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It is shown that the category ~ (L) of complete L-similarities on L-sets is a full
reflective subcategory of .#(L) (L-fuzzy graphs): 7 (L) is equivalent to 4 (L)
(sheaves on L). Connections with other known “fuzzy™ categories are also studied.

I. PRELIMINARIES

In the following we shall make use of the chain of categories

#(L) = 7 (L) S A (L), (L1)

where each arrow denotes a full embedding. These categories have been
introduced and studied in [1]. For the reader’s convenience we repeat the
definitions here.

(1.2). DEFINITION OF .#(L). An object in .#(L) is a triplet composed of

(a) A set |R];

(b) an L-fuzzy subset E; of |R|, i.e., a function E,: |R{—~ L;:

(¢) an L-relation R on E,, i.e, a function R: [R|[X|R|— L s.t
R(x, ) < Eg(x) A Ex(y). We shall denote the object by the same symbol
used for the relation. A morphism f: R - § is a function f: |R|—|S| such
that

(d) R(x, y) < S(f(x), (1)

() Ex(x)=Es(f(x)).

Composition of morphisms is that of functions.

(1.3). DEFINITION OF ¥ (L). We denote by .# (L) the full subcategory of
.#(L) composed of objects R € |.#(L)| satisfying the following additional
properties:

(a) R(x, y)=R(y, x) (symmetry);
(b) R(x, y) A R(y,z) < R(x, z) (transitivity).
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We observe that (a) and (b) immediately imply
() Eg(x)=R(x, x) (reflexivity).
To introduce # (L) we need

(L.4). DEFINITIONS.  (a) Given R € | .¥(L)|, we call a ball of center x and
radius 1/a (a € L) the set R (x)={V € |R|: R(x, y) > a}.
(b) Given the ball B=R(x) we say that y € B is an extremal point
of B if Ex(y)=uc.
(c) The set R€E€ |7 (L) is spherically complete if every chain of
nonempty balls in R has nonempty intersection.

(I.5). Remarks. (a) The ball R_(x) is nonempty iff a < Egz(x).
(b) Two balls of the same radius with nonempty intersection are
equal. .

(c) If L is totally ordered, any two balls with nonempty intersection
are contained one within the other.

(d) If y€ R,(x)=B is an extremal point of B, then E, attains in y its
minimum possible value on B.

(1.6). DEFINITION OF Z(L). The category #Z (L) is the full subcategory
of .# (L) composed of objects R € |.# (L)) satisfying the following additional
properties:

(a) every nonempty ball in R has a unique extremal point;
(b) the set R is sperically complete.

(I.7). PrOPERTY. Category .7 (L) is a full reflective subcategory of
A(L).

Proof. It is easy to see that the reflector is the transitive closure 1: tR =
transitive closure of R, ¢ = f. Indeed if f is a morphism f: R —» S with §
transitive, the same f: (R —» S is a morphism, and then we can choose as
component g, of the natural transformation 1 -®ur the identity map on

IR|. N
In (13) Zadeh introduced the concept of “class” represented by an element
x (with respect to a similarity R).

(1.8). DEFINITION OF cLASS. We say that an L-subset A of |R| is a
class—and precisely the class represented by x € |R|—if
vy A(y)=R(x, )
We shall denote this class by x.
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This concept is an extension of the concept of “crisp™ class for a “crisp™
equivalence relation. Now this concept can be extended in another way
without using any fixed element of the support.

(1.9). DerFINITION OF TYPE. Given R in % (L), a type on R is an L-fuzy
subset of |R| such that
(a) A(x)AR(x, ) <A():
(b) A(x)NA(y)< R(x. 1)
Condition (a) is the translation of “if x belongs to A and x is equivalent to
v, then y belongs to 4.” i.e., “4 is a union of classes.” Condition (b) is the
translation of “if x and 1 belong to A. then x is equivalent to p.” i.e.. 4 is
contained in a class.”
We remark that a type is exactly a “singleton” in the definition by
Fourman and Scott (4).

In (11) and (18) Sanchez has studied and applied the concept of
“eigenset.”

(I.10). DEFINITION OF EIGENSET. Given an L-fuzzy relation R, an L-
fuzzy subset 4 of |R| is an eigenset if
(a) RoA=A4,ie,
() Vicr R(x. ¥) A A1) = A(x).
(I.11). PROPERTY. If R € |.7 (L), then a class on R is a type. and a type
is an eigenset, but not conversely.
Proof. (1) Let us take 4 = X, with x € |R|; then
A(P)ANR(y, 2)=R(x, p) A R(y. 2) < R(x. z),
A(Y)NA(z)=R(x, y) ANR(x.z) < R(y.2)
(by symmetry and transitivity of R); so we obtain 1.9(a) and 1.9(b).
(2) Let A be a type on R. Then from 1.9(a)
vy AWM AR( X)L AX)
and then Vyeuu (R(y,x) A A(y)) < A(x). On the other hand, 1.9(b) implies
A(x) < R(x, x); then A(x)=A(x) A R(x,x) and A(x) < \/'\,E,RI (R(x, ) A
A())). Thus 4 is an eigenset.

(3) We choose L = {0, 1} and R = (; ), corresponding to the partition
of |R| = {x, y}. {{x}, {¥}}. Then (0, 0) is a type but not a class, and (1, 1) is
an eigenset but not a type.

In this paper we direct our attention to the middle class, that of types.
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II. COMPLETION OF SIMILARITY RELATIONS

In general there are many types on R which cannot be represented by an
element of |R|; on the contrary they can be represented—as a class—by
many different elements. Using the method introduced in (4) we can
*“complete” R. Definition 1I.1 and the proof of I1.2 can be found in (4) (with
a different notation).

(II.1). DEFINITION OF COMPLETENESS. The relation R € | .7 (L) is said
to be complete if for every type 4 on R there exists a unique x € |R| such
that Vy, A(y)=R(x, y), i.e.. 4 =X

(IL2). PROPERTY. Given R in . (L) we construct R in this way:

|[R|={A€L™:4isatypeon R},

R(A.B)=\/ (A(x) A B(x)).

XEIR|

Then R € |.7(L)| and R is complere; indeed if F is a type on R, A:|R|- L,
A: x> F(xX), is the unique element of |R| s.t. F=A (YB€|R|. F(B)=
R(A. B)). Furthermore, R(X, y} = R(x, y).

(IL3). DEFINITION OF .7 (L). We call .7 (L) the full subcategory of
7 (L) formed by complete R €|.7'(L)|.

_(IL4). DeriNiTioN  OF  p. Given RE|[.¥ (L) we define p(R)=
Re|.#(L). Given f: R— S with R, § € |.7 (L)| we define

VAE|R] vrelS| (J(d) )=\ (4(x)AS(f(x), »)).

XE|R|

Proof that p is a functor. We must prove that fld) € |S|.
(a) We have

(), 1y A S 2) =V () A S(F(x), ¥) A SO 2)
=\ (A(x) A S(f(x), y) A S(3. 2))

<V M) A S(f(x), 2)) = (J(A). 2).

x
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(b) We have

(), ) A (FA), 2) =\ (Ax) A S ) AV (A0 A S(f() 2))

=\ (A(x) A S(f(x), ¥) AA@) A S(f(e) 2)):
now, Vx V¢:
A(X) A S(f(x), ¥) AA() A S(f(E), 2)
SR(x, 1) A S(f(x). ) A S(f(1), 2)
< SO, L) A S(f(x). ¥) A S(f(r). 2) < S(1. 2).

So fis a function f: R —» §. We prove now that fis a morphism.
(c) We have

S(f), f8Y)
=\ (f), ») A (F(B), 1))

yelSs|

=\ '\/ (AX) A SN DA\ (B A S(R), y))J

velS| LxelRi helR|

>V |V u@Asse.sona (B(h)AS(f(h‘).f(rm]

telR| LxelR| helR|

>V |V dmaReon Y (B(h)AR(h.n)J

te|R] LxelR| helR|

= \/ (4(1) A B(1))=R(4.B).

te|R;

(d) We have

SGALFan= "\ Ferx=\ [V @ nsge.m):

velS| VEIS] ‘xelR]
but, Yy €S|

V A& ASS), )<V Ax)=R(A,4)

xe€|R| x€|R|

and then S(f(4). f(4)) < R(4,A4).
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So we can define pf = f. To be a functor p must satisfy pl, = 1, = 1, and
p(f > g)= pf o pg. We shall prove these.
(e) We have

dTpd)xy=\/ (A AR, x) =\ (A{t) ARt x))=A(x):
te|R| te|Ry

then YA € [R| T4(4)=4 and T, = 1;.
(f) Given R—,8—, T in # (L) we have R ;S -, T in .7 (L). We must
prove that YA € |R| Yu € |T| (§f(A), u) = {gf(A). u).

(&) uy="\/ ((f(4), ») A T(g(y).u))

vels|
= V (VA6 A S0 A T ).

Now Vy €S|, we have

V' (AR) A S(F(x) 3)) A T(g(»), u)

X€|R|

=V Ax) A SUx), ¥) A T(g(y) )

X€|R|

<V (AWX) A T(gf(x), g(») A T(g(»), u))

x€lR|

<V (Ax) A T(gf(x), u)) = (gf(A). u).

Furthermore. o
(&f(A), u)y= \|/| ((f(A), ¥) A T(g(3) )
> V(). S ) A T(e/ (). )
=V (\/I (A(x) A S S ) A T(ef (h)w)
>V (vI (4() A RCx, 1) A T(ef (). )
= \/. (A(R) A T(gf (h), u) = (gf(4), u)

and then we obtain the thesis. Then p is a functor p: .» (L)~ .7 (L). §
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(IL5). LEMMA. (a) Given R € |.7 (L) and x, y € |R|
R(x,))=R(x.x})=R(y, )= X= 7.
(b) Given S€|.7 (L) and x, y €S|
S ) =Sk, x)=8S(y.y) = x= 1
Proof. (a) To show the = part, let us take z € |R|.
R(x,z)=R(x,x) AR(x,z)=R(x, ) A R(x, z) < R(1. z2);

analogously R(y, z) < R(x, z); then X = J.

To show the < part, we have that, if = y, then R(x, x)=R(y.x) and
R(x, y)=R(. »).

(b) This is an obvious consequence of part (a) and of the definition of
completeness. [

(IL6). LEMMA. Given R€E€|.7 (L), the map ng: R—R, ny: x—> X is a
morphism.

Proof. Indeed, from IL.2, we have R(¥%, 7)=R(x. »). 1

(IL7). LEMMA. Given R€ |7 (L) and S € |.7 (L), if the diagram

commutes. then g = h.

Proof. We have, Yx € |R]| and 4 € |R|,

S(h(A), k(%)) > R(4. %) = \/ (A(») A R(x, ¥)) = A(x);
in the same way, S(g(4), g(x)) > A(x).
From the hypothesis we have Vx, h(X) = g(x) and then

S(h(4), h()) A S(g(4). g(x)) < S(h(A), g(4))-

So Vx€|R|, VAE|R|. A(x)<S(h(A), g4)) and R(A.4)=V A(x)<
S(h(4), g(4)); but k and g are morphisms and then

S(h(A), h(Ad)) = S(g(A4), g(4)) = R(4. A):

thus VA €|R|. S(h(A), h(4))= S(g(A4), g(A)) = S(h(A). g(4)). and from
Lemma ILS, V4 € |R|, h(4) = g(A4).
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(IL8). PROPERTY. If SE€|.7(L), RE|# (L), and f: R—S is any
morphism, then there exists a unique g: R — S s.t. the following diagram
commutes:

t

ng

R——
DN

£ I1.8.1
. (118.1)

ne-- X

In other words, .7 (L) is a reflective full subcategory of .7 (L).

Proof. Given A € |R|, we know that f(4) € |S|. Since S is complete,
there exists a unique y € | S| s.t. Vz € |S|, {(f(4), z) = §(», z); then we define
g:|R|—|S| in this way: g: A ».

Let us suppose that g(4,) =y, and g(4,)=y,. Then

S(g(A), g A =Sy )=\ (831, 2)AS(p:,2))

z€|SI

=V (f(d),2) A {f(4s). 2))

z€|S|

=S5(/(4,). [(4,)) > R(4,. 4,)
since: /: R - § is a morphism. Furthermore,

S(g(4), gA)=S(ry) =V S(»2)

zelS)

=V (fl4),2) = S(J(4), fl4)) = Ri4, 4).

eS|

Then g is a morphism g: R - §.
Now we must prove that Vx € [R|. g(n(x)) = g(¥) = f(x). Since S is
complete, it is sufficient to prove that

VZEIS|  (f(D).2)=S(f(x). 2).

Now

@z =\ FE)ASEOL2)=V R 3)ASU(r).2))

YE|R! VE|R]

<V (SN A SU(3), 2)) < S(F(x). 2)

YEIRI
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and
S(f(x), 2) = S(f(x), f(x)) A S(f(x). 2) = R(x. x) A S(f(x). 2)
=X)AS(fx).2)< NV EP)ASUS(r)2)) = (FE)

VE|R|
Then diagram I1.8.1 commutes. Unicity of g follows from Lemma IL7. [

~We shall see now that the category #(L) (Definition 1.6) is “between™
#(L)and .7 (L).

(IL9). PROPERTY. The category .7 (L) is a full subcategory of 7 (L).

Proof. Let us take R in |7 (L)|, « in L, and a nonempty ball R {(x); then
R(x,x) > a. If we define A: [R|> L, A(y)=R(x, y) A . it is easy to see
that A is a type on R. But R is complete and thus there exists x, € | R| such
that Vy € |R|, R(x,, ¥)=R(x, ¥)Aa. So R(x,,x)=R(x,x)ANa=a and
R(xg,x)) =R(x.x))Aa=aAa=a. Thus x, is an extremal point of
R,(x) = R, (x).

If yy is an extremal point on R,(x,), we have R(x,,x,)=R(¥,. ;)=
R(x,, o) =a and then x, = y, by Lemma IL5(b).

We have seen that every ball in R has a unique extremal point. Now let #
be a chain of nonempty balls in R.

7 ={R.(x,)}, a€lcL.

For what we have proved we can suppose, without any restriction. that for
every a, x, is the (unique) extremal point of R (x,). Then if R (x,)=
Ry(xg), it follows that @ =f and x, = x;. So the following definition of A4:
|R|— L is meaningful:

A=YV Rlx,. »)Aa)

ael

We can prove that 4 is a type:

AN AR )=\ (R(x,. 3) Aa) AR(x, )

acl

=\ (R(x,, ») Aa AR(x,y))

acl

<V R(x,, x) A a)=A(x).

W



COMPLETION OF L-FUZZY RELATIONS 321

(b) We have

\V Rexg, 1) Aa) A\ (R(x5, ) AB)

acl Bel

A(y) A Alx)

\ (R(xy, ¥) AR(xz.x) A a Ap).

a.Bel

Now, given a pair a, 8 € I, we have—for example—R ,(x,) & R;(x;), since
# is a chain. Then a = R(x,, x,) > R(x,, x;) > f, since x, € Ry(x;) and x,,
is the extremal point of R,(x,) (this implies that /< L is a chain). But
R(x,,xz) > R(xz,x;) =p and thus R(x,,x;)=F=a A . So

V' (R(x,, ¥) AR(xg x) A a A f)

a.Bel

= \/ (R(x,. ») A R(xz, X) A R(x,.x5)) < R(x. 3).

a.pel

Then A is a type. Since R is complete there exists x, € |R| such that V.
A(y)=R(x,. ¥). So

R(x,, ¥) =\ (R(x,. ¥) A ).
and

R(YO’XB)_\/(R a&’cg /\a \/(a/\,B/\a =f

and VB, x, € Ry(x5). So (# is nonempty and R € |Z(L). 1

If we call u, the full embedding 7 (L) <— # (L), we see that diagram (I.1)
can be enriched in this way:

F(L) S 7 (L)

N L

7 (L)

I

A(L)

where t and p are left adjoints, respectively, of ¥, and u, = u,.
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Let L be L =1{0. 1. 2. 3! with usual

(II.10). EXAMPLE OF COMPLETION.

order, |R|

{a,b,c,d.,e, [}, and

ab bdef

1

a 30010
b 030020

1
3 o2
e 020030

0
£10120 3

R=c 30 3 1
d 1l 01

Then we have eleven types on R,

abcdelf

1
030020
101302

0
02003090

|

b
d

€

1203

0

I

1

0

0
02002290

I

202
0

h

1

100

i

{

m

1 202
0000O0CO

0

n

and this is R:

[ mn

i

abde fgh

0
200
0020

e 02030001200

12001

1

0

1

a3 o0

]

b0302000

d

1

03021

1

1 0020

1
1
1

0203

f1

0
0
0

00
200

1
1

0
0

1
I

0

1

0
/02020001200

h 20
i 0

1

1 00011

1

110020
n 00000000000

0202

1

m
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III. CoMPLETE Fuzzy GRAPHS AND CATEGORICAL LOGIC

The categories of Heyting-valued-sets—considered as sheaves—were
introduced by Higgs in 1973; for applications to the interpretation of first-
and higher-order logic see (4) and (7). We recall some definitions.

(IIL.1). DEeFINITION OF #(L). (a) Objects are the same as in .7 (L)
(b) a morphism F: R - § is a function F: |[R| X |S|— L s.t.
(b.1) F(x, y) A R(x, x" ) F(x', y):
(b.2) Flx, »)AS(y, 3 )< F(x, p');
(b.3) F(x, v)A F{x, v') < S( »'):
(b4) R(x,x)=V 5 Flx, 1);
(c) Given R -, S —; T, composition is defined by

GoF(x,2)=\/ (F(x, ) AG(y2));

YEIS|
the identity map on R is R: |R| X |R|- L.

(II1.2). DEFINITION OF .#(L). Category .#(L) is the full subcategory of
#(L) composed of complete R’s.

(IIL.3). ProperTY (Higgs). Category #7(L) is equivalent to the Grothen-
dieck topos .7/ (L) of sheaves on L with canonical topology.

(IIL4). PROPERTY. [4]|. Category #(L) is equivalent to .#(L).
(IILS5). PROPERTY. Category ¥ (L) is isomorphic to #(L).

Proof. Given f: R—> S in (L) we define F: |[R| X |S|— L by

(@) Flx, y)=S(f(x) »):

then
(b)  R(x,x") A S(f(x), y) <S(f(x), f(x)) A S(f(x), ») < S(fx'), »)-
(€) SOYINF(xp)=S(py)ANS(f(x),3) < S(f(x), 1) = Flx, p").
(d) Flx, p) ANF(x, ») = S(f(x), y) A S(f(x), ') < S(3, 1)
@ Vs Fxp) =V, 5 S(f), »).

Now Vy, S(f(x), ¥) < S(f(x), f(x)) and f(x) €|S|: then

V' S(f(x), 3) = S(/(x), (%)) = R(x. x).

YEIS|
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Properties (b)—(e~) prove that conditions III.1{(b}-(b.4) are verified. So F:
R-S is in #(L). We put v(f)=F. Now we take R/ S—-*T,
R - S " T. Let be vf = F and vg = G. We want to prove that v(gf) = GF,
Le.,

() Vx€[R|, Vz€|T| T(gf(x),z)= vyem (S(Uf(x) ») A T(g(y) 2))

Now T(gf(x), z) < T(gf(x), gf(x)) = S(f(x), f(x)): then T(gf(x),z)=
S(fx).  SONAT(gf(x),z) and  T(gf(x).2) <V, 5 (SU(x). ») A
T(g(y). 2))-

On the other hand, given any y €S|,

S ) A T(g(). 2) < T(gf(x), g(3) A T(g(3), 2) < T(&f(x), 2):

it follows that

V' (S(f(x) 1) A T(g(w) 2)) < T(gf(x). 2)

ye|S|

and (f) is proved. Furthermore, v(id,z ) = R.

So we have defined a functor v: .7 (L) — # (L) which is the identity on the
objects.

(IIL.5.1). PROPERTY. Functor v is faithful.

Given R33/S, we suppose that F=yf =vg=G. Then Vx€|R| and
Yy E|S], F(x, »)=8(f(x),y)=S(g(x), »)=G(x,y). and—from the
completeness of S—we obtain f(x) = g{x).

(I11.5.2). PROPERTY. Functor v is representative.

Given R -' § in J#(L), we recall that—for fixed x € |R|—B: |S|— L, B:
yr F(x, y) is a type on S. Relation S is complete and so there exists a
unique element in S that we call f(x) such that

(8) Vy€|S], F(x, y)=S(f(x), »).

In this way we have defined a function f: |R} — | S|. We shall see now that
fis a morphism f: R— S in .#(L). Given x and x’ in |R| we find—as
above—f(x) and f(x'). We have Vy € |S

.

S(/(x), f(x")) = S(f(x), ¥) A S(fx"), ¥)
=F(x, y) N F(x', y) > F(x, ¥) A R(x, x")
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(recall TII.1(b1)); then

SU@), SN2V (Fx p) AR(x,x")

vels|

=R, x)A \/ F(x,3)=R(x. x")AR(x,x)=R(x,x").

velSs|
We know that R(x, x) > F(x, y) Yy €|S|; thus Vy € | 5],

R(x,x)>S(f(x),y) and  R(x,x)>S(f(x) f(x)).

So f'is a morphism. Obviously vf = F.

We have proved at this point that .7 (L) and #(L) are equivalent. But
now we see

(I11.5.3). PROPERTY. Functor v is an isomorphism.

Indeed, by IIL.5.2, we can construct an application u: A(L)- F(L)
—which is the identity on the objects—sending F: R — S into f: R — S. The
proof of u(G o F)=uG o uF can be done as for (f). Furthermore, vou=
idpy)and pov=idgsy,.

(111.6.1). Remark. The same v is obviously a functor v: .7 (L) — #(L);
but it is neither faithful nor representative.

(I1L6.2). Remark. Category .¥(L) is not equivalent to .7 (L).

The category SET(L) of L-fuzzy sets has been introduced and studied in
[5, 6]. Categorical characterizations of SET(L) can be found [2, 5] (in the
context of fibre complete categories, see [8]). We repeat here some
definitions.

(II1.7). DeFiNiTION OF SET(L). (a) Objects of SET(L) are pairs
(X, A), where X is a set and A is a function 4: X - L (4 is an L-fuzzy subset
of X).

(b) Morphisms of SET(L) f: (X, A)— (Y, B) are functions f: X Y
s.t. Vx € X, A(x) < Bf(x).

Another interesting category connected with our study is FUZ(L), defined
in [3].

(I11.8). DeFINITION OF FUZ(L). (a) |FUZ(L) =|SET(L);

(b) Morphism of FUZ(L) f: (X,A)- (Y,B) are functions f:
XAXY->L st
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(b.1) flx. )< AWX) A B(p);
(6.2) A(x)=V,e, fx. )
(b.3) flx, »)A flx, y") < e(r. y'). where

e(y, v )y=0, if ys#.

=1, if y=y’

(1 and O are, of course, the maximum and minimum of L).
(c) Given (X,4)~>' (Y,B)—*(Z,C). g/: (X,4) - (Z, C) is defined by
glx,2) = Vyey flx. ) A g3, 2).
The identity map on (X, 4) is i(x. x') = A(x) A e(x, x').
We have

(I11.9). PROPERTY |3]|. The category SET(L) is a nonfull subcategory of
FUZ(L).

(IIL.10). ProPERTY [3]. The category FUZ(L) is equivalent to # (L).

(IIL.11). CoroLLARY. The category FUZ(L) is equivalent to 7 (L).

IV. CONCLUDING REMARKS

From IIL.5 and IIL11 it is clear that .7 (L) can be considered as a model
for Heyting-algebra-valued set theory. The category 7 (L) has—with respect
to the other ones—the advantage of being a category of structured sets.

For a survey in this area and other connections between topoi, logical
categories, and fuzzy-sets seen as “variable sets,” the interested reader can
consult—apart from the already quoted |[1,3]|—|9,10] and the papers
quoted therein. Deeper insights on completions, connections with categories
of graphs, and tentative interpretations are given in our following paper
“Graphs and Fuzzy Graphs.”
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