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Abstract

We investigate the combination of two major challenges in computational learning: dealing with huge amounts of irrelevant
information and learning from noisy data. It is shown that large classes of Boolean concepts that depend only on a small fraction
of their variables — so-called juntas — can be learned efficiently from uniformly distributed examples that are corrupted by
random attribute and classification noise. We present solutions to cope with the manifold problems that inhibit a straightforward
generalization of the noise-free case. Additionally, we extend our methods to non-uniformly distributed examples and derive new
results for monotone juntas and for parity juntas in this setting. It is assumed that the attribute noise is generated by a product
distribution. Without any restrictions of the attribute noise distribution, learning in the presence of noise is in general impossible.
This follows from our construction of a noise distribution P and a concept class C such that it is impossible to learn C under
P-noise.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Motivation

Learning in the presence of huge amounts of irrelevant information and learning in the presence of noise have
attracted considerable interest in the past. In this paper, we investigate what can be done if both phenomena occur:
How can we learn n-ary Boolean concepts that depend on only a small number d of unknown attributes — so-called
d-juntas — under the unpleasant effects of attribute and classification noise?

Efficient learning in the presence of irrelevant information is considered to be among the most important and
challenging issues in machine learning (see Mossel, O’Donnell, and Servedio [22]) with a wide range of applications
(see Akutsu, Miyano, and Kuhara [1] and Blum and Langley [8]). The goal is to design fast algorithms that learn
from a number of examples that may depend exponentially on d (since the output hypotheses are represented by their
truth tables being of size 2¢) but only logarithmically on the number n of all attributes. While this goal has been
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achieved for various junta subclasses and learning models (see e.g. Littlestone [19]), it is an open question whether
the class of all n-ary d-juntas can be PAC-learned efficiently under the uniform distribution. The fastest algorithm to
date was proposed by Mossel et al. [22] and runs in time n%-79% . poly(n, 2, log(1/8)), where § is the confidence
parameter. Their algorithm combines two methods: the Fourier method infers relevant variables via estimating Fourier
coefficients, and the parity method learns the concept via solving linear equations over GF(2). The Fourier method
yields an algorithm for learning the class of monotone d-juntas in time poly(n, 2¢, log(1/8)). Learning juntas is also
closely related to other highly important open questions in learning theory: learning o (1)-sized decision trees or DNF
formulas in polynomial time is equivalent to learning e (1)-juntas in polynomial time; see Mossel et al. [22] for more
details on this issue. While learning arbitrary k-term DNFs in polynomial time might be a too hard goal to achieve,
there are positive results for learning monotone juntas. This may indicate that efficiently learning monotone DNF in
polynomial time might indeed be possible. See Servedio [24] for a survey on results concerning the latter problem.

As coping with irrelevant information has been identified as a core challenge in many machine learning
applications, it is most natural to take into account that real-world data are often disturbed by noise. Angluin and
Laird [3] were the first to investigate PAC learning in the presence of classification noise, whereas attribute noise
was first considered for the class of k-DNF formulas by Shackelford and Volper [25] and later by Decatur and
Gennaro [12]. Bshouty, Jackson, and Tamon [11] introduced the notion of noisy distance between concepts and
showed how this quantity relates to uniform-distribution PAC learning in the presence of attribute and classification
noise.

1.2. Our contribution

Our main contribution is a method that efficiently learns large classes of juntas despite the presence of almost
arbitrary attribute and classification noise. Thus, we manage to cope with both problems: irrelevant information and
noise. More precisely, we assume that a learning algorithm receives uniformly distributed examples (x, ..., x,, ¥) €
{0, 1}" x {—1, +1} in which each attribute value x; is flipped independently with probability p; and the sign of the
label y is switched with probability 7. To avoid that the noise-affected data is turned into completely random noise,
we require that there be constants y,, y, > 0 such that for all attribute noise rates p;, |1 — 2p;| > v, and for the
classification noise rate n, |1 — 2n| > y,. We call such noise distributions (y,, yp)-bounded noise. We show that
the class of Boolean functions we call T-low d-juntas is exactly learnable from poly(logn, 24, log(1/8), ya’d, yb_l)
examples in time n” - poly(n, 29, log(1/8), ya_d, yb_l) under (y,, ¥»)-bounded noise. Roughly speaking, a concept is
t-low if it suffices to check all Fourier coefficients up to the tth level in order to find all relevant attributes. As a main
application, the class of monotone d-juntas, for which t = 1, is learnable in time poly(n, 2d log(1/6), ya’d, yh_l)
under (Y., ¥»)-bounded noise.

How much do our algorithms have to know about the noise distributions? To infer the relevant attributes, lower
bounds on y,, y, suffice. In order to additionally output a matching hypothesis, the attribute noise distribution has to
be known exactly (or at least approximated reasonably well, see [11]). For the classification noise parameter yj, it
still suffices to have some lower bound. Miyata et al. [20] showed how to learn the class AC? in quasipolynomial time
under product attribute and classification noise with p; = - -- = p,, = n without any prior knowledge of n < 1/2. On
the other hand, Goldman and Sloan [14] proved that under unknown product attribute noise, learning any non-trivial
concept class with accuracy & (which is 279 for exactly learning d-juntas) is only possible if p; < 2¢ for all i. If the
noise distribution can be arbitrary and is unknown to the learner, then learning non-trivial classes is impossible; see

[11].
1.3. Our techniques

We now briefly describe how we solve the manifold problems that occur when trying to extend results from
the noise-free case to the noisy case. In the noise-free setting, it is trivial to achieve the time bound n¢ -
poly(n, 24, log(1/8)) for the whole class of n-ary d-juntas by testing for all subsets of d variables whether these
are relevant. This is accomplished by checking whether the examples restricted to these variables do not contain
any contradictions. In the noisy case, however, there is no obvious way to check whether a subset of the variables is
relevant. We solve this problem by adapting the Fourier method presented by Mossel et al. [22]. For this it is necessary
to approximate Fourier coefficients of Boolean functions from highly disturbed data.
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Also, in the noise-free setting, once the relevant variables are inferred, one can simply read off a truth table from the
undisturbed examples. This is impossible in the case of unreliable data. To overcome this problem, we apply a learning
algorithm for arbitrary concepts to the examples restricted to the relevant variables. This restriction is essential since,
in this way, the number of examples needed to build a hypothesis does not depend on 7 but only on d. The learning
algorithm uses the Fourier-based learning approach originated by Linial, Mansour, and Nisan [18] and extended to
the noisy scenario by Bshouty, Jackson, and Tamon [11]. A direct application of the algorithm of Bshouty et al. yields
a sample complexity of n¢+2()_ By first applying our procedure to detect all relevant attributes, we significantly
improve this sample complexity to depend only polylogarithmically on n (and exponentially on d).

So far all results are valid for uniformly distributed attribute vectors—the only case for which positive noise-tolerant
learning results have previously been obtained in the literature (as far as we are aware). We extend our methods to
non-uniform attribute distributions, i.e., the oracle first draws an example according to a product distribution D with
ratesdy, ..., d, € [yYc, 1 —y.] for some y, > 0 and then applies (y,, y»)-bounded noise. We show that, in this setting,
monotone d-juntas are learnable from m = poly(logn, log(1/6), ya’d, ybfl, y;d 2) examples in time poly(m, n), and
parity d-juntas are learnable from m = poly(logn, log(1/4), ya_d, yb_l, yc_l, 6~4) examples in time poly(m, n),
provided that |1 — 2d;| = 6 > O for all i € {1,...,n}. It turns out that the extension is not as straightforward
as one might first think: while the method for the case of uniformly distributed attributes relies on the fact that the
orthonormal basis of parity functions is compatible with the exclusive or operation used in the noise model, this is
no longer the case for the biased orthonormal bases that are appropriate for non-uniform distributions. We solve this
problem by combining unbiased parity functions with biased inner products. As a consequence, the analysis becomes
a lot more intricate since in order to approximate a biased Fourier coefficient f (I), I < {1,...,n}, one already has
to have good approximations to all coefficients f (J), J € I.In addition, we have to provide a lower bound on the
absolute value of nonzero biased Fourier coefficients for monotone juntas and parity juntas.

Concerning the probabilities d;, we assume that these are exactly known to the learner, even though close
approximations to these rates would certainly suffice (but would make the analysis even more technical). Such
approximations could be obtained by sampling (unlabeled) examples from a noise-free source (or even from a noisy
source, concluding the noise-free rates by a short calculation that involves the known noise parameters).

Finally, we prove that without restricting the attribute noise distributions (for example to product distributions),
noise-tolerant learning is in general impossible, even if the noise distribution is completely known: we construct an
attribute noise distribution P (that is not a product distribution) and a concept class C such that it is impossible to learn
C under P-noise. In particular, this shows that our results cannot be extended to arbitrary noise distributions.

Our proofs have three main ingredients: standard Hoeffding bounds [15], harmonic analysis of Boolean functions
under uniform [7] and non-uniform [4,13,24] distribution, and a noise operator. The latter is a generalization of the
Bonami—Beckner operator, which plays an important role in various contexts [10,5,16,6].

1.4. Organization of this paper

In Section 2, we introduce basic notation, definitions, and tools. The learning and noise models under consideration
are introduced in Section 3. After reviewing how to learn juntas in the noise-free case in Section 4, we provide
in Section 5 the main tools used to derive results in the noisy scenario: the noise operator and the approximation
of Fourier coefficients from noisy examples. In addition, that section contains two upper learning bounds and an
impossibility result. In Section 6, we show how to learn the relevant variables in the noisy case. The construction of
a suitable hypothesis from noisy examples is described in Section 7. Section 8 deals with the extension of the model
and tools to non-uniformly distributed attributes. In Section 9, we show how to learn the relevant variables from non-
uniformly distributed noisy samples. Subsequently, in Section 10, we show how to construct a hypothesis under these
conditions.

2. Preliminaries

We consider Boolean functions f : {0, 1}* — {—1, 41}, also called concepts. The variables of f are also referred
to as attributes. A concept is monotone if for all x, y € {0, 1}" such that x < y, we have f(x) > f(y) (note that
for variables, the value 1 for “true” is larger than the value O for “false”, whereas for function values —1 (true) and 1
(false), it is the other way round). For I C [n] = {1, ...n}, we define the parity function x; : {0, 1} — {—1, 41}
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by x;(x) = (—1)21‘61 Y. For x,y € {0, 1}", x @ y denotes the vector obtained from componentwise exclusive or.
We denote probabilities by Pr and expectations by E. The uniform distribution on {0, 1}" is denoted by U,, i.e.,
U,(x) = 27" for all x € {0, 1}"*. We indicate by X ~ D that the random variable X is distributed according to the
distribution D. Moreover, if X only takes values —1 and +1 with Pr[X = —1] = p, we write X ~ p. The sign
function sgn : R — {—1, 41} is defined by sgn(x) = —1 if x < 0 and sgn(x) = +1 if x > 0. In particular, we define
sgn(0) = 41 for technical reasons. The functions log and In denote the binary and the natural logarithm, respectively.

A concept class is a set of concepts f : {0, 1} — {—1,+1}. Let C be a concept class and f € C. A vector
(x1, ..., x5, y) € {0, 1}" x {—1, 41} is called an example. 1t is consistent with f if f(x1,...,x,) = y. A sequence
of m examples is called a sample of size m.

Consider the space R{O-I" of real-valued functions on the hypercube. The inner product ( f, g) = Ex~y, [ f(x)g(x)]
induces the norm || f|l» = +/{(f, f) and turns R{*1" into a Hilbert space of dimension 2" with orthonormal basis
(x1 | I < [n]); see for example Bernasconi [7].

Let f : {0, 1}" — Rand I C [n]. The Fourier coefficient of f at I is

) =B, [f ) - x0T = 27" oy F @) - 21 ().

If I = {i}, we write f () instead of f ({i}). Intensively used features of Fourier analysis are the Fourier expansion

f@) = e FD - xi(x) (1)
for all x € {0, 1}" and Parseval’s equation

YA =IflE=2" ) f@n )

1C[n] xef0,1}"

The following is a well-known technical tool to bound the probability of deviations of the statistical mean from the
expected value in sufficiently large samples; see also Alon and Spencer [2]:

Lemma 2.1 (Hoeffding Bound [15]). Let X;, i € [n], be mutually independent random variables taking values in the
real interval [a, b], a < b. Then for any ¢ € [0, 1],

1 & —2ne?
Pr| Y X; =Y EIX;l| > en | <2exp (—2> .
i=1 i=1 b —a)
Given a sample § = (xk, yk)ke[m] e ({0, 1}* x {—1, +1})™, define the empirical Fourier coefficient of f at I given
S by

~ i
fs(h=—% xi)y*. 3)
k=1

By Lemma 2.1, if yk = f (xk) for all k € [m], then fg(l ) approximates f (1) up to an additive error of & with
probability at least 1 — &, provided that m > 2 - In(8/2) - (1/¢?) uniformly distributed examples are given.

A function f : {0, 1} — {—1, +1} depends on variable x; (and x; is relevant to f) if the (n — 1)-ary subfunctions
Sfx;=0 and fy,—1 with x; set to 0 and 1, respectively, are not equal. Equivalently, x; is relevant to f if and only if there
exists an x € {0, 1}"* such that f(x) # f(x @ ¢;), where ¢; € {0, 1}" denotes the vector with a one at the ith position
and zeros at all other positions. Denote the set of relevant variables of f by rel(f). A function that depends on at
most d variables is called a d-junta, and the class of n-ary Boolean d-juntas is denoted by 7. The class of monotone
d-juntas is denoted by MON”,, and the class of juntas such that the function restricted to its relevant variables is
symmetric is denoted by SYM/. A parity function x; with |I| < d is called a parity d-junta. The class of parity
d-juntas defined on n variables is denoted by PAR;.

3. Learning and noise models

Fix a target concept f : {0,1}" — {—1,+1}, an attribute noise distribution P : {0,1}" — [0, 1], and a
classification noise rate n € [0, 1].
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Definition 3.1 ((P, n)-Noisy Sample). Let x ~ D,a ~ P,and b € {—1, +1} with b ~ 7. The pair (x ® a, f(x) - b)
is called a D-distributed (P, n)-noisy example for f. A sequence S of m independent D-distributed (P, n)-noisy
examples for f is called a D-distributed (P, n)-noisy sample for f of size m.

In other words, a (P, n)-noisy example is obtained from a noise-free example (x, y) by adding a noise-vector a ~ P
to the attribute vector x (componentwise modulo 2) and flipping the classification y according to the classification
noise bit b ~ 7.

A (P, 0)-noisy example is corrupted only by attribute noise but not by classification noise. Note that noise-free
examples are a special case of noisy examples: choose P(0*) = 1 and P(x) = 0 forx # 0" and n = 0.

Definition 3.2 (Learning Algorithm). Let§ € (0, 1] and ¢ € [0, 1], called the confidence parameter and the accuracy
parameter, respectively. An algorithm A learns the class C with confidence 1—§ and accuracy 1—e¢ from D-distributed
(P, n)-noisy samples of size m if the following is satisfied. For all target concepts f € C, given a D-distributed (P, n)-
noisy sample S of size m as input, A outputs a concept & : {0, 1} — {—1, +1} such that with probability at least
1 — & (taken over the set of D-distributed (P, n)-noisy samples of size m), h is e-close to f, i.e.,

Pria() # f)] <e.

The concept & is called the hypothesis of A on input S. Algorithm A is a distribution-free learning algorithm if it
learns C for arbitrary attribute distributions D, without any a priori knowledge about D. This is the original definition
of PAC learnability introduced by Valiant [26]. Learning with accuracy ¢ = 0 is referred to as exact learning. The
sample size m needed by A to learn (with a certain confidence and a certain accuracy) is called the sample complexity
of A. It is a function of the parameters 8, €, P, n, C, and n.

Definition 3.3 (Learnability of a Concept Class). A concept class C is learnable (with confidence 1 — § and accuracy
1 — g from D-distributed (P, n)-noisy samples of size m in time ¢) if there exists an algorithm A that learns C (with
confidence 1 — § and accuracy ¢ from D-distributed (P, n)-noisy samples of size m in time ?). It is exactly learnable
if it is learnable with accuracy 1.

For the time being, we restrict ourselves to uniformly distributed attribute values. The case of non-uniform
distributions is discussed in Sections 8—10.

Since arbitrary attribute noise distributions often turn out to make learning impossible, we also study the more
restricted product random attribute noise considered by Goldman and Sloan [14]. Here, each attribute x; of an example
is flipped independently with some probability p; € [0, 1], called the (attribute) noise rate of x;. Thus, we have

P ....ay= [T pi- [T =py=]]p" a=p'=.
i=l

itai=1 i:ai=0

Naturally, such product distributions P induce product distributions on the subcubes {0, 1}1 , I C [n], which we denote
by P again. In general, given a product distribution P on {0, 1}", we refer to the probabilities p; = Pr[x; = 1] as the
rates of P.In many situation, it is desirable to bound the rates away from 1/2:

Definition 3.4 (y,-Bounded Product Distribution). Let P be a product distribution with rates py, ..., p, and y, > 0.
P is called a y,-bounded product distribution if for all i € [n], |1 —2p;| > Va.

If n = 1/2, then the corrupted classifications are purely random and thus not at all correlated with f. Hence,
in this situation, learning is impossible. Consequently, we assume that there exists some bound y;, > 0 such that
11 =2n| = yp.

4. Review of the noise-free case

In this section, we review the “Fourier algorithm” for the noise-free scenario, as described by Mossel et al. [22].
We first look at how one can learn monotone juntas and then show how to extend the method to learn larger subclasses
of juntas. This will be helpful to make clear why we are interested in 7-low juntas and to understand the methods
presented in Section 5.
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Algorithm 1 T-FOURIER,

1: input S = ((xll‘, ...,x,]f), yk)ke[m]
2: R«

3: for IC[n] with 1 < || <t do
4: ,3<__ Zk 1X1(xk) y

5:  if [ =274

6 then R« RU{x; |iel}
7: output t-FOURIER,(S) =

Let f : {0,1}" — {—1,+1} be a monotone d-junta. It is well known (cf. [22]) that f is correlated with
all of its relevant variables, i.e., the probability that x; and f(x) take the same value differs from 1/2, and thus
f (i) = Pry~y, [ f(x) = x;] = Pry~y, [ f(x) # x,] # 0. This fact may be exploited to infer the relevant variables of f
from (uniformly dlstrlbuted) random examples (x f (xk)) xke {0, 1}", k € [m], as follows: simply approximate the
Fourier coefficients f (i) by the empirical coefficients f (i) defined in (3). If sufficiently many independent examples
are available, then with high probability, the relevant variables are exactly those for which £ (i) is sufficiently far away
from zero, i.e., |f(i)| > t for some threshold 7 > 0.

Once we have correctly inferred the relevant variables, it is easy to derive a consistent hypothesis: we obtain an
appropriate truth table by restricting the given examples to the relevant variables. With high probability (see Blumer et
al. [9]), there is only one hypothesis having the same set of relevant variables and being consistent with the examples,
namely the target concept f.

Clearly, the approach also works for non-monotone functions with the property that all relevant variables are
correlated with the function value. Moreover, we can use the following lemma (implicitly used in Mossel et al. [22])
to extend the method to larger classes of Boolean concepts by looking beyond the first level of Fourier coefficients.
Intuitively, the lemma says that a variable x; is relevant to a concept f if and only if f has nonzero correlation with at
least one of the parity functions x; withi € .

Lemma 4.1. Let f : {0, 13" — {—1,+1}. Then for all i € [n], x; is relevant to f if and only if there exists I C [n]
suchthati € I and f(I) # 0.

Hence, whenever we find a nonzero Fourier coefficient f (I), we know that all variables x;, i € I, are relevant to f.
Moreover, all relevant variables can be detected in this way, and we only have to check out subsets of size at most
= |rel(f)|. However, there are ©(n?) such subsets, an amount that we would like to reduce. This leads us to:

Definition 4.2 (z-lowness). Let f € JJ, x; € rel(f), and T € [d]. Variable x; is t-low for f if there exists an

I C [n]suchthati € I,|I| < t,and f(I) # 0. The concept f is t-low if all x; € rel(f) are t-low for f. The set of
t-low d-juntas is denoted by J (7).

In these terms, monotone juntas are 1-low, i.e., MONZ c J 0’;(1). Even more: all unate juntas are 1-low; these are
juntas that can be turned into a monotone function by negating some input variables. This includes all monomials
and clauses of arbitrary literals. Actually, the vast majority of juntas belongs to 7 (1) since a random junta fulfills
f (i) # O for all x; € rel(f) with overwhelming probability; see Blum and Langley [8] and Mossel et al. [22].

Also for other subclasses C of J (}“, finding the smallest T such that C € [;' (7) has recently attracted considerable
interest. The class of all unbalanced d-juntas is contained in Jj;((2/3) - d) (see Mossel et al. [22]), and the class
SYMJ \ PAR/; of symmetric d-juntas that are not parity functions is now known to be contained in J; (O (d/logd))
(see Kolountzakis et al. [17]).

The algorithm for inferring the relevant variables of t-low d-juntas (which we call T-FOURIERy) described by
Mossel et al. [22] is presented as Algorithm 1.

Proposition 4.3 ([22]). Let f € Jj(t) be a t-low d-junta. Then on input S, T-FOURIERy(S) outputs exactly
the relevant variables of f from a sample of size poly(logn, 24, log(1/8)) in time n* - poly(n, 24, log(1/68)) with
probability at least 1 — 4.
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5. Tools for the noisy case: Uniformly distributed attributes

Now let us see what we can do if the examples contain errors. Throughout the remainder of this section, we fix an
attribute noise distribution P : {0, 1} — [0, 1] and a classification noise rate n € [0, 1].
For I C [n]and a ~ P, let py be the probability that an odd number of bits a; with i € I is set to one, i.e.,

Prlxi@) =1, 4)

P

andlet A; = E,~p[xs(@)] =1 —2py.

Furthermore, for the rest of this section, we fix a confidence parameter § € (0, 1], an accuracy parameter ¢ € (0, 1],
and a target concept f : {0, 1} — {—1,+1}. Let S denote a uniformly distributed (P, n)-noisy sample of size m
for f. All probabilities are taken over the possible outcomes of S for a fixed sample size m.

5.1. The noise operator

We now introduce a mathematical tool that will be used to prove upper and lower sample bounds:

Definition 5.1 (Noise Operator). Let P : {0, 1} — [0, 1] be an attribute noise distribution. We define the noise
operator Tp : RIOL" _ Ri0.1 by
Tp(f)(x) = Eanplf(x ®a)l ®)

for f:{0,1}" - Rand x € {0, 1}".
For f : {0, 1} — {—1, +1}, Tp(f)(x) may be interpreted as follows. If x is a noise-free attribute vector that is drawn
according to uniform distribution, then Tp (f)(x) is the expected value of the classification of the corrupted attribute
vector x @ a. The function Tp(f) may be thought of as the bias of a probabilistic concept: on input x € {0, 1}",
the outcome is —1 with probability (1 — Tp(f)(x))/2 and +1 with probability (1 + Tp(f)(x))/2. Learning from
noisy examples thus means to learn the target concept f, even though only examples of this probabilistic concept are
available. By linearity of expectation, Tp is a linear operator.

For the special case that P is a product distribution with rates p; = --- = p,, this operator has been extensively
studied in the literature, e.g., by Kahn, Kalai, and Linial [16], Benjamini et al. [6], Mossel and O’Donnell [21], and

O’Donnell [23].
We show how the Fourier coefficients of Tp (f) are related to those of f.

Lemma 5.2. Let f : {0, 1}* — R, P be an attribute noise distribution, and I  [n]. Then

@) Tp(x1) = A1 xi and
(®) Tp(HU) = Ap f(U).
Proof. (a) For all x € {0, 1}"*, we have
Tp(x1)(x) = Egplxi(x ® a)] = Eg~plx1(x) - x1(@)] = A1 - x1(x).

(b) By linearity of the Fourier transform and 7p, we have

Tr(H) =Y. FOTrN) = Y. FDrzid) =i f). O

JC[n] JCl(n]
Using the Fourier expansion (1) and Parseval’s equality (2), the following corollary is immediate:

Corollary 5.3. Let f : {0, 1}" — [—1, 1] and P : {0, 1}" — [0, 1] be an attribute noise distribution. Then

@ (TP ()3 = Exv, [ Banplf x @ D* 1= Y1 21 (D2
®) ITp(HIZ < ITP (Ol < N1TP ()2
© ITp()I13 = minscp A3 - I £13
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Proof. Part (a) follows from Lemma 5.2(b) and from Parseval’s equality (2). The first inequality of part (b) follows
since, for all g : {0, 1}* — [—1, +1], we have

lglz=2" > egw?=<2" > [g@l=lglh-

xe{0,1}n x€{0, 1)

Clearly, |Tp(f)(x)] < 1 for all x € {0, 1}* if |f(x)| < 1 for all x € {0, 1}". The second inequality of part (b)
follows from E[| X |]2 < E[X?] for real-valued random variables X. Finally, part (c) is an immediate consequence of
part (a). O

For any ¢ > 0, Bshouty et al. [11] have defined Ai, (C) to be the minimum noisy distance between e-far concepts
inside C. In terms of the noise operator, this is

25©) = min { LITo(f =)l | frgeC: dIf—gli>e}.

Thus, A% (C) measures how close e-far concepts in C can become when Tp is applied to them.

One of their main results [11, Theorem 3], which is also used in our proofs, easily follows from Corollary 5.3:
Theorem 5.4 ([11]). Let P : {0, 1}" — [0, 1] be a probability distribution and f, g : {0, 1}* — {—1,+1}. Then
SNTP(f =I5 < ITp(f =l < ITP(f = &)l

5.2. Approximating Fourier coefficients from noisy samples

Given a uniformly distributed (P, 7)-noisy sample, the empirical Fourier coefficient f5(I) approximates
Ex~v,,a~Pp~nlx1(x ®a) - f(x)-b]. (6)
Since x;(x @ a) = x7(x) - xs(a) and since x, a, and b are assumed to be independent, the expectation (6) equals
Eanp[X1(@)] - Ep[b] - By, [f () - x1 ()] = (1 =2pp) - (1 = 2n) - f(D),

with py as defined in (4) (this calculation has also been carried out by Bshouty et al. [11, Proof of Theorem 8]). Using
the Hoeffding bound (Lemma 2.1), we obtain

Lemma 5.5. Letm > 2 -1n(2/9) - (1/82). Then
|fs(D) = (1 =2pn =2 f(D)| <&
with probability at least 1 — 6.

Thus, we can infer f(I) by dividing fs(l) by (1 — 2py)(1 — 2n). This is possible if and only if p; # 1/2 and
n # 1/2. Requesting n to be different from 1/2 is reasonable, as we have discussed above. Unfortunately, it can
happen that p; = 1/2 for some I (even if Pry~pla; = —1] # 1/2 for all i € [n]), yielding a concept class C and an
attribute noise distribution P such that C is (information-theoretically) not (P, 0)-learnable:

Theorem 5.6. There is a concept class C and an attribute noise distribution P such that C is not (P, 0)-learnable. In
addition, P may be chosen such that py;y < 1/2 for alli € [n].

Proof. Letn =2 and P : {0, 1}2 — [0, 1] be defined by
P(00)=1/2, P(01) =1/4, P(10) = 1/4, and P(11) = 0.

Then pg1y = P(10) + P(11) = 1/4 and pppy = P(01) + P(11) = 1/4. Let f(x) = x.23(x) = (=1)***2 and
C = {f, —f}. Then for each x € {0, 1},

Prifa®a)=-11=1/2= Pr[-f(x®a) =1

and f(x @ a) is independent of x. It follows that (x, f(x @ a)) and (x, —f(x @ a)) withx ~ U, anda ~ P
are identically distributed. This implies that (x & a, f(x)) and (x & a, — f (x)) are also identically distributed since
(x ®a, f(x)) ~ (x, f(x ®a)). Hence, f and — f are information-theoretically indistinguishable under P-attribute
noise. [
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The proof of the previous theorem demonstrates that it may happen that the parity of x; and x, changes with
probability 1/2, although each attribute separately is flipped with probability strictly less than 1/2. In this case, the
uncorrupted value of the parity x; @ x> is no longer recoverable from any number of P-noisy attribute vectors.

In contrast, things look much nicer for product distributions P with noise rates p; that are all different from 1/2. It
is easy to prove by induction that y,-bounded product distributions satisfy

YICnl: 1 =2p/] = v, @)
From now on, we restrict ourselves to y,-bounded product distributions. However, all results extend to arbitrary
distributions for which condition (7) holds.

If all p; # 1/2 and n # 1/2, then all Fourier coefficients are approximable; hence the whole target concept can
be approximated via its Fourier expansion (1). Consequently, all concepts are learnable under these conditions by
computing the hypothesis

f
h(x) = E . . 8
()= sen fem (L =2pn) - (1= 2n) 116 ®

Precisely, Bshouty et al. [11, Theorem 8] have shown:

Proposition 5.7 ([11]). Let C be a concept class that is closed under complement (in the sense that f € C implies
—f € C)and ¢ > O such that there exists a set T, < 2" with 2167; f(D? = 1 —c¢foral f € C and
{x1 | I € T.} C C. Then for every § > 0, C is learnable with confidence 1 — § and accuracy 1 — 2¢ from uniformly
distributed (P, n)-noisy samples in time polynomial in |T¢|, 1/ A% (C), log(1/8), 1/e, and 1/|1 — 2n|.

For learning the class of all n-ary concepts, we obtain a sample and a time complexity as follows:

Proposition 5.8. Ler C be the class of all n-ary concepts, P be a y,-bounded product attribute noise distribution, and
n be a classification noise rate such that y, = |1 — 2n| > 0. Then C is exactly (P, n)-learnable with confidence 1 — §
using sample complexity and running time poly(2", log(1/6), v, ", yb_l).

Proof. By Proposition 5.7, choosing ¢ = 27"~! and 7, = 2"], it remains to bound A%, (C) from below to prove the
claim. Note that PAC learning with accuracy 1 — 27"~ is just exact learning since concepts differing in a fraction of
inputs that is smaller than 27" must be equal. As observed in Section 5.2 (see (7)), [A 7| = |1 —2p| > yy‘.

Let f,g € C be distinct concepts. Since (f(x) — g(x))/2 € {—1,0,+1} for all x € {0, 1}", we have

ICf —8)/213 = I(f — &)/2ll1 = 27". By Corollary 5.3 (c), we have

ITp((f =@/l = mindi-I(f =9)/205 = 7" 4-1f =gl = 5" - 27"

By Theorem 5.4, %H Tp(f—g)1 =27" yaz”, yielding A% (C) > 27" yaz". Thus, 1/ A% (C) is linear in 2" and polynomial
in y,", and the desired result follows from Proposition 5.7. [

Although sample and time complexity are exponential in n, the method described will prove useful as part of our
noise-tolerant learning algorithm for juntas (see Section 7).

Since d-juntas have all of their Fourier weight located in levels O, ..., d (by Lemma 4.1), we obtain a better (but
still not satisfactory) sample and time complexity by summing only over all / C [r] of size at most d in Eq. (8).

Proposition 5.9. Let P be a y,-bounded product attribute noise distribution and n be a classification noise rate such
that yp = |1 — 2n| > 0. Then J} is exactly (P, n)-learnable with confidence 1 — § using sample complexity and

running time n® - poly(n, log(1/8), ya_d, yh_l).

Proof. We proceed similarly as in the proof of Proposition 5.8, but choose ¢ = 274=Vand T, = {I C [n] | |I| < d}
(since f(I) = O for all I of size larger than d). It remains to bound A% (7)) (as defined above in the proof of
Proposition 5.8) from below. By (7), [A;| = |1 — 2p;| > yam. Consequently, for distinct concepts f, g € J; and

h = f — g, h depends on at most 2d variables, i.e., ﬁ(l) = 0 whenever |I| > 2d. We have
ITe N5 = vg - D hD)? = v - de = y* - 274

1C][n]
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Algorithm 2 7-NOISY-FOURIER,.

input § = ((x}, ..., x5, YOepm, va, v
R <0

for I C[n] with 1 <|I| <71 do
1 _
Byt Loy by -y
if |8 > 274!
then R < RU{x; |i € I}
output t-NOISY-FOURIER,(S) = R

N o O W N e

By Theorem 5.4, 51| f — glli = 27971 -y, yielding A% (T}) = 51/ — gl = 277" - . Thus, 1/A4%(T}) is
linear in 2¢ and polynomial in ¢, and the desired result follows from Proposition 5.7. [J

Unfortunately, sample and time complexity do not drop for subclasses such as the monotone juntas since the
Fourier weight may be spread evenly over all ©(n¢) nonzero coefficients (as is the case for example for monomials;
see e.g. [23, Section 3.3]).

In what follows we show how to combine the method just described with the idea of first detecting the relevant
variables, as we did in the noise-free case. In Theorem 7.1, we show that this significantly reduces the sample
complexity from O (n¢+t2M) to poly(logn, 2¢). In addition, for T-low d-juntas with 7 < d, the running time also
decreases from O (n?+°M) to O (n*H0M),

6. Learning the relevant variables from uniformly distributed noisy samples

The detection of relevant variables works similarly as in the noise-free case. The following modifications to 7-
FOURIER, (Algorithm 1) vaccinate it against noise; the resulting algorithm t-NOISY-FOURIER, is presented as
Algorithm 2.

First, the noisy version has to obtain some information about the noise parameters. In the variant presented here,
it receives the bounds y,, 5 as additional inputs. Next, to ensure that, in line 5 of the algorithm, 8 is an appropriate
measure to decide whether the Fourier coefficient f (1) vanishes, we divide the expression given in the noise-free
setting by yam - ¥», which is a lower bound for |1 — 2py| - |1 — 27].

Additionally to the adaptations of the algorithm, the number of examples that have to be drawn increases by a factor
of4- (y; - ¥») 2. Furthermore, instead of receiving a noise-free sample, the algorithm now obtains a noisy sample as
input. In particular, in line 1 of T-NOISY-FOURIERy, x¥ = x’* @ a¥ and y* = y’* . b¥ for appropriate noise-free data
x’), y’* and noise a*, b¥.

Theorem 6.1. Let f be a t-low d-junta and
m>8-In@2n/s) - 2% . (yT - yp) 72

Then 1-NOISY-FOURIER, (S) = rel( f) with probability at least 1 — §. Furthermore, T-NOISY-FOURIERy(S) runs in
time n* - poly(m, n).

Proof. Let p =279, Algorithm t-NOISY-FOURIER, classifies x; as “relevant” if and only if |f5(1)| > (1/2) - yal” .
yp - p for some I of size at most T withi € I. By Lemma 5.5, for every I C [n] of size at most 7,

Ifs(D)— A =2pnp =20 f(DI<-vT-v-p )

with probability at least 1 — §/n.
. Consider someAvariable x; € rel(f). Since f is t-low, tl}ere exists an I C [n] of size at most T such thati € I and
f () # 0. Since f(I) is an integer multiple of 27D (1)) =274 In particular, if (9) is satisfied, then

|fs(DI =11 =2pgl- 11 =2n]- | f(DI =Ly w0 = L vT-v-p,

i.e., |B] = p/2, so x; is classified as “relevant” with probability at least 1 — §/n.
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Algorithm 3 7-NOISY-LEARNy

Fs(D) < 5 30 xi () -y
output hypothesis

7-NOISY-LEARN;(x) = sgn Z(l —2pn7ta =27 fs(Dxi (x)
ICR

1: input S = ((xf,....x5), ¥ ke, P. Va0
2: yp < |1 —2n|

3: R < 1-NOISY-FOURIER;(S, V4, V)

4: for I C R do

5:

6:

Now consider some variable x; ¢ rel(f). Thus, f([) = 0 forall ] C [n] withi € I by Lemma 4.1. By (9), with
probability at least 1 — §/n,

y 1
| fs(D] < 3 Ya - Vb

We conclude that x; is correctly classified with probability at least 1 — §/n.
Finally, the probability that at least one out of the n variables is not classified correctly is at mostn - (§/n) = 6. O

7. Constructing a hypothesis from uniformly distributed noisy samples

Learning juntas (in the sense of constructing an accurate hypothesis) in the presence of noise proceeds in two
phases. In the first phase, we infer all relevant variables with high probability. In the second phase, we build up the
truth table of a suitable hypothesis. The main difference from the algorithm used in the noise-free setting is that we
cannot simply read off the truth table from the examples since these may contain inconsistencies (even if not, such a
truth table is unlikely to be correct).

Fortunately, we have seen in Section 5.2 how to build a good hypothesis in the presence of attribute noise. The trick
is that we do not apply Proposition 5.8 to the whole given sample, but restrict the sample to the variables classified
as relevant in the first phase. As a consequence, the sample and time complexity for the second phase do not depend
on n any longer, but only on the number d of relevant variables.

This results in an algorithm for learning the class 7} in the presence of attribute and classification noise with sample
complexity growing only polynomially in log n and 2¢ (instead of n¢ as in Proposition 5.9). Moreover, for the subclass
J ;(t), the time complexity depends on n® instead of nd. Precisely, the algorithm, which we call 7-NOISY-LEARN,
is presented as Algorithm 3.

Theorem 7.1. Algorithm T-NOISY-LEARNy exactly learns the class J} (t) with confidence 1 — §
e from uniformly distributed (P, n)-noisy samples of size poly(logn, 24, log(1/9), ya_d, yb_l)
e with running time n® - poly(n, 2%, log(1/8), ya_d, b_l).

Proof. Let f € Jj (7). As we have shown in Theorem 6.1, with probability at least 1 — §/2, T-NOISY-FOURIER,
successfully infers the relevant variables of f, provided that

m > 8-In(dn/8) - 2% . (y7 - yp) 2.

By Proposition 5.8, again with probability at least 1 — §/2, hypothesis h exactly coincides with f. Hence,
7-NOISY-LEARN, succeeds in exactly learning the target concept with probability at least 1 — §. The claimed sample
complexity and running time follow from Theorem 6.1 and Proposition 5.8. O

For the class of all d-juntas and the class of monotone d-juntas, we obtain:

Corollary 7.2. (a) The class J} can be exactly (P,n)-learned with confidence 1— 3§ from a sample of size
poly(logn, 2d log(1/6), ya"’, yh_l) in running time nd . poly(n, log(1/6), ya"’, yh_l).

(b) The class MON), can be exactly (P,n)-learned with confidence 1 — 8 from a sample of size
poly(logn, 2¢,1og(1/8), ;7. v, 1) in time poly(n, 27, log(1/8), v, ¢, v, ).
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8. Non-uniformly distributed attributes

In this section we show how to generalize our results to product attribute distributions (not to be confused with
attribute noise distributions). We confine ourselves to presenting results for 1-low concepts only. The more delicate
task of studying the general applicability of the methods to 7-low juntas is left for future investigations.

The examples are now distributed according to an attribute distribution D : {0, 1}* — [0, 1], which we assume to
be a product distribution with rates d, ..., d,. Let 6; = /d; - (1 — d;) be the standard deviation of variable x;. To
avoid pathological cases, we assume that there exists a constant y,. € (0, 1/2] such that, foralli € [n],d; € [ye, 1 —yc].
The learning algorithm now has access to D-distributed (P, n)-noisy samples (see Definition 3.1). When using
methods from the uniform setting, we now approximate expectations with respect to D instead of U,,. Consequently,
we have to adjust the inner product on our concept space and choose an appropriate orthonormal basis, as has been
proposed by Furst, Jackson, and Smith [13]. For i € [n], define X,-D :{0, 1} — R by XiD(x) = d’g;lx‘ For I C [n],
define xP : {0, 1} — Rby xP(x) = [[;¢; x (x). Note that XIU” = x1. The functions (x? | I < [n]) form an
orthonormal basis with respect to the inner product

(f: 8)p = Ex~plf(x)g(x)].

The D-biased Fourier coefficient of f at I is Fp(f)(I) = (f, X[D)D~ Since we only work with a single distribution D

in the following, we also write f (I) for Fp(f)(I) (but reserve f (I) to stand for the unbiased Fourier coefficient
Fu, (f)()). It is not difficult to see that Lemma 4.1 generalizes to biased Fourier coefficients, paving the way to carry
over techniques from the uniform setting, at least for noise-free data.

In the noisy setting, the main problem is that, in general,

XPx@a) # xP () - xp (@)
Hence, we cannot simply approximate Ey~p 4~p p~y[X ID (x ®a) - f(x)-b] and proceed as in the uniform case. On

the other hand, using X]U", we obtain

B ampbylxy (x ®a) - f(x)-0)1 = (1 —=2pp) - (1 =20) - {f, x"")p,

but (f, XIU”)D does not properly work together with the definition of biased Fourier coefficients. The way out is
provided by a clever combination of biased Fourier coefficients, the inner product (-, -) p, and the “unbiased” parity
functions X,U" , presented in Lemma 8.1. Its proof relies on explicit calculations of the biased Fourier coefficients of
the unbiased parity functions.

Lemma 8.1. Let f : {0, 1}" — Rand I C [n]. Then

-1
F) = (]‘[(20,-)) fxo =3 T1 1;"1' - f.

iel JCIiel\J

Before we prove Lemma 8.1, we calculate the values ( XIU”, X jD)D. This may be of independent interest for other
applications since these are the entries of the change of basis matrix for converting coordinates with respect to the
unbiased basis ( XIU” | I € [n]) to coordinates with respect to the D-biased basis (x [D | I C [n]).

Lemma 8.2. Let J C I C [n]. Then
Uy U, D
Foom) = (1" x7) = [Teon- [T a-2dp.
iel iel\J
Proof. We have

Cdi—x; 4 ifyx; =0,
XiU" x) - xP ) = (=D . T = { !

e ifxi =1.
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Hence, using x P = [];c; x{°, we obtain

(" xf), = X D@ P

xe{0,1}"

-y H(dfi.(l—d,.)Hi). M % 1 5% J]eoe
xe{0,1}" ie[n] ie:x;=0 ieJ:xi=1 iel\J

= > II (@ a-a=) []ei [T 0"

xe{0, 1} ie[n]\J iel iel\J

= > T (@ -a-a=) Toi- T] (0747 —a'™)
xe{0, 1) ie[n\I iel iel\J

“[lo-| X 1) T IT (@ a-ar)

ie x|]E{0,1}J x|[n]\16{0,1}[”]\l ie[n]\1

[T (07 a—dy')

x|,\je{0,1}1\1 iel\J

o [or- ¥ 1‘[<(_1)xi.di)c[.(1—d,~)1_xi>

ie]  xefo.1)/\iel\J

—olJI. Ho’l ( Pr [ xl\] =1]- [XI\J = _1]>

ie
=2/ T]oi- (1 —2dpy) = H(zm)- [T a-2d.
ieJ ieJ iel\J

where, analogously to p;, we define d; = PrXND[XIU" = —1]for I C [n]. By induction, 1 -2d; = ]—L-el(l—2d,-). O

Proof of Lemma 8.1. We first show that (x;", x?)p = O forall J & I:

P =TTx? =TTeon™ "+ @di =1 De (3" 17 <1)

iel iel

implies ( | J CI)C (x J” | J C I). Smce both sides of this relation are subspaces of RO of equal dimension,
the spaces c01nc1de. In particular, X " e (xP xj | J € I). Consequently, X X Dy =0forall J € I. Now

() <f S (), XD>D S(rf) (),

JCnl Jci

=Y fW) - Foi)

JCI

=Y FWU) - FoGx/D) + FUI) - Folx/HW).

JCI

Hence,

fi = (FoHy) <<f 1) = 2 W) ~fD<x,U">(J>) :

JCI

The claim now follows from Lemma 8.2. O



J. Arpe, R. Reischuk / Theoretical Computer Science 384 (2007) 2-21 15

Algorithm 4 NO1SY-PRODUCT-FOURIER,

input § = ((xlf, o X5, YMeepmy, D, Py, p
R <0
1 k

G0 < T2 2ok=1 Y
for i=1 to n do

¢i<_(1_2d1i)‘¢0 . U

m n
Vi < qoapya—m 2ak=1 Y X (&)

bi = s7ia

if Bl = p/2

9: then R < RU {x;}

10: output NOISY-PRODUCT-FOURIER,(S, D, P, 1, p) = R

D O W N

w0 N

9. Learning the relevant variables from non-uniformly distributed noisy samples

The threshold to recognize nonzero Fourier coefficients is given by the least absolute value of the considered
nonzero coefficients. Thus, we define the Fourier threshold thrp (f) of f with respect to D by

thrp(f) = min { ‘f(i)‘ ‘ xi € rel(f)} . (10)

For concepts f that are not 1-low (with respect to D), thrp(f) = 0. If D = U, is the uniform distribution, then for
1-low concepts f, thrp (f) > 27N,

For the next theorem, we stick to the notation fixed in the beginning of Section 5, except that S is now assumed to
be a D-distributed (P, n)-noisy sample of size m.

Theorem 9.1. Let f : {0, 1} — {—1, 41} be a d-junta with p = thrp(f) > 0 and
m=2-In@n/8) p~2 - (va-yp) 2 (e (L=ye) ™"

Then
NoIsY-PRODUCT-FOURIER, (S, D, P, n, p) = rel(f)

with probability at least 1 — &. Furthermore, the algorithm runs in time
poly(n, log(1/8), v, ' vy vt p™h.

Proof. The proof is an extension of the proof of Theorem 6.1. By Lemma 8.1,

1-2d;
20, - f(@).

fiy= o™ (fx") -
Since Ex~p p~pylf(x) - b] = (1 —2n) - f(@), it follows analogously to the proof of Lemma 5.5 that with probability
at least §/(2n),

i — (1 =2d;) - fD)| < 0i-p/2,
provided that

4(1 — 2d;)?
(1—2m2- o2 p?

m > 2-1n(4n/s) - (11)

Moreover, we have

EveparolF )b x "G @) = (1 =2p) - (1 =20 (£ ") .

Thus, with probability at least 1 — §/(2n),

i = {rx") | =i 012
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provided that
4
(1—=2p)2-(1 =22 02 p%

m > 2-1n(4n/s) - (12)

The number of examples in the claim dominates both numbers given in (11) and (12). Thus, with probability at least
1—6/n,

. i — O , Un —I—Zdiv@ - O;
_f(l.)’:’w b _ U= A22)f O _poon

20; 20 2-0

NOISY-PRODUCT-FOURIERy classifies x; as “relevant” if and only if [B;| > p/2. If f(l) = 0, then |B;] < p/2 with
probability at least 1 — §/n, and if f (i) # 0, then |B;| > p/2 with probability at least 1 — §/n (since f (i) = p by
assumption). Consequently, all variables are classified correctly with probability at least 1 —§. O

For monotone concepts, we obtain

Lemma 9.2. Let f : {0, 1} — {—1, +1} be a monotone Boolean concept. Then

thrp(f) >2- min o; - ]_[ min{d;, 1 —d;}.
Herellf) el (Vi)
In particular,
thrp(f) =2+ [] min{di, 1—d).

x;erel(f)

Proof. Let x; € rel(f). Then

fiy= >

x€f0,1}" i
d; 1—d;
= Y D) ((1 —di) - fy=0(x) - — —di - fu=1(x) - —)
x'€{0, 1}1nI\i} Oi Oi
=0+ Y. DE)(fa=0(x) = fru=1(x")
x'€{0, 1}[n]\(i)

=o0i- Y. DE)(floo) = flo ),
x'€{0,1}rel(N\}
where for J C [n] and x € {0, 1}’, we define D(x) = ]—[]ej (1= d)1 —% _and for g : {0, 1}1 — R,
g : {0, 1}1®) — R denotes the restriction of g to its relevant variables. If f is monotone, then fx—o > fy=1.
If, in addition, x; is relevant to f, then fy,—o(x") # fy,=1(x") for at least one x" € {0, 1}["1\i} Hence,

If(i)>2-0;- min Dx)=2-0;- min{d;, 1 —d;}.
L (o, 1y ! x‘/_er(};[)\{xi} J

We conclude the proof by showing o; > min{d;, 1 —d;}.Ifd; < 1/2,theno; = /d; - (1 — d;) > d; = min{d;, 1 —d;}.
Ifd; >1/2,theno; > 1 —d; = min{d;, 1 —d;}. O

The lemma also holds for unate concepts.
While under the uniform distribution, the parity function x; is |/|-low but not (|/| — 1)-low, the situation is entirely
different for non-uniform distributions:

Lemma 9.3. Let f : {0, 1}* — {—1, +1} be a parity function, i.e., f = xj for some I C [n]. Then

thrp(f) =2 min (m- [T n —2d,-|).

JeN{i}
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In particular, if D is a non-degenerate 6-bounded product distribution (i.e., for all i € [n], |1 — 2d;| = 6 > 0, see
Definition 3.4), then

thep(f) =2 -y - 6970 (13)
Proof. Leti € rel(f) = I. By Lemma 8.2,
Foo @ = (x{" xP) =20+ [] (=24,
D . .
Jel\{i}

which proves the equation in the claim. To see the inequality (13), note that o; > /y.(1 —y.) > y. (since
l—ye>y). O

In particular, if d; ¢ {0, %, 1} for all i € [n], then the relevant variables of parity functions can be inferred via the
Fourier approach (even in the presence of noise). Furthermore, since the relevant variables already determine the target
concept in this case, the learning problem is as easy as the detection of relevant variables.

For the class of monotone d-juntas and the class of parity d-juntas we obtain

Corollary 9.4. (a) The relevant variables of monotone d-juntas can be exactly learned with confidence 1 — §
o from D-distributed (P, n)-noisy samples of size

m > poly(logn, log(1/8), v 1, v, ', v

e with running time poly(m, n).
(b) If D is 0-bounded, then the class PAR]; of parity d-juntas can be exactly learned with confidence 1 — §

e from D-distributed (P, n)-noisy samples of size
m = poly(logn. log(1/8). v .y, v 67
e with running time poly(m, n).

Proof. Part (a) follows from Theorem 9.1 and Lemma 9.2; part (b) follows from Theorem 9.1 and Lemma 9.3. Note
that a parity function f is uniquely determined by rel(f). O

10. Constructing a hypothesis from non-uniformly distributed noisy samples
Next we describe how to construct a hypothesis for general concepts. We use Lemma 8.1 to successively

approximate all biased Fourier coefficients level by level. Given a D-distributed (P, n)-noisy sample § =
(xk, yk )kem] and having inferred the set R of relevant variable indices, we compute for each / C R the value

-1
1 & 1 —2d;
B = ((1 —2pp)(1 —277)1_[20i> -;k;y"m(x")— >oT1 5 P (14)

iel JCIiel\J

Finally, we build the hypothesis 4 (x) = sgn ZIgR Br - X,D(x).
To ensure that 8; approximates f (I) well enough, reasonably good approximations of all coefficients f (J) for
J C I are required. This feedback effect leads to a necessary sample size of 2 (rel(/)D

Theorem 10.1. Let f : {0, 1}* — {—1, +1} be a d-junta with p = thrp(f) > 0. Then f can be exactly recovered
with confidence 1 — § from D-distributed (P, n)-noisy samples of size

d -1 - -
m > poly(logn,log(1/8), v, 4, v, ', v~ p™")
with running time poly(m, n).

Note that y;l > 2. For a fixed attribute distribution D, the sample size is polynomial in 24 Before we prove
Theorem 10.1, we show that a suitable hypothesis can be built, provided that the set of relevant variables is already
known:
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Lemma 10.2. Let S be a D-distributed (P, n)-noisy sample of size

2

m > poly(log(1/8). v, . v, ' vo®)
for f. Let By as defined in (14). Then with probability at least 1 — &, the hypothesis h defined by

h(x) =sgn Y Br-x; ()

ICR
coincides with f.

Proof. We first prove by induction on |/| that |8; — f (I)] < & with probability at least 1 — 4, provided that
m>8-In (2(|1|2+\1|>/2/5> Ly Ly VC_("'2+3'I') g2 (15)

We have
1 m
Bo=(=2pp)-(1=2n)-—>
m k=1
By the Hoeffding bound (Lemma 2.1), with probability at least 1 — 4§,

|Bs — f(#)| < &, provided that m > 2 -1n (2/8) - =222

which is clearly dominated by (15).
Now consider I C [n] with || > 1 and assume that the claim holds for all J C [n] of size at most |I| — 1. Let

—1
—(a—2p-1—2m- N\ LNk Uk
w1—<<1 2pp) - (1—2) ]‘[m) — > e

iel\J k=1

and

0= (1)

JCI \iel\J

The remainder of the proof is a bit technical, so we provide a brief overview first: we show that, with probability
at least 1 — 8 - 2711, (16) holds, and that, with probability at least 1 — & - (1 —27!/1), (17) holds for all J C I. Putting
these things together, we will obtain that, with probability at least 1 — §, |8; — f D] <e.

We have By p g~ p pylf (xK) - BE - xf’" k@ dHl =0 =2p) -0 =21 (f, X}fn>D. Thus, with probability at
least 1 — & - 27111,

-1
v - (]‘[m) fa) | <o (16)

iel

provided that

2. 21 4
m22~ln< 5 .

-
(1=2pp%-(1—=2n)2. (]_[ 205) . g2

iel

Again, this is dominated by (15) since 0; > min{d;, 1 — d;} > y. (as we have shown in the end of the proof of

2
Lemma 9.2) and thus ([T, 20;)* > (2 - yo)?!1 >y (recall that 0 < y. < 1/2).
Furthermore, by induction hypothesis, we have that for each J C I, with probability at least 1 — & - 27171,

187 — f(D)] <yl e, (17)
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provided that
2 _ _ _ 2 _
m>8-In (2<|J\ +HID/2 2|1\/5) T2y R (g )2
Since |1 — 2d;|/o; < 1/o; < !, we obtain
1—2d;\ 1 —2d; y
m—Z(]‘[ = ’)-f(l) <D |1 ——| 1B = F
jCr \ier\y <% ICl lienvs <9
< D@y VLI
JCI
< Y @My e
JCI
< 2 @yl e
Svere=e/2
with probability at least 1 — § - 2‘;:—,_‘1, provided that
—1)2 — — — — — —1)2 — —
m > 8-In (2(<'” D2+11-1)/2 2\1|/5) Ly 20D =2 == D3011=D) (g 14T =2

c

—8-In (2<|1|2—2|1|+1+|1|—1)/2+|1|/5) Ly HI=D 2 =UIP=2H3I-34211142) =2

2 _ _ _ —(7112 _
—8.In (2<|1| +|1|>/2/5) Ly A= 2 PID 2,

The latter sample bound is again dominated by (15). Finally,

Vi — g1 — <]_[20i>_1 NWSUIEDD ( I ;(jdi> B

iel JCI \iel\J

1Br — F(DI

<g/24¢/2 = ¢

with probability at least 1 — §. This finishes the induction proof.
Now we apply this result to estimate how closely & approximates f. Assume that |8; — f(I)| < v/279 - ¢ for all
I € R. The standard LMN analysis (see Linial et al. [18]) yields

Prin) # fol< Y (- f)? <20 @) =

ICR

Lete = ycd /2. Then, with probability at least 1 — 4,

Pr [h(x) # f(@)] < yd/2 < [ min{d;. 1 —=di} = min D).
x~D icR xe{0,1}R

This implies & = f. Thus, we can request

2 _ _ _J2 _
m > poly(log2¥ /8), v, vy v v

— — _ 2
= poly(log(1/8), v, v, ' v )
examples to guarantee i (x) = f(x) for all x € {0, 1}"* with probability at least 1 —§. O
Now we can prove Theorem 10.1:

Proof of Theorem 10.1. By Theorem 9.1, we can infer the set of relevant attributes correctly with probability at least
1—4/2, provided that we are given a sample of size m > poly(logn, log(1/4), ya’l , )/bfl, yc’] ,p~ 1. By Lemma 10.2,
f can be exactly recovered from

_ _ _ g2
poly(log(1/8), v, %, vy Lo v )
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examples with probability at least 1 — /2. Combining these bounds, the claimed sample complexity follows. The
claimed running time obviously suffices.

Corollary 10.3. The class MONY, of monotone d-juntas can be exactly learned with confidence 1 — §
e from D-distributed (P, n)-noisy samples of size

_ _ g2
m > poly(logn,log(1/8), v, ', vy ' v )

e with running time poly(m, n).
11. Conclusion

We have investigated the learnability of Boolean juntas in the presence of attribute and classification noise. While
arbitrary noise distributions may render learning impossible, we have presented an algorithm to learn the class of t-
low d-juntas under product attribute and classification noise with rates different from 1/2. For t = 1, these include all
monotone juntas. Moreover, the algorithm does not only work for product noise distributions but for any distribution
satisfying a more general condition (as stated in (7)). In addition, we have shown how to generalize the methods
to non-uniformly distributed examples. This has led to efficient learning algorithms for monotone juntas and parity
juntas.

The major goal is to settle the question whether learning juntas in the presence of noise can be done as efficiently
(up to unavoidable factors due to noise) as in the noise-free case. At present, this means whether or not running
time n“ - poly(n, 29, yad, y,;l) can be achieved for learning 7/, with some constant ¢ < 1 (¢ < 0.704 would even
improve the noise-free case). While we have shown that the “Fourier part” of Mossel et al. [22] carries over to the
noisy scenario, it seems that an adaption of the “parity part” is intractable for uniformly distributed examples since
it requires noise-tolerant learning of parity functions. We suspect that non-trivial lower bounds (based on hardness
assumptions) can be shown.
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