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1. Introduction and the main result

This paper is a continuation of the work done in [22].
Let ¢ be a function in L2(R%). Given (s,t) € G :={(s,t): s> 0, t € R}, we define the dilation and translation operators
Ds and T; by

(Dsy)(x) =s"2y(s7'x) and (Tey)(X) =Y (x—1),

respectively. The wavelet transform of f € L%(RY) with respect to v is defined by

Wy f)(s,t) =(f, TtDsypr).
Let 41, ¥ € L2(RY) be such that

+oo—
Cyryy = f v (aw)t@z(aw)% da (11)
0
is a non-zero constant for w # 0. Then we have
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_ dadb
fo=c,l, / f (Wy, )@ b)(TyDay2) () g (12)
g
where the convergence is in L2(R%). And in [24], the continuous wavelet transform was extended to LP (RY).
Motivated by [12,13,19,20,27,30], where the convergence of Riemann sums of the inverse windowed Fourier transform

was studied, in [22,28], the authors studied the approximation of the integral in (1.2) using Riemann sums.
Set a> 1 and b > 0. We define the operator Sq p.y,, y, as

bd@d — 1)

W@, > {f. e Ds;¥) Te  Ds; . (13)

jez kezd

Sa,b;l/fm/fzf =

where (s, tjx) € Eji:=[a/™1/2,a/*1/2) x alb(k + [—1/2,1/2)%). It is easy to see that Sqp.y, y,f can be viewed as a Rie-
mann sum of the integral in (1.2) with respect to the Haar measure a~%~'dadb on G.

For the case of (sj,tjx) = (24,29k) and 1 =y, =, it is well known (e.g., see [8, Chapter 9]) that if ¥ satisfies some
regular conditions, an orthonormal basis for L2(R%) of the form {2i4/2y (24 . —k): j e Z, k € 74} is also an unconditional
basis for LP(RY), 1 < p < oo. Chui and Shi [7] proved a sharper result in this aspect, where {24/2y (21 . —k): je Z, k e 24}
is relaxed to be a Bessel sequence in L%(RY). We refer to [6,8] for an introduction on frames and Bessel sequences. See also
[9] for the convergence of wavelet series in LP (RY).

It was shown in [22] that, for certain ¥ and v2, Sq p;y,,y, CcONverges to the identity operator on L2(RY) as (a,b) tends
to (1,0).

In this paper, we study the convergence of Sg p.y,,y, in B(LP(RY)), where B(LP(RY)) is the space of all bounded linear
operators on LP(RY), 1 < p < co. We show that it tends to the identity operator for all 1 < p < co whenever v and
satisfy some smoothness and decay conditions.

Moreover, we also study the convergence of S p.y, y, as operators from the Hardy space H'(RY) to L (RY) and from
L®(R%) to BMO(RY), respectively. We show that it tends to the corresponding embedding mapping.

We use the following set of multi-index: & = (¢, ..., Qq), |¢| =1+ +og, a! =oq!---og!, x¥ = x‘l’“ .- -xg“, XYfHrx)=
x¥ f(x), and (3% f)(x) = ﬁf(x) is the partial derivative in ordinary sense. For a € R, |a| denotes the greatest integer
which is less than or equall to ad.

Our main result is the following.

Theorem 1.1. Set no = |d/2] + 1. Let B and y be positive constants such that d/2 <y <dand 1/8 +1/(2y) < 1/d. Suppose that
Y1 and v, are functions on RY satisfying the following conditions,

(i) 1%y )| < C/(A+[xDP, |oe| <mo — 1,
(1) i) = 22 1<ng—1 @YD) (O (x — )% /a!] < Clx —t]”, and
(iii) fga X*¥i(x) dx = 0, whenever |a| <ng — 1.

Let Sq b.y,,y, be defined as in (1.3). Then we have

(a,b}T}l,o) ISa.biyy .y — Hlp1p =0, 1< p < o0, (14)
<a,b)liir}1,0) ISabiyn.vz =i, =0 (1.5)
<a,b)liir}1,0) 1Sabiyrve =1l 0 =0, (1.6)
(a,b}T}l,O) Sa.b:y1.92 = IllLee—Bmo =0, (1.7)

where I in the last three equations stands for the corresponding embedding mapping.
Remark 1.2. For the case of d =1, the hypotheses (i), (ii) and (iii) turn out to be

(i) Wi < C/a+1x)?,
(i) [¥i(x) — ¢i ()] < Clx—t]”, and
(i) [z ¥i(x)dx=0.

In [23], Meyer asked that whether the affine system {T,;,D,j: j.k € Z} spans all LP(R) for 1 < p < oo, where ¢ =
1 —x2)e"‘2/2 is the Mexican hat function. It is well known that it is the case for p = 2. But it is difficult to deal with other
p-values.

In [16], the authors showed that under certain conditions, the affine system {T,;, D,V¥: jeZ, ke Z% is a frame
for a scale of Triebel-Lizorkin spaces (which includes Lebesgue, Sobolev and Hardy spaces) and the reproducing formula
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converges in norm as well as pointwise a.e. In particular, they show that the affine system spans LP(R?) for all 1 < p < co.
Note that (a, b) has to be close to (1, 0) in this case. So Meyer’s problem was partially solved.

Now we see from (1.4) that we can get the same conclusion with arbitrary sampling points {(sj,tj): j€Z, ke z74.

Note that other spanning results have been established recently. In [1,2], Bui and Laugesen proved that for cer-
tain y, {TyDa;¥: j>0, ke 7% spans LP(RY), 1< p < oo, where {Aj: j >0} is a sequence of expanding matrices, i.e.,
lAjll = +oc0. Note that only “half” of dilation parameters are used in this construction. And in [3,4], the same authors
finally solved the Mexican hat problem.

The paper is organized as follows. In Section 2, we collect some preliminary results. And in Section 3, we give the proof
of Theorem 1.1.

2. Preliminary results on Calderén-Zygmund operators
The theory of Calder6n-Zygmund operators is a very useful tool in the study of singular integral operators. In this section,
we reformulate some classical results on Calder6n-Zygmund operators, which are used in the proof of Theorem 1.1.

There are various definitions of Calder6n-Zygmund kernels. Here we follow the definition in [25].

Definition 2.1. We call K(x, y) a Calder6n-Zygmund kernel if there exist constants Cx > 0 and 0 < § < 1 such that for any
(x, y) e RY x R? with x #y, we have

IKx,y)| < —X -, (2.1)
X =yl
k) < SR =Y T
|K(x,y) = K(x,y)| < g |y y!ézlx yl, (2.2)
kY Celx=x” 1
K@, y) =KX, y)| < Xy x=x[ < Zlx=yl. (23)

Definition 2.2. We call T a Calder6n-Zygmund operator if

(i) T is a bounded operator on L2(RY),
(ii) there exists a Calderén-Zygmund kernel K (x, y) such that for any compactly supported f € L2(R%),
(THx) = / K(x,y)f(y)dy, x¢ supportof f.
Rd

It is well known that a Calderén-Zygmund operator is bounded from L'(R?) to the weak L'(RY). In the following we
give an explicit expression of the bound, which can be proved with the standard method.

Proposition 2.3. (See [5, Theorem 5.1.3] and [18, Theorem 8.2.1].) Let T be a Calderén-Zygmund operator with kernel satisfying (2.1),
(2.2) and (2.3). Then T is a bounded operator from L' (R%) to L1 (R%). More precisely, for any 6 > 2d/% 4 1, we have

weak

1Tl <2Y22092) Tl 2, 12 +407°Ci G, (2.4)

where Cs = d*/2(3/2)+ [y 1y lul =4 du.

Another property of Calderén-Zygmund operators which is used in this paper is that they are bounded from H!(R?) to
L'(RY). Again, we state the result without a proof.

Proposition 2.4. Let T be a Calderon-Zygmund operator with kernel satisfying (2.1), (2.2) and (2.3). Then T is a bounded operator
from HY(RY) to L'(RY) and |||y, ;1 < OY2|IT |2, 12 + 07°Cx Cs, ¥ > 2d'/2 + 1, where Cs is the same as defined in Proposi-
tion 2.3.

The following Marcinkiewicz interpolation theorem [32] appears in many books on harmonic analysis. Here we cite a
version with an explicit estimation on the operator bound. We refer to [17, Theorem 1.3.2] and [31, p. 86] for a proof.

Proposition 2.5 (Marcinkiewicz interpolation theorem). If an operator T satisfies the following two conditions,
ITfll e <Cillflien,  ITfllp2 < Callflipe2,
weak weak

where 1 < p1 < pa, thenfor0 <t <1,1/p= (1 —1t)/p1 +t/p2, we have | Tf||r < MC}’thllf\le, where M =2(p/(p — p1) +
p/(p2 —p)'P.
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3. Proof of the main result

In this section, we give the proof of Theorem 1.1. First of all, we show that Sg p.y, y, is well defined on LP(RY).

To show that a singular integral operator is well defined on LP(RY) for all 1 < p < oo, a standard way is to prove that
it is a bounded linear operator on L%(R%) and related to some Calderén-Zygmund kernel. For Sa,b:y, ¥ it suffices to show
that

_ bla®-1)

Koy =amc o

3 (Tey, s ¥2) 0 (Tr, Ds Y1) (1) (3.1)

jez,kezd

is a Calder6n-Zygmund kernel.
The following result can be proved with the standard method for studying convergence and basis properties of orthonor-
mal wavelets, e.g., see [8,21].

Lemma 3.1. Let /1 (x) and v, (x) be functions defined on RY such that

(X < ———— and (X)) — U <Clx—yl¥, i=1,2,
|¢1( )| A + )& |W1( ) WI(Y)| | Yyl
where v and ¢ are constants, 0 < v < 1 and ¢ > 0. Define
bd@d — 1) .
I<(X, J’) = W Z wj,k(Tl’j_k DS]' lpZ)(x)(Tl'j’k DSj W])(}’), (32)
V1.2 jeZ, kezd

where wj  equals to —1, 0, or 1. Then K (x, y) is a Calderén-Zygmund kernel, i.e.,, K(x, y) meets (2.1), (2.2) and (2.3) with constants

@ -1 ond a54/2 9d+1+e yd+e/2
Ck=————|((2+d"?)"C?C +
7 dad21Cy, ( e e @ —1

add+vm/2 q(d+vn)/2+d+e)(1-n)/2
qd+vn — 1 + qd+e)(1—m—(d+vn) _ 1))

+ (1 + 2d+vn)cv,s,n : (
and § = vn, wheren =¢/2(d + v + €)).

Note that for the regular case, i.e., (sj,tjy) = (al, a’bk), it was shown in [16] that Sa,b:yr,y, is well defined on more
general Triebel-Lizorkin spaces [15,29].

Similarly to the boundedness of Calderén-Zygmund operators, the convergence of S p.y, y, in B(L2(R%) also implies
the convergence in B(LP (RY)). Specifically, we have the following.

Lemma 3.2. Let yq and v, be functions on R? such that

[yi(0] < and [yi(x) — ()| <Clx—yl¥, i=1,2,

C
(1+ |xpd+e
where 0 < v < 1ande¢ > 0. Let Sq p.y,y, be defined as in (1.3). If S p. y, .y, is well defined on L2(RY) and

lim Sab: —1 =0,
wom 1Sa,b:yy,vp — Illp2 2

then Sq.b.y, .y, is well defined on LP(R%) and

fim Sab: =1 =0, Vli<p<oo.
(a,b)— (1,0 Sa.b:y1.v2 lLp—1p p

Proof. Without loss of generality, we assume that 1 <a<2and 0<b < 1.
Let K(x, y) be defined by (3.1). By Lemma 3.1, K(x, y) is a Calderén-Zygmund kernel. That is, for x # y,

Ck
Kxy)| < —73,
NS
Ckly =y 1
’K(X’Y)_K(X,y/)‘gm’ ’y_y/’<§|X_Y|,
Cilx =x'|°

|x—x| < 1|X—J’|,

K@ y) - K. y)[< 5

|x — y|cl+5 ’
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where
(ad -1 1nd 2 a5d/2 2d+1+€ad+€/2
Ck=———"|((2+a"?"C?c +
T dad21Cy, ( e e @ —1
dvn > d+vn)/2 q(d+vm)/2+(d+e)(1—-n)/2
+ (1427 Coe (adJrvn 1 T @ a—m—dron — 1))

d=vn and n=¢/2(d+ v +¢)). It is easy to see that Cx < oo. Consequently, S p.y, y,, and therefore, S p.y, y, — I, are
Calderén-Zygmund operators with the same kernel. Since

lim Sab: —1 =0,
(@b)—(1,0) ” a,b; ¥,y ”LZ—)L2

for any 0 < ¢ < 1, there exist constants ag and bg such that for any 1 <a < ag, 0 <b < by, we have

1Sa.biyy.yn — 22 ¢ < 1
By (2.4), we have
I1Sa,b; 1,9, — ”|L1—>L\],veak <Ms,

where Ms = 24/2+294/2 1 49=3C C;.
By Proposition 2.5, we have

2/p—1 _
ISabegnynf — Flle <MMYPT1 2722 Flln, 1< p <2,
where M =2(p/(p — p1) + p/(p2 — p))/P. Hence

ISabevm iy — Hlip s < MMPP™1e22/P 1 < g < ag, 0 <b < bo.

Note that sup; _q_5 9<p<1 Ms < 00. We have

lim Sa.b: —1 =0, 1<p<2.
(@,b)—(1,0) ISa,b;y1,y, — Hllp -1 P

For the case of 2 < p < oo, we consider the adjoint of Sq p.y, 4, — I. It is easy to see that
(Sabyr.0,8) V) = / K(x, y)g(x)dx.
Rd
Observe that K(, y) is also a Calder6n-Zygmund kernel. Hence S7 b v is a Calder6n-Zygmund operator. Since
lim S —1 = lim Sab: —1 =0,
(a,b)»(l,O)” a.biy. 2 [FENRE (@b)—(1,0) ISabiyn.v2 = Hllo—s 12
we see from the above arguments that

(a,b}iir%l,O)||s;’b?W1,W2 - I”Lq%Lq =0, 1<g<2.

On the other hand, note that
N 1 1
ISab:yr.vs = r—re = |[Sa by g, = oo 1o » + i 1,
we have
lim Sab: —1 =0, 2 00.
wom 1Sa,b;y1,9p — IllLp—1p <p<

This completes the proof. O

To prove the main result, it remains to show the convergence of Sg .y, y, in B(L2(RY)).
In [11], the authors introduced the Banach space Fq(R?) defined by

Fi(RY) = € (RY): Wy . Wp e L'(@)).
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where ¢ (x) = (8,%1 +- 4+ E),%d)de"”‘2 is a fixed function and

1/p
Lp(g):{cbzllq)llw(g):(/ @@, v) pdlji*:/) <+OO}.

Similar to the Feichtinger’s algebra So studied in [10,14] for Gabor analysis, F1(R%) contains nice wavelet atoms and
therefore are useful in wavelet analysis. For example, functions from F;(RY) generate wavelet frames for every well-spread
time-scale sequences of the form {(s;,sjtx): j, k € Z}. Moreover, frames generated by such functions remain frames when
time-scale parameters and generating functions undergo small perturbations.

The following result shows that for wavelet functions from Fq(RY), the operators Sab:yy,y, Converge to the identity
operator in B(L2(R%)).

Proposition 3.3. (See [22, Theorem 4.2].) Let yry, Y2 € F1(RY) be such that Cy, y,, # 0. Then Sq by, .y, is well defined on R? and

lim Sa.b: —1 =0.
(@b)—(1,0) ” a,b; ¥,y ||L24>L2

Next we give a sufficient condition for f € F;(R%), which improves a similar result in [26, Theorem 4.1].

Lemma 3.4. Set no = |d/2]| + 1. Let B and y be positive constants such that d/2 <y <dand 1/8 + 1/(2y) < 1/d. Suppose that
f, g € LN(RY) satisfy the following conditions,

(i) 1% HOI < C/A+[xX]F, | <mp — 1,

(i) 1f ) = Yiajcng1 EHCx— 0| <Clx—t]7, y > d/2,
(iii) [x]” g(x) € L'(RY),

(iv) fRdx g(x)dx = 0 whenever || <ng — 1.

Then W f € L1(G).

Proof. First, it is easy to check that [} sffl Jra IWg f(s,t)|dt < co. On the other hand,

1

0% t —t
[ 8 s w—/m/w\/<ﬂ» )
Rd |a|<n
1
Rd |¢x\<n01 ’
1
d - —t
<c5/sd%fdt/!f<x>!] s 92 ()
0 Rd Rd
1 o 1-8
e f a5 | (5o
R la|<ng—1 §

SV ds | F1T 0 e g o

Il
@)
o)
0\_‘

1

+c? Z §OY Herl(1-8)—d/2-1 ds” ]8“f(t)‘175 H] ” |X|6y+(1—8)|a\g(x) ”1
lerl<no—17

Since 1/8 +1/(2y) < 1/d, we have (1 —d/(2y))B > d. Hence there exists some constant § such that d/(2y) <8 <1 and
(1—-6)B >d. Since 8y > d/2, it is easy to see that fol s;% f]Rd [Wg f(s,t)|dt < oco. This completes the proof. O

The following is an immediate consequence.
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Theorem 3.5. Set ng = |d/2] + 1. Let 8 and y be positive constants such that d/2 <y <dand 1/8 + 1/(2y) < 1/d. Suppose that
f satisfies the following conditions,

(' 13 X < C/A+ |xDP, la| <ng —1,
) 1 f(x) — Z\(x|<n0 ; (G f)(l') )a| C|X—[’|y,
(iii) fRd x*f(x)dx=0 Whenever | <ng—1.

Then f € F1(RY).

Proof. Since d/2 <y <d and 1/8+1/(2y) <1/d, we have g > 2d. Hence 8 — y > d. Consequently, the hypotheses imply
that |x|” f (x) € LT(RY). Now the conclusion follows by Lemma 3.4. O

We are now ready to prove the main result.

Proof of Theorem 1.1. As in the proof of Lemma 3.2, define K(x,y) by (3.1). Then Sqp.y, v, — I is a Calderén-Zygmund
operator with kernel K(x, y).

First, we prove (1.4). By Lemma 3.2, we only need to prove the convergence in B(L2(R%)), for which it suffices to prove
that 1, Yo € F1(RY), thanks to Proposition 3.3. On the other hand, we see from Theorem 3.5 that vy, ¥, € F(RY). This
completes the proof of (1.4).

Next we prove (1.5). By Proposition 2.3, we have

207242901215 g — Tl 22 +

1
Sa.biyr.vs — I||L1—>L}mk < 95’

where 6 > 2d'/2 41 is an arbitrary constant and

y 4Cydd/234+8 / du
1= sup _ — <00
1<a<2,0<b<1 2d+6 |u|d+(S
Rd\[-1,1]d

For any & > 0, we can find some 6y > 2d!/?2 + 1 such that
M &
%o
On the other hand, we see from (1.4) that there exist some 1 <ag <2 and 0 < bg < 1 such that

&

———, l<a<ag, 0<b<bp.
2d/2+3eg/2 <a<dp < < Do

ISa.biyr, v, = Ill2o 2 <

Hence [|Sq,b;yy,y, — Il 11 < &, 1 <a<ag, 0 <b < bg. This proves (1.5).

By Proposition 2.4, (1.6) can be proved similarly to (1.5). And finally, (1.7) is a consequence of (1.6) since the dual of H!
and L' are BMO and L, respectively. O
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