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1. Introduction

In many real world classification problems, class label noise is inherent in the training dataset. CCC-Noise is an important
type of class label noise. Examples where CCC-Noise arises include remote sensing and traditional medical diagnosis (see [1-
3]) and image classification (see [4,5]). Recent medical diagnosis technologies (e.g. microarray analyses and protein mass-
spectrometry profiling) have also sparked interest in considering classifiers where training data is prone to CCC-Noise (see,
for example, [6,7] or [8]). In many applications, most analysts acknowledge that noise is present but naively ignore it.
Alternatively, data preprocessing approaches have been proposed to attempt to remove mislabeled training observations,
see [9] or [10]. These approaches, however, face the risk of removing useful data, which consequently would reduce the
accuracy of the classifier. An alternative solution to handle noisy data might be to construct noise tolerant classifiers directly.
Li et al. [4] combined the class noise into the model based on a probabilistic noise model. Norton and Hirsh [11] presented a
Bayesian approach to learning from noisy data, where prior knowledge of the noise process is applied to compute posterior
class probabilities. Yasui et al. [6] and Magder and Hughes [12] used EM algorithm to handle the label noise.

The effects of CCC-Noise on the estimation of association between two random variables have been discussed widely in
epidemiology, see [ 13]. One important conclusion is that the noise attenuates the estimation of the association. Neuhaus [ 14]
gave a comprehensive discussion of bias and efficiency loss due to CCC-Noise in the context of general linear model and
proposed an approximation for the expected values of the estimators. The effects of CCC-Noise have also been studied in
the area of pattern reorganization. Krishnan [15] studied the efficiency loss using Efron’s Asymptotic Relative Efficiency
criteria [16]. Michalek and Tripathi [3] bounded the asymptotic efficiency of logistic regression and normal discrimination.
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Zhu and Wu [17] investigated the impact of both class and attribute noise by doing simulation experiments. They concluded
that the classification accuracies decline almost linearly with the increase of the noise level. Until now, limited research has
been conducted to theoretically quantify the impact of CCC-Noise on the misclassification rates.

Generally speaking, classifiers can be characterized as either generative or discriminative, according to whether or
not the distribution of the explanatory variables is modeled. Comparison of generative and discriminative classifiers has
received considerable attention in the literature. There is a widely held perception that, in the absence of CCC-Noise, the
discriminative approach is more robust than the generative approach. For example, Ng and Jordan [18] showed that if the
assumed conditional distributions for the explanatory variables are correct, then generative classifiers and discriminative
classifiers have the same asymptotic error rates, although the generative classifiers approach their asymptotic values faster.
However, if the conditional distributions are not correct, then discriminative classifiers have lower asymptotic error rates
provided the link function is modeled correctly. Efron [ 16] computed the relative efficiency, based on the ratio of expected
regrets, of one popular generative classifier, normal discriminant analysis (NDA), to the corresponding discriminative
classifier [18], logistic regression (LR), and concluded that LR is between one half and two thirds as efficient as NDA under
normality. In this paper we aim at theoretically comparing the misclassification error rate of NDA with LR under CCC-Noise.

The rest of this paper is organized as follows. In Section 2 we briefly review the NDA and LR classifiers and then discuss
these two procedures under CCC-Noise. In Section 3, the asymptotic distributions of the misclassification error rate of the
NDA and LR under CCC-Noise are obtained. In Section 4, we compare the expected values of the misclassification error rates
of these two procedures and also the relative efficiency. Section 5 concludes with summary.

2. NDA and LR classifiers under CCC-noise

We consider a binary classification task. Let X denote the vector of explanatory variables. Suppose that X comes from one
of two p-dimensional normal populations differing in mean but not in covariance

population 0 : X ~ MVN, (g, X) with probability g,

population 1 : X ~ MVN, (w4, X) with probability 4, (1)

where g + 717 = 1.
If all parameters are known, a new observation may be classified based on X as belonging to population 1 or 0 according
as

Lgg)X) =a+pX> or <0,

where

a@=i— W g — T ) /2
B= 271(H1 — o)

with A = log 7 /mo.

This linear classifier minimizes the total misclassification rate, as is easily shown by applying Bayes theorem. However,
the assumption that the parameters (A, pg, 1, X) are known is rarely the case in practice. Therefore, the parameters are
usually estimated from a random sample of n observations, {(X1, ¥1), ..., (Xn, ¥n)} Where yy is the binary class label for the
kth sample. Parameter estimates are typically obtained by maximizing the following log-likelihood function

(2)

n
p 1 1 e
E (1—yk){—zlog(Zﬂ)—zlogIZI—z(xk—uo)): 1(Xk—ll«o)—l—logJTo}
k=1

n
p 1 1 _
+ E J’k{_ZIOg(ZW)_210g|2|_2(xk_|1«1)/2 1(Xk—lk1)+10g771}-
k=1

Using maximum likelihood estimators (MLEs) in place of unknown parameters results in the so called NDA procedure.
The corresponding discriminative method to NDA is LR. LR is a popular discriminative method that does not assume any
distribution for X. It simply assumes a parametric form for the conditional probability P(Y = 1|X = X). Then the parameters
(o, B') are estimated directly by maximizing the conditional likelihood

D e +Bxi) — Y logll + exp(a + B'xi)].
k=1 k=1

In the context of no label noise both NDA and LR will give consistent estimates under (1).
Now let’s introduce the CCC-Noise into these two procedures. For a binary classification problem, CCC-Noise means that
the label Y (0 or 1) of any observation is independently and randomly flipped to 1 — Y with probability 1 — 6y, where, 0y
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denotes t~he correct labeling rate. We know that Y denotes the corresponding true class label, but instead of observing Y, we
observe Y as the noisy class label. The CCC-Noise can be specified as

PY=1Y=0=1—6
PY=0Y=1)=1-6

and the observed training data is {(X1, 1), - . ., (Xn, ¥n)}.
For the NDA procedure, the misspecified log-likelihood is

- . p 1 1 e
PRI {—5 log(27) — - 1og =] — - (¥ — ko) =7 (xac — o) + logﬂo}
k=1

n
- p 1 1 I
+ E yk{—zlog(Zﬂ)—zlogIZI—z(xk—u])): ‘(xk—u1)+logn1}. (3)
k=1

The MLEs obtained by maximizing (3) are termed misspecified MLEs. Similarly, the misspecified MLEs for the LR procedure
are obtained by maximizing

D Vil + Bxi) — ) logl1 + exp(ar + B'xio)]. (4)
k=1 k=1

3. Asymptotic distribution of error rate

Let (&, B/) denote an arbitrary estimate of («, ') based upon the training data set. For a new observation (X, Y),
the probability of a misclassification (calculated with respect to the joint distribution of the training data and the new
observation) error is defined to be

ER(&, B) = P(L

X)>0,Y=0)+P(L.-z(X) <0,Y=1).

@p @p
If (&, B,) are randomly determined (as in NDA or LR), ER(&, ﬁ) will be a random variable. Efron [ 16] stated that the distribu-

tion of ER(&, ﬁ) is invariant under a linear transformation that allows reduction of assumption (1) to the following canonical
form

population 0 : X ~ MVN,(—(A/2)e,,I) with probability 7o 5)
population 1: X ~ MVN,((A/2)ey, ) with probability 7y,

where A = \/(p,1 — o)’ Z71(uy — o), the square root of the Mahalanobis distance, I is the p x p identity matrix and
e, =(1,0,0,...,0)isa 1 x p vector. For either LR or NDA, the probability of misclassification has the same distribution
under (1) as it does under the so-called “standard situation” (5). A formal proof of this statement is presented in [ 19] where
it is also shown the result continues to hold even in the presence of CCC-Noise. Henceforth, we will work with the “standard
situation”.

In the standard situation, the conditional (given the training data) probability of misclassification of an arbitrary

estimated classification boundary, Lag = a+ f%/x =0,is

— 2B+ & —2B1 —&

+m® | ——F—— ], (6)

~f~ ~f~

BB BB

where Bl indicates the first component of ﬁ and & (.) is the cumulative density function of the standard normal distribution.
~ ~/ . . . . . .
Now, suppose the arbitrary estimate (&, f ) has a limiting normal distribution

6) () = move o G2 2)] g

where zg is a scalar, zgq is a column p x 1 vector and Z¢; is a p x p matrix. Differentiating (6) gives,

ER(&, B) = 7o®

~ __fé e ~ __fé 3 o~
BER(?,B):fO(&,ﬁ):no 1 . 4B, +a o 1 ’ 2B, — &

o N T T T
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o~ _A . ~/~ _ 3~ -4 @
%ﬁl’ﬁ) = f1(5é, ﬁ) = T ~2,~E1 + <§l31 _&) (B B)ijﬂ ¢ #
; T VB

9 Az =\ a1 2
eit+|sh+a)BB B —F— |
2
BB
where ¢ is the standard normal density function.

Defining w?(@*, ) = f2(@*, B )zo0 + £,(@*, B )Z1af1(@*, B) + 2fo(@*, B )z, F1(&*, B), the following lemma follows
from application of the delta method:

Lemma 1. In the standard situation, if (&, ﬁ/) has the limiting distribution given in (7) with

@, B") # (@, B), then V[ER@, B) — ER@*, )] = N(0, 0*(@*, B")).

Note that if (a*, ﬁ*/) are the true values of («, f), then fo(a*, ﬁ*) and fq(a*, B*) will both vanish since ER(c, ﬁ) is
minimized at that point. In this situation, Lemma 1 will not be valid since the first order Taylor expansion is not enough.
Efron [16] computed the efficiency of LR to NDA, without CCC-Noise, based on the second order Taylor expansion. For the

~x/
case of having CCC-Noise, Lemma 1 will be valid since (a*, B* ) are not equal to the true values. In order to use Lemma 1 to

obtain the asymptotic distribution of ER(&, B), we will first to get the asymptotic distribution of (&, ﬁ/). To this end, we will
utilize White’s theorem [20].

White’s Theorem. Suppose i.i.d. dataxq, X, ..., X, come from a true distribution p(X), but we assume a family of distributions,
p(x|0) where 0 is an indexing parameter. Then under suitable regularity conditions, the maximum likelihood estimator of 0

converges almost surely to the value 0* that minimizes — f p(x) log [";ﬁ"‘;)] dx, the Kullback-Leibler distance of p(x|0) from

p(x). White also shows that the sequence of MLEs, én, is asymptotically multivariate normal in the sense Jﬁ(én -0 Y
MVN(0, C(8*)), where the covariance matrix C(8*) is equal to A(6*)""B(0*)A(8*) ", with A(8) and B(8) matrices whose (i, j)th
element is given by

A;j(8) = Epx [0 log p(x(0)/06:6)],

B;j(0) = Epx[(0 log p(x|0)/36;)(0 log p(x]0)/96;)].

3.1. Asymptotic distribution of error rate of NDA

Al

First we consider the misspecified NDA procedure. Let (&, B ) and (i, o> 1, )A:) denote, respectively, the estimates

. . . . . ~—1
of (o, B') and (X, ig, b1, X) based on the misspecified NDA procedure. Let us write the distinct elements of ¥ = as a

~ ~ ~ ~ ~ ~ .. . A1) (2 ~(1 ~ ~

p(p + 1)/2 vector (611,612, ..., 6% 62, 6%, ..., 6P) and indicate this vector as (67, 6?), where 6V = (611,62,
A1 ~(2) _ ~22 23 A
.., 0P), 07 =(6°,6%,...,0PP),

For convenience we introduce the following expressions first,

=TT s =TT , =TT s =TT , = + + .
o0 1 1 0 0 191 l l

We also have the following notations, Ej; being the p x p matrix with one in the (i, j)th position and zero elsewhere, Opp
being zero matrixes, and §; = 1or0asi = jori # j. As described earlier, the asymptotic distribution of the error rate is
the same under (1) as it is under (5), so we consider the asymptotic distribution of the misspecified MLEs in the standard
situation. It will also be seen that we do not need the limiting distribution of @ to derive the asymptotic distribution of

NDA based estimates (&, ﬁ/).

Lemma 2. In the standard situation, under CCC-Noise, the NDA produces misspecified estimates (i,;lo, i, "), by
maximizing (3), which satisfy

A A
i o
Vil et ] = el [ MYNspa 0.2

&V *(1)
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where
c+d b—aA d—cA
A =log —, = ey, = ", (% _ @ /h
&b Mo= a2 M= g ¢ /
and
oo O1xp O1xp wo3€)
I—En
Opx1 wnEn+ 0y p w13E1q
Q— a+b
o I—Eq;
Opx1 Op»p wxnEn1 + crd wy3E1q
wo3€q w13En wy3En w33E11 + h(I — Eq)
with
1+ exp(A*)]? 1 1 ab
000 = [ p(A*)] _ ’ o = —— 73A2,
exp(A*) (@a+b)c+d a+b (a+b)
1 n ab 5
Wyy = —— + —— A?,
27T c4d " (c+ad)d
2 N A* | ab* +a*b  cd* + cd ab N cd \?
w33 = — + — — ,
PT R b+t T d+o)? b+a d-c
A? ab cd ab(a — b) A3 cd(c —d)A3
[0) = — — . w = [0 =
BT R @+ b2 (c+d)? BT (@ +b)h2 27 T+ d)h?

Proof. see AppendixA. O

Lemma 2 gives us the asymptotic distribution of the misspecified MLEs ):, Lo, 7 and 6", Similar to Efron’s deriva-
tions [16], we use the multivariate delta method to obtain Lemma 3 which uses the following definitions,

b—aaA c—dA
= e M = —— -,
b+a2h c+d2h

b—a\? d—c\?| A2 d—c b—a\ A4
M3 = (\7—"">] — e m3 = - =5
b+a d+c 8 d+c b+a) 2
Lemma 3. In the standard situation, under CCC-Noise, the NDA produces misspecified estimates (&, ﬁ,) satisfying

8[()-(5)] v

Mo

where
. c+d 1 [[/d=c\* (b—a\’|[/a\’
o = log - — — -,
a+b 2h d+c b+a 2
A ad — bc
* * *Z*_lz—ie,
B (k] — R (ZH) h bt aectd 1
Koo Kme,l
A= e En + ! +m%h | (1= Eqp)
K K —_——— 1'm -
01€1 11En @+ b)(c + d)h? 13 1n
with
Koo = woo + w11(Mo1)? + w2 (Mo2)? + w33(Me3)* + 2Mo3wo3 + 2Mo3w13Mor + 2Mo3w23Mos,
—m m —m
Ko1 = (;;w“ ozhwzz + Mo3w33my3 + we3Mmi3 + 7(’)130)13
Mop323
+ meiwi3my3 + + Mpawy3mys,
w11 + W o 2mq3A3 [ab(a—b)  cd(c —d)
K1 = ———— + M5,w33 — —
" h2 13733 h3 (@+b3  (c+d)3
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Proof. Differentiating (2) gives

Ja oo o

do poitoj — H1ihyj

= 17 = . 2_17 = — /2_17 = — )
ox ow, "o ow, — M 90 1+ 5

0 0 0 9 E;j + E;ji

73 = 07 B/ = _2715 B/ = 2717 ﬁ] = 1 ha e (u'l - u‘O)
oA IR o do¥ 1+

1oi indicating the ith component of py; likewise for wq;. In the standard situation, we have the following first-order
differential relationship that is obtained by expanding (a, ﬁ/) around (a*, *)

A —ar
(&) <a*> [1 mp€'y  Mmpe;  mpe) 0:| Eo B :‘j 8)
~ )l = « | = 1 -1 1 .
B B 0 —(T (z%) mysl 0 & _ 0*21)
5@ _ 5@

Let M be the matrix on the right side of (8), ignoring the last column. Then the multivariate delta method gives the covariance
Al
matrix of (&, B ) as MM'. Evaluation of MM’ gives the resultof A. O

Then the asymptotic distribution of ER(&, ﬁ) is given in Theorem 1.

Theorem 1.

JVAER@, B) — ER(*, Bie1)] — N(O, wnn),

where

ER(a*, Bey) nq§< A+“*>+ncp(A “*>
o, = —_t — _— ,
U2 e T U2 s
wI%IDA = (fo(a", ﬁTel))zKoo + k11 (frr (e, ,3T01))2 + 2fo(ar, BreDkoifin (o™, Brer).
with

. o o A o T A o*
e ien =t (=5 + i) - 5 (-2~ )

. o o* A o o* A af
s gien = =rogieze (=5 + i)+ G (<3 = )

Proof. The proof follows immediately from Lemmas 1and 3. O

We know that the minimal value of the error rate is ER(A, Aeq) = my® (—% + %) + m P (—% — %) That means the
misspecified NDA procedure will converge to ER(A, Ae,) if the following condition is satisfied
+d 1 [ (d=c)2 b—a\2| (42
o lESE -5 () - (5)°]3)
B A _Jad—bc] A )
1 h (b+a)(c+d)
When 7y = 74, it can be easily seen that this equation holds if 6, = 6;.

3.2, Asymptotic distribution of error rate of LR

According to White’s theorem, the misspecified MLEs, obtained by maximizing (4), say (5, t') are asymptotically normal
and converge almost surely to the value (s*, t*) that minimizes

Ex) { —¥ (o + B'X) + log[1 + exp(e + B'X)] — log[(p(X)]} , (10)

where ¢ (X) is the density function of X under (5).
Taking the first partial derivatives with respect to « and  respectively and setting them to zero gives:

e i exp(s*) exp(t¥X) _

E(X,Y) [Y] E(x_y) |: 1 + exp(s*) exp(t*’X):| — Y% (]])
e ~ exp(s*) exp(t¥X) _

Exp)XY] —Ex ) [Xl T+ exp(s) exp(t*/x)} =0. (12)
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Neuhaus [14] showed that ignoring CCC-Noise in the LR can be viewed as one kind of link function violation. Li and
Duan’s [21] showed that the estimated slope ¥ from LR with a misspecified link function consistently estimates the true
parameter B’ up to a scale factor. In the standard situation B’ = Ae}, thus we have t¥ = u*Ae}, where u* is a scalar
quantity. Then (11) and (12) are simplified into,

exp(s*) exp(u*AX,)
g1(mo. 4, 6. 61) = Ex, L (13)
1+ exp(s*) exp(u*AXy)
X1 exp(s*) exp(u* AX;)
80, A, 60, 61) = Ex, | — ; (14)
1+ exp(s*) exp(u*AXy)
with
(70, 4,60, 00) = Ee ) [V] = 01 TERAX) 1 gy o
7o, A, 60, 61) = Ex y = ———— - —,
£1170 0-71 &1 X o 4 7 exp(AXy) O 70 + 71 exp(AX7)

X]T[] exp(AXl) X17T0
———— |+ (A1 =0 | ———————
o + 71 exp(AXq) 7T + 711 exp(AXy)

and X; indicating the first component of X. Egs. (13) and (14) are solved by combining Monte-Carlo integration with the
Newton-Raphson algorithm. The two unknown parameters (s*, u*) only depend on the values of (77g, A, 6y, 61). Instead of
using s* (g, A, 09, 01) and u* (g, A, 69, 61), we adopt (s*, u*) for the convenience of expression.

&(mo, 4, 6, 1) = Ex 3 I:?Xl] = 64Ex, |:

Lemma 4. In the standard situation, under CCC-Noise, the LR produces misspecified estimates (3, ¥') satisfying

Al() ()] -

where (s*, u*) is solution of (13) and (14), and

Yoo Vo1€';
= U
v Yorer ViEn + h*g(l —En)
0
with
1)0 _ h%l}o — 2h1h2U1 + h%vz _ —h1h2v0 + (h]hg + l’l%)l}l — h0h11)2
00 = ) 01 = ,
(hohy — h7)? (hohy — h})?
hZ — 2h+h h2 +o00 * * A .
Yy = 0 2N B2 A6, 0y) = / SXPE) XPUTAY i ey,
(hohy — h7)? —oo |14 exp(s*) exp(u*Ax)]

vi(mo, A, 6p, 61) E/

—0o0

* * A .
+ eXp(ST) expQu” AX) Xox)dx i=0,1,2.
1+ exp(s*) exp(u* Ax)

TN 7710; exp(Ax) + mo(1 — 6p) 1 — exp(s*) exp(u* Ax)
o + 1 exp(AX) 1+ exp(s*) exp(u* Ax)

Proof. see AppendixB. O

Combining Lemmas 1 and 4 proves the following theorem regarding the asymptotic distribution of ER(S, t).

Theorem 2.

VA[ERG, B) — ER(s*, u* Aeq)] = N(0, ),

where
ER(s", u* Aey) = mo® (—é + ol ) +m® <—é S ) ,
2 [u*|A 2 |u*|A
wir = (fo(s*, u*Aey))* oo + Y11 (f11(s*, u* Aey))® + 2fo(s*, u* Aey) Yorfir (s*, u* Aey)
with

fo(S*,u*Ael) — ﬂo*(b _é + s* o 1 ¢ _é _ s* ’
lu*|A 2 |u*| A lu*|A 2 lu*|A

fi(s* i Aey) s* " A N s* i s* " A s*
=-Tp——=¢|—— —¢|—= — .
e ! O (ura)? 2 |ut|A Y A)? 2 |ufa
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Fig. 1a. The asymptotic error rate bias with 6y = 1, A = 1and 7y = 0.5.
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Fig. 1b. The asymptotic error rate bias with 6y = 1, A = 2 and 7y = 0.5.
4. Comparison and discussion

Define the bias of the asymptotic error rate of the classification rule by
AERB(&, B) = lim E [ER(&, ﬁ)] — ER(A, Aey) = ER(a*, Ber) — ER(h, Aey),
n—oo
AERB(, ) = lim E [ERG, ©)] — ER(%, Aey) = ER(s*, u*Aey) — ER(A, Aey).
n—oo

We assume that both 6y and 6, are greater than 0.5 since values of 8y and 6 less than 0.5 indicates that the process of labeling
an observation performs worse than flipping a coin. Figs. 1-3 illustrate how the CCC-Noise affects the bias of the asymptotic
error rate of NDA and LR respectively. If the CCC-Noise is ignored, both the LR and NDA procedures are positively biased.
However, when the noise level is low, which is usually the case in practice, the asymptotic error rates of both procedures
are only slightly affected. When A is small, the LR and NDA almost have the same asymptotic error rate. As A increases, the
difference in the asymptotic error rates increases with LR always being larger. When 6, = 61, AERB is zero for both NDA and
LR, implying the corresponding asymptotic error rates are both equal to the optimal value given by ER(A, Ae;). We define
the relative efficiency of LR to NDA as the following,

~ 2
E I:ER(&, B) — ER(}\., Ael)] AERBZ(&, ﬁ) + wI%IDA/n
E[ERG,® —ER(:, dep)]”  AERB’G. D +of/n

RE (7o, A, 0p, 01,n) = (15)

The quantities of (15) are graphed in Figs. 4-6 for different sample sizes. These three graphs show that the relative efficiency
monotonically increases as the noise level increases, which indicates that LR is less deteriorated by CCC-Noise compared to
NDA. As noise level goes to zero, the relative efficiencies converge to their minimal values, which are different from the
numbers shown in Table 1 of Efron’s paper [16], because the relative efficiency employed in Efron’s paper is defined as the
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Fig. 1c. The asymptotic error rate bias with 6, = 1, A = 3 and 7y = 0.5.
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Fig. 2a. The asymptotic error rate bias with 6y = 0.9, A = 1 and 7y = 0.5.
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Fig. 2b. The asymptotic error rate bias with 6, = 0.9, A = 2 and 7y = 0.5.

ratio of the expected regrets of these two procedures, rather than the ratio of the mean square errors as in our paper. It is
also important to note that as A gets smaller, although NDA is still better it is better by a small margin. Furthermore, for the
case of sample size equal to 50 and A equal to 2, as misclassification probability increases, the performance of LR can even
be better than NDA. Though only Fig. 4 shows this latter aspect, for lower values of 6; some of these other curves would rise
up to be larger than 1 also.
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Fig. 2c. The asymptotic error rate bias with 6, = 0.9, A = 3 and 7y = 0.5.
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Fig. 3b. The asymptotic error rate bias with 6y = 0.8, A = 2 and 7y = 0.5.
5. Summary

We have investigated the impact of CCC-Noise on the performance of a popular generative classifier, normal discriminant
analysis (NDA) and its corresponding discriminative classifier logistic regression (LR). We compared the relative asymptotic
error rate of these two classifiers under CCC-Noise when the underlying distributions are multivariate normal. Typically,
the AERB of both procedures are only slightly affected when the noise level is low. LR has a larger AERB than NDA when the
two populations are more separated.
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Fig. 5. The relative efficiency of LR to NDA with 6, = 1, n = 200 and 7y = 0.5.

With respect to the relative efficiency of LR to NDA, we showed that LR is less deteriorated by CCC-Noise compared
to NDA. One important conclusion is that under the CCC-Noise contexts, the Mahalanobis distance A? plays a vital role in
determining the relative performance of these two procedures. When A? is small, LR tends to be more tolerable to CCC-Noise
compared to NDA.

Our analyses provide insight and a more in-depth understanding of the effect of noisy labeled observations on the
accuracy of frequently used classification models, and conceivably our results can be used to guide interested researchers
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Fig. 6. The relative efficiency of LR to NDA with 6, = 1, n = 1000 and 7y = 0.5.

on the design of noise handling mechanisms. In future work we will extend this efficiency comparison to a non-Gaussian
assumption for the distribution of X.

Appendix A. Proof of Lemma 2

According to White's theorem the misspecified MLEs, ():, o> L1, %), of NDA converges to (A%, pg, b, X*) which
minimizes

~|p 1 1 Je
E(x,\'/):(l -Y) [2 log(27) + - log |Z| + S (X — o) Z TX =) — logno}

~ 1 1
+Y [‘2’ log(2) + 5 log =] + 2 (X — k) T~ (X = y) logm”,

where the expectation is with respect to the joint distribution of ()?, X). Let L represent the inner term of the expectation.
Taking the first partial derivatives with respect to A, pg, b1 and X respectively and setting them to zero gives:

. B
Foxi) { 1+ exp(A*) Y} =0 (16)
E(x,\?) {_(1 - 17)(2*)71()( - lks)] =0, (17)
Ex.1) {_?(E*)_l(x - ILT)} =0, (18)

1 1 ~
E(x,y){—z[zz* — diagZ’] + 5 (1= V)2X — k) (X — pg)' — diag(X — wg)(X — 5)’]

1-~
+ oYX~ DX —pp) — diag(X — pX — u’{)’]] =0. (19)

Also it can be easily shown that, in the standard situation,
(71 — m0) Ay
2

Eoory [(1= DX = )X = 1) ]

Aeq « Aeq % ! Aeq % Aeq % !
= mobp |1+ T"-ILO T—HL“ +m(1 =6y [1+ T_uo T_uo ) (20)

Fxy [FX =X =)

Ae Ae ! Ae Ae !
= 770(1 — 6p) [H— (21+M) (2‘+u;*> } + 116, [H— (2‘ —;q) (2‘ —;ﬁ) }

[617m1 — (1 — Bp)mo] Aeyq
2

)

Exy [X]= . Exp [Y] =7m(1—6) +mi61,  Exy [?x] =
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Substituting the values of the expre5510ns from (20) into (16), (17), (18) and (19) and simplifying and solving yield

(A%, uy, k3, ). Here T =1+ (m + m) A2Eq; which mdlcates that 0V* = he,.

The asymptotic variance-covariance matrix of (k, o> M, &' ) is represented as

Aw Aoi Apz Aes\ ' /B Boi Buz Bos

Al A A A B/ B B B
o —Aga! = | Au 11 12 A o Bu B Bis| 1
Ap A Ap Ayx By, B, Bxn By
/ /
Aoz Az Ap As By Bjs By By

where Aqg is a scalar, Ag1, Aoz, Ags are 1 x p vectors and Aqq, Az, Asz, A1z, Aq3, A3 are p x p matrixes, likewise for all
components in matrix B. First we consider the elements in matrix A. Again according to White’s theorem we know that

L 52 _ exp(L*)
B KZECA RS I TRV

An = Epepy | L = Egepy (1 ¥)(2) )
X Gpedg OF EE T5) o0
(a+b) (I + (Lb + i) AZEn)_] ,
a+b c+d
Ay =E; [ oL } =Exy {?(z*)—l} =(c+d) <1+ (a—b+ cd )AZE >_]
*x.9) XY a+b c+d b

Onq9pLq
and apparently Ag1 = Agz = Ag3s = O1xp, A1z = A21 = Opp. With respect to Aq3 and A3, for each element in oV, we have

(O, g, 17, Z%)

Eqy; + Eiq
}=QM{”U—WG Mﬂ=%w
(A%, 1,07, Z%) +4

%L
Exoy | ——=
X | ool 1

%L [E1J+ it
Exty | 5= =Exi |7 5 YX—np | =0pa,
xn |:8|L18011 <x*,u.’;.u§,2*>} X0 148y ! P

which indicate that Aj3 = Azz = Opp.
Now let’s consider (19). Taking the first partial derivative with respect to o%,and evaluated at (A*, g, iy, X*) gives

E;i + E; ij T Eji
—Eg g | —Zr A Ty da wr Bt B |
“”[ 145 vy
All the elements in this matrix are zero except the positions (i, j) and (j, i), which indicates that As3 is a diagonal matrix and
evaluation gives Asz = %En + h(I — Eq7). Finally, the whole matrix A can be written in the following way

p—1

. exp(L*) a+b
A = diag| — , — ,—(a+b),...,—(a+Db),
g(n+awm2 po @D @+

p—1 p—1
d —h? —
—%, ~(c+d). e+, - Th/2 —h/22>.

Now consider the matrix B. According to White’s theorem we know that
oL oL exp(L) 212 exp(A*)
oo = Fach [am }:EM {|:_1/\ Y = D a0 P
O G5 25) +exp(A) [14 exp(A*)]

B E | oL ( x >/
1n = D owe \ o
X0 e \ dpg (g3 2 |

1+_ ab + cd A’E B (a+ b1+ ab A’E I+ ab + cd A’E B
a+b c+d 1 a+b 1 a+b c+d n ’

5 . [ oL < L )
22 = il s\
(X,Y) alh alh sz |

I+ ( ab n cd A’E - (c+di+ cd A’E I+ ab n cd A’E -
c —_— .
a+b c+d n c+d n a+b c+d 1

= Eoery {1 = D2E) T X - mp X -y (297

=Exy) {(Y)(Z) ' X — )X —p)' @97}
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It also can be easily shown that Bg; = Bz = O1xp and By = By1 = Op;, based on the fact that (1 — ?)}7 is a zero random

variable. Now let’s consider Bos. First we let N = —2 [2%* — diag £*] and n;; be (i, j) component of N. Thus we have
[ oL X —up) X — )~ X — )X — wl)
Exy | o5 =+ (-y)——2 0 et sk Mot Vol
s _(7] ()»*A,ILE,IL?E*) 1+ 81.]. 1+ 51_]_

Note the fact that N is a diagonal matrix. Let’s consider the jth component of By

oL oL exp(h) -
Y =Exvy\\ 77 Y
(x*yus’u?z*) 1 + eXp()»)

xR ol
X1 — o) K — 1g) - X — ui) X — M’{j)}
1+ 8]]' 1+ 81]'
- - (X1 = ui) G — u3)
= E(X 7) —Ynlj -Y ! 1 ! y .
’ 14+ 31j
It can be observed that only the component with j = 1 is nonzero, which is equal to
~h G =) — AT c+d a+b
E(X{/) Yf—Y(l Mn)( 1 /1-11) -2 |w + —cd + )
’ 2 2 2 a+b c+d
Now let’s consider the (i, j) component of B3,

oL dL = o X1 = o) (X5 — Hg) X1 — wi) X — i
E(x ol == —E|(1- Y)2 1= Mo )\WAj — Ky Xq Mm)( i MOz)
3 olgl M?,z*) 1+ 8]] 14+ 81[

+E [(};)2 X1 — w1 K — 1y X — pi) X — lfff)]
1+ 81]' 1+ 511’

It can be observed that only the components with i equal to j are nonzero. For any j # 1

JdL oL
Ex v

ocliogh

E

X [nlj—i-(l —}7)

OF.ng

:| = —n%j + 1+ o0 (101 — i) + (1 — 01) (an — pgy)?
R E)

+ mo(1 = 0p) (o1 — 3)” + w161 (w11 — uiy)?
w14 AN (2 2+b 2a 1\’
- y 2 b+a b+a

n 2d 2+d 2c \?

C [ [
c+d c+d

14 ab n cd _h
- b+a c+d|

1 ,|ab*+a*h  cd*+cd ab ad
= + —A 4 + 4 -3 + .
wagwizn] 204 (b+a (d+0) b+a d+c

For (i, j)) component of By3,

Forj =1,
[ oL oL

ol gl

Ex

[ oL oL oo X1 = g X5 — 1E) (X — )
Exy | =5 =Exy |(1-Y) |
' _U U0 Loj V2 ’ 1+ (Slj houi
It can be observed that only the (1, 1) component is nonzero, which is equal to
oL dL 3(“01 - Mé]) + (Mm - H«é])?’
Exy | -1 = ot
’ _0' 3/;L01 ()L*Malq!):*) 2h
3 % %3
+7T1(] _ 91) (M]] H«o]) + (,U«ll Mo])
2h
_ A’ab(a—Db)
T 2h (a+b)?

Thus B3 = %; “(’;:‘f;)? Eq;. Similarly, we have B3 = g—; C(‘jc(i;)? Eq;. Finally, evaluation of A='BA! gives the matrix .
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Appendix B. Proof of Lemma 4

The asymptotic variance-covariance matrix of (S, t') is represented

-1
1% V H H
W=V V! = ( ,11 12) ( /11 12) V-1
V12 Va2 H12 Haz,

where V71 is a scalar, Vq3 are 1 x p vectors and Vy; are p x p matrixes, likewise for all components in matrix H. First we
consider the elements in matrix H. Let [ represent the inner term of the expectation of (10),

9%l exp(s*) exp(u* AX;)
= EX1 = hy.
(s*,u*)

Hll = E(X.?) |:30{30t

Now consider the ith component of Hqp

_F { X; exp(s*) exp(u* AXy) }
— EX .
(s%,u%) [1+ exp(s*) exp(u* AX;)]?

[1+ exp(s*) exp(u* AX;)]?

N K
®O 1 e By

Only the first component is nonzero, which is equal to

i _E { X1 exp(s*) exp(u* AX;) } _h
X1 5 (=M
[1+ exp(s*) exp(u* AX7)]

a2l

E ~
X B py

(s*,u*) |

The (i, j) component of Hy;,

9%l i XiX; exp(s*) exp(u* AX;)
Exy = Ex (-
T 9Bid B | | [T+ exp(s*) exp(u* AXy)]
It can be observed that only the components with i equal to j are nonzero. For any i # 1

N 9%l i _ (X;)? exp(s*) exp(u* AX;)
*0 9B3Bi ey | { [1+ exp(s*) exp(u*AXy) }
exp(s*) exp(u* AX;)
3 {[1 +eXD(S*)eXp(u*AX1)]2} -

E

Fori=1

} { (X1)? exp(s*) exp(u* AX;) }
= Ex =12
(s*,u*)

32l
g | 8
- |:8ﬂ18ﬂ1 [1+ exp(s*) exp(uAXy) |

Thus Hy, = th" + ho(l + E]]). For matrix V,

(S*,u*)i|

exp(s*) exp(u* AX;) v [ exp(s*) exp(u* AX;) :|2}

al al
Vin = E(x’)?) @@

=Exy 1Y) —2
’ 1+ exp(s*) exp(u*AXy) 1+ exp(s*) exp(u*AXy)

= Vg.

_ 011 exp(AX7) + mo(1 — 6g) 1 — exp(s*) exp(u* AXq) exp(s*) exp(u*AX,) 2
X1 7o + 71 exp(AXq) 1+ exp(s*) exp(u*AXy) 1+ exp(s*) exp(u*AXy)

For the ith component of Vy,,
al ol

Exv | 554

’ duo 35

Only the first component is nonzero, which is E y, |:

) exp(s*) exp(u*AX,) , exp(s*) exp(u* AX;) 2
= E(X,?) (Y ) Xi—2 * * i i * * :
5% %) 1+ exp(s*) exp(u*AXy) 1+ exp(s*) exp(u*AXy)

ol ol
da 3p;

:| = ;. For the matrix Va, similar to Hy,, we have
(s*,u*)

Va2 = v2Eq1 + vo(I + Eq1). Finally, evaluation of V-THV™! gives the matrix W.
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