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1. Introduction

In this study we are concerned with the problem of approximating a zero of a nonlinear operator
using Newton’s method (NM).

A large number of problems in applied mathematics and in engineering are solved by finding the
solutions of the nonlinear equation

F(x) = 0. (1.1)

For example, dynamic systems are mathematically modeled by difference or differential equations
and their solutions usually represent the states of the systems. For the sake of simplicity, assume that
a time-invariant system is driven by the equation X = T (x), for some suitable operator T, where x is
the state. Then the equilibrium states are determined by solving Eq. (1.1). Similar equations are used
in the case of discrete systems. The unknowns of engineering equations can be functions (difference,
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differential and integral equations), vectors (systems of linear or nonlinear algebraic equations), or
real or complex numbers (single algebraic equations with single unknowns). Except in special cases,
the most commonly used solution methods are iterative — when starting from one or several initial
approximations a sequence is constructed that converges to a solution of the equation. Iterative
methods are also applied for solving optimization problems. In such cases, the iteration sequences
converge to an optimal solution of the problem at hand. Since all of these methods have the same
recursive structure, they can be introduced and discussed in a general framework.

Our study is motivated by the elegant works by Meyer [15], Ezquerro and Herndndez [11], and
Proinov [17,18], and optimization considerations (see also [1-3,5,13,14]). Meyer provided a general
structure for the convergence analysis of (NM)in [ 15], which enables us to consider, in the same frame-
work, Kantorovich-type semilocal convergence results and theorems based on monotonicity consider-
ations. Here, we use our new idea of recurrent functions to provide a tighter semilocal analysis of (NM)
with weaker conditions and for the same computational cost as before (see [1-3,5,11,13,15,17,18]).
Other approaches on the Kantorovich-type semilocal convergence of (NM) can also be found in
[4-8,12,17,18].

The paper is organized as follows: Section 2 contains the terms and concepts needed in this study;
Sections 3 and 4 contain two different semilocal convergence approaches for (NM). Finally, Section 5
develops special cases and numerical examples containing nonlinear integral equations of Chan-
drasekhar type and a two-point boundary value problem with Green’s kernel.

2. Preliminaries

To make the study as self-contained as possible, we reintroduce concepts that can be found in
[1-3,5,13,15].

Definition 2.1. A Banach space X with convergence structure is a triple (X, V, ‘W) satisfying:

(1) (X, || . | is areal Banach space.

(2) (v, ¢&, | .lly) is a real Banach space that is partially ordered by the closed convex cone C; the
norm || . ||, is assumed to be monotone on C.

(3) Wisaclosed convex cone in X x V satisfying {0} x € C W C X x C.

(4) The following map /./ : & —> € is well defined:

/x/ = inf{p € € : (x, p) € W}, (2.1)
where
D={xeX:ApeceC,(x,p) € W}
(5) For every x € D, we have
Xl < 11/%/Ilv- (2.2)

We use standard properties of partial orderings on V and X x V (see [9,16]). The set D satisfies
D+ D C DandshD C D fors > 0 whereas

Ul ={xeX:xa €W}

defines a generalized neighborhood of zero.
Definition 2.1 is motivated by the following examples (see [1-3,5,15]):

Example 2.2. Let XX = R" equipped with the maximum norm.

(@) Letv =R, W = {(x,p) € R™ : ||x]lso < p}. This case is concerned in classical convergence
analysis in a Banach space.

(b)Let v = R", W = {(x,p) € R*" : |x| < p},ie,ifx = (x)[_,andp = (py)l_,, then |x| < p
<= Xx; < pj,forall 1 < i < n. This case is concerned in componentwise analysis and error
estimates.

(c) Let v =R, W = {(x, p) € R¥" : 0 < x < p}. This case is used in monotone convergence analysis.
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Remark 2.3. The convergence analysis is based on monotonicity considerations in X x V. Let
(xn, pn) € WN be an increasing sequence; then

(Xn, Pn) < (Knm, Pntm) = 0 < Xnem — Xm> Pntm — Pm)-

If p, —> p, we obtain 0 < (X;;4n — Xn, P — Pn)- Using (2.2) of Definition 2.1, we have

0
||Xn+m _xn” = ||p _pn”V > .
n—oo

Then {x,} is a Cauchy sequence. When deriving error estimates we shall use the sequence p,, = ag—ay,
with a decreasing sequence {x,} € C to obtain the estimate

0 =< (Xm+n — Xp, an — an+m) =< (Xm+n — Xn, an)-

If x, —> x this implies the estimate /x — x,,/ < a,.

Definition 2.4. We denote the space of multilinear, symmetric, bounded operators A : X" —> X on
a Banach space X by £(X") and for an ordered Banach space V, we let

Li(VHY={LeLV):0<x,(1<i<n) =0=<Lx,...,%)}.

AmaplL € C'(V;, — V) on an open subset V; of an ordered Banach space V is defined to be order
convex on an interval [a, b] C V if

c,defa,b], c<d=Ld)—L(c)e L (V).

Definition 2.5. As the set of bounds for an operator A € £(X"), we define

B(A) ={L € £Li(V") : (xi,p)) € W == (A(X1, ..., Xn), L(p1, ..., Pn)) € W}
Lemma 2.6 ([13]). Let A: [0, 1] — L(X") andL: [0, 1] —> L (V") be continuous maps; then

1 1
Vvt € [0, 1] : L(t) € BA(D)) =>/ L(t)dt € B (/ A(t)clt),
0 0

which will used for the remainder of Taylor’s formula.

Finally the following conventions are needed: Let T : ¥ — ¥ be a map on a subset ¥ of a normed
space. Then T"(x) denotes the result of n-fold application of T and in the case of convergence, we write

T®(x) = lim T"(x).
n—oo
In particular, we define a right inverse through:

Definition 2.7. Let A € £(X) and y € X be given. Then we can write

(o]
Ay =2 =zeT®0), TR =U-Ax+y<=z= Z(l — Ay
j=0

provided this limit exists.

3. Semilocal convergence analysis of (NM)
We provide sufficient semilocal convergence conditions for (NM) to determine a zero x* of operator
G on Banach space. Our results are stated for the operator
F(x) = AG(xo + X), (3.1

where x, is the initial guess for (NM) and A is an approximation of G'(xo)~'. That is, the following
result is affine invariant in the sense of [10].
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Theorem 3.1. Let X be a Banach space with a convergence structure (X, V, W) with v = (V, C,
Il . Ilv), an operator F € C'(Xr — X) with Xr C X, an operator L € C'(V, —> V) with v, C V,
an operator Ly € 01(VLO — V) with V;, € V,, and a point a € C such that the following hypotheses
are satisfied:

U(@) € Xr and [0,a] € Vi; (3.2)
L is order convex on [0, a), satisfying
L'(Jx| + lyl) — L'(1x]) € B(F'(x) — F'(x +)) (3.3)

forallx,y € U(a) with |x| + |y| < a;
Ly is order convex on [0, a), satisfying L, < L' on 'V, and

Ly(1x]) — Ly(0) € B(F'(0) — F'(x)) (34)
forallx € U(a) with |x] < a;

L,(0) € BU —F'(0)) and (—F(0),L(0)) € W;

L(a) < a;
and

I'(@)"a— 0 asn — oo. (3.7)
Then sequence {x,} generated by (NM)

X0=0, Xpp1 =%+ F'(xn)*(—=F (x2)) (3.8)

is well defined, remains in U(a) for alln > 0, and converges to the unique zero x* of operator F in U(a).
Moreover, the following estimates hold true for alln > 0:

[Xnt1 — Xn/ < dpy1 — dp, (3.9)

[Xn41 — X"/ < b —dy, (3.10)
where

b = L>®(0) (3.11)

is the minimal fixed point of operator L in [0, a] and sequence {d,} is given by
dO =0, dn+1 = L(dn) +L6(|Xn|)cns Cp = /xn+1 _xn/- (3-]2)
Furthermore, sequence (x,, d,) € (X x V)N is well defined, remains in W" and is monotone.

Remark 3.2. (a) If L; = L' on V, then hypotheses of Theorem 3.1 reduce to the ones in [15,
Theorem 5]. However, note that in general
Ly<U (3.13)
holds and LL—, can be arbitrarily large [4-8].
0
Condition (3.4) is not an additional hypothesis. In practice, computing operator L’ also requires
determining L. Moreover, operator Lj always exists (if L exists). The benefits of introducing

condition (3.4) are given in Remark 3.5.
(b) Assume conditions (3.2)-(3.4) of Theorem 3.1 hold and

dt € (0,1):L(a) <ta.

Then there exists a’ € [0, ta] satisfying all conditions of Theorem 3.1. The zero z € U(d’) is unique
inU(a) [15].
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LetL € C'(V;, — V) beamap satisfying the conditions of Theorem 3.1. Then L is monotone. Therefore,
sequences b, = L"(0) and ¢, = L"(a) are monotone with

O<by<hpr1 <1< =a

In view of (3.7), we conclude that the sequence {c, — b,} converges to zero [13]. That is, we obtain
that b = L*°(0) is well defined and is the smallest solution of L(p) < pin [0, a].
In the case of Remark 3.2(b), we obtain

0<c,—b, <t'a.
That is, b = L*°(0) is well defined and the following inequalities hold:
L'(b)(a — b) < L(a) — L(b) < t(a—b)

ttm—b),

b=Lb) <L@)<ta=>b<

Ne¢J
n+1

L'(b)"b < %_ty(b)"(a —b) < (@a—b) — 0.

1—t
Therefore, @’ = b satisfies the additional hypothesis of Remark 3.2(b).
As a special case, we obtain the following result for affine maps:

Corollary 3.3 ([15]).Let L € L, (V) and a, p € C be given such that
Ip+a<p and L'p — 0.

Then the map
(I—=0)*:[0,a] — [0, qa]

is well defined and continuous.

As substitute for the Banach lemma we use:

Lemma 3.4 ([15]).Let A € L(X), L € B(A),y € D and p € C be given as in Theorem 3.1 such that
Ip+/y/ <p and L'p — 0.

Then x = (I — A)* y is well defined, x € D and
/x| < I —=L)"/y/ <p.

The proof of Lemma 3.4 is easy. Simply note that the sequence {b,} defined by
bo=0, by =Lb,+/y/<p

is well defined and converges to
b=U-L"/y/ <p.

If we consider x, 11 = Ax, + Y, xo = 0, then the sequence (x,, b,) is monotone in X x V. Hence, the
statement follows from the general principles in Section 2.

Proof of Theorem 3.1. Conditions of Theorem 3.1 are satisfied for b replacing a. We shall show that
for each n, there exists x,, 1 solving

p=(I—F&)p+ (—F(xn)). (3.14)
Letn = 1and p = b. Using (3.3)-(3.6) we get
Il = F'(0)|b+ |—F(0)| < Ly(0)b+ | —F(0)|
< L'(0)b+ | — F(0)]
< L(b) — L(0) + L(0) = L(b) = b. (3.15)

Hence, x; is well defined and (x{, b) € W.
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We also have

X1 = (I = F'(0))x1 + (—F(0)), (3.16)
SO

1| < L(0)[x1] + L(0) = dj, (3.17)
and consequently

di = Ly(0)|x1] + L(0) < L'(0)b + L(0) < L(b) — L(0) + L(0) = L(b) = b. (3.18)
Let us assume that (x, di) is well defined and monotone for all k < n, with

0 < (X1, di—1) < (Xk, d), di < b. (3.19)

Using (3.4) and (3.5), we have

Il —F'(x)| < |(I —F'(0)) + (F'(0) — F'(xp))|
< IT=F0)] +|F'(0) — F' (x|

< Ly(0) + Ly (Ixe]) — Lo(0) = Lo(Ixk]), (3.20)
so
Lo(|x]) € B — F'(xy)). (3.21)
In view of Lemma 3.4, we must solve for p:
Ly (IxeDp + [=F(x)| < p. (3.22)
We need an estimate on |—F (xi)|. By Taylor’s theorem, (3.3) and Lemma 3.4, we obtain in turn
|=F ()| = [—F(X¢) 4+ FXe—1) 4+ F' (1) (X — X1

1

< / [L'(IXk—1] + tek—1) — L'(|xk—1]) 1cr—1dt

0

= L(Ixk—1] + ck=1) — L(Xk—11) — L' (IXe—1]) k1

< L(di—1 + di — dk—1) — L(dk—1) — L'(|xk—1])Cr—1

< L(dy) — L(dk—1) — Lo (IXe—1]) k-1

= L(dy) — dy. (3.23)
Let p = b — di. Then, we have by (3.20) and (3.23)

Lo(IxDp + [—F(x)| + di < L'(di) (b — di) + L(dy)
< L(b) — L(dy) + L(dy) = L(b) = b. (3.24)

Hence, x;., 1 is well defined by Lemma 3.4, and ¢, < b — di. Therefore, d 1 is well defined too and we
obtain

L(dy) + Ly(di) (b — dy)
L(dy) + L'(di) (b — dy)
L(dy) + L(b) — L(dy) = L(b) = b. (3.25)
In view of the estimate
ok + di < Lo(Ixe)ek + | —F (xi)| + di

dk+l

A IAIA

< Ly(IxkDek + L(dy) = diey1, (3.26)
we deduce the monotonicity
Xk, di) < (X1, A1), (3.27)

which also implies (3.9).
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It follows inductively from (3.12) that

14(0) < d < b, (3.28)

which together with L¥(0) — b, implies that dy — b as k —> oo.
By Section 2, sequence {x,} converges to some x* € U(b). By setting k —> oo in (3.23), we deduce
that x* is a zero of operator F.
Estimate (3.10) now follows from (3.9) by using standard majorization techniques (see [5,6,11]).
The uniqueness statement is given in [ 13], where the modified Newton method

Xn+1 = Xn — F(xn) (329)

is considered. Clearly, sequence (x,, L"(0)) is monotone in X x V.
Moreover, if there exists a zero y* € U(a) of F, then it was shown in [13] that

v — x| <L"(@) —L"(0) — 0 asn —> oo, (3.30)
which implies lim,,_, oc X, = ¥*. But, we showed that lim,,_, o, x, = x*. Hence, we deduce

X" =y (3.31)
That completes the proof of Theorem 3.1.
Remark 3.5. If equality holds in (3.13) then our Theorem 3.1 reduces to [15, Theorem 5]. Otherwise

(ie, if L < L), the former theorem improves the latter. Indeed, the majorizing sequence {g,} used
in[15] is given by

G =0, Gur1=1L@Gn)+L(x:])cp. (3.32)
In view of (3.12) and (3.32), a simple inductive argument shows

dy < qn, (n=1) (3.33)
and

i1 —dp < Gnp1 — G, (1> 1). (3.34)

Hence, sequence {d,} is a tighter majorizing sequence for {x,} than {q,}. As already noted in
Remark 3.2, these advantages are obtained under the same hypotheses and for the same computa-
tional cost as in [15].

By simply replacing L’ by Lj, in the definitions of the operators involved, we can also improve the
a posteriori estimates given in [ 15] under the hypotheses of Theorem 3.1. More, precisely in order for
us to obtain a posteriori estimates, we define

Ru(p) = (I — Ly(1Xa1))*Sa(P) + Cn (3.35)
where
Sa(P) = L(|Xa| 4+ p) — L(Ixa]) — Ly (1Xa])p. (3.36)

Operator S, is monotone on the interval I, = [0, a — |x,|]; moreover, if there exists p, € € such that
[Xn| + pn < @, and

Sn(pn) + L6(|xn|)(pn - Cn) = Pn — Cn, (3-37)

then operator R, : [0, p,] —> [0, p,] is well defined by Corollary 3.3, and monotone. We then have

= Sn(a_dn)+L6(|Xn|)(a_dn_Cn) <a—dy,—cp, (3.38)

dn + Ch < dn+1 = L(a) - L(dn) - L;)(lanCn <a-— dn —Cn

which implies that a — d,, is a suitable choice for p,,.
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Other ways for choosing suitable p, are given by the following:

Proposition 3.6. Assume that

R,(p) <p forsomep €I,. (3.39)
Then

G =R()=p=p (3.40)
and

Rnp1(p—cn) =p —cn. (3.41)

Proof. Using (3.23), the order convexity of Ly, L and the estimate

Sn@) + Ly (1xa]) 0 — o) =P — Ca, (3.42)
we get
Sn+1 (ﬁ - Cn) + |_F(xn+1)| + Lé) (|Xn+1|) @ - Cn) =< ﬁ — Cp. (3-43)

That completes the proof of Proposition 3.6. O

Proposition 3.7. Assume that the conditions of Theorem 3.1 hold and there exists a solution p, € I,
satisfying

Ra(p) < p. (3.44)
Define a sequence

Gn =Pn,  Ams1 = Rn(@m) —Cm (M =n). (3.45)
Then the following a posteriori estimate holds:

/X" — X/ < Q. (3.46)
Proof. An induction argument shows

Rin(am) < am, (3.47)
o

mt1 + Cm < Am, (3.48)

and consequently we deduce the monotonicity of (x;,;,, a;, — ap) in X x V.
That completes the proof of Proposition 3.7. O

The properties of R, imply the existence of R°(0), which is a suitable choice for p, in
Proposition 3.7. Hence we arrive at:

Corollary 3.8. Assume that the conditions of Theorem 3.1 hold and there exists p € I, satisfying

Rn(p) = p.
Then the following a posteriori estimates hold:

[X* — xn] < R(0) <p. (3.49)

As already noted in [15], in view of the estimate

Sn(p) + /—F(xa)/ + Ly(Ixa])p < p == Ra(p) < p, (3.50)
one may consider further majorization:
Qu(P) = L(IXn—1| + a1+ p) — L(Ixa—1]) — Ly(IXn—11)Cn1. (351)

Note that an application to a two-point boundary value problem was given in [15] in the case L, = L.
Further discussion on applications and practical aspects can be found in [3,5,13,14,19].
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Remark 3.9. If [j = L', then our a posteriori estimates reduce to the ones in [15]. However, if
Ly < L, then our a posteriori estimates are tighter. So far, we have shown how to improve on the
error estimates given in [15]. We are now wondering whether we can also weaken the sufficient
convergence conditions (3.6) and (3.7).

It turns out that this can be done (see Section 4), using our new idea of recurrent functions [5-7].

4. (NM) and recurrent functions
We need to define some operator sequences.

Definition 4.1. Let n € C. Define operators
fas hny Ba 1[0, 1) — X

and

1
&h:[LT—JXWJf—»x,yewJ)
-y

by

Ba(y)

1 1— n+1 1— n—1
[ (o)) e (525 +om))
0 —v 1—y
(T2 o)) a
(o () - () e ()
1—-y 1-y 1-vy

, 1— yn+2 , 1— yn , 1— yn+1

L —— L —20 [ —— ,
+V<°(1—y'0+°<1—y0 0(1—y 0)

Bua(¥) = Ba(y), (4.3)

S(Ulv U2, U3, Vg, J/)

1
=/(Hm+m+m+wWWH«w+mm%¢ﬂm+w+wwmm
0
+ (2L ((v1 + v2)n) — L'(vn) — L'((v1 + v2 + v3)))
+ ¥ (Ly((1 + v2 + v3 + va)n) + Lo((v1 + v2)n) — 2L ((v1 + vz + v3)n)),
5(U],U2,U3,U4, J/) :g(v17v25U37v47 )/)~ (4'4)
Moreover, define function f, : [0, 1) —> X by

fu) = lim fu(y). (45)
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It then follows from (4.1) and (4.5) that

(" o B
foo(y)—b(L (1_y>+VLo<]_y>> Y. (4.6)

It can also easily be seen from (4.1)-(4.4) that the following identities hold:

for1(¥) = fu(y) + ha(y), (4.7)
hnya(y) = ha(y) + Bu(y), 4.8
and for
n—2
V1 —ZV', =" vy=y" vg=y", (4.9)
i=0
we have
3(v1, v2, V3, V4, ¥) = Ba(y)- (4.10)

Finally, let us define sequence {t,} by

to=0, t;=Lo(0)+Ly(0)ny,
1
tn1 = to + Lo (ta) (tn — ta1) +/ (L (ta—1 + t(ta — ta—1)) — L'(ta—))dt (tn — tam1).  (4.11)
0

We need the following result on majorizing sequences for (NM).

Lemma 4.2. Assume that there exist n,a € € and @ € (0, 1) such that

n

€ [0, a]; (4.12)
1—«o

1
0 < Ly(ty) +/ (L'(tt7) — L'(0)dt < ol; (4.13)

0
8(vq, v2,v3,04,Y) >0 onls, (4.14)
hi(a) > 0, (4.15)

and

foola) <0, (4.16)

where 0 and I are the zero endomorphism and the identity operator on X;, respectively. Then the iteration
{t,} (n > 0) given by (4.10) is non-decreasing, bounded from above by

=< ja, (4.17)
and converges to its unique least upper bound t* satisfying

t* € (0, t*). (4.18)
Moreover, the following error bounds hold for alln > 0:

0 =<tnt1 —th <oty — tn1) <a'n, (4.19)

and

< — o (4.20)
1—«
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Proof. Estimate (4.19) holds if

1
0 < Ly(t,) + f (L' (ty—1 + t(tn — taz1)) — Lta—1))dt < ol (4.21)
0

holds foralln > 1.
In view of (4.13) and (4.17), estimate (4.21) holds for n = 1. We also have by (4.10) and (4.21) that
0=<t—t; <a(t;—t).

Let us assume that (4.19) and (4.21) hold for all k < n. Then, we have

1—a"
L (4.22)

Moreover, (4.19) and (4.21) will hold if

1 L/ 1_an—] e . , 1_an—1 , 1—a"
_ o n)—L{———n))dt +al, n —o <0.
0 11—« 11—« 11—«

(4.23)
Estimate (4.23) motivates us to define functions f;, (for y = «) and show instead
ful@) <0. (4.24)
We have by (4.7)-(4.10), (4.14) and (4.15) that
Jor1(@) = fula). (4.25)

In view of (4.5) and (4.25), estimate (4.24) will hold if (4.16) holds true. The induction is completed.
It follows that iteration {t,} is non-decreasing, bounded from above by t** (given by (4.17)) and
hence converges to t* satisfying (4.18).
Finally, estimate (4.20) follows from (4.19) by using standard majorizing techniques [5,6]. That
completes the proof of Lemma 4.2. O

We can show the following semilocal convergence result for (NM).

Theorem 4.3. Let X be a Banach space with a convergence structure (X, V, W) with Vv = (V, C,
Il - Ilv), an operator F € €' (X — X) with Xr C X, an operator L € C'(V, — V) with v, C V,
an operator Ly € C! (Vi, — V) with v, € V,, and a point a € C such that the following hypotheses
are satisfied for (3.2)-(3.5):

Loy <n, n=ILg0), n=a (4.26)

L'm™ — 0 asn — oo (4.27)
and the hypotheses of Lemma 4.2 hold for |x;| < n where x; solves

p=(I—F(0)p+(=F(0)). (4.28)

Then sequence {x,} generated by (NM) is well defined, remains in U(t*) for alln > 0, and converges to a
zero x* of operator F in U(t*).
Moreover, the following estimates hold true for alln > 0:
[Xnt1 — Xn/ < tap1 — b, (4.29)
[Xns1 — X"/ <7 =ty (4.30)

Furthermore, sequence (x,, t;) € (X x V)N is well defined, remains in ‘WN and is monotone.
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Proof. AsinTheorem 3.1, we have that by is the smallest fixed point of operator Ly in [0, a] guaranteed
to exist by (3.5), (4.26), (4.27), and Lemma 3.4 since

Ly (0)n + [—=F(0)| < Lo(n) — Lo(0) + Lo(0)
= Lo(n) =17. (4.31)
Eq. (4.28) is satisfied for p = n. Therefore, x; is well defined and (x{, n) € 'W. We also have
x1] < Ly(0)[x1] + L(0) = L(0)n + Lo(0) = t1,
and
t1 < Lo(n) — Lo(0) + Lo(0) = Lo(n) < n < t*.

We also have

A

1
Ly(IX11)(t1 — to) + | — F(x1)| < Ly(t1)(t1 — to) +/ (L' (Jxo| + tco) — L' (IXo]))codt
0

1
L) (61 — to) + f (L (tco) — L'(0))codt
0
=t —t; < a(t; — tp),

which together with Lemma 3.4 implies that x, is well defined and (4.29) holds for n = 1. Let us
assume that (x, ti) is well defined and monotone for all k < n, i.e.,

0 < (Xk—1,tki—1) < (X, i), and g <t*, k=1,...,n

In view of (3.4), (3.6), (3.20), (3.23), and the definition of sequence {t,}, we have in turn, for p =
te — k-1,

Lo(Ixi)) (b — ti—1) + |=F (x|

1
< L (60 (b — tier) + / [ (]| + o) — (et Icrdt
0

1
< Ly(t) (tk — ter) +f [L'(Itk—1] + t(te — k1)) — L' (Jtec1 D1t — tee)dt
0
= tip1 — b < (b — te—). (4.32)

It follows from (4.32) and Lemma 3.4 that x;, is well defined, and (4.29) holds for all n. Sequence
ty+1 is well defined too and bounded above by t*. According to Section 2, {x,} converges to some
x* € U(t*). By setting k —> oo in the upper bound of |—F (x;)| given in (4.32), we obtain that x* is a
zero of operator F.

Estimate (4.30) follows from (4.29) as in Theorem 3.1. That completes the proof of Theorem4.3. O

Remark 4.4. (a) Note that t**, given in closed form by (4.17), can replace t* in Theorem 3.1.
(b) In view of the proof of Theorem 4.3, it follows that sequence {s,} given by

s0=0, 1= "Lo(0) + LH(Oxil,
1
Sn+1 =S + L6(|xn|)cn +/ (L,(|Xn71| + tCnfl) - L,(|xn71|))cn71dt
0

is also a finer majorizing sequence for {x,} than t,.

(c) The monotone case. This is a particular case of Theorem 3.1 (or Theorem 4.3) but is omitted
here, since it follows along the lines of Theorem 13 in [15], where X is itself partially ordered
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and satisfies the conditions for 'V in Definition 2.1. We set X = V, » = €% and /./ = I (see

Case 3 in Example 2.2). Then (NM) is given by
Up =U, Upp = Uy + (AG (U))*(—AG(up)),
Gee'(Ve — ), AeLYy — X),
uveV, L) =p—Fp), [Wv]SV, and a=v-—u

5. Application and special cases

Application 5.1. Let X be a Banach space with real norm ||.||. We shall check the conditions of
Theorem 3.1, and [15, Theorem 5]. Let us assume for simplicity that F'(0) = I and that there exists a

monotone operator E : [0, a] —> R such that

I’ (x0) ™" (F'(x) = F Il < E(lIx =y lIx = yll

forallx,y € U(a).
Define L by

p s
Lp) = n+/ dS/ dtE(t), 1= ||F'(X)'F(x0)].
0 0
We have to solve (3.6) for E(t) < E(a) = ¢, i.e.,
+ L <
—{a° <a,
n 5 =
which is possible if

1
hg =tn < 3

(5.1)

(5.3)

(5.4)

Condition (5.4) is the—famous for its simplicity and clarity—Kantorovich sufficient convergence hypothesis

for (NM) [12, Chapter 12], [4-6,16].
In view of (5.1), there exists a monotone operator Eq : [0, a] —> R such that

IF"(x0) ™" (F'(x) — F'(xo)) Il < Eo(llx — Xo[)|Ix — Xo|
forallx € U(a).
Define operator Ly by

p s
Lo(p) =1n + / dS/ deQ(t).
0 0
Set
Eo (a) = Ko .
Then it can easily be seen that the hypotheses of Lemma 4.2 and Theorem 4.3 hold if

o1
Z:§(6+4£0+w/€2+8806),

and
20

0+ /02 + 86t

o =

(5.5)

(5.7)

(5.8)

(5.9)
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In view of (5.4) and (5.7), we have

1 1
hy < = = hay < —, 5.10
K_2 AH_2 ( )

but not necessarily vice versa, unless £y = £.
Hence, in this special case, our Theorem 4.3 is weaker than [15, Theorem 5].

In the rest of the study, we provide examples, where (5.4) is violated but (5.7) is satisfied and £g < £.
More applications can be found in [1-7,13-15].

Example 5.2. Let X = ¥ = R? equipped with the max-norm and

1
x=01D" U={&:lx—xl<1-=}, @€ |:0, 5) .
Define function F on Uy by

Fo=@¢ ~o.6 —o), x=¢E.&). (5.11)
Using hypotheses of Theorem 3.1, we get

1
n:§(1—w), lg=3—w, and =22 —w).
The condition (5.4) is violated, since

4 1
5(1 —w)2—-—w)>1 forallw € |:0, 5)

Hence, there is no guarantee that (NM) converges to x* = (@, J/= )T, starting at xo.
However, our condition (5.7) is true for all @ € I = [.450339002, %). Hence, the conclusions of
our Theorem 3.1 can apply for solving Eq. (5.11) forall w € I.

Example 5.3. Let X = Y = [0, 1] be the space of real-valued continuous functions defined on the
interval [0, 1] with norm

x|l = max |x(s)|.
0<s<1

Let 8 € [0, 1] be a given parameter. Consider the “cubic” integral equation

1
u(s) = u3(s) + ru(s) / q(s, Hu(t)dt + y(s) — 6. (5.12)
0

Here the kernel q(s, t) is a continuous function of two variables defined on [0, 1] x [0, 1]; the
parameter A is a real number called the “albedo” for scattering; y(s) is a given continuous function
defined on [0, 1] and x(s) is the unknown function sought in C[0, 1]. Equations of the form (5.12) arise
in the kinetic theory of gases [5]. For simplicity, we choose ug(s) = y(s) = 1,and q(s, t) = ﬁ for all
se€[0,1]andt € [0, 1], withs + t # 0.If we let D = U(up, 1 — 6), and define the operator F on D
by

1
F(x)(s) = x3(s) —x(5) + Ax(s) / q(s, t)x(t)dt +y(s) — 6, (5.13)
0

forall s € [0, 1], then every zero of F satisfies Eq. (5.12). We have the estimates

max /Ldt =In2.
s+t

0<s<1
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Therefore, if we set £ = ||F’(ug) ||, then it follows from hypotheses of Theorem 3.1 that

n=E&(rIn2+1-0),
£=25(A|In24+3@2—-0)) and £, =§2|r|In2+ 333 —0)).

It follows from Theorem 3.1 that if condition (5.7) holds, then problem (5.12) has a unique solution
near ug. This assumption is weaker than the one given before using the Newton-Kantorovich hypoth-
esis (5.4).

Note also that £y < £ forall 6 € [0, 1].

Example 5.4. Consider the following nonlinear boundary value problem [5]:

U = _u3 _ yu2
{u(O) =0, u(l)=1.

It is well known that this problem can be formulated as the integral equation

1
u(s) = s+/ Q(s, H@3(t) + yu(b))dt (5.14)
0

where Q is the Green function

t(1—s), t<s
Q. 0 = {s(l —t), s<t.

We observe that
1 1
maxf Qs )] = —=.
0=s<1J, 8
Let X = Y = €[0, 1], with norm

x| = max |x(s)].
0<s<1

Then problem (5.14) is in the form (1.1), where F : & — ¥ is defined as

1
[F(X)](s) = x(s) —s — / Q(s, P (6) + & (0)dt,
0

and
G(x)(s) =0.

It is easy to verify that the Fréchet derivative of F is defined in the form

1
[F'(x)v](s) = v(s) —/ Qs, (3X*(1) + 2yx()v(t)d.
0

If we set ug(s) = s and D = U(up, R), then since |ug|| = 1, it is easy to verify that U(up, R) C
U(0, R+ 1).It follows that 2y < 5; then

3lluoll* + 2y lluoll 3 +2y
8 8

F )< — =8
= T T

IT = F'(uo)ll <

’

’

luoll® 4+ ylluol> 1+
F(u < = s
IF(uo)ll = 3 3
1+y

52y’

IIF (uo)™"F (o) | <
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On the other hand, for x, y € D, we have

1
[(F'(x) = F')vl(s) = —/ Q(s, 3K (1) = 3y*(1) + 2y (x(6) — y(©O)v(®)dt.
0

Consequently (see [5]),

y +6R+3
IF'(x) = F Wl < fllx =yl
2y +3R+6
IF'(x) — F'(uo)|l < fllx — ug]l.
Therefore, the conditions of Theorem 3.1 hold with
1ty _ y+6R+3 _ 2y +3R+6
n= 5 _ 2)/’ = 2 s 0= 3 .

Note also that £5 < £.

Finally note that the results obtained here compare favorably to the ones given in [11,17,18] for the
special case where X is a Banach space with real norm || . ||.
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