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The main result of this note is that a semiprime ring with Krull dimension
is a right order in a semisimple artinian ring.

In [3] this theorem is cast in the more general context of rings with enough
monoform right ideals. In fact, semiprime right Goldie rings are precisely
those semiprime rings with finite uniform dimension and enough monoform
right ideals.

The Krull dimension, K dim M, of a module M is an ordinal and was
defined originally by Rentschler and Gabriel [8] for finite ordinals, then
extended to include transfinite ordinals by Krause [7], (or see [3]). Examples
of Jategaonkar [6] show that there are rings of arbitrary Krull dimension
(see [3, Example 10.3]). Also, any noetherian module has Krull dimension [1].

Modules with Krull dimension are, by definition, analogous to artinian
modules; in fact, the modules of Krull dimension zero are precisely nonzero
artinian modules. The modules corresponding in this analogy with simple
modules are critical, or restricted, modules as defined in [5] and [2]. This
suggests the following lemmas, the proofs of which are straightforward.

Lemma 1. Every nonzero module with Krull dimension has a critical
submodule.

Lemma 2. Every nonzero endomorphism of a critical module is a mono-
morphism.

THEOREM. A semiprime ring with Krull dimension is a right order in a
semisimple artinian ring.

Proof. Let R be a semiprime ring with Krull dimension. Since it is
known (see, for example, [7, Proposition 4]) that R has finite uniform dimen-
sion, it is enough to show that the singular ideal Z(R) is zero. But if Z(R) # 0
then Z(R) contains a critical submodule C and, since C? =£ 0, there is an
element ¢ € C with ¢C 54 0. Thus the left multiplication map ¢ : C — C is,
by Lemma 2, a monomorphism. This means that the right annihilator of ¢
intersects C trivially, against the definition of Z(R).
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The effect of the presence of critical right ideals is further brought out by
the next result which is a special case of [3, Theorem 3.7].

CoroLLARY 1. A ring which is a direct sum of critical right ideals is a split
extension of a nilpotent ring by a finite direct product of prime right Goldie
rings.

Proof. Order these critical right ideals by their Krull dimensions. One
can then apply the theorem together with [4, Section 1, Corollaries 3 and 4].

CoROLLARY 2. Any ring with Krull dimension has the ascending chain
condition on semiprime ideals.

Proof. 'The proof for prime ideals is a straightforward consequence of
the theorem, using the argument in [8, g]. The extension to semiprime
ideals is immediate from the fact [3, Theorem 7.7] that a ring with ascending
chain condition for primes also has ascending chain condition for finite
intersections of primes. '

Corollary 2 enables one to define an ordinal classical Krull dimension of any
ring with Krull dimension, following Gabriel [1, p. 425, Corollaire 2] and
Krause [7, Definition 11]. The method of [8, g] yields the next resuit.

CoroLLARY 3. If R is a ring with Krull dimension o then the classical Krull
dimension of R is at most .

Jategaonkar’s examples, mentioned above, show that there are rings with
arbitrary classical Krull dimension.

Vis-a-vis the theorem we point out that semiprime rings with Krull dimen-
sion need not be right noetherian. For example, a rank 2 valuation ring R
whose value group isZ P Z, ordered lexicographically, has Krull dimension 2.
Furthermore R has a factor ring of Krull dimension 1 which is Goldie but
not noetherian, and another factor ring of Krull dimension 1 which is not
Goldie, failing to have ascending chain condition on annihilators; see
[3, Examples 10.7 and 10.8] for a more complete description of these rings.

On the other hand, a semiprime right Goldie ring need not have a Krull
dimension. The polynomial ring in infinitely many commuting indeterminates
over a field is such an example. This is one consequence of

ProposiTiON. If R[x) has Krull dimension then R is right noetherian.

Proof. If not, then R has an infinite strictly ascending chain of right
ideals, I, C I, C ---. Consider the right ideals

A =1 + Iyx + Ix*+ - and B=1I,+Lx+ Ix*+ -
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of R[x]. Since Ax C B,

A/B == Il/Io @® I2/Il @

as R[x]-modules, contradicting the assumption that R[x] has Krull dimension.

In contrast to the negative property of Krull dimension afforded by this
proposition, there is a positive one: the Krull dimension of a ring is a Morita
invariant. This follows from the fact that the endomorphism ring of a finitely
generated projective module over a ring R with Krull dimension has Krull
dimension at most that of R. The hypothesis of projectivity is not redundant
since in [3, Section 10] an example is given of a finitely generated module over
an artinian ring whose endomorphism ring does not have Krull dimension.

In a similar vein, there is an example of a critical right ideal in a prime
noetherian ring whose endomorphism ring does not have Krull dimension.
There is also an example of a critical module over a2 domain of Krull dimension
1 whose endomorphism ring is a proper subfield of the endomorphism ring
of its injective envelope. This provides an example of a critical module
which is not compressible; see [2].
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