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1. Introduction

Delay differential equations is one of the oldest branches of the theory of infinite-dimensional dynamical systems -
theory which describes qualitative properties of systems, changing in time.

We refer to the classical monographs on the theory of ordinary delay equations (ODE) [2,7,11,12,22]. The theory of
partial delay equations (PDE) is essentially less developed since such equations are infinite-dimensional in both time (as
delay equations) and space (as PDEs) variables, which makes the analysis more difficult. We refer to some works which are
close to the present research [3-6,28] and to the monograph [45].

A new class of equations with delays has recently attracted attention of many researchers. These equations have a delay
term that may depend on the state of the system, i.e. the delay is state-dependent (SDD). Due to this type of delays
such equations are inherently nonlinear and their study has begun in the case of ordinary differential equations [17,18,
23-25,38,39] (for more details see also a recent survey [13], articles [8,19,26,27,40,41] and references therein).

Investigations of these equations essentially differ from the ones of equations with constant or time-dependent delays.
The underlying main mathematical difficulty of the theory lies in the fact that delay terms with discrete state-dependent
delays are not Lipschitz continuous on the space of continuous functions - the main space, on which the classical theory
of equations with delays is developed (see [44] for an explicit example of the non-uniqueness and [13] for more details). It
is a common point of view [13] that the corresponding initial value problem (IVP) is not generally well-posed in the sense
of ]J. Hadamard [9,10] in the space of continuous functions (C). This leads to the search of (particular) classes of equations
which may be well-posed in the space of continuous functions (C).

Results for partial differential equations with SDD have been obtained only recently in [29] (case of distributed delays,
weak solutions), [16] (mild solutions, unbounded discrete delay), and [30] (weak solutions, bounded discrete and distributed
delays), see also [32].
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The main goal of the present paper is to develop an alternative approach, based on an additional condition (see (H)
below) introduced in [31]. We propose and study a state-dependent analogue of the condition which is sufficient for the
well-posedness of the corresponding initial value problem in the space C. The presented approach includes the possibility
that the state-dependent delay function does not satisfy the condition on a subset of the phase space C, but the IVP still be
well-posed in the whole space C. This is our second goal which is to connect the approach developed for ODEs (a restriction
to a subset of Lipschitz continuous functions) and the approach [31] of a different nature.

Having the well-posedness proved, we study the long-time asymptotic behavior of the corresponding dynamical system
and prove the existence of a compact global attractor.

2. Formulation of the model with state-dependent discrete delay

Let us consider the following parabolic partial differential equation with delay

%u(t)-}-Au(t)—i—du(t):F(ut), (1)

where A is a densely-defined self-adjoint positive linear operator with domain D(A) C L?(§2) and with compact resolvent,
so A: D(A) — L%(£2) generates an analytic semigroup, §2 is a smooth bounded domain in R™, d is a non-negative constant.
As usual for delay equations, we denote by u; the function of § € [—r, 0] by the formula u; = u; (@) = u(t +6). Here r > 0
is a fixed constant (the maximal value of the delay). We denote for short C = C([—r, 0]; L?(£2)). The norms in L?(£2) and C
are denoted by || - || and || - ||¢ respectively.

The (nonlinear) delay term F : C([—r, 0]; L2(£2)) — L%(£2) has the form

F(g) = B(o(=n(®))). )
where the (nonlinear) mapping B : L2(£2) — L%(£2) is Lipschitz continuous

|B(v!) = B(v?)| < Lg|v! = v?|. wv! v?el?(2). 3)

The function n(-) : C([—r, 0]; L2 (£2)) — [0, 1] represents the state-dependent discrete delay. It is important to
notice that F is nonlinear unless n is constant (even in the case of linear B).
We consider Eq. (1) with the following initial condition

ulj—r0) =@ € C=C([-1,0]; L*(£2)). (4)

Remark 1. The results presented in this paper could be easily extended to the case of a nonlinearity F of the form F(¢) =
Dk Bk((p(—nk((p))) as well as to ODEs, for example, of the following form [33]

u(t) + Aut) +d-u®) =b(u(t —n(y)), u()eR", d=0. (5)

In the last case one simply needs to substitute L2(£2) by R" and use C = C([—r, 0]; R") instead of C([—r,0]; L2(£2)). The
function b : R"™ — R" is locally Lipschitz continuous and satisfies ||b(w)||gn < C1||w| gn + Cp with Cq,Cp > 0; A is a matrix.

Remark 2. As an example we could consider non-1local delay term F (see (2)) with the following mapping

B(V)(X)E[b(V(y))f(x—y)dy, Xe,

2

where f: £ — 2 — R is a bounded and measurable function (| f(z)| < My, Vze€ 2 —£2) and b: R — R is a (locally) Lipschitz
mapping, satisfying [b(w)| < C1|w| + Cp with C; > 0. One can easily check that B satisfies (3) with Lg = L,My|$2|, where
Ly is the Lipschitz constant of b, and |2| = f.o 1dx.

Another example is a (1ocal) delay term F (see (2)) with B(v)(x) =b(v(x)), x € £2. An easy calculation shows that (3)
is satisfied with Lg = Lp.

The methods used in our work can be applied to other types of nonlinear and delay PDEs (as well as ODEs). We choose a
particular form of nonlinear delay terms F for simplicity and to illustrate our approach on the diffusive Nicholson’s blowflies
equation (see the end of the article for more details).
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3. The existence of mild solutions
In our study we use the standard

Definition 1. A function u € C([—r, T]; L2(£2)) is called a mild solution on [—r, T] of the initial value problem (1), (4)
if it satisfies (4) and

t
u(t):e—’*%p(())+/e—A<t—S>{F(uS)—d-u(s)}ds, te[0,T]. (6)
0

We use the notation C([a, b]; X) for the space of the functions on [a, b] which are continuous with respect to the strong
topology on X (the norm topology).

Proposition 1. (See [31].) Assume the mapping B is Lipschitz continuous (see (3)) and the delay function n(-) : C([—r, 0]; L*(2)) —
[0, ] C Ry is continuous.

Then for any initial function ¢ € C, the initial value problem (1), (4) has a global mild solution which satisfies u € C([—r, +00);
L*(£2)).

The existence of a mild solution is a consequence of the continuity of F : C — L%(£2) (see (1)) which gives the possibility
to use the standard method based on the Schauder fixed point theorem (see e.g. [45, Theorem 2.1, p. 46]). The solution
is also global (is defined for all t > —r) since (3) implies ||F(¢)|| < Lgll¢llc + |B(0)|| and one can apply, for example, [45,
Theorem 2.3, p. 49]. For the existence of solutions to delay PDEs and references see e.g. [34].

Remark 3. It is important to notice that even in the case of ordinary differential equations (even scalar) a mapping
F: C([—r0,0]; R) — R of the form F(¢) = f(¢(—r(¢))) has a very unpleasant property. The authors in [20, p. 3] write
“Notice that the functional F is defined on C([-ro, 0]; R), but it is clear that it is neither differentiable nor locally Lipschitz
continuous, whatever the smoothness of f and r.” As a consequence, the Cauchy problem associated with equations with
such a nonlinearity “... is not well-posed in the space of continuous functions, due to the non-uniqueness of solutions
whatever the regularity of the functions f and r” [20, p. 2]. See also a detailed discussion in [13].

Remark 4. For a study of solutions to equations with a state-dependent delay in the space C([—r, 0]; E) with E not neces-
sarily finite-dimensional Banach space, see e.g. [1].

In this work we concentrate on conditions for the IVP (1), (4) to be well-posed.
4. Main results: uniqueness, well-posedness and asymptotic behavior

As in the previous section, we assume that n: C — [0, 1] is continuous and B is Lipschitz. Unlike to the existence of
solutions, the uniqueness is an essentially more delicate question in the presence of discrete state-dependent delay (see a
classical example of the non-uniqueness in [44]).

Let us remind an important additional assumption on the delay function 7, as it was introduced in [31]:

e 31nigy > 0 such that 5 “ignores” values of ¢ () for 6§ € (—nign, 0] i.e.
Iign > 0: Vo' 9> € C: VO [T, —nign] = @' O)=¢*®) = n(p')=n(¢?). (H)

For examples of delay functions satisfying (H) and the proof of the uniqueness of mild solutions (given by Proposition 1)
as well as the well-posedness of the IVP (1), (4), see [31].

Remark 5. It is important to notice that, discussing the condition (H) and its dependence on the value 7;g;, we see that in
the case 7;g; >, one has that the delay function 7 ignores all values of ¢ (), V6 € [—r,0], so n(¢) = const, Yo € C i.e.
Eq. (1) becomes an equation with constant (!) delay. On the other hand, the analogue of assumption (H) with n;g;, =0,
is trivial since ¢1(0) = ?(0) for all 6 € [—r, 0] means ¢! = ¢? in C, so (p!) = n(p?).

Remark 6. It is worth mentioning that the classical case of constant delay (see the previous remark) and the correspond-
ing theory form the basis for the discussed approach, but is different to the approach of non-vanishing delays. In our case
the delay n may vanish (we do not assume the existence of ry > 0 such that n(¢) > ro, Vo).
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In the above condition (H) the semi-interval (—7;gn, 0] is fixed (we remind that the value g, could be arbitrary small).

Our goal is to extend the approach based on the condition (H) to a wider class of state-dependent delay functions
where the value 7;g, is not a constant any more, but a function of the state. Moreover, as an easy additional extension,
we also allow the upper bound of the delayed segment to be state-dependent. More precisely, we consider two functions
O, ©¢: C — [0, 1], satisfying

VpeC = 0<0%p) <o yp) <r.

Now we are ready to introduce [33] the following state-dependent condition for the state-dependent delay function n: C —
[0, r] (cf. (H)):

e 1 “ignores” values of ¢(0) for 0 ¢ [-O!(p), —O%(p)] ie.
Vi € Csuchthat Vo € [-0"(p), -0 (@)] = v @) =¢®) = n{)=n@). (H)

The above condition means that state-dependent delay function 7 “ignores” all values of its argument ¢ outside of
[—OU(p), —@E(QO)] C [—r,0] and this delayed segment [—®!(¢p), —@‘(go)] is state-dependent. We could illustrate this
property in Fig. 1.

Remark 7. The condition (H) is a particular case of (ﬁ) with ©¢(p) = Nign and O (@) =r, Yo € C.

Example. It is easy to present many examples of (delay) functions 7, which satisfy assumption (ﬁ). The simplest one is

n(@) =p1(e(—x(¢(=n))) with py : L*(£2) — [0, 1] (7)

and given x : L2(£2) — [0, r]. Here ®(¢) = x(¢(—r)) and OU(¢) =r. It is easy to see that the above delay function 7
(7) ignores values of ¢ at points 0 € (—r, —x (¢(—1))) U (—x(¢(—1))), 0] and uses just two values of ¢ at points 6 = —r,
6 = —x (¢(—r)). In our notations, the delayed segment [—@!(¢), —O*(p)] = [—r, —x (¢(—r))] is state-dependent.

In the same way, one has

N
n(@) = p(e(—x*(¢(=n))) with pr, x*: 1*(2) — [0,7].
k=1

In this case [-O!(¢), —(95((/7)] =[-r,— mink{xk((p(—r))}]. A slightly more general example is

N
n@) =Y pe(e(—x*(9(=1)))) with p. x*: 12(2) — [0.7], minr* (0, 1.
k=1

Here O%(p) =max{r!,....rN, x1(@(=rD), ..., xN(p(—r"))} and
0 @) =min{r',....r", x (o(=r"))..... x" (@ (—"))}.
Examples of integral delay terms are as follows
X' @(=r") —x"@=r")
1= [ pile@)s@rdo. and nip)= pl(

¢(9)g(9)d0>-
—x2(p(=r2) ~X2(@(=12))
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Similar to the previous example, ©@%(¢p) = max{r', r2, x '(¢(—r")), x%(¢(—r?))} and
O (p) =min{r', 1%, x'(o(=1")), x*(¢(-1%))}.

Remark 8. It is interesting to notice that an assumption similar to the existence of upper function @%(-) is used in [42]
for ODEs with SDD (locally bounded delay). On the other hand, an assumption similar to (H) is used in [14,41] for neutral
ODEs (see (A4)(ii) in [14]), but together with another assumption on SDD to be bounded from below by a constant g > 0
(cf. Remark 6).

Following [31, Theorem 1] we have the first result.

Theorem 1. Let both functions @4, @¢ : C — [0, r] be continuous and O (@) > 0 forall ¢ € C. Assume the delay function n: C —
[0, r] is continuous and satisfies assumption (H); the mapping B is Lipschitz continuous (see (3)).

Then for any initial function ¢ € C, the initial value problem (1), (4) has a unique mild solution u : [—r, o0) — L?(£2) (given by
Proposition 1).

If we define the evolution operator S;:C — C by the formula S;¢ = u;, where u is the unique mild solution of (1), (4)
with initial function @, then the pair (S, C) constitutes a dynamical system i.e. the following properties are satisfied:

(1) So = Id (identity operator in C);

(2) Vt, Tt 20= S:S; = St41;

(3) t+— S; is a strongly continuous mapping;

(4) for any t > 0 the evolution operator S; is continuous in C.

The proof follows the line of [31, Theorem 1] taking into account that condition @¢(¢p) > 0, Yo € C implies that for
any fixed ¢ € C, due to the continuity of @¢: C — [0, r], there exists a neighborhood U(¢) C C such that for all ¥ € U(¢p)
one has Of(y) > %@‘((p) > 0. That means that in U(¢) C C we have the (state-independent) condition (H) with n;g, =

%@4(90) > 0 and all the arguments presented in [31, Theorem 1] could be directly applied to this case. To obtain the global
result we use proposition 1 which provides the global existence of solutions for any & € C and assume the existence of T > 0
such that for the initial function ¢ = S;£ the uniqueness of solutions fails. This leads to a contradiction since ®@¢(¢p) > 0
and the local result proved above gives the uniqueness. The same arguments give the continuity of S; for any t > 0. We
remark that as in [31, p. 3981], properties 1, 2 are consequences of the uniqueness of mild solutions. Property 3 is given by
Proposition 1 since the solution is a continuous function. O

Remark 9. We do not assume that the functions ®Y, ®¢ (which are used in (ﬁ) to present the delayed segment
[—OU(p), —O(p)]) are the functions presenting the smallest possible delayed segment. More precisely, it is possible that
there exist two other functions ®", ®* such that for all ¢ € C one has 0 < ©‘(p) < O(p) < O"(p) < O"(p) <r and the
same delay n satisfies (H) with @Y, & as well.

Our next step in studying the state-dependent condition (ﬁ) is an attempt to avoid the condition ©¢(p) > 0, Yo € C. We
are going to consider the general case @¢(p) >0, Vo € C with a non-empty set Z={p € C: @¢(p) =0} #.

Theorem 2. Assume the mapping B is Lipschitz continuous (see (3)).
Moreover, let the following conditions be satisfied:

(1) both functions ®*, @¢ : C — [0, r] are continuous;
(2) there exists L > 0 such that

3

t) —
z=lpec: @Z(ﬁ"):O}CCELE{soeC: supW<L}
t#s -

(3) delay function n : C — [0, r] is continuous and satisfies assumption (ﬁ);

(4) forall ¢ € Z one has n(¢) > 0;

(5) there exist @ > 0 and Ly > 0 such that for all ¢,y € Uy(Z) ={x € C: v e Z: ||x — vlic < w} one has [n(e) — n()| <
Lyl —¥lc.

Then for any initial function ¢ € C, the initial value problem (1), (4) has a uniqgue mild solution u(t), t > 0 (given by Proposi-
tion 1). Moreover, the pair (S, C) constitutes a dynamical system (see Theorem 1).

Proof of Theorem 2. We begin with an observation that any solution u at any time moment t > 0 satisfies either u; € Z
or u; € C\ Z. Moreover any solution is global (by Proposition 1) and for different time moments t',t2 > 0 one may have
up € Z and up € C\ Z. Hence we split our proof into two cases: ¢ € Z and ¢ e C \ Z.
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Let us consider ¢ € C which is an initial condition (see (4)). We start with the simple case ¢ ¢ Z. By definition of Z, we
have ®%(¢p) > 0. If there exists such T > 0 that S;¢ € Z, we might turn this case to the proof of the case ¢ € Z by taking
Sz as ¢. Otherwise it can be proved by the same argument as in the proof of Theorem 1 (the state-independent condition
(H) is satisfied locally).

The rest of the proof is devoted to the case ¢ € Z and is organized as follows. For all t > 0 we denote by u¥(t) any
solution of (1), (4) with the initial function ¢* and by u(t) any solution of (1), (4) with the initial function ¢. We choose
two arbitrary solutions and look for an estimate for [Ju¥(t) —u(t)| in terms of ||@X — @||c. The final estimate (see (18) below)
will provide the uniqueness and continuous dependence.

We recall some estimates similar to estimates (6)-(13) in [31]. We use the variation of constants formula for parabolic
equations (with A= A +d - E, where E is the identity operator from L2(£2) to L%(£2))

t

u(t) =e"u(0) + / e ACDB(u(t - n(uy))) dr, (8)
0
~ [ ~
uk(t) = e~ Atuk0) + / e ARk (T —n(uk)))dr. (9)
0

Since the operator A is positive and d > 0 we use (see [6,15]) ||e*Zt|| <1 and ||e*Z(f*”|\ <1 to get

t
|tk = u®) < |0~ )] + [ B (z ~ n(u) - Blu(r - n(we) e
0

<|le* O -0 | + Sk + SS©. (10)
where we denote (for s > 0)
50 = [[B(u(z = n(u))) - Bu(z ~ n(w)))] dr. an
0
156 = [ [B(u(r = n(u))) - Bu(z -~ nwo) | dr. (12)
0

Using the Lipschitz property (3) of B, one easily gets
t
JHOES LB/Hu"(r —n(uf)) —u(r —n(up)) | dr < Lot max Ju“s) —u@)]. (13)
0

Estimates (10), (13) and property ]’z‘(s) < ]’z‘(t) for s <t <tg give

max [u*(®) —u®] < |¢*©) — @O +Leto_max_[[u*(s) —u(s)| + J5(to).
te[0,to] se[—r,to]
Hence
max [us) —u@| < ¢ —ellc + Lot max [u'(s) —u()| + J3(t0). (14)

Now we study properties of j’z‘ which essentially di ffer from the ones in [31] since (H) is not satisfied. The Lipschitz
property of B implies

to
J5(to) <LB/||u(r —n(uf)) —u(r — (o) dr. (15)
0

Since ¢ € Z, property (4) gives n(¢) > 0. Due to the continuity of n (see (3)), there exists o > 0 such that for all
Y eUa(p)={¥ €C: |l¢ —¥llc <} one has

3
nW) = n() > 0. (16)
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We choose o < w (see property (5). By definition, a solution is continuous (with respect to the norm topology on L(£2)),
hence for any two solutions u(t) and u"(t) there exist two time moments ¢, tor > 0 such that for all t € (0,t,] one has

u; € Uy (@) and for all t € (0, t(pk] one has u € Uy ().

Remark 10. More precisely, we assume that there exists N, € N such that for all k > N, one has q) € Uy 2(9) and hence
there exists time moment tok € (0, to] such that for all t € (0, tye] one has u € Uy (¢). This assumption (on Ny ) is not

restrictive since for the uniqueness of solutions we have ¢* = ¢ while for the continuity with respect to initial data (see
below) we have ¢* — ¢ in C.

Remark 11. It is important to notice that we take any solution from the set of solutions of IVP (1), (4) with the initial

function ¢ (and denote it by u(t)) and take any solution from the set of solutions of IVP (1), (4) with the initial function

(p" (and denote it by uk(t)) i.e. the values ty, tye may depend on the choice of two solutions.

Hence (16) implies that for all 7 € [0, ], with t1 < minfty; t; 37(9)} one gets T — n(ur) < 0,7 — n(u¥) <0 and

u(t —nur)) =@t —nu)), u(t — n(u’é)) =@t — n(uk)). Hence, see (15) and properties (2), (5),

JHGY <LB/H<o(r —n(u¥)) —o(r —nwon)| LBL/\n —n(ug)|dt
0

<Lpllyt; max [uf(s) —u(s)|.
se[—r,t1]
Finally, we get (see the last estimate and (14))
(1=Letrl1+LLy]) max [u'(s) —u@)|| <[¢" —¢]-

Choosing small enough t; > 0 (to have 1 — Lgt1[1+ LL,] > 0) i.e.

th = mm{t(p, r;(go) q(L3[1 + LL,7]) } for any fixedq € (0, 1), (17)
we get
Ser[nz::)% ]Hu () —u()| <(1—Lpta[1+ LL,7])71 le* — ?| - (18)

It is easy to see that (18) particularly implies the uniqueness of mild solutions to I.V.P. (1), (4) in case when (pk =0.

It gives us the possibility to define the evolution operator S;:C — C by the formula S;¢ = u;, where u(t) is the
unique mild solution of (1), (4) with initial function ¢.

Our next goal is to prove that pair (S;, C) constitutes a dynamical system (see the properties (1)-(4) as they are for-
mulated in Theorem 1). As in [31, p. 3981], properties 1, 2 are consequences of the uniqueness of mild solutions. Property 3
is given by Proposition 1 since the solution is a continuous function.

Let us prove property 4. We consider any sequence {(,z)"},;‘i1 C C, which converges (in space C) to ¢. Denote by uX(t) the
(unique!) mild solution of (1), (4) with the initial function ¢* and by u(t) the (unique!) mild solution of (1), (4) with the
initial function ¢.

One could think that (18) already provides the continuity with respect to initial data, but there is an important technical
property used in developing (18), i.e. the choice of t; (see (17) and Remark 11). In contrast to the previous study, now we
have infinite set of functions {(pk},fil C C, so it may happen that t; = t’]‘ — 0 when k — oo.

We recall (see the text after (16)) that two time moments ty, tok > 0 have been chosen such that for all t € (0, t,] one

has u; € Uy () and for all £ € (0, tye] one has uf € Uy (). Now our goal is to show that an infinite number of moments ¢,
{twk},fi] could be chosen in such a way that

tzzinf{t(p,t RL P TORRN I

To get this, we use the standard proof of the existence of a mild solution by a fixed point argument (see e.g. [45, p. 46,
Theorem 2.1]). More precisely, let U be an open subset of C and F:[0,b] x U e L%(£2) be continuous. Here we use
notations of [45, p. 46] chosen as follows. Constants § > 0 and N > O are such that |\F(w)|| < N for all ¥ € Bs(p)={y €C:
1 — @llc < 38}. Since the operator A is positive we use ||e*’“|| =1 for all ¢ > 0. The time moment t' <r is chosen so
that if 0 <t <t/ then |lo(t +6) — @ )| <§/3 for all & € [-r,0] and lle=4t@(0) — ¢(0)|| < 8/3. Set t3 = min{t’; b; §/(3N); 8}
and Yq ={y e C([—r,t3]; L%(£2)): y(0) = ¢(0))}. For ¢ € C and any y € Y; we consider the extension function  as follows

J>0 and u, ut e Uy(p) forallte (0,t;].

oo [@(s) forse[-r,0];
ys) = |:y(t) fors € (0, t3].
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Let Yo ={y € Y1: ¥t € Bs(¢) for t € [0, t3]}. Consider a mapping G on Y as follows
t

GO =e () + / e ACOF(Jr)dr.
0
One can check (see [45, pp. 46, 47, Theorem 2.1]), that G maps Y, into Y;. The solution is given by a fixed point y = G(y).
For our goal it is sufficient to choose § <« and t; < t3 to get uy, u’t< € Uy (@) for all t € (0, t2]. Here we use (pk instead of ¢
when necessary. The crucial point here is the possibility to choose t’ (and hence t3 and t,) independent of k € N. The choice
of ' <r so that if 0 <t <t then [|o(t+0) — @(®)| <8/3 and ||¥(t +6) — p*(©)| < 8/3 for a1l ke N and all 6 € [—r, 0]
is possible due to the convergence of ¥ (to ¢ in C). Since the points of a convergent sequence form a precompact set in
C they are equicontinuous. Now estimate (18) can be applied to our case and this completes the proof of property (4) and
Theorem 2. O

Discussing assumptions of Theorem 2, let us present a constructive example of the function ®¢ which satisfies assump-
tion (2). Consider any compact and convex set K¢ C C£; C C. For example, for any compact and convex set K € L?(£2),
the set {¢ € CL;: VO € [—1,0], ¢(9) € K} is compact (by Arzela-Ascoli theorem) and convex. First, constructing @¢, we set
A% (@) =0 for all ¢ € K¢. Second, we take any p € (0,r] and set @¢(p) = p for all ¢ e C such that distc (¢, Kc) > 1. Third,
for any ¢ € C such that distc (¢, K¢) € (0,1) we set @%(p) = p - distc (¢, K¢) € (0, p). By construction, @¢ satisfies (2).

As for asymptotic behavior, we study of the long-time behavior of the dynamical system (S¢, C), constructed in Theo-
rems 1 and 2. Similar to [31, Theorem 2] we have the following result.

Theorem 3. Assume all the assumptions of Theorem 1 or 2 are satisfied and additionally mapping B (see (2)) is bounded. Then the
dynamical system (S¢, C) has a compact global attractor A which is a compact set in all spaces Cs = C([—r, 0]; D(A‘S)), Vé € [0, %).

Lemma. Let all the assumptions of Theorem 2 be satisfied and the mapping B is bounded. Then there exists a constant L > 0 such that
the global attractor A (see Theorem 3) is a subset of CLy (cf. condition (2) in Theorem 2).

Remark 12. Lemma gives a possibility to consider system (1), (4) with a state-dependent delay function n which does not
ignore values of its argument ¢ for all points ¢ € A.

Proof of Lemma. Consider any solution u; € A. Let us denote f(t) = F(u;) and prove that f is Holder continuous.

We recall that for a dissipative dynamical system [37], (S¢, C) we have a set By C C (a ball By ={¥: ||Y|lc < Ro}) such
that for all ¢ € C there exists t, > 0 such that S¢¢ € By for all t > t, (for more details, see e.g. [6,37]). We will need the
following property, proved in [31, estimate (29) with § = 0]

Ju(t) — u(t2)| < Loltr — 2]/ (19)

for any solution, belonging to By (in particular, for any solution belonging to the attractor A C By).
In (19) the constant Ly is independent of solution u.
One can check that

| ftn) = fEe)] <Lp - u(tr —ne)) —u(ta = n(uy,))].- (20)
Using (19), the Lipschitz property of n (see (5) in Theorem 2), we get from (20) that
1/2
|t — F(t2)] < Lolo-[t1 — n(ue) — (62 — nur)|
<Lglo- (|t — 2] + 1 (ug) — n(u,)|)
1/2
LgLo - (It1 — t2] + Ly llug, — ug, Il) /
LgLo - (It1 — t2] + LyLolty — f2|1/2)
<Lplo- (1t — 2% + (LyLo) 21ty — £ 1/4).
Finally, for |t; —t2] <1 one has

|f &) = Ft) | < LsLo- {1+ (LyLo)?}itr — t2]V/%, (21)

Let us consider any v € A. It is well known that the attractor consists of whole trajectories i.e. us € A, Vs € R. We take
any to >r >0 and get ¢ € A such that St,¢ = V. Consider the variation of constants formula for parabolic equations (with
A=A+d-E, see (8))

1/2

N

1/2

N

t

u(t) = e Ap(0) + / e AT E(y, ) dr. (22)
0
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To estimate the first term in the above formula (22) we first prove that
—Zﬁ —th 1
le=A1v —e v||<;|t1—t2|-IIVII, 0<t] <tp. (23)
1

Since A and A are densely-defined self-adjoint positive linear operators in L%(£2) with compact resolvent we consider the
orthonormal basis (of L2(£2)) {ex}pe, which consists of eigenvectors of the operator A, so

7\ek=)\kek, O<A <Ay <+ <Ay — +400.
Consider for any v € L2(£2) and any t; > t1 > 0,

B _ o0
”e—An v— e—AtZVH2 — Z(e—lkﬁ _ e—)»kfz)zvl%! (24)
k=1

where v = (v, ex)j2(g). It is easy to see that for any u > 0 one has

le™H0 —eTH2| Cty —t1] - max pe T =ty —tq] - pe M
Te(ty,t2]

and supycy le i — e M2 | |ty — 1] -sup,,.opue M = %Iﬁ — ta]. We substitute this and |[v|? =352, v,% into (24) to get
(23). N

The estimate (23) gives the uniform (w.r.t. ¢ € A) Lipschitz property of the first term e "¢ (0) in (22) for t > tg > 0. As
discussed (see the text before (19)), we have ||¢(0)|| < Rp for all ¢ € A due to the dissipativeness of the dynamical system
(S¢; C) (for more details, see [31, estimate (23)]).

To prove that the second term in (22) is Lipschitz for t >ty we need

Definition 2. (See [15, Definition 1.3.1].) We call a linear operator A in a Banach space X a sectorial operator ifitis
a closed densely defined operator such that, for some v in (0,7 /2) and some M > 1 and real q, the sector

Sap ={M ¥ <|argh —a)| <7, A #a}

is in the resolvent set of A and
|v— A7 <M/|r—a| forallxe Sqy.
to use the following:

Proposition 2. (See [15, Lemma 3.2.1].) Let A be a sectorial operator in Banach space X. Assume function f : (0, T) — X is locally
Holder continuous and [ || f (s)||x ds < oo for some p > 0. Denote by &(t) = ée*A(t*S)f(s) ds fort € [0, T). Then function & (-) is
continuous on [0, T), continuously differentiable on (0, T), @(t) € D(A) forO <t < T and d&(t)/dt + AD(t) = f(t) forO <t <T
and ®(t) - 0in X ast — 0+.

Remark 13. Our operator A is sectorial since any self-adjoint, densely defined operator bounded from below in a Hilbert
space is sectorial (see e.g. [15, Example 2, p. 26]).

We apply the above Proposition 2 to f(t) = F(u;) and use (21). The property f(;o I f(s)|lxds < oo for some p > 0 follows
from the dissipativeness |u(t)|| < Rg, the continuity of F : C — L%(£2) and of the continuity of the mild solution u. One
uses the continuous differentiability of @ on [to — 1, to] C (0, T) which implies that maxteqry—r.qo] 1P’ ()]l = Mg.1 < c0. In
our case ¢ represents the second term in (22) which is proved to be Lipschitz continuous with Lipschitz constant M. 1
independent of u.

We notice that the independence Mg.; of solutions belonging to the attractor follows from the detailed proof of Propo-
sition 2 [15, Lemma 3.2.1] using the boundedness of A C C.

On the other hand one can also use the following:

Proposition 3. (See [15, Lemma 3.5.1].) Let A be a sectorial operator in the Banach space X and f : (0, T) — X satisfy
[f®) = f©&)|| <K@ (E—s) forO<s<t<T <oo,

where K : (0, T) — R is continuous with fOT K(s)ds < oc.
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Then for every B € [0, y) the function
¢
@:(0,T)>t— /e’A(t’S)f(s) ds € X = D(AP)

is continuously differentiable with

H i H <Mt~ ﬂ||f(t)||+M/(t $)Y P1K (s)ds (25)

for 0 <t < T. Here M is a constant independent of y, B, f ().

For the definition and properties of spaces X we refer to [15]. In our case we use Proposition 3 with y = %, K(s) =
LpLo-{1+(LyLo)!/?} (see (21)) and B =0 (it implies X# = X° = L2(£2)). The boundedness of the global attractor implies that
If(@®] < C with C independent of solutions. Hence (25) gives the uniform boundedness of || d‘p(t) I < Cfortelto—r,to]l C
R4 and guarantees the independence Mg.; from solutions. The proof of Lemma is complete. [\

Remark 14. One can also easily extend the method developed here to the case of non-autonomous nonlinear delay
terms, for example, using another nonlinear function b: R x R — R (see Remark 2) instead of b to have (?(t, up))(x) =
b(t, u(t — n(ue), %)) or (F(t,u))(x) = [ b(t, u(t — n(uy), y)) f(x — y)dy in Eq. (1).

As an application we can consider the diffusive Nicholson’s blowflies equation (see e.g. [36]) with the state-dependent
delay. More precisely, we consider Eq. (1) where —A is the Laplace operator with the Dirichlet boundary conditions, £2 C R
1 ,—s%/4a as

is a bounded domain with a smooth boundary, the function f (see Remark 2) can be, for example, f(s) = Tara®

in [35] (for the non-local in space nonlinearity) or Dirac delta-function to get the local in space nonlinearity, the nonlinear
function b is given by b(w) = p - we™". Function b is bounded, so for any continuous delay function 7, satisfying (F[), the
conditions of Theorems 1, 2 are valid. As a result, we conclude that the initial value problem (1), (4) is well-posed in C and
the dynamical system (S;, C) has a global attractor (Theorem 3).

As another application we propose the diffusive model of Hematopoiesis with the state-dependent delay:

ou(t, x) pu(t —nur), x)
——— = Au(t,x) — du(t t Q R, m>1
T: u(t, x) u(,x)+1+um(t_n(ut)7x), t.x)e2, peR, m
ou(t,x) _

with the Neumann boundary conditions =0, x € 352. For the case of constant delay 7(u;) =t > 0 see [43]. The model
of Hematopoiesis when u does not depend on the spatial variable x € £2 was first proposed by Mackey and Glass [21]. One
can easily check that the nonlinearity B (see (2)), given by B(v) = Bv(1+v™)~1, is bounded and globally Lipschitz provided
m=2k, keN.

In conclusion, we notice that in the current article the emphasis is on the delay term and its properties, not on the partial
differential operator. We believe that the type of state-dependent delay studied here is important for partial differential
equations modeling real world phenomena. We hope that the approach developed here to study the state-dependent delay
will be successfully used for other delay PDEs in spite of the necessity to use essentially different methods to work with
other partial differential operators/ boundary value problems.
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