JOURNAL OF COMBINATORIAL THEORY 11, 85-88 (1971)

Ballots and Plane Trees
JoHN RIORDAN

The Rockefeller University, New York, New York 10021
Received August 6, 1969

The correspondence of certain plane trees and binary sequences reported
by D. A. Klarner in [1], and a ballot interpretation of the latter, are used to
make an independent evaluation of the number of classes of isomorphic, (k + 1)-
valent, planted plane trees with kn 4+ 2 points. This provides an interesting
multivariable identity for biaomial coefficients.

1. The binary sequences in [1] are those sequences (b, ,..., by, _x)

with b; = 0 or 1, such that b, + - + b, = j,j= 1(1) n — 2 and
b, + -+ byp_p = n — 1. Write

Cc; = bjk_k+1 + ok bjlc ’j = l(l)n —1

and consider the sequences (¢; , ¢; ,..., ¢,3) such that

o+ 4z iji=1n—2 and o+ 4 cpy=n—1

Each element of the sequence is of course either zero or a positive integer.
If any ¢; has the value 7, i of k binary elements are 1 and their positions
may be chosen in () ways. Each sequence (c; ,..., ¢n_y) replaces (%) - (')
binary sequences and the total number of binary sequences is the weighted
sum of, for brevity, c-sequences, with the weight of a c-sequence the
number of binary sequences it replaces. To illustrate, for n = 4, the
c-sequences and their weights are

I Cy Cy Weights
3 0 0 @

2 1 0 (169]
2 0 1 66
1 2 0 G

1 1 1 k?
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The number of binary sequences for n = 4 is

(B3 ()G +# =1 (5)

Interpreting c; as the content of (number of objects contained in) cell j,
the sequence (¢y , €5 ,-.., ¢} Is a distribution of » like objects into » cells
arrayed on a line, such that the total content of cells 1 to j is at least j.
As noticed in my paper [3], this distribution problem is identical with the
classification of weak lead ballot lattice paths ending on the diagonal
by their horizontal segment sequence. If D(n; k, ,..., k) is the number
of such paths ending at (n, n) with k; horizontal segments of length i,
so that n = k; + 2k, -+ -+ + nk, , the enumerator of paths by horizontal
segment specification is defined by

Dn(xl 3oy xn) = Z D(n’ kl EAAAE] kn) -xllc1 xlrcbn

with summation over all partitions 1%1---n*s of n. The evaluation
of D, given, a little disguised, in [3] is with k =k, +ky; + - k,,,
n=1Iky + -+ nk,.

1oty ko
DXy yeees Xn) = ), rEa ) YAy A] a1

In this notation, the number of binary sequences is D,_y(x; ,..., X5_1),
kn

with x; = (¥) and since this number is also (1/n)(,™), the following
identity appears

1 kn4+ky 1 n—+1 k! k

n-+1 ( n )_Zn—!—l ( k )kll---kn! (1)

Ey

@

2. To determine* the enumerator D, = D,(x, ,..., X,), classify the
paths by the first contact with the diagonal. Write D, * = D, *(xy ,..., X,,)
for the enumerator of paths with first diagonal contact at lattice point
(n, n), the strict lead ballots. Then

k=1

* T owe the form of the derivation below to correspondence with Colin Mallows,
my former colleague at Bell Telephone Laboratories, on what seemed at first, to both
of us, a non-ballot problem.
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To determine D,*, classify the weak lead ballots by length of initial
segment, that is, by

D, = ) x;D(n; k).
k=1
Then, by the obvious relation of weak lead and strict lead ballots,
n+1

D.* =Y xpyDn—1,k), n=23,.., @
k=1

while D;* = x; = D; . By (3) and (4)

n—-1 n—1
D, = x,Dy 1 + x; Z D(j, 1) Dp_jy + =+ 4 Xpepa Z D(j, k) Dy
i=1 =k
4 e Fx, D — 1, n —1). %)

Hence D(n;1) = Dy y, D(n;2) = Dy_y + Dy_3Dy + = + DyDy_p =
D,_5(2), the convolution of the sequence (D,,..., D,_,) with itself. By
induction it is found that D(n; k) = D,,_,(k), a k-th convolution. Thus (5)
implies

n

D, = Z XDy 1K), (6)
k=1
and, if D = D(x, y) = X y"D,(x1 ,..., Xp), it follows that
D =14 xyD + x(yDY + -+ + x(yDYe + -, Y

which effectively determines the D, .

3. To find Eq. (1), write 6 = yD, so that (7) may be rewritten

y =81 4+ x;8 + x,82 + )1 o
= 8(1 — 4,8 — A,0% ),
with
A, =4 = 1)+1 k! k1 oo 5 Fon
n = An0 sy X0) = B (=DM ey e

which follows from the relation of elementary symmetric functions with
homogeneous product sums (cf. [4, p. 188]). Since

8 =yl + Dy + Dp)* + )
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it follows from the formula for reversion of series ([4, p. 149]) that

_ 1 m+k kt by .. g
D"“Zn+1( k )kI!,..kn!AE A

Setting x = x; = x, = -+, and noting that A4,(x) = x(1 — x)",

)

D, (x,..., X) = d(x) = i ! (n _I*c_ k)(z : i) xK(1 — x)n-*

montl

= (I —x)" H.(x(1 — x)™),
with

e 1 n+kymn—1
Hi) = 3 o (M ) Z )
From (10) it follows that
e 1 mAnn—1
) =¥ 5T ( k )(k—l)xk’
which is (1) with x = x; = x, = -+
4. Returning to plane trees, write x, = (¥) in (7) so that
k k ) een k
D=1+ () y0+ -+ (oD + - + ()oDr
= (1 + yD)y*

orifw=1-+yD
1 —w+ ywk =0,

the solution of which (cf. [2]) is

1/ kn\ .,
w=1+4yD = 1+n§=j1;z-(n_1)y,
which proves the identity (2).
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