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Abstract

We study the question of asymptotic stability, as time tends to infinity, of solutions of dissipative anisotropic Kirchhoff systems,
involving the p(x)-Laplacian operator, governed by time-dependent nonlinear damping forces and strongly nonlinear power-like
variable potential energies. This problem had been considered earlier for potential energies which arise from restoring forces,
whereas here we allow also the effect of amplifying forces. Global asymptotic stability can then no longer be expected, and should
be replaced by local stability. The results are further extended to the more delicate problem involving higher order damping terms.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we investigate the asymptotic behavior of solutions of the dissipative anisotropic p(x)-Kirchhoff
systems of the form

u,;—M(ﬂu(t))Ap(x)u—i—Q(t,x,u,ut)—l—f(x,u)zo in]Rg x £2, (L.1)
u(t,x)=0 onRa' X 082, ’
where u = (u1, ..., un) = u(t, x) is the vectorial displacement, N > 1, Ra' =0, 00), £2 is a bounded domain of R”",
M is given by
M@)=a+byt”"™", >0, (1.2)

witha,b>0,a+b>0andy > 1,and Lu(t) = fQ{|Du(t, x)|1’(")/p(x)} dx is the natural associated p(x)-Dirichlet
energy integral. In the problem (1.1) the operator A,y denotes the p(x)-Laplacian operator, that is Apyu =
div(|Du|P®~2Du). The study of p-Kirchhoff equations involves the quasilinear homogeneous p-Laplace operator
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and is based on the theory of standard Sobolev spaces WO1 P (£2) for weak solutions, cf. [6]; see also [7] for wave
equations and [4] for the elliptic case. For the nonhomogeneous p(x)-Kirchhoff operators the natural setting is the
one of variable exponent Sobolev spaces, which have been used in the last decades to model various phenomena, see
[5,10-18], as well as [23,24] and references therein. Indeed, in recent years, there has been an increasing interest in
studying systems involving somehow nonhomogeneous p(x)-Laplace operators, motivated by the image restoration
problem, the modeling of electrorheological fluids (sometimes referred to as smart fluids), as well as the thermo-
convective flows of non-Newtonian fluids: details and further references can be found in [2] and [17]. For the regularity
of weak solutions we refer to [1].
Throughout the paper we assume

Q0eC(RI x 2 xRV xRY - RY),  fec(2xRY—-RY).
The function Q, representing a nonlinear damping, verifies the condition
(Q(t,x,u,v),v) >0 for all arguments 7,x, u, v, (1.3)
where (-,-) is the inner product of RY. The external force f is assumed to be derivable from a potential F, that is
fx,u)=0,F(x,u), (1.4)

where F € C!(£2 x RN — R}) and F(x,0) =0.
Moreover, when the first eigenvalue (o of A () in £2, with zero Dirichlet boundary conditions, is positive, that is

px) D px)
eI o [ 1P

< (1.5)
px) p(x)
2
for all ¢ € Wol’p(') (£2), we allow (f(x, u), u) to take negative values. In other words we assume that
(fe,w),u) > —apul”™® in2 xRV, (1.6)

for some p € [0, wop—/p+), with 1 < p_ < p(x) < p4 in £2, where p; =sup, .o p(x) and p_ =inf e p(x), see
Section 2 for details. The most interesting case occurs when p_ < p., that is in the so-called nonstandard growth
condition of (p—, p+) type, ct. [2]. In particular, in the applications, the function p is supposed to satisfy the usual
request 1 < p_ < py4 < n. In this paper we need and assume the stronger condition 2n/(n +2) < p— < py <n, in
order to get the necessary embeddings.

In studying asymptotic stability, (1.6) leads to different situations when g = 0 or po > 0. As a matter of fact in
general (1o may be zero; in [10, Theorems 3.3 and 3.4] are given sufficient conditions under which pp > 0, as in the
standard p-Laplacian model. When pg = 0 we take in (1.6) also u = 0. Therefore, when either ;o =0 or a = 0,
that is in the latter case when (1.1) is degenerate, then (1.6) reduces to the more familiar condition (f (x, u),u) > 0,
namely f is of restoring type.

Throughout the paper we consider a growth condition on f involving a continuous function ¢ such that p(x) <
q(x) for all x € £2. Moreover, when g (y) > p*(y) for some y € §2, a further growth hypothesis on the external force
f is assumed; here p* = p*(x) denotes the variable Sobolev critical exponent for the space WO1 PO (£2), see Section 2.
In [22] global existence of solutions is proved without imposing any bound on the exponent g(x) = g of the source
term f, when f does not depend on ¢ as in our setting. This justifies the importance to consider for asymptotic stability
also the case in which the condition g < p* in £2 fails. We remind to [22] for a complete recent bibliography for wave
equations with also nonlinear dampings, in the classical framework of Lebesgue and Sobolev spaces.

In the context of problem (1.1) the question of asymptotic stability is best considered by means of the natural
energy associated with the solutions of (1.1), namely

Eu(t) = %”u,(t, Y3+ agu@ +b[Iu®] + Fuw),

where Zu(t) = f o F(x,u(t,x))dx. In Section 3 we provide our main result about global asymptotic stability, based
on the a priori existence of a suitable auxiliary function k = k(¢), which was first introduced by Pucci and Serrin
in [19]. To do this we follow the principal ideas of [20,21], already employed in [3], overcoming the new difficulties
arisen from the more delicate setting.
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Similar problems in the literature are concerned with potential energies which derive from restoring forces, while
here we allow also the effect of amplifying forces, expressed by (1.6) when p > 0, as in [21] for wave systems
with p = 2. Global asymptotic stability can then no longer be expected, and should be replaced by local stability,
discussed in Section 4. Such a framework requires however some stronger assumptions on the variable exponents p
and ¢. Indeed, we suppose p4 < g— and g < p* in §2, see Theorem 4.1. Furthermore, because of the delicacy of the
problem, only the non-degenerate case a > 0 is treated, assuming also po > 0.

Further applications to more general models are given in Section 5. In particular, we study the problem

Uy — M(ﬂu(t))Ap(x)u —gWApyur + O, x,u,ur) + f(x,u)=0 1in Ra' X §2, 1.7
u(t,x)=0 on R} x 952, :
where g € L} (R{ — R{), which involves higher dissipation terms, interesting from an applicative point of view,
and includes the previous model (1.1) when g = 0. In Theorem 5.3 we deal with global asymptotic stability while
in Theorem 5.4 the question of local stability is treated, essentially following the guide lines of Sections 3 and 4,

respectively.
2. Preliminaries

We consider the following setting. Let

Ci(2) = {h cC(@): min i (x) > 1}.

For any h € C(£2) we define

hy=suph(x) and h_ = inf h(x).
e xeR
Fix p € C.(£2). The variable exponent Lebesgue space LP)($2) = [LPO)(£2)]" is the real vector space of all the
measurable vector-valued functions u : 2 — RY such that f o lu()|? @) dx is finite. This space, endowed with the
so-called Luxemburg norm

||M||p(.) = inf{A > 0: f
2

is a separable and reflexive Banach space. For basic properties of the variable exponent Lebesgue spaces we refer
to [16]. Since 0 < |£2| < oo, if p, g are variable exponents in C(£2) such that p < g in 2, then the embedding
LIO(£2) < LPO(£2) is continuous [16, Theorem 2.8].

Let L”'©)(£2) be the conjugate space of LP®)(£2), obtained by conjugating the exponent pointwise that is, 1/p(x) +
1/p'(x) =1 [16, Corollary 2.7]. For any u € LP)(£2) and v € LPO(Q) the following Holder type inequality, see
[16, Theorem 2.1],

‘/(u, v)dx
2

is valid.
An important role in manipulating the generalized Lebesgue—Sobolev spaces is played by the p(-)-modular of the
LPO)(£2) space, which is the mapping p, () : L) (£2) — R defined by

Pp(y () = / |uP™) dx.
2

px)

u(x)

A

dxgl},

1 1
<rpllullpolivllipe, rpi=—+—, 2.1
P p( )4Q) p PR

If (y)n, u € LPY)(£2), then the following relations hold
lullpoy <1 (=1 >1) & ppow) <1(=1; > 1), (2.2)
lullpey > 1 = ullhe) < ppey@) < lullbe), (2.3)
lullpey <1 = Nullh) < ppey@) < lullh ey, (2.4)
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litn =1l py =0 S ppe it — 1) = 0, 2.5)

when p < oo. For a proof of these facts see [16].

If p € C(£2), the variable exponent Sobolev space W70 (2) = [W1P0(2)]V, consisting of functions u €
LPO)(£2) whose distributional Jacobian matrix Du exists almost everywhere and belongs to [LP() (£2)]"V, endowed
with the norm

lullt, pey = Nullpey + 1 Dull e,

is a separable and reflexive Banach space. As shown tLy Zhikov [23,24], the smooth functions are in general not dense
in W20 (£2), but if the variable exponent p in C4(§2) is logarithmic Holder continuous, that is

M
|p(x) — p(y)| < ———— forallx, y € £2 such that |x — y| <1/2, (2.6)
log|x — y|

then the smooth functions are dense in WLP(')(.Q), and so the Sobolev space with zero boundary values, denoted
by Wol‘p(')(.Q) = [Wol’p(')(ﬂ)]N, as the closure of C(°(§2) under the norm | - |1, (), is meaningful, see [12,15].
Furthermore, if p € C, (£2) satisfies (2.6), then Cy°(£2) is dense in Wol’p(')(.Q), that is Hé’p(‘)(.Q) = Wol’p(')(.Q)
[13, Theorem 3.3]. Since §2 is an open bounded set and p € C+ (£2) satisfies (2.6), the p(-)-Poincaré inequality

lullpey < CllDullpe
holds for all u € Wy”"(£2), where C depends on p, |$2|, diam(£2), n and N [13, Theorem 4.1], and so

lull =l Dull p.

is an equivalent norm in W(; PO (£2). Of course also the norm

n
laell py = D N1 ull pe

i=1

is an equivalent norm in Wé P (')(.Q). Hence Wé P (')(.Q) is a separable and reflexive Banach space.

Note that if p, <n and h € C(£2), with 1 < h(x) < p*(x) for all x € 2, where

np(x)
prx) = ———,

n— p(x)
then the embedding Wol""(')(.Q) s LhO (£2) is compact and continuous, see [11, Theorem 2.3, case m = 1]; while the
embedding Wol’p(')(.Q) > LP*(')(.Q) is continuous, see [ 14, Proposition 4.2] by virtue of (2.6) and [5, Corollary 5.3]
when also p_ > 1. Furthermore, since L9 (§2) < LPO)(£2) continuously when p, g € C4(£2) are such that p < g
in 2, we have W40 (2) <> W'rO (), and in particular Wy " (2) < W, P~ (2) < LF*(Q).

Clearly the canonical main case is when 1 < p_ < p4 < n, but, in order to have the useful embeddings for our
aims, we actually assume, throughout the paper, that p € C4(§2) and (2.6), together with

2/(n+2) < p- < ps<n, 2.7)

hold. Details, ggtensions and further references about p(x)-spaces and embeddings can be found in [5] and [8-16].
Let i € C(§2) be such that 1 </ < p* in £2, and denote with Aj(.) the Sobolev constant of the continuous embed-

ding Wy ?" (2) < LhO(Q), that is
1,p(
lullngy < 2y I Duell py  for all u € Wy P (£2), 2.8)

where A depends on n, h, p, [£2] and N, see [14, Proposition 4.2] and [16, Theorem 2.8]. Of course in (2.8) we
can have h = 1, since |§2| < 0o, and h =2 by (2.7).
Throughout the paper we endow the usual Lebesgue space L?(£2) with the canonical norm

, 12
||¢||2=(/|¢(x>| dx) ,
2
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with elementary bracket pairing

(0. ¥) E/((Pdﬁ)dx,
2

for all ¢, ¥ such that (¢, ¥) € L1(£2). As stated above, for further simplicity, we set
LrO@)=[Lro@]”.  x=wy" @) =[wy " @)]",
endowed with the norms || - || () and [lu|| = || Du|| p(.), respectively. Now introduce
K'=CR{ = X)NC'(Rf — L*(22)) and K ={¢ € K": E¢ is locally bounded on R },
where E ¢ is the fotal energy of the field ¢ given by

1
E¢(1) =2 [¢:t. )3 + a5 (1) + B[S O] + Fp(0), (2.9)
and . ¢ is the p(-)-Dirichlet energy integral

Do (t, x)|P™
(D, 0|

Ip=I¢@1)=
px)

while F ¢ is the potential energy of the field, defined by

Fo=FP(t) = / F(x,¢(t,x)) dx.

2

In writing E¢ and .% ¢ we make the tacit agreement that .7 ¢ is well-defined, namely that F(-, ¢ (z,-)) € L' (£2)
forall 1 e Ry

We can now give our principal definition: a strong solution of (1.1) is a function u € K satisfying the following
two conditions:

(A) Distribution identity

t

(s, )T =/!<ut, b1) — M(Fu(n)) / |DulP=2(Du, Dy dx —(Q(t. . u) + Fu). B)  dr
2

0
forallteRa' and ¢ € K.

(B) Conservation law

(i) Du=(Q(t, -, u,ur), us) € Lioo(RY).
t
(i) t— Eu@)+ / Pu(r)dr is non-increasing in Ry .
0

Conditions (B)(ii) and (1.3) imply that Eu is non-increasing in Rg .
We make the following natural hypothesis on f and Q, and remind that the variable exponent p is assumed to
verify 2n/(n +2) < p— < p(x) < py <n, forall x € 2.

(H) Conditions (1.4) and (1.6) hold and there exist a variable exponent g € C,.(§2), with ¢ > p in 2, and a positive
constant k such that

(@) | w)] <i(1+u®7Y)  forall (x,u) e 2 xRV,

Moreover, if there exists y € §2 such that g(y) > p*(y), then f verifies (a) and
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(b) (F @ ), u) = s |l —ieafu] V4 — ses|ul P for all (x,u) € 2 x RY

for appropriate constants k1 > 0, k2, k3 2 0.

When f =0, then (H)(a) holds for any fixed g € C+ (£2), with p < ¢ < p*in £2, so that (H)(b) is unnecessary.

(AS) Condition (1.3) holds and there are constant exponents m, r satisfying

p-<m<r<s, s:max{q_,pi},

where m’ and r' are the Holder conjugates of m and r, and non-negative continuous functions dy

dr = dy(t, x), such that for all arguments t, x, u, v,

() 10, x,u,v)| <di (1, )™ (Q(, x,u, v), v) ™ + do(t, )7 (Qt, x, u, v), v)

and the following functions 81 and 8, are well-defined

S0 = i) oy 520 = {

(b) (Q(t, X,u,v), v) > a(t)w(|v|) for all arguments ¢, x, u, v,

where w € C(R(‘)" — Rg) is such that

w(0) =0, w(t)>0 for0<t<l, w(t)=rt

whilec >0and o9 € Llloc

3. Global asymptotic stability

Theorem 3.1. Let (H) and (AS) hold. Suppose there exists a function k satisfying either

ke CBV(Rf > R}) and k¢ L'(RY) or

kew, (Rf >Rf), k#0 and lim
loc( ) gé 00 fk(f)dl’

Assume finally

hmlnf;zf k(t) (/k(r)dr) < 00,
0

where

! 1/p
o (k1)) = B k(1)) + (/al—@k@dr> :

0

! 1/m 1 1/r
Bk(t)) = (/wm dr) + (/azkr dr) :

0 0

Then along any strong solution u of (1.1) we have

Jim Eu()=0 and  lim {{u, (. )|, + [ Dutr. )| )} =0.

||d2(t5 ')”S/(S*r)v
lda(, ) lloos

Moreover, there are functions o = o (t), w = w(t) such that

(Ra' ) for some exponent g > 1.

Jo W (@ldr _

=d(t,x),

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)
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The integral condition (3.3) prevents the damping term Q being either too small (underdamping) or too large
(overdamping) as t — oo and was introduced by Pucci and Serrin in [19], see also [20] and [21].

Before proving Theorem 3.1 we give two preliminary lemmas under conditions (H) and (AS)(a) which make the
definition of strong solution meaningful.

Lemma 3.2. Let u be a strong solution of (1.1). Then the non-increasing energy function Eu verifies in Ra'

o [l a( = D u@ + bLIu®Y . if o >0, 56
* | Sl + asu) + LU if 10=0. '
Moreover
leell2, e llzs 1Dullpeys ellgeys Nullpr ey, M(Fu) € L=(RF),
Pu=(0(t, x,u,u), u;) € L'(R}). (3.7)

Proof. Case 1: pg > 0. By (1.6) we have F(x,u) > —au|u|”™ /p(x) in 2 x RY, so that along the strong solution
u=u(,x)of (1.1)

px)
Fult) > —au de > —aiﬂu(t).
p(x) Mo

Hence (3.6) follows at once.
In order to prove conditions (3.7) first note that Eu is bounded above by Eu(0), as well as Zu, by the definition
of Eu and the fact that a + b > 0. Hence M (% u) € LOO(R(J{). Moreover S u(t) = pp)(Dult,-))/p+ and

1 Dull oy < max{ [pper (D], [pper (D] 7, (3.8)

s0 that [lu¢[|2, | Dull pc) € L®(RY) by (3.6). Hence [[ull, € L¥(RY), since X = W, " () is continuously embed-
ded in L2(2) by (2.7), that is (2.8) holds for 4 = 2. Furthermore, when p < g < p* in £2, since the Sobolev embed-
dings X — L10)(£2) and X — LP"0)(£2) are continuous by (2.6), as noted in (2.8), also [lu]l4y, llullp*() € LOO(R(T).

Let us now consider the case in which there exists y € §2 such that ¢g(y) > p*(y). Hence, by (H)(b) we get for all
pek

1

F(x,¢) =f(f(x,r¢),¢)dr
0
1
> f(Kl|¢|Q(X)Tq(X)*1 _ K2|¢|1/Q(X)T*1/q’(x) _ ,(3|¢|P*(J€).,/-17*(96)*1)d.r

0
K1 K3 *
= —— '™ — g()ra]gp| V1 — ——|gp|P" W,
q(x) p*(x)

and, since k1 > 0, we then have along the solution u € K

pgoy(u(t, ) < & (3%(:) + K max{ [utz, )},

L |V} + 2 gy ) ) (9)

where K = (1/qg_ + 1/q" )q x> max{|22|'/9", |$2|1/4+}. Now observe that .Zu is bounded above being Eu(t) <
Eu(0) and also below by (1.6). Moreover, since |u; |2, [[Dull () € LOO(RJ), we also get |[u]|; € LOO(RS') by (2.8)
when h =1, as well as

jan <
p*(,)} < constant,

Py (e, ) < max{u(, ) iz(‘) Jue. ]

since again ||u|p+) € L°(R7) by (2.8) with & = p*. Therefore py(,(u) € L (Ry). Hence [ull4¢) € LX([RY) by
(2.3)—(2.4) and (3.9). This completes the proof of (3.7);.
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Case 2: o = 0. The situation is much simpler since the external force f is of restoring type. It follows that
Fu(t)=0forallt e R(J)r and (3.6) follows at once. Hence Eu > O since all the three terms in the definition of Eu,
with u € K, are non-negative, and clearly bounded by Eu(0). Hence | u;||» € LOO(RS' ) and from the fact that

)(D t,- y(D t,-
a,Op()( u( ))+b[pp()( u(t,-))
P+ P+
and the right-hand side is bounded by Eu(r) < Eu(0), in turn M(.#u) and p,y(Du(t,-)) are also bounded in R(‘)"
sincea+b > 0and y > 1. Hence || Dul| () € LOO(R(J{) by (3.8). From now on the proof can proceed as in the previous

case word by word. Therefore (3.7); is valid also in the case uo = 0.
Property (3.7), follows at once by (B)(ii) since in Rg

Y
] <afu(t)+ b[ﬂu(t)]y,

t
Oéf@u(r)drgEu(O)
0

by (1.3). O

By (B)(ii) and Lemma 3.2 it is clear that there exists / > 0 such that

lim Eu(t) =1. (3.10)
11— o0

Lemma 3.3. Let u be a strong solution of (1.1) and suppose | > 0 in (3.10). Then there exists a constant « = «a(l) > 0
such that in RS

b
[Juee (2, )Hi + app)(Du(t, ) + ﬁ[,opc) (Du(t, ~))]y +{fCou),u)>a. (3.11)
Py

Proof. Since Eu(t) >1forallt e Ra’ it follows that

Juer 0. ) |5 + appiy (Dute, 9) + by (Du(e, 2)] >0t = Fu) in R,
where n = min{2, p_} > 1. Let

N={teRi: Zuw)<i/m'},  h={reR{: Fu®)>1/1},
where n’ = n/(n — 1) is the Holder conjugate of 5. For t € J;

e I2 + appy (Dutt, ) + b ppey (Dutt, )] >1,

so that

b !
lull® + appy (Du(r, ) + —=loper (Du. )] > — . (3.12)

Py P+

Before dividing the proof into two parts, we observe that in Rar

|\ Ful < kel lellt + pgey @] < e (lully +max{ el e, lull%))) (3.13)

q q
by (H)(a) and (2.3)-(2.4).
Case 1: q(x) < p*(x) for all x € 2. Let us first consider the case in which o > 0. By Lemma 3.1 of [10] we also
have g > 0, where

o f lo)|"™ dx < f |De(x)|"™ dx
2 2

for all ¢ € X. Hence by (1.6) and the fact that ;o > pwop—/p+, since u € K,
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(FCou),u)> —au/|u(t,x)|p(x) dx > —att f|Du(t,x)|”(")dx >—al Py (Du, ). (3.14)
o) 1o -

Denoting by Zu the left-hand side of (3.11) and using (3.12) and (3.14), we have for all ¢ € J;

b
Zu) > a1 22 o (Dutr, ) + it 01 + 5[y (Dute, )
mo p Dy
nope\ ! Mo Py b v
><1‘@',,—>p11 T —(H (5 + pil[ppo(Du(m)])
l

><1_i.1’_+) _
Ko P- pi

Next consider t € J>. By (3.13), (2.8) and (2.2)—(2.4) we have in Ra'

| Zul < C(I1Dull pey +max{[ Dulf). I Dullfi, ), (3.15)

for an appropriate constant C > 0, depending on «, A1, A4(.) introduced in (2.8) and p. Hence in J»

I [ Du(t, ) pey, if I1Dult, )pey <1,
{ J20) J20) (3.16)

— < ZFu(t) < i
g < 7u0 1Due, Y50 1D, )lpey > 1,

that is

_ ! i 1/q+
||Du(t,-)||p(.) me{ﬂ, <2C77/> } =Cy() > 0.

By (3.14) forall € J,

H P+ b 12
Lutyzal1—2 - EE)p, o (Dut, ) + —[ppy (Dult, -
u(r) a( " p_)pp()( u(t, ")) pi_l[Ppo( u(t, )]

Mo P+
a(l—% p_)mln{”Du(t i
5o

Denoting by C3 = C3(/) the positive number min{Cé’_ ), Cé” (D}, then in J;

b
Lu >a<1 _R p+>C3+—C§’.
Ho

—1
P- pi

Du(t, )”p()}

=g [min{[| D, )5

+

Therefore (3.11) holds with

l b
a=ua()= <l—i p_+> min{ y_l,aC3}+ﬁC%/, (3.17)
Mo P )28 )28

provided that either @ # 0 or J> # (4, being a + b > 0.
Now, if a =0 and J, = @, then (1.6) reduces to (f(x,u),u) > 0, and so (3.11) holds with « = l/p_y;1 > 0.
When pg = 0, that is when also 4 = 0 in (1.6), then the proof simplifies and (3.11) holds with

a=u(l)= min{—_l,
y
since/ >0anda + b > 0.
Case 2: There exists y € §2 such that q(y) > p*(y). As before we first suppose po > 0. Using (3.13)1, (H)(b) and
Holder’s inequality, we have for ¢ € J;, since k1 > 0,

aC3} 5 >0,

Py
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1
1/‘1+}

l
W<9M(l)<l<0[(f( ,ul(t, )) u(t, ))—i—quu(t )Hl—i—/czmax{”u(t )||]/q

+K3ppe) (ut. )],

where ko =k /i1 > 0and ko = (1/g_ + 1/ )i max{|$’2|1/qi, |.(2|1/q3r}. Therefore, by (2.8), when & =1,
1/q- 1 : t
(£ Cow,u)+ 1)l Dul ey + ca max{ || Dull /5| Dull 4} + e3 max{ | Dull o) 11Dullh )} > Lwory

1
]/‘1+}

where ¢; = k1A >0, ¢ = k2 max{)ﬁ/q‘,k >0 and ¢3 = k3 max{)»i;(.), i ()} 0. Hence for t € J, and

(fC,u(t,-),ut,-)) >0, then

either  (f (-, u(t, ), u(t,))>1/2%kon" or |Du(t, )], >cs (3.18)

where ¢4 = c4(l, ko, n) > 0 is an appropriate constant, arising when

1/q- 1
cilDullpy + camax{[| Dull ¥ 1 Dull 44} + s max {1 Dull” . 1Dul”;, ) = 1/20n’
at the time 7. On the other hand, if r € J> and (f (-, u(z,-)), u(t,-)) <0, then || Du(t, -)|| p(.) = c¢5, where cs5 > ¢4 is an
appropriate number arising from

1/q-— 1
el Dullpy + camax{ | Dull ¥ 1 Dull Y} + e max {| Dull . 1Dull’)) > 1o’

Now, when 19 > 0 in (1.6), putting cg = min{cé’ -, cg *1, the conclusion (3.11) holds, with

l b b l
a:min{(l—ip—Jr> _1,a<1—ip—+)cs+ cﬁ,a04+ 1 Z, }>O,
1o p—/ p¥. 1o p— Pl pl— " Zion'

sincel >0, u€[0, uop—/p+),ca>0,c6 >0anda+b > 0.
While if ug =0, hence u =0 in (1.6), then (3.11) holds, with

. { ! L by
o = min ,ace c6,aC4 —Chs 5 [ >
Py 2 pi T 2o’

This completes the proof. O

Proof of Theorem 3.1. The approach is analogous to the one of [3, Theorem 3.1], which is related to the main ideas
of the proof of [20, Theorem 3.1] and [21, Theorem 1]. Initially we treat case (3.1) in the simpler situation in which
k is not only CBV(R(J)r ), but also of class C! (]R(')"). Suppose, for contradiction that / > 0 in (3.10). Define a Lyapunov
function by

V(&) =k@)(u,ur) = (ur, P), ¢ =k(t)u.
Since k € C (Rg) and ¢; = k'u + kuy,, it is clear that ¢ € K. Thus, by the distribution identity (A) in Section 2, we
getforanyr > T >0
t
VD)l = /{k/(u, ue) + 2kl 13 — k[N 13 + M(Iu@®) ppey (Dute, ) +{f ¢ u), u)]} de

T
1

—/k(Q(r,-,u,u,),u)dt. (3.19)
T
We now estimate the right-hand side of (3.19). First note that
sup|<u(t D, ue(t, )] < sup”u(l Wy - us @), =U <00 (3.20)
0 R0

by (2.7) and (3.7) of Lemma 3.2, that is ||u||2, |lu/]l2 € LOO(RS'). Now, using Lemma 3.3
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t t

—/k{nutn%+M(fu(z))p,,(.)(Du(r,~))+(f(.,u),u)}dr < —a/kdr, (3.21)
T T
and by Lemmas 3.2 and 3.3 of [21]

t

—/k(Q(r,~,u,ut),u)dr <el(T)B(k®)), (3.22)
T
t t t 1/
/k||u,||§dr ge/kdr +52(T)C(9)</01_@k5"’ dr) , (3.23)
T T 0

where C(0) = w)/*, wp = sup{r? /o (1): T > VOS2I },

[oe] 1/m' 00 1/r
e (T) =sup|u(z, )|, - |:(/_@u(t)dt> + </@u(r)dt) } (3.24)
R(J)r T T

and
o /e
ez(T)zsupHu,(z,~)H§/"~(/%(r)dz> : (3.25)
R >

with £1(T) = o(1) and &2(T) = 0o(1) as T — oo by (3.7) of Lemma 3.2. Thus, by (3.19) it follows

! ! t 1/p t
V)l < U/|k’|dt+29/kdr +2e(T)C(9)(/a‘@k@dr) —a/kdt—i—s(T)%’(k(t)),
T T 0 T

where &(T') = max{e|(T), e2(T)}. From now on the proof can proceed exactly as in Theorem 3.1 of [3]. Hence Eu(t)
approaches zero as t — oo. Thus, by (3.6) and the facts that a + b > 0 and

p+7u(®) = minf | Dut, )|V [ Due, )| Y,
then (3.5) holds. O

4. Local asymptotic stability

In this section we require (1.6) only for u sufficiently small, but under the stronger requirement that a > 0, that
is (1.1) is non-degenerate, and also 1o > 0, see [10]. For simplicity and clarity we denote by (H)' the corresponding
modified condition (H), where (1.6) is now replaced by

liminf L& 9 #)

> —ap, withauo>0and € [0, wop—/p+)- 4.1)
u—0 |u|p(X)

Theorem 4.1. Suppose that (H), with py < q— and q < p* in §2, and (AS) hold. Assume that k is the auxiliary
function as in Theorem 3.1, which verifies (3.1)—(3.4). If u is a strong solution of (1.1) with sufficiently small initial
data || Du(0, )l (), llus (0, )2, then (3.5) continues to hold.

We start with a series of lemmas, in which we assume that f verifies (H)'.

Lemma 4.2. There exist two numbers u € (I, Lop—/ p+) and ¢ > 0 such that
(fow),u) = —apul?™ —clul?™ in 2 xRY,
| (2, 2) P | (2, %)|40)

Fot) = —an | ———dx—c | ———dx inRgforallqﬁeK. 4.2)
px) J q(x)
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Furthermore, if u is a strong solution of (1.1), then for all t € Rg

1
Eu(t) > 3w, D3+ g(1 . i)ﬂu(t) t+aminJu(e, 7). Jutt. )25}
— cmax{[lute, )70 Jute, )50}, (4.3)
where ¢ = c/q— and by (2.8) and (4.2);
~ a no P+ =
a=m<1—%~p—_)>o, hgy =max {2l Al

Proof. Inequality (4.2); is an immediate consequence of (H), and so (4.2), follows at once by integration. Indeed,
(f(x,uw),u) > —a,ulu|”(") for all (x,u) € 2 x RN, with lu| < §, by (4.1), provided § € (0, 1] is sufficiently small;
while (f(x,u),u) > —clu|9™ forall (x,u) € 2 x R, with |u| > §, by (H)', provided that ¢ > 0 is sufficiently large.
Hence (4.2); holds with ¢ as large as we wish.

By (4.2), the definition of E, (1.5) and (2.3)—(2.4) for p and ¢, we have in R(‘)"

1 2, a "o pt
Eu(t) > E}|u,(z, |5+ E( — M—)fu(t) + E(l s min{|| Due, )|} [ Dutt |00}
c
- — max{ q()}
and so (4.3) follows at once by application of (2.8) withh =¢q. O
Furthermore, if p; < g_, we introduce
={(,E)eR* 0<v <vy, 0K E < E}, 4.4)

where

~\ 1/(g——p+) 1
U]=<g> , E1=&<2——> {7+7
c q—

and the numbers a and ¢ are given in Lemma 4.2. Without loss of generality, we also assume that a/c < 1, by taking
c sufficiently large, if necessary.

Lemma 4.3. Assume py < q_. Let u be a strong solution of (1.1) and denote by v(t) the number |u(t,)|4¢). If
(v(0), Eu(0)) € X, then

(v(t), Eu(t)) € X forallt e R]. (4.5)

Moreover in R(J)r
2 w
2Eu(t) > |u(t, -)||2+a<1 — M—)ﬂu(z‘). (4.6)
0

Proof. Since .Zu(t) > min{| Du(t, )||p( ) | Du(t, )|| )}/p+ by (2.3) and (2.4), then (4.3) and another use of (2.8),
with h = g, yield
Eu(t) = 2amin{|u(, )||”" DG

B {ZaU(t)"“r —cv@®)?-, f0<vu() <
" 2av()P- —cu@)+, ifu(r) > 1.

Now, if there would exist # such that v(r) = v; < 1, then

- e eI

q(>}

2511)1 —cv] =E| > Eu(0) > Eu(t)}Zwa’ —cvf_,
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¥

v Vo L o) v
Fig. 1. The phase plane (v, E).
which is impossible. Therefore v(¢) # v for all 7 € R(J)r . Hence by the continuity of v we have U(R(J)r ) C [0, vy),

being v(0) < vj. In particular, the case v(¢) > 1 can never occur. Consequently, we have proved that along any
solution u € K

E1 > Eu(0) > Eu(r) >2av(t)?* —év()4- >0 forallr e RT, 4.7
since 0 <v(t) <vy < 1forallfe R(')F. Hence (4.5) is proved and (4.3) reduces to
1
Eu(t) > ~|Jurt, )3+ 2 (1= = ) sur) + avinyrs — v (4.8)
2 2 Mo
Since avP+ — cv?- > 01n [0, v] we get (4.6) at once. O
Remark. Lemma 4.3 is easily visualized using the two-dimensional phase plane (v, E) shown in Fig. 1. In particular,
by (4.7) any point (v(t), Eu(t)) on the trajectory of a solution # € K must lie above the curve
I' . E =2avP+ —cv?-.
The region X’ is shaded in Fig. 1, with v; defined by av?+ — ¢v?- = 0. As we shall see if (v(0), Eu(0)) € X’, then

limy— o0 Eu(t) = 0.

Lemma 4.4. Let the assumptions of Lemma 4.3 hold and assume also that p < q < p* in 2. Then

lull2, luell2, 1Dl pys Nuellgeys Nullpy, M(Fu) € L2 (RY),
Pu =0, x,u,u), us) € L'(R}). (4.9)

Proof. The fact that ||u, |2, M(Fu) and || Dul| . are in LOO(RS') follow at once by (4.6) and (3.8); moreover ||u||, €
LOO(RS' ) by (2.7). The latter part of (4.9); follows by the continuity of the Sobolev embeddings X < L9 (£2) and
X — LPO(R), being p < g < p* in £2, as assumed in Theorem 4.1. Property (4.9), can be proved exactly as in
Lemma3.2. O

Of course Lemma 3.3 continues to hold since in the setting of this section we consider the special case in which a,
wo >0and p < g < p* in £2. In particular, (3.11) holds, with « simply given in (3.17).

Proof of Theorem 4.1. Let (v(0), Eu(0)) € X. Using Lemma 3.3 and Lemmas 4.2-4.4 and the estimates (3.22)
and (3.23), we derive as in the proof of Theorem 3.1 that Fu () — 0 as t — oco. This shows that also (3.5), holds
by virtue of (4.6). It remains to show that if the data [lu;(0,-)|2 and [|Du(0, )| ) are sufficiently small, then
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(v(0), Eu(0)) € X. But v(0) = [[u(0, -)llg¢) < v1 < 1if [[Du(0, )| p) is sufficiently small by the continuity of
the embedding X < L7()(£2), while the definition of Eu, (3.15) and (2.4) give

1 2 a+b
Eu(0) < 5||ut(o, )5+ ( p

2c> |Du. )] -

This shows that Eu(0) < E; for sufficiently small data. Finally, since 0 < v(0) < v it follows that av(0)P+ —
cv(0)?- > 0andso Eu(0) >0by (4.3). O

5. Higher order damping terms

In this section we consider the more delicate system (1.7), in which g € L]lOC (IRS' — R(')F), and take

x=wy"02) =Wy @]", K =C'(R{ - X)

and K in the usual way as in Section 2. Moreover through this section we assume p; — p— < 1 and again the
function E, defined in (2.9), can be taken as the natural energy function along a solution of (1.7), while, as we shall
see below in (B)(ii), the terms involving the new internal damping arising from g = g(¢) are treated in the same way
as we did for the external damping Q. When p > 2 in £2, then K’ reduces to C! (R(')F — X), asin [3,20,21].

By a strong solution of (1.7) we mean a function u € K satisfying the following two conditions

(A) Distribution identity for all t € R} and ¢ € K

t
(e, )1y = f {ur, @) — M(Iu(®))(|DulP =2 Du, D) — g(1){| Dus|”™~*Du,, D¢)
0
— (0@, - u,up) + f (- u), )} dr.
(B) Conservation law
(i) Pu =0, -, u,ur), u;) € Li (RY),

t
(i) t Eu(t) + /{@u(r) + 8 pp) (Dus(t, )} dr

0
is non-increasing in Rg .

The function 7 = g(t) pp(.) (Du, (2, ) in (B)(ii) is the internal material damping of Kelvin—Voigt type. It is easy to see
that the definition of strong solution is meaningful when hypotheses (H) and (AS)(a) hold. Also in this new context
Eu is non-increasing in Rar by (1.3) and the fact that the integrand in (B)(ii) is non-negative by the non-negativity
of g.

Before proving the main result of the section, we observe that the discussion already given in Section 3 must take
into account the more delicate terms in (A) and (B) involving g. Lemmas 3.2 and 3.3 hold also in this new context; so
(3.10) is true for some [ > 0.

As in Section 3 we give some preliminary lemmas under the structural hypothesis (H) and (AS)(a).

Lemma 5.1. Let u be a strong solution of (1.7). Then the function t — g(t)pp)(Du,(t, -)) is in L! (Rg).

Proof. By (B), (1.3) and the fact that g is non-negative, as explained above,
t
0< /{.@u(r) +g(™)ppe) (Du,(r, ))} dt < Eu(0) — Eu(t) < Eu(0),
0

since Eu > 0in R(J)r by Lemma 3.2, and so g(t) op()(Du,(t, -)) € LI(R(')"). O
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Lemma 5.2. Let u be a strong solution of (1.7) and assume py — p_ < 1. Moreover suppose that k = k(t) is an
auxiliary function as in Theorem 3.1. Then there exists T sufficiently large such that for allt > T we have

t

/k(r)g(r)/|Dut(t,x)|p(x)_l|Du(r,x)|dxd1: <ex(T)E (k1))
2

T
! 1/pi ! 1/p2
‘f(k(t)) = (/gkp1 dr) + (/gkp2 d‘L’) ,
T T
e | e
where
S (p-—D/p+
&3(T) = /C(/g(t)pp(.) (Duy(t, -))dt) -0 asT — oo,
T
and
K=ry-sup||Dut,)| . rp= 1 + L
(eRY ro p- Pl

Proof. By (3.7) clearly K < co. By Lemma 5.1 we first take 7' so large that
oo
/g(t),o,,(.)(Du,(t, ~)) dr <1
T

By Holder’s inequality, see [16, Theorem 2.1],

[1Dute 007 |ute | dx <1y - 110w P 11Dt

while by Lemma 2.1 of [8] we also have

[1Dw PO < UDudllhe T < ppey (Du) P==D/P% i | Du ]l iy < 1
by (2.4), while
[1Dw PO < UDudlle T < ppy (D) P+ =77~ i | Du ]| iy > 1

by (2.3). Let Dy = {7 € [T, t]: [|[Du,(t,)pc) <1} and D! =T, 1] \ Di. Hence, by Holder’s inequality,

/k(f)g(f)[pp(‘)(Du,(t, .))](l’f—l)/m dt

D

(p——D/p+ 1/p
S (/g(T)'O”(')(D“’(T’ ’))d7> (/g(r)[k(r)]p1 dr)

Dy Dy

(r-=D/ps /1 1/p)
8(@pp) (Dus(z, ) dr) (f g@[k@D]" dr) ,
T

where p; > 1 is given in (5.1); similarly

o0

<(/

T
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fk(f)g(f)[,op(.)(Dut(r’ .))](p+—1)/p7 dz

D!

(p+—D/p-
) (/g(r)pp(,)(Du,(r, .))dr> </g(r)[k(r)]p2df)

1/p2

D! D!

o0 (p+—1/p- r 1/p2

< ( / g(®)ppe) (Duy(z, ) dr) ( / g [k®)]"” dr) :
T T

being pop = p_/(1 + p— — p4+) > 1 by the assumption p+ — p_ < 1. Moreover, also (p4+ — 1)/p_ < (p— — 1)/ p4,
since py — p— < 1. Combining all these facts and the choice of T, we conclude

t

/k(t)g(t)/‘Du,(r,x)’p(x)_l‘Du(t,x)|dxdt

T 2
t t

1/p1 1/p2
<e3(T)- {(/g(f)[k(f)]p' dT) + (/g(f)[k(f)]P2 dt) }
T T

Finally, e3(T) - 0as T — oo by Lemma 5.1. O

Theorem 5.3. Let the assumptions of Theorem 3.1 hold, with the only exception that (3.3) is replaced by

1
liminf{% (k(1)) —|—;z%(k(t))}//kdt < o0, (5.2)
0

where t — of (k(t)) is given in (3.4) and t — € (k(t)) in (5.1). If p+ — p— < 1, then along any strong solution u of
(1.7) property (3.5) holds.

Proof. Suppose for contradiction that Eu(¢) approaches a limit / > 0 as ¢t — oo. As in the proof of Theorem 3.1 we
first treat the case (3.1) when & is also of class C! (IR(J)r ). Consider the Lyapunov function

V()= (u;,¢), ¢=k(thuek.
Hence by the distribution identity (A) above, for any r > T > 0, we have
t

46 =/{k’(u,uz) + 2kl|u |13 — k[ llucll3 + M(Fw)(|DulPO"2Du, Du)+ (f (-, u), u)]} dz

T
t t

—/kg[|Du,|p(x)_2(Du,,Du)dxdr—/k(Q(r,-,u,u,),u)dt. (5.3)
T 2 T

We first estimate the right-hand side of (5.3). Clearly (3.20) holds by definition of K’, being u in K. Moreover, as
in the proof of Theorem 3.1 the estimates (3.11) and (3.21)—(3.23) continue to hold. Now, taking 7' so large that
Lemma 5.2 holds, from (5.3) we obtain

t t

? l/p
V(r)]’T < U/|k’|dr+29/kdr +282(T)C(9)</0’1_pk5/')d1’> —ot/kdr
T

T 0 T
+&3(T)E (k(1)) + e1(T) B(k (1)), (5.4)

t
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where &1 (T) is defined in (3.24), &2(T') in (3.25), &3(T) in (5.1), k > A(k) in (3.4) and k — € (k) in (5.1). By (5.2)
there is a sequence #; /' oo and a number £ > 0 such that

t
C k(1)) + o (k1)) gz/kdz. (5.5)
0

From now on the proof can proceed exactly as in Theorem 4.1 of [3]. Hence Eu(t) approaches zero as t — oco. Thus,
by (3.6) and the facts that a + b > 0 and

p+Zu(t) = min{ | Du(t,-) ||§;_),
(3.5 holds. O

Du(t, )|}

Theorem 5.4. Let the assumptions of Theorem 4.1 hold, with the only exception that (3.3) is replaced by (5.2). If u is
a strong solution of (1.7) with sufficiently small initial data | Du(0, -)| p(), lu:(0, )||2, then (3.5) continues to hold,
provided that p4+ — p_ < 1.

Proof. Lemma 3.3, Lemmas 4.2—4.4 continue to hold. Hence the proof of Theorem 4.1 can be repeated word by
word, with the only exception that the derivation of (3.5) now follows from the proof of Theorem 5.3 instead of
Theorem 3.1. O
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