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Abstract

This paper is concerned with shape-preserving interpolation of discrete data by polynomial splines. We show that
positivity can be always preserved by quartic' C2-splines and monotonicity by quintic C2-splines. This is proved for
one-dimensional interpolation as well as for two-dimensional interpolation on rectangular grids.
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1. Introduction

Let a data set D, = {(x;,z:): i = 0(1)n} be given on the one-dimensional grid
Ao Xo<Xx1 < -+ < Xp.
This set is called to be in positive position if
2,20, i=0(1)n, (1.1)
and in monotone position if
zi-1<z;, i=11)n. (1.2)
Analogously, a data set D, m = {(xi, y;,2;,;): i = 0(1)n, j = 0(1)m} on the two-dimensional grid

Aum: Xo<X1< - <Xy, Vo< Y1 <+ < Ym
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is said to be in positive position if
zi; 20, i=0(D)n, j=0(1)m, (1.3)
and in monotone position if

zi-l,,-<zi,j, i= 1(1)", ]=0(1)m, (1 4)
Zijj-1 <25 1i=0)n, j=11)m.

In this paper we are interested mainly in the following existence problem. Are there polynomial
splines s defined on 4, or on 4, ,, which interpolate the data set D, or D, ,, and which, in addition,
preserve the shape of D, or D, ,,. In one dimension, the first positive result concerning this topic is
given in [4]. There it is shown that monotone interpolation is always possible with cubic
C'-splines. The same holds true for positive interpolation due to [13]; cf [3]. In contrast to this,
convex interpolation may fail. In an earlier paper [7] a strict convex data set D,, n >4, is
constructed such that all cubic C'-interpolants are not convex on [xg,X,]. With quadratic
C!-splines also positive and monotone interpolation is in general not realizable; see [11,12].

Now, in the present paper we are concerned with shape-preserving C2-interpolation. It is shown
that positive interpolation is always successful with quartic C*-splines. Because positive interpola-
tion may fail when applying cubic C2-splines this result cannot be improved. Analogously, quintic
C?-splines are that of lowest degree for which monotone interpolation is always possible. This last
result, however without optimality, can also be found in [3]. In addition, we are in a position to
extend these properties to the two-dimensional C2-interpolation on rectangular grids.

For convex interpolation we mention the highly negative result from [6]. For all spaces of
polynomial C!- (or C2-) splines of fixed degree there exist convex data sets D,, n > 4, such that all
spline interpolants fail to be convex on [x,, x,]. Moreover, in [6] this result is shown to be valid
even for convex interpolation on finite-dimensional linear subspaces of C'-functions.

The splines used for proving the existence theorems from above are in general not the best ones
from geometrical point of view. We get visually more pleasing interpolants, e.g., by minimizing the
mean curvature subject to the shape preservation constraints. In the one-dimensional case this
optimization approach is elaborated in detail for the types of shape-preserving interpolation of
interest here, while in the two-dimensional case several of the arising questions are open until now.

For surveys on shape-preserving interpolation the interested reader is referred, e.g. to the papers
[1, 5, 8] and to the books [15, 16].

2. Shape-preserving interpolation with quartic C2-splines in one dimension

The problem here of interest is to consider C2-splines s on 4, which satisfy the interpolation
condition

s(x;) =z, i=0(1)n, 2.1)

and which are nonnegative, monotone, or convex on I = [xg, X, ]-
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2.1. C?-continuity of splines
Here it is of advantage to define a spline s on 4,, not necessarily a quartic, by
s(x) = a;(w)'S;, xeli=[x_1,%], 0<u<l, 2.2)

with the local variable u = (x — x;_{)/h;, h; = x; — x;_1, and with vectors q;, S;, i = 1(1)n. Obvi-
ously, s is C°-continuous on I if and only if

a(1)'S;=a;+1(0)7S;41, i=11n—1. (2.3)

In the case (2.3) we have C'-continuity on [ if and only if

1
L aysi = a0y, i= 1 —1, 2.4)
hi hi+1

and in the cases (2.3) and (2.4) the spline s is C-continuous on I if and only if

1 1
i ai(1)'S; = e ai+1(0)"S;.y, i=1(1n—1. (2.5)
i it+1

2.2. Quartic C*-splines

Quartic splines are obtained if in (2.2) the vector g; is specified by

a;(u) = c(u;h;) (2.6)
with
1 — u] T 1 +u—3u? 7
u —1 —u+3u?
clu;h)=| 0 +u(l —u) | h+ hu—2hu? |, (2.7
0 —hu?
| 0 _ L $h%u(l —u) _

and the vector S; by
[zi-17]
Z;
Si=|pi-1 | (2.8)
D:

LPi— 1]

here p; and P; are parameters having the geometrical meaning given by (2.10), (2.13).
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Because
1] [07] [07] 0]
0 1 0 0
a(0)=|0(, a)=[0], ai@=|h|, a(l)=|0|, 29
0 0 0 h;
0] L 0_ 0] 0]
the conditions (2.3) and (2.4) are always satisfied, and
s(x)) =z;, s'(x)=p;, i=0()n. (2.10)
Further, in view of (2.5) and
0] [ 12 j
0 —12
a/(0)=| 0 |, a/(l)=| 6h; |, (2.11)
0 6h;
A | A
a quartic spline s is C?-continuous if and only if
12(zi-y — z)) + 6hi(pi—y + p) + hi(Poy — P) =0, i=1(1)n—1. (2.12)

In this case we have
S'(x) =P, i=0()n, (2.13)
where P, is defined by (2.12) for i = n.
2.3. Positivity of quartic C*-splines
We are not in a position to give a criterion which is necessary and sufficient for the positivity of

quartic splines. But we can derive a condition sufficient only, but sharp enough for our purposes.
We substitute u = p/(1 + p) implying u € [0, 1] if and only if p > 0. Thus, we get

(1 + p)*e(ush) = eo + er(W)p + ex(W)p” + e3(h)p> + eap® (2.14)
with
1) 4] m 6] m 0] 0]
0 0 0 4 1
€g = 0 . el(h) =|h N ez(h) = 3h 5 e3(h) = 0 , €4 = 0 (215)
0 0 0 —h 0
L0 L0 [ 302 0 _ 0]
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Hence, a sufficient condition for the positivity of s, i.e., for s(x) = 0, x € I, reads
e (h)TS: =0, v=0(1)4, i=1()n. (2.16)
These inequalities are equivalent to
220, i=0()n,
Azioy + hipio1 20,  4z;—hip; >0, (2.17)
12z, + 6hipi_y + hiP,_{ =20, i=1(1)n.

Thus, an interpolating quartic spline (2.2), (2.6)—(2.8) is of C*-continuity and positive on I if the
parameters p;, P;,i = 0(1)n, satisfy the system (2.12), (2.17) of linear equalities and inequalities.

Now it can be shown that system (2.12),(2.17) is solvable if the data set is in positive position.
This is done inductively. At the beginning, let p, and P, be such that

4zo 4+ hipo =0, 12z¢ + 6hypo + hiPy > 0.
The proof is complete if, under the assumption

12z; 4 + 6hpi_y + hiP;_1 =0,
there exist numbers p; and P; which satisfy

4z; + hj41p: 2 0, 4z, — hp; = 0,

12z; + 6his 1 pi + hiv P 20,

12z; — 6h;p; + h?P, = 122,y + 6hip;—y + hiPi_,.
Obviously, such numbers are

122,'

4Z,'
“h h

1
pi T 0, Pi=ﬁ(122i—1 + 6hipi—y + h?Pi_y) +

=0.

\Y

We summarize these considerations in the following proposition.

Proposition 1. For data sets in positive position the problem of positive one-dimensional interpolation
is always solvable with quartic C*-splines.

This result does not hold for polynomial C?-splines of degree lower than four. In this sense
Proposition 1 is sharp. Indeed, when using cubic CZ?-splines, for the data set Ds =
{(0,0),(1,0),(2,0),(3,1),(4,0),(5,0)}, e.g., which is in positive position, all interpolants are not
nonnegative on the interval [0, 5]. Further, the set of data sets D, for which positive interpolation is
successful is a closed set. Thus, the complementary set is open, and there exist data sets, in
a neighbourhood of the above set Ds, which are even in strict positive position zy > 0,...,25s >0
such that the corresponding cubic C2-spline interpolants are not nonnegative everywhere on [0, 5].



56 W. Hef3, JW. Schmidt/Journal of Computational and Applied Mathematics 55 (1994) 51-67

2.4. Curvature minimization

In general, there exist an infinite number of positive quartic C*-interpolants. For selecting one of
them a choice function is of interest. As usual, here the mean curvature is taken leading to the

following program:

X,

minimize j "s”(x)z dx
"6 h; L P ) 5
= Z S Pi—1—Pi+E(Pi—1+Pi) +§Z(3Pi—1_2pi—lpi+3pi) (2.18)

subject to (2.12),(2.17).

This is a quadratic program of partially separable structure. It is uniquely solvable, and can be
solved effectively, e.g., via dualization. The general dual procedure described in [2] or [10] applies
to program (2.18). The details are somewhat lengthy and will not be reproduced here. In the added
test examples the splines, called there optsplines, are computed by means of this dual procedure.

2.5. Convexity of quartic splines

Substituting again u = p/(1 + p) we find for x € I,

(1 +p)?s"(x) =Pi_y + (g (pi — pi—1) — 2(P; + Pi—1)> p + Pip? (2.19)

if the C2-condition (2.12) is taken into account. We remember a result from paper [13], namely that
x4+ Bp+7yp2=0 forallp=0 (2.20)
if and only if
=0, 720, B> —2uy, (2.21)

In this way we get the following proposition.

Proposition 2. A quartic C?-spline (2.2), (2.6)—(2.8) is convex on I if and only if

3
P; =20, i=0(1)n, Pi—l_\/Pi—IPi+Pi<E(pi—pi—l)a i=11n. (2.22)

For n > 4 there exist data sets D, being in strict convex position, i.e.,

Zi — Zi~1 _Ziy1 — Zi

h; hivr 7

such that system (2.12),(2.22) is not solvable. In other words, for n > 4 the convex interpolation
with quartic C2-splines is not always successful. This holds true even for polynomial C?-splines of
arbitrary but fixed degree. For a proof we consider the data set D, = {(0,0),(1,0),(2,0),(3,1),(4,2)},
e.g., which is in convex position. It is seen straightforwardly that all polynomial C3-spline

i=1n—1,
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interpolants to D, are not convex on the interval [0,4]. Furthermore, the set of data sets D, not
suitable for convex interpolation is open. Thus, there exist strictly convex data sets D,, n > 4,
which do not allow convex interpolation with polynomial C2-splines of fixed degree.

2.6. Monotonicity of quartic splines

Because of
(1 + p)’s'(x)=pi=y + Bpi-1 + iPi_)p + Bpi — i P)p* + pip®, xel,, (2.23)

we get the following result by means of the criterion from [13] on the positivity of cubic
polynomials. A quartic C2-spline (2.2),(2.6)—(2.8) is monotone increasing on I if and only if

p:i=0, i=0()n, (2.24)
and
3pi71 +h,~Pi—1 20, 3pi-‘hipi>0; i= l(l)n, (225)

or

3 3
36pi—1pi<P§2'1 + Py Pi+ P{ — —(pi— pi-)(Piy + P) +F(pi —Pi—1)2>

h;
+ 3(piPioy — pi-1 P)(2hPi— P, — 3p;Pi_y + 3p;—1P)) + 4hi(piPy — pi_1P?)
— hiPE P} >0, i=1(1)n. (2.26)

It can be shown that for data D,, n = 3, even in strict monotone position z;_; < z;, i = 1(1)n,
system (2.12),(2.24)-(2.26) is not always solvable, i.e., monotone interpolation with quartic C-
splines is not always successful. Indeed, let D3 = {(0,0),(1,0),(2,1),(3.1)} be a data set which is in
monotone position. It follows immediately that the corresponding interpolating quartic C>-splines
are not monotone on [0,3], and in the same way as before we assure the existence of strictly
monotone data sets being in a neighbourhood of the above set D5 for which monotone interpola-
tion with quartic C*-splines fails.

3. Positive interpolation with quartic C>-splines in two dimensions

The results from section 2 concerning the positivity now are extended from one-dimensional to
two-dimensional interpolation. We are interested in C2-splines s on the rectangular grid 4,, ,, which
interpolate the given data set D, ,,, i.c.,

s(x, y;) =2z, i=0(1)n, j=0(1)m, (3.1)

and which are nonnegative on J = [xo, X, ] X [ Vo, Vi ]-
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3.1. C*-continuity of bisplines

o

n the subrectangle J; ; = [x;_1,x:] x [¥;-1,y;], we define the spline s not necessary a biquartic
one b

< -

— A

s(x,y) = a;(w)'S;, ;bj(v), 0<uv<1, (3.2)

with the local variables u = (x — x;—1)/h;, by = x; — x;—1, V=(y — yj-1)/kj, kj = y; — yj—1 and
with vectors a;, b; and matrices S; ;, i = 1(1)n,j = 1(1)m. The component functions of the vector a;,
respectively, b; may be linearly independent.

The spline s is C%-continuous on J if and only if

ai(l)TSi,j = ai+1(O)TSi+1,j, i=1DHn—-1, j=11)m,

(3.3)
Si,jbj(l) = Si,j+ lbj+ 1(0), i=1Un, j=1(1)m—1.
Further, if (3.3) holds we obtain C'-continuity on J if and only if
1 1
m aE(l)TSi,j = o ai+1(0)"S:+ 1. i=1n—1, j=1(1)m,
i i+1 (34)
1

1 .
. Si,jb}(l) = k—‘_Si,j+ 1b}+1(0)’ i=10n, j=11)m-—1.
5 j+1

In addition, the equalities (3.4) imply the continuity of the mixed derivative d,0,s on J. Finally, if
(3.3) and (3.4) are assumed, the C2-continuity of s on J is equivalent to

1 1
Faf'(l)TSi,j = __hz a1{,+1(0)TSi+ L,j I= 1Mn—1, j=1(1)m,

i i+

1 1 ! (3.5)
2 Subf () = = Suabf O =100, j=1(m 1,

i j

and from (3.5) follows the continuity of the mixed derivatives 62d,s, 8,035 and 9703s on J; see
[9, 14].

3.2. Biquartic C*-splines

In (3.2) we now define the vectors g; and b; by
G) = cush),  by) = c(vsky, (3.6)
where c is given by (2.7). The matrix S; ; is set as

Zi~1,j-1  Zi-1,j i-1,j-1 i1, Qi—l,j—l

Zij—1 Zi,j di,j-1 4qi,; Qij-1
Si,j= Pi-1,j-1 Pi-1,; Ti—-1,j-1 Fti-1,j Viciji-1 |5 (3.7
Pi,j-1 Pij Fij-1 Ti,j Vij-1

__Pi—l,j—l Pi—l,j l]i—l,j—l (Ji—l,j I/Vi—l,j—l._
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here p; ;,qi 5,7, ), Pi j» Qi j, Ui j, Vi, j and W, ; are parameters representing derivatives; see (3.8) and
(3.15).
In view of (2.9) we find the conditions (3.3) and (3.4) always satisfied, and
S(Xi,,Vj) = Zi,j» 51S(xisyj') = Di,j» ﬁzS(xi,y,-) =di,j,
01028(x;,y5) =11y, i=0(1)n, j=0(1)m.

(3.8)

Using (2.11), for biquartic splines the C?-condition (3.5) is seen to be equivalent to

12(zi-1.5— 20) + Ohilpi—1,j+ pij) + WPy ;— P ) =0, i=11n—1,j=01)m, (39

12(zij-1 = 2i,j) + 6kj(qi,j-1 + 4i)) + K (Qijo1 — Qi) =0, i=0(Dn, j=1m~1, (3.10)

12(Gi-1,;— Gij) + Ohiricy,j+ 1) + B (Ui ;— Uy ) =0, i=1(n—1, j=00m, (3.11)

12(pijo1 — pij) + 6kj(rijor + 1) + ki (Vijor = Vi) =0, i=0)n, j=11m—1, (3.12)

12(Qi- 1,5 — Qij) +6M(Viey j + Vi) + B (Wi ;= Wi ) =0, i=1()n—1, j=0)m—1,
(3.13)

12(P;joy — Pij) + 6kj(U; j-1 + Ui )+ ki(W; oy — W, ) =0, i=0ln—1,j=11m~—1.
(3.14)

Moreover, if (3.9)—(3.14) are satisfied, also the mixed derivatives d10,s, 8,03s and 0203s are
continuous on J, and

5%3(%,)’1‘) =P j a%S(XiaJ’j) = Qi ;, 5%523(3%}’1') =U,;,
0:103s(x;,y;) = Vij, 0103s(xi,y;)) = Wij, i=0()n, j=0()m;

(3.15)

here the quantities P, ; are defined by (3.9) for i = n, and so on.

The two systems (3.13) and (3.14) for determining the W; ; turn out to be not in contradiction.
Indeed, assume W;_; ;_; to be given. At first compute W; ; = W,, via W;_; ;by(3.14)and (3.13) in
this order. Secondly, W, ; = Wl ;j1s determined via W; ;_ by (3.13) and (3.14) in the opposite order.
Then, using (3.9)-(3.12) it follows after some computations but straightforwardly that Wl i= Wl i
This property is immediately extended to a consistence proof for system (3.9)—(3.14).

3.3. Positivity of biquartic C*-splines

Here we derive a condition for the positivity of the biquartic spline (3.2),(3.6),(3,7), i.e., for
s(x,y) 2 0, (x,y) € J. Using (2.14) and the abbreviations (2.15) we obtain that

e (h)'S; jeu(k;) 2 0, v,u=0(1)4, i =1(1)n, j = 1(1)m, (3.16)
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is sufficient for the positivity of s on J. Though somewhat lengthy, the conditions (3.16) now are
given explicitly in order to make the proof of the succeeding existence property readable:

zi,; =20, i=01)n, j=01)m, (3.17)
4z, ;+ his1pi =0, i=01)n—1, j=0()m, (3.18)
4z + kjr14:,;20, i=0D)n, j=0(1)m—1, (3.19)
4zi;— hipi,; 20, 1=1()n, j=0(1)m, (3.20)
4zi;— kigi,; 20, i=0()n, j=1(1)m, (3.21)
162, + 4hy o ypi; + ke 1Gij + hivikjoiri; 20, i=0Ln—1, j=01Lm—1, (3.22)
162, ; + dhi s pi; — 4k;qi j — hiskjre ;= 0, i=0)n—1, j=1()m, (3.23)
162; j — dhip; ; + 4k 1qi j — hikjuri ;2 0, i=1(Dn, j=0(1)m —1, (3.24)
162, — dhip; j — 4k;qi; + hikjri ;= 0, i=11)n, j=1(1)m, (3.25)
122; j + 6hiypi; + b3 P20, i=0)n—1, j=01)m, (3.26)
12z, + 6kji i j + k210 ;2 0, i=0()n, j=0(1)m—1, (3.27)

4(12z; ; + 6h1pij + hie 1Py ) + kju 1 (12g0 j + 6k yri ; + B3 UL ;) =0,
i=0)n—1,j=01m—1, (3.28)
4(12z; j + 6hiy 1 pij + hiv 1 Pij) — k(125 ; + 6hysy1ij + hi Ui ) =20,
i=0)n—1, j=11)m, (3.29)
4(12z; ; + 6kjy 1 i+ K1 1Qi ) + hiv 1 (12D j + 6k yri; + k3, Vi) = 0,
i=0n—1,j=01)m—1, (3.30)
4(12z; ; + 6kjs 1Gi; + k74 1Q: ) — hi(12p; ; + 6k q7i j + ke y Vi) = 0,
i=1(n, j=01Lm—1, (3.31)
12(12z; ; + 6hiy 1 pij + hiv P ) + 6k 1 (12g; ; + 6k + hiv U )
+ k3 1(12Q; ; + 6h Vi j + B2 (Wi ) 20, i=0)n—1, j=01)m—1. (3.32)
Hence, the biquartic spline (3.2), (3.6), (3.7) is C*-continuous and positive on J if the parameters

pi,j’qi,j, r,',j, Pi,j’ Qi,j, Ui,j, I/i,j and VVi‘j, 1= O(I)H,] = O(I)m, SatiSfy the linear System (39)‘(314),
(3.18)- (3.32).
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Now, we are in the position to construct inductively a solution of this systemif z; ; > 0,i = 0(1)n,
Jj =0(1)m. To this end we set

4 . .
Dij= m zij, i=1(1)n, j =0(1)m,
pO.j = 0, .] = O(l)ms

4 . .
qi ;= k—z,-,j, i=0)n, j=1(1)m,

J

(3.33)

gio=0, i=0()n,
= El,-%jzi’j’ i=1Mn, j=1(1)m,
ri;j=0, i=0,j=01)m, or j=0,i=0(1)n.

In this case the inequalities (3.18)—(3.25) are immediately seen to be satisfied. Further let
Po,j=Uo,;=0, j=01)m,
Qio=Vio=0, i=01)n, (3.34)
Wo.0=0.

Because of (3.13), (3.14) this implies Wy ;= W, 6 =0,i=1(1)n, j = 1(1)m.

Now, for i = 0, j = 0 the inequalities (3.26)—(3.28), (3.30), (3.32) are obviously valid. Next, if we
assume

Pi_1,;20, Wi-1,;20,

Qi,j-1 20, Wij-120, (3.35)
4 4

Ui~1,j:FPi-1,j’ Vi,j—1=Z'_Qi,j—l
J i

for arbitrary but fixed i > 1 and j > 1, by means of (3.9)—(3.14) and (3.33) we find straightforwardly
that

P;=20, Q,;=20, U;=20, V,;20, W,;>0,
(3.36)
4 4
Ui,j=EPi,j, Vi,j=EQi,j

J

hold true, and that the inequalities (3.26)—(3.32) are satisfied. This property, which analogously
holds fori =0,j > 1andj =0, i > 1 is sufficient for determining recursively a solution of system
(3.9)—(3.14), (3.18)—(3.32). Hence, we have obtained the following proposition.

Proposition 3. For data sets in positive position the problem of positive two-dimensional interpolation
is always solvable with biquartic C*-splines.
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4. Monotone interpolation with quintic C2-splines

In Section 3 we have seen that positive interpolation is always successful with quartic C2-splines.
On the other hand, convex interpolation fails in general when using polynomial C2-splines. Thus,
we are now interested in monotone interpolation only.

4.1. Monotonicity of quintic C*-splines in one dimension

The spline (2.2) becomes a quintic one if the vector g; is defined by

ai(u) = d(u; h;) 4.1)
with
[1—u] 1 +u—9u? + 6ud )
u —1 —u+ 9u? — 6u°
0 h(1 — u)?*(Bu + 1)
du;h) = 0 + u(l —u) b G — 4) (4.2)
0 1h?u(l — u)?
L o _ L 1 —w
and the vector S; by
_Zi—lT
Zi
si=| Pl 4.3)
Di
Py
L P ]
Now we get
[17] 0] 07 0] [0 [0
0 1 0 0 0 0
0 0 h; , 0 , 0 , 0
a;(0) = ol a;(1) = ol a;(0) = NE ai(1) = hlo @ 0) = 0|4 (1= N (4.4)
0 0 0 0 h? 0
L0 [0 0] 0] K | h? |

Thus, in view of (2.3)-(2.5) these quintic splines are C2-continuous for all values of the parameters
pi, P, i = 0(1)n, and those have again the meaning (2.10), (2.13).
In order to derive monotonicity conditions, we substitute u = p/(1 + p), and get with (4.2)

(1 + p)*d'(u;h) = do(h) + di(h)p + d2(h)p* + d3(W)p> + du(h)p* (4.5)
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with
[07] 0] [ —307] [ 0 ] (0]
0 0 30 0 0
am=|"|. am=|"| aw=| T2 am=| D1 am-|)]. @8
0 0 —12h 4h h
0 h? —3h? 0 0
[ 0_ | 0 L | — k%] 10
Hence the conditions
dy(h)TS; =0, v=01)4, i=1(1)n, 4.7
which obviously imply s to be monotone on I, are equivalent to
pi=0, i=0(1)n, 4p; 1 + Py 20, 4dp; — hP; 2 0, 48)

60(z; — zi-1) — 24h(pi + pi-1) + 3hI(P; — Piy) 20, i=1(1)n.

Consequently, an interpolating quintic spline (2.2), (4.1)-(4.3) is C?-continuous and monotone on
I if the parameters p;, P;, i = 0(1)n, satisfy system (4.8) of linear inequalities.

Now, if the data set D, is in monotone position, we get immediately a solution of (4.8) by setting
pi = P, =0, i = 0(1)n. Thus, we have the following proposition.

Proposition 4. For data sets in monotone position the problem of monotone one-dimensional inter-
polation is always solvable with quintic C*-splines.

4.2. Monotonicity of quintic C*-splines in two dimensions

We get biquintic splines in (3.2) if the vectors a; and b; are set
aiu) = d(ush;),  bj(v) =d(v;k;), (4.9)
where d is given by (4.2). The matrix S; ; is now defined by

in—l,j—l Zi-1,j Qi-1j-1 Gi-1,; Qi-1.j-1 Qi—l,j_
Zi,j—1 Zij qdi,j-1 qi,j Qij-1 Qi
Pi—-1,j-1 Pi-1,j Ti-1,j-1 Ti-1,j Vici,i-1 Vi-1,j
Di,j—1 Dij Fij—1 Fi,j Vii-1 Vi
Pi_1j-1 Piovj Ui-yj-1 U1 Wicij-1r Wiy
L P P; ; Ui j-1 Ui, ; Wi i-1 Wi ; N

g
Z
Il

(4.10)

Because of (4.4), the smoothness conditions (3.3)—(3.5) are always satisfied. Thus, the biquintic
splines (3.2), (4.2), (4.9), (4.10) are C?*-continuous for all values of the parameters p; ;,
4ijsTi s Pij Qi j, Ui j, Vi,j and W 5, i = 0(1)n, j = O(1)m, and these represent the derivatives (3.8)
and (3.15).
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For the monotonicity of biquintic splines we need in addition to (4.5), (4.6) that

(1 + p)°d(u;h) = eo + e1(W)p + ex(h)p” + es(h)p® + ea(h)p* + esp® (4.11)
with
1] 5] 10 7]
0 0 0
0 h 4h
€ = 0 > el(h) = 0 ’ eZ(h) = 0 )
0 0 1h?
0 0 0
-0 - o o
10 5 1
0 0 0
e3(h) = _ap |’ e4(h) = _nl’ s = 0 (4.12)
0 0 0
| 3k’ 0 0

Then, a sufficient condition for the monotonicity of biquintic splines reads
d,(h)'S; jeu(k;) >0,
e,(h:)'S: ;d,(k;) =0, v=01)4, p=0(1)5,i=11)n,j=1(1)m.

We hesitate to give (4.13) explicitly. Butfor p; j=¢q;, j=r,;=Pij=Qi;=Uij=Vi;
i =0(1)n, j = 0(1)m, we find immediately that (4.13) reduces to

I
=
I
=

Zi-1,; S Z5, 1= L(Dn, j=0(1)m,
zi,j—l Szi,j, i =O(1)n, ] = l(l)m
This means that system (4.13) is always solvable if the data set D, , is in monotone position. Thus,

we have proved the following.

Proposition 5. For data sets in monotone position the problem of monotone two-dimensional interpo-
lation is always solvable with biquintic C>-splines.

5. Concluding remarks
In this paper we have shown that in one as well as in two dimensions the problem of positive

interpolation is always solvable with quartic C2-splines, and so is that of monotone interpolation
with quintic C3-splines. For proving these existence properties the first and second derivatives in
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the nodes are constructed as simple as possible in order to meet the sufficient positivity and
monotonicity constraints. We point out that these choices in general are not the most suitable ones
for obtaining visually pleasing interpolants. In our experience, to this end special optimization
algorithms which minimize the L,-norm of the curvature subject to shape preservation constraints
are more favourable; compare with Section 2.4. In the case of positive interpolation in one
dimension, this is confirmed by the 1-3. Here, the positive splines named feasspline are
computed via (2.2), (2.6)—(2.8) by means of the values used in Section 2.3 for the feasibility proof, i.c.,
with po = P, =0 and p;, P; for i > 1 from

pi=4z;/h;, Pi=(12z;_y + 12z; + 6h;p,_ | + h}Pi_,)/h}.

o

ig. 1. Positive interpolation with quartic C2-splines.

Fig. 2. Positive interpolation with quartic C2-splines.
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120

— feasspline o optspling

Fig. 3. Positive interpolation with quartic C2-splines.

The positive interpolants optspline are optimal in the sense of program (2.18), which was solved
numerically by dualization. Obviously, the positive splines called optspline are much more
pleasant than the pictured feasible splines feasspline.

In the two-dimensional case, most of the questions arising in the optimization approach are still
open until now. For instance, it is to find out which functionals are suitable as choice function.

In convex interpolation with polynomial splines or, more general, with C!-functions from
finite-dimensional linear spaces we have the negative result from [6]. But, when using nonlinear
splines, convex interpolation in one dimension may be always successful. This is proven for some
types of exponential, rational, and lacunary splines; see, e.g., [5, 9, 15]. In two dimensions there is
only moderate progress in interpolation under convexity constraints. However, in S-convex
interpolation positive results are received in [9, 14].

Finally we mention that the extension of the present results to the three-dimensional case being
also of some practical interest seems to be possible.

6. Note added in proof

In the present paper, polynomial splines of lowest degrees are determined such that positivity and
monotonicity are always preserved. To this end we have assumed that the spline grids A, are built
by the data sites. It should be mentioned that the received degrees can be reduced when splines on
grids finer than A, are admitted. In [22] it is shown that quadratic C'-splines on grids with one
additional knot in each subinterval allow monotonicity preservation. The same property for
the positivity was recently observed in [18]. These results on the C'-interpolation with quadratic
splines are extended to the two-dimensional case; see [17, 19] for gridded data and [20]
for scattered data. Finally, for the one-dimensional CZ-interpolation it was recently proved in
[21] that positivity and monotonicity are always preserved by cubic splines on twofold refined
grids.
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