |
| 11 |
1 11 1
T 11 |
| [ 11 |
| [ [ |
| [ [ |
| [ [ |
T t —t [ 1
| I IV /A I
T t —+ 1 I |
| | [ | |
| | [ | |
| | [ N T |
| | [ N T |
| | | [ |
| | | [ |
| | | [ |
L 1 1 | I 1 11 1

4 6y t3tatstetststotio 1 t

Fig. 2. An example of controller 6.
ie.
Tharic(tan(t)) = U {(s,t) e T:s=t—mk}.
k=0,1,2,...

If 6(t) = sin(t) then sin(s) = sin(t) has two family of solutions: s = t + 2wk, k € Z and s =
—t 4+ 2k + 1)m, k € Z. The intersection of these families of lines with 7 is

Tharic (sin(t)) = U {s,t) eT:t=s+2xkort=—s+ Qk+1)r}.
k=0,1,2,...

In all above considered examples we obtained a set 7Zpqic(6) which has zero Lebesgue measure.
But there is controllers for which this set has non-zero Lebesgue measure, for example, if 0(t) is a
controller function with the graph as shown in Fig. 2, then the corresponding baric property diagram
is as shown in Fig. 3. Thus any “constant part” of the graph of the controller gives a full triangle in the
diagram, moreover, any “non-constant part” gives several curves. In this case the set Tpqric(f) has a
non-zero Lebesgue measure.
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t] } S e
tip, ===

to
ts

ty
t3
t

t

b ot ty st by ts to tio ti L

Fig. 3. The baric property diagram for the controller & with graph as in Fig. 2.

Let 8(t) = D(t) be the Dirichlet function defined by

1 if trational;
D(t) =
0 if tirrational.

In this case we have a rich set of baric property duration, i.e.
Tparic(D(t)) = {(s,t) € T : tandsrational} U {(s,t) € 7 : tandsirrational}.

Definition 4.7. A function 0 defined on R is called a function of countable variation if it has the
following properties:

1. it is continuous except at most on a countable set, (which is denoted by X; = {x1, xo, ... }), it
has only jump-type discontinuities (denote the one-sided limit from the negative direction by 6 (x; )
and from the positive direction by 0(xi+), i=1,2,...);

2. it has at most a countable set of singular (extremum) points (which is denoted by X, =
vi.y2, ... D

Note that any function of countable variation has not “constant parts” in its graph.
The following theorem gives a characteristics of the baric property duration set.

Theorem 4.8. If the controller 6 (see Eq. (4.1)) is a function of countable variation, then the baric duration
set Tharic (0) has zero Lebesgue measure, that is the corresponding CEA is not baric almost surely.

Proof. Using the (finite or infinite) sequences X. and X, we construct the sequences {t,-fk}kzmw,
i=1,2,... with6(t;;) = 0(x) forall k; {t }g=1.2....1 = 1,2,... with 6(t,) = 6(4") and
{tﬁl}lzl,z,__.,j = 1,2,..., where G(tﬁl) = 6(y;) for all I. Now define a sequence {t;}i—1 .., with

yens
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t1 <ty <tz <...asfollows

{tiliz12... =X U X J ({ff;{}k:l,z,.“ U {fifq}q=1,2,‘..) U {6 h=12....
j

1

Since 6 is a function of countable variation, the sequence {t;};—; 2, ... is at most countable. In a case, if it
is a bounded sequence (in particular, a finite sequence), then we add the last term to be +00. Consider
rectangles

Ty={6.0 R 6 <s<tipr, ff << byl

Denote G(0) = {(t,y) : y = 0(t)}.
By the construction, the rectangles have the following properties:
- The set of all rectangles is at most a countable set;
- The intersection G(f) N 7; is empty or contains a monotone part of the graph G(8).
IfG(#) N 7T is empty then we say 7j; is empty.
Now we shall construct the set Tparic(€). Fix i, j such that the rectangle 7;; is not-empty (an empty
rectangle does not give any contribution to the set Zpa5ic (6)), then we have

Tharic(0) N Ty = a curve giving an one-to-one corespondence between [tj, tjy1]

and [ty, tgp1] if Tw #0, k=1,...,j—1.
Thus we have

Tparic(0) = U (%aric(e) N 770) :
kj

Since there are a countable set of rectangles and in each rectangle we may have at most a curve which
has Lebesgue measure zero (because, these curves give one-to-one correspondences), we conclude
that the set Tparic(0) also has zero Lebesgue measure. [

Example4’. Consider the CEAE s:t] constructed in Example 4 by a family of invertible lower (or upper)
triangular matrices Al ¢ > 0.

Theorem 4.9. For any pair of time (s, t) the n-dimensional evolution algebra E'S:t1, constructed by a
family of (lower or upper) triangular invertible matrices is baric. Moreover, Elst has a weight function

o (x) = MSx,, where M,[is’ﬂ, i=1,...,narediagonal entries of M!St] = AlsI(alth—1,

Proof. It is known that the standard operations on triangular matrices conveniently preserve the
triangular form: the sum and product of two lower triangular matrices is again lower triangular. The
inverse of a lower triangular matrix is also lower triangular, and of course we can multiply a lower
triangular matrix by a constant and it will still be lower triangular. This means that the lower triangular
matrices form a subalgebra of the ring of square matrices for any given size. The analogous result holds
for upper triangular matrices. Using these properties we get that M s also a triangular matrix.
Moreover, since Al is invertible, its determinant is non-zero for all t. Thus

det(M) = [T MEY = det(Al™)) det((al") ) # 0.

i=1

Consequently, all diagonal entries of the matrix are non-zero. In particular, M,[f,;t] # 0, and Theorem
3.2 completes the proof. [

Corollary 4.10. The CEAE [s:t] constructed by triangular invertible matrices has not baric property transi-
tion.
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4.11. Absolute nilpotent elements transition
The element x of an algebra A is called an absolute nilpotent if x> = 0.

Let E = R™ be an evolution algebra over the field R with structural constant coefficients matrix
M = (aj), then for arbitrary x = X_; x;e; and y = >; yie; € R" we have

Xy = Z <Z aijxiy,) e, XZ = Z (Z aijxiz> ej.
Jj i j i

For a n-dimensional evolution algebra R" consider operator V: R" — R", x — V(x) = x’ defined
as

ax?, j=1,...,n. (4.2)

'\?(\
Il
.M:

1

This operator is called evolution operator [11].
We have V(x) = x%, hence the equation V(x) = x* = 0 is given by the following system

Sapl =0, j=1,....n. (4.3)
i

Ifdet(M) # 0then the system (4.3) has unique solution (0, . . ., 0).Ifdet(M) = 0and rank(M) =

r then we can assume that the first r rows of M are linearly independent, consequently, the system of
Eq. (4.3) can be written as

n

2 2

Xiz—Zdinj, 1:1,...,r, (44)
Jj=r+1

o det(My) . = (a

where djj = G with My = (a3); 5y

air ... Gi—1,1 41 Gig1,1 --. Or1
ap ... Gi—12 42 Giy12 ... G2

Mijj =
Ay ... Qi1 Gy Gip1,r ... G

An interesting problem is to find a necessary and sufficient condition on matrix D = (djj) i=t,..r
j=r+1,....n
under which the system (4.4) has unique solution. The difficulty of the problem depends on rank r,

here we shall consider the caser = n — 1.

Proposition 4.12. (1)Ifdet(M) # 0 then the finite dimensional evolution algebra R™ has unique absolute
nilpotent (0, ..., 0).

(2) If det(M) = 0 and rank(M) = n — 1 then the evolution algebra R" has unique absolute nilpotent
(0, ..., 0) ifand only if
det(Mi,,) - det(Mp—1) > 0, (4.5)

forsomeig € {1,...,n—1}L
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Proof. (1) Straightforward.
(2) If rank(M) = n — 1 then from (4.4) we get

det(M;
0= JMi) o e, (46)
det(Mp_1)

From (4.6) it follows that the condition (4.5) is necessary and sufficient to have unique solution
©,...,0. O

For a CEA E!Sf] with matrix M!St denote
Tnit = {(s,t) € T : ElSH has unique absolute nilpotent}, 7731 =7\ Thi.

The following theorem gives an answer on problem of existence of “uniqueness of absolute nilpotent
element” property transition.

Theorem 4.13. (1) There are CEAs which have not “uniqueness of absolute nilpotent element” property
transition.
(2) There is CEA which has “uniqueness of absolute nilpotent element” property transition.

Proof. Denote d(s, t) = det(M!>1). By Eq. (2.2) we get
d(s,t) =d(s, t)d(t,t), forall 7,s<t <t. 4.7)

As it was mentioned above, the Eq. (4.7) is known as Cantor’s second equation.

(1) The Eq. (4.7) has solutions d(s, t) = %, where ®(t) # 0 is an arbitrary function. Thus for
such solutions we conclude that if d(sg, tp) 7 0 for some (s, tp) thend(s, t) # 0forany (s, t). Conse-
quently, corresponding CEAs have not “uniqueness of absolute nilpotent element” property transition.

(2) Note that the Eq. (4.7) has solution d(s, t) = f(t), where f(t) = 1fort < 1and f(t) = 0
otherwise. For this solution we have d(s,t) = 1,s < t < landd(s,t) = 0,t > 1.Forsomet > 1

one can construct a matrix M!*! which does not satisfy uniqueness condition mentioned in part 2)

of Proposition 4.12. Indeed let us consider the matrix M!St = (ai[js’[]),,j_1 5 with entries as in (2.4).

The second equation of the system (2.5) has a solution:
1, ifs<t<1

(s,t) =
P 0, ift>1.

Substituting this solution in the first equation of (2.5) we obtain

Y(t) —w(s), ifs<t<1

g, ift>1,

a(s, t) =

where v and g are arbitrary functions. The corresponding matrix has the following form

1[2+¥O =Y(6) = (®)+¥(s)
FVC — ,ifs<t<1,

2\ vy -ve 2-v0+v©)
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and

1+g@) 1—g(@)

M = L if > 1. (4.8)

1
2

1+g@®) 1—g@®)
We have

1, ifs<t<1

d(s, t) = det(MS) =
0, if t > 1.

Assume g(t) # —1 then for (4.8) the Eq. (4.6) has the form

2 _ _] _g(t)xz
! 1+g(t)"%

This equation has infinitely many solutions if |g(t)| > 1 for some t > 1. Thus corresponding CEA has
“uniqueness of absolute nilpotent element” property transition. [

Now let us construct the set 7y for Examples 1-5: It is easy to see that

e 34t for Example 1;

', for Example 2;

det(MmSth = %, for Example 3;
. /\/ll[,-s’t], for Example 4;

1, for Example 5.

Thus in each one of the considered examples we have det(/\/l[“]) # 0, consequently, Tn; = 7, i.e. the
CEAs constructed in Examples 1-5 have not “uniqueness of the absolute nilpotent element” property
transition.

There are CEAs which have infinitely many absolute nilpotent elements independently on time. For
example, take M with identical rows ( %, 0,0,...,0), where ® is an arbitrary function with
d(t) # 0 for all t. It is easy to see that this matrix satisfies the Eq. (2.2), hence it determines a CEA,
Els:t] which has infinitely many absolute nilpotent elements: (0, x5, ..., X,), where xy, ..., x, € R
are arbitrary numbers. Thus for this example we have T,; = @, 7;% = 7. In other words the CEA has
not “non-uniqueness of absolute nilpotent element” property transition.

Remark 4.14. These examples (Examples 1-4) of “uniqueness of nilpotent element” property transi-
tion of CEAs with time-parameter are similar to the “uniqueness of Gibbs phase” property transition,
i.e. phase transition of physical systems with respect to temperature-parameter, T > 0. Usually there
is a phase transition if the temperature is very low (T ~ 0) or if it is very high (T ~ 400) (see [8]).
Example 5 is an analogue of a physical system which has unique (Gibbs) phase for any temperature.
There a lot of examples of such physical systems (see e.g. [8]).

4.15. Idempotent elements transition
A element x of an algebra A is called idempotent if x> = x; such points of an evolution algebra are

especially important, because they are the fixed points (i.e. V(x) = x) of the evolution operator V,
(4.2). We denote by 7d(E) the idempotent elements of an algebra E. Using (4.2) the equation x> = x
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can be written as
n
2 N
= axi, j=1,...,n. (4.9)
i=1

The general analysis of the solutions of the system (4.9) is very difficult. We shall solve this problem
for the CEAE! t > 0, corresponding to the Example 2. In case of Example 2 the system (4.9) has the
following form

2% = (A 4 pHx? + (A — phHy?; (4.10)
2y = (' — uhHx? + (A 4 by, '
whereA >0, w > 0andt > 0.
Case A = . Itis easy to see that if A = p then the system (4.10) has only four solutions 0 =
0,0,z =2z1(t) = (0, A7), 2 =2(t) = (A75,0), 3 =z3(t) = (A", 17F).
Case A # . For A # p the solutions 0 and z3 still exist. If x = 0 or y = 0 there is no any new
solution. Thus we consider the case xy # 0. Denote

AM—pt /)t =1
AMpt O/t +1

X
u=—, y(t):
y

Fort > Oitis easy to see thatif . < wthen —1 < y(t) < Oandif A > pthen0 < y(t) < 1. Note
that for t = 0 there is no any new solution. From system (4.10) we get

yOU = +u—y () = @—1) (yOr + () = Du+y(©) =0. (411)

Subcase A < . In this case for any t > 0 the Eq. (4.11) has three solutions

1—y(©+,/1-2y0 - 3720

u =1, uy = (4.12)
2y (6)
Subcase A > p. In this case the number of solutions to the Eq. (4.11) varies by y, i.e.
1 if 1<y <;
solutions to (4.11) = { .’ 1 3 Sy < 1 (4.13)
1,u_,uy 1f0<y(t)<§,

where u4 are defined in (4.12).

Now we shall describe x, y corresponding to the solutions of (4.11). The case u = 1, i.e.x = y does
not give any new solution. For u = u4 we have x = u_y, substituting this in the second equation of
(4.10) after simple calculations we get the following two non-zero solutions to (4.10):

A@ut =29 A=t
Xty = , = .
TG =) TET Gl £ it — ah)

Note that x4+, y4 are well defined for any A #% w. For A > p we have critical time

In2

= —, (4.14)
InA —Inu

te

which is the unique solution to the equation y (t) = %
Thus we have proved the following
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Proposition 4.16. We have

{0521922723}7 lf)\- = U;
Id(E[tJ) — {0’239 (X_,y_), (x-‘rv y+)}7 lf A< 2
{0, z3}, ifA>pu; t>t

{0’23’ (x,,y,), (X+7y+)}7 lf)\' > M, <t

This proposition gives a very interesting “a fixed set of idempotent elements” property transition,
i.e. we have

Corollary 4.17. The CEAE!! constructed in Example 2 has not “a fixed set of idempotent elements” property
transition if A < w; it has such property transition if A > . Moreover the transition point (the critical
time) is t = t. defined by formula (4.14).

Remark 4.18. There are exactly solvable models in statistical mechanics, here an imprecise notion of
“exactly solvable” as meaning: “The solutions can be expressed explicitly in terms of some previously
known functions” is also sometimes used [1]. In such models, for example, the critical temperature
can be expressed explicitly. Comparing this with our examples of a property transition we also can say
that a property transition of a CEA is exactly solvable if the critical time can be found exactly. Thus our
Example 2 is exactly solvable for investigation of properties of idempotent elements.

Acknowledgements

The first and second authors were supported by Ministerio de Ciencia e Innovacién (European
FEDER support included), grant MTM2009-14464-C02, and by Xunta de Galicia, grant Incite09 207 215
PR. The third author thanks the Department of Algebra, University of Santiago de Compostela, Spain,
for providing financial support of his visit to the Department (February-April 2010). The authors are
grateful to both referees for helpful suggestions. The part (2) of Theorem 4.14 and part (2) of Proposition
4.12 are due to a suggestion of one referee.

References

[1] RJ.Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press Inc. [Harcourt Brace Jovanovich, Publishers], London,
1989 (Reprint of the 1982 original).
[2] LM.H. Etherington, Genetic algebras, Proc. Roy. Soc. Edinburgh 59 (1939) 242-258.
[3] LM.H. Etherington, Duplication of linear algebras, Proc. Edinburgh Math. Soc. 6 (2) (1941) 222-230.
[4] LM.H. Etherington, Non-associative algebra and the simbolism of genetics, Proc. Roy. Soc. Edinburgh 61 (1941) 24-42.
[5] G. Galperin, A. Zemlyakov, Mathematical Billiards, Nauka, Moscow, 1990 (in Russian).
[6] N.N. Ganikhodjaev (Ganihodzhaev), On stochastic processes generated by quadric operators, J. Theoret. Probab. 4 (4) (1991)
639-653.
[7] N.N. Ganikhodjaev, H. Akin, EM. Mukhamedov, On the ergodic principle for Markov and quadratic stochastic processes and its
relations, Linear Algebra Appl. 416 (2-3) (2006) 730-741.
[8] H.-O. Georgii, Gibbs Measures and Phase Transitions, Walter de Gruyter & Co., Berlin, 1988.
[9] P. Hinggi, H. Thomas, Time evolution, correlations, and linear response of non-Markov processes, Z. Phys. B. 26 (1977) 85-92.
[10] A.N. Kolmogorov, On analytic methods in probability theory, Uspekhi Mat. Nauk. 5 (1938) 5-41 (in Russian), English transl.,
Selected works of A.N. Kolmogorov, Vol. II, Kluwer, Dordrecht 1992, article 9.
[11] Y.I Lyubich, Mathematical Structures in Population Genetics, Springer-Verlag, Berlin, 1992.
[12] M.L. Reed, Algebraic structure of genetic inheritance, Bull. Amer. Math. Soc. (N.S.) 34 (2) (1997) 107-130.
[13] U.A. Rozikov, J.P. Tian, Evolution Algebras Generated by Gibbs Measures, Preprint ICTP, IC2009013.
[14] T.A. Sarymsakov, N.N. Ganikhodjaev, Analytic methods in the theory of quadric stochastic operators, J. Theoret. Probab. 3 (1)
(1990) 51-70.
[15] J.P. Tian, Evolution Algebras and their Applications, vol. 1921Springer-Verlag, Berlin, 2008.
[16] A. Worz-Busekros, Algebras in Genetics, vol. 36Springer-Verlag, Berlin, New York, 1980.



	A chain of evolution algebras
	1 Introduction
	2 Definition and examples of CEA
	The CEA corresponding to a Markov process
	3 A criterion for an evolution algebra to be baric
	4 Property transition
	Acknowledgements
	References


