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Abstract

Spatial graphs in the three-dimensional sphere are constructed from strongly invertible knot
a graph is proved to be hyperbolic, which means that its exterior admits a hyperbolic structu
totally geodesic boundary, if the exterior has no equivalent essential torus, or a pair of tor
respect to the involution.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, agraph, say g, means a one-dimensional CW-complex. Additiona
we always assume throughout the paper thatthe graph is finite, and that each connec
component does not collapse to a point. The imageG := f (g) of a proper embeddin
f :g → M of g into a three-dimensional manifoldM is called aspatial graph. Hereproper
means∂G = G ∩ ∂M, where∂ indicates its boundary. Especially a spatial graph is ca
a knot (respectivelylink) if it is homeomorphic to a circle (respectively a disjoint uni
of (at least two) circles). A spatial graph is said to betrivial if it can be drawn in a plane
without edges crossing. We denote by N(·) a regular neighborhood, and by�· the closure.

Suppose all boundary components ofM are closed orientable surfaces except sphe
Then theexterior E(G) of G in M is defined as E(G) := M − N(G), and we denote b
C(G) the set obtained from E(G) by deleting all toric boundary components. A spa

E-mail address: ushijima@maths.warwick.ac.uk (A. Ushijima).

0166-8641/$ – see front matter 2003 Elsevier B.V. All rights reserved.

doi:10.1016/j.topol.2003.11.001

https://core.ac.uk/display/82310972?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


254 A. Ushijima / Topology and its Applications 139 (2004) 253–260

ith
ic

plete

.3.12]).
as

of

le
is a
ng

er

g

ongly
Fig. 1.n/2-fold cyclic branched covering ofT2,3.

graphG in M is said to behyperbolic if C(G) admits a complete hyperbolic structure w
each toric end being cusp neighborhood and eachnon-toric one being totally geodes
boundary. We note that any hyperbolic spatial graph in the three-dimensional sphereS3

without circular components is not trivial, since handlebodies do not admit com
hyperbolic structure with totally geodesic boundary.

As far as the author knows, the first example of hyperbolic spatial graph inS3, which
has two vertices with three edges, was constructed by Thurston (see [17, Example 3
This graph had already been known as Kinoshita’s theta-curve (see [6]), and later it w
generalized to Suzuki’s Brunnian graphθn (see [14,16]; Kinoshita’s theta-curve isθ3).
Paoluzzi and Zimmermann proved in [12] that the graphθn is hyperbolic for anyn � 3.
Actually θ2 is the so-calledtrefoil knot, which is a typical non-hyperbolic knot, andθn (or
C(θn)) is obtained by “n/2-fold” cyclic branched covering ofθ2 (or C(θ2)) along the axis
of a symmetry. We here explain how to obtainθn from θ2.

The trefoil knotθ2 is a non-trivial knot inS3, shown in the left-hand side figure
Fig. 1. This knot has a symmetry of order two (in other wordsinvolution), namely there is
an automorphism, sayϕ, of S3 preserving the knot as a set andϕ2 being the identity ofS3.
Now we take the quotient ofS3 by ϕ, and obtain a graph in it, consisting of a trivial circ
arising from the axis ofϕ and an arc from the knot. We might say the quotient space
“1/2” of S3. We then take then-fold cyclic branched covering of the quotient space alo
the (axial) circle. Thus we obtain the graphθn, the right-hand side figure of Fig. 1, aft
moving the lower vertex to the bottom. So, by this construction, we could sayθn (or C(θn))
is obtained by “n/2-fold” cyclic branched covering ofθ2 (or C(θ2)) along the axis of the
involution.

A knot or a linkL in S3 is calledstrongly invertible if there is an orientation preservin
involution onS3, which induces an involution in each component ofL with exactly two
fixed points. The trefoil knot is a typical example of strongly invertible knot. Usingn/2-
fold cyclic branded covering, we can construct a family of spatial graphs from any str
invertible knot or link in a similar way. So the following question naturally arises:

Question 1.1. For any strongly invertible knot or link and any integer n � 3, is the n/2-fold
cyclic branched covering a hyperbolic spatial graph?
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The main result of this paper is to answer this question for knots. To denote the main
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theorem, we review some definitions on three-dimensional manifolds, sayM. Most of them
are seen in [4]. LetF be a surface (i.e., two-dimensional compact connected subman
in M. Suppose it is either properly embedded inM or contained in∂M. ThenF is called
compressible if one of the following three conditions is satisfied:

(1) F is a sphere bounding a ball inM, or
(2) F is a disc and eitherF ⊂ ∂M or there is a ballB3 ⊂ M with ∂B3 ⊂ F ∪ ∂M, or
(3) there is a discD2 ⊂ M with D2 ∩ F = ∂D2 and with∂D2 not shrinking to a poin

in F .

The discD2 is called thecompressing disc. We say thatF is incompressible if F is not
compressible.

A manifold M is said to beirreducible if each sphere is compressible. When∂M �= ∅,
M is called∂-irreducible if ∂M is incompressible inM. SupposeF is a two-sided surfac
properly embedded inM. ThenF is calledessential if it is incompressible inM and not
parallel to a surface in∂M.

Now the main theorem is denoted as follows:

Theorem 1.2. Let K be a non-trivial strongly invertible knot in S3, and let a be the axis
of the involution. Then the n/2-fold cyclic branched covering is a hyperbolic spatial graph
for any n � 3 if and only if there is no essential torus, or a pair of tori, in E(K ∪ a), being
equivalent to the action of the involution.

A (p, q)-torus knot Tp,q is obtained by looping a string through the hole of a stand
torusp times withq revolutions before joining its ends, wherep andq are relatively prime
Torus knots are strongly invertible, andTp,q is non-trivial if and only if|p| � 2 and|q| � 2.
The trefoil knot isT3,2. An l componenttorus link Tlp,lq is a union ofl string torus knots
Tp,q running parallel to them. A reference of these results is [5, §2.2]. We note that
links with less than three components are strongly invertible (see Fig. 2).

Seeing the construction ofn/2-fold cyclic branched covering for torus knots ca
precisely, we obtain the following result:

Fig. 2. Torus linkT4,6 with the axis of an involution.
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Theorem 1.3. For any torus link and for any integer n � 3, the n/2-fold cyclic branched
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covering is not a hyperbolic spatial graph.

All proofs are given in the next section. The last section is devoted to some com
related to these results.

2. Proofs

We start this section with reviewing several basic definitions on tangles follo
[5, Chapter 3]. Atangle (B3, t) is the pair consisting of a ballB3 and a proper one
dimensional submanifoldt with ∂t �= ∅. In particular, it is called ann-string tangle if t

consists ofn arcs, and it is called atrivial n-string tangle if it is homeomorphic to the pa
(D2, {a1, a2, . . . , an})×[0,1] for some interior pointsa1, a2, . . . , an of D2. Trivial 2-string
tangles are also calledrational tangles, and they are encoded by rational numbers (c
slope; see Fig. 3).

A tangle(B3, t) is callednon-split if any proper disc inB3 does not splitt in it. A tangle
(B3, t) is calledlocally trivial if any sphere inB3 intersectingt transversely at two point
bounds a trivial 1-string tangle. A tangle(B3, t) is calledindivisible if any proper disc in
B3 intersectingt transversely in one point divides the tangle into two tangles, at leas
of which is a trivial 1-string tangle. A tangle is calledprime if it is non-split, locally trivial,
indivisible, and if it is not a trivial 1-string tangle. A tangle(B3, t) is calledatoroidal if
there is no essential torus in it, namely, any torus in E(t) is compressible or parallel to
component of∂N(t) − (∂N(t) ∩ ∂B3).

Proof of Theorem 1.2. Let (B3, t) be the 2-string tangle obtained from(S3,K) by the
so-calledMontesinos trick (see [9,1]). NamelyB3 is the quotient of E(K) by the strong
inversion, andt is the projection ofa in B3. SinceK is a non-trivial knot inS3, E(K)

is irreducible and∂-irreducible. So(B3, t) is a prime tangle by [5, Theorem 3.5.17]. L
(DB3,Dt) be the double of(B3, t), namely(DB3,Dt) is the tangle sum of(B3, t) and its
mirror image in a natural way. Here we note thatDB3 is a three-dimensional sphere, a
Dt is a link of two components.

Let Mt,n be the n-fold cyclic branched covering ofB3 along t , and let MDt,n

be the n-fold cyclic branched covering ofDB3 along Dt . Then the doubleDMt,n

of Mt,n is homeomorphic toMDt,n. Now supposeMt,n admits a hyperbolic structur
with totally geodesic boundary. Then this structure naturally induces that ofDMt,n (cf.
[8]). Thus MDt,n is also admits a complete hyperbolic structure by Mostow–Pras
rigidity theorem. Conversely supposeMDt,n admits a complete hyperbolic structure. Th

Fig. 3. The rational tangle of slope 2/3.



A. Ushijima / Topology and its Applications 139 (2004) 253–260 257

applying the rigidity theorem again, the involution onMDt,n exchangingMt,n for its copy
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can be regarded as an isometry. Since the fixed point set of the isometry is totally ge
(cf. [7, p. 61]), this isometry induces the hyperbolic structure onMt,n with totally geodesic
boundary. Thus then/2-fold cyclic branched covering is a hyperbolic spatial graph if
only if then-fold cyclic branched covering of(DB3,Dt) is a hyperbolic manifold.

Furthermore, by the following theorem, then/2-fold cyclic branched covering is
hyperbolic spatial graph if and only ifDt is a hyperbolic link inS3:

Theorem 2.1 (cf. [13, Theorem 1]).Let L be a link in S3. Then L is a hyperbolic link if
and only if the n-fold cyclic branched covering of S3 along L is a hyperbolic manifold for
any n � 3.

Suppose there is no essential torus, or a pair of tori, in E(K ∪ a), being equivalent to th
action of the involution. LetTB be a torus in(B3, t). SinceTB does not intersect witht ,
The lift of TB in (S3,K) is also a torus, or a pair of tori, in E(K ∪ a), being equivalen
to the action of the involution. By the assumption, we can have a compression disc
lifted torus, and its projection is a compression disc ofTB . So (B3, t) is atoroidal. Since
(B3, t) is a 2-string prime atoroidal tangle,Dt is a hyperbolic link (see [5, Exercise 3.6
and Theorem 3.6.6]).

Conversely suppose then/2-fold cyclic branched covering is a hyperbolic spatial gra
for any n � 3. As we saw previously, this is equivalent to the condition thatDt is a
hyperbolic link inDB3. Let TS be a torus in E(K ∪ a), being equivalent to the involution
SinceTS does not intersect the axis of the involution, the projection, sayTB , of TS in
(B3, t) is also a torus. SinceDt is a hyperbolic link,(B3, t) has no essential torus. So the
is a compression disc ofTB , and its lift is a compression disc ofTS . Similarly we can show
that there is no pair of essential tori, being equivalent to the involution.

We have thus finished the proof of Theorem 1.2.�
Torus knots and n/2-fold cyclic branched coverings

Let Tp,q be a torus knot inS3. Then it is known that E(Tp,q) is a Seifert fibred manifold
with two exceptional fibres (cf. [15, p. 402]). Its base orbifold is a disc with two cone p
of ordersp andq , respectively. The Seifert invariant of the exceptional fibre correspon
to the cone point of orderp (respectivelyq) is (p,β1) (respectively(q,β2)), whereβ1

(respectivelyβ2) is an integer uniquely determined from the following two conditio
0 < β1 < p andqβ1 ≡ 1 modp (respectively 0< β2 < q andpβ2 ≡ 1 modq).

Let ϕ be an involution ofTp,q . Thenϕ preserves the fibre structure and reverses
orientation of the fibres. The axis ofϕ intersects each exceptional fibre at two points.

Let M be a three-dimensional manifold of trivialS1 bundle over a disc (i.e.,M is a
trivial solid torus), andL a link in M of two (trivial) fibres. Then E(Tp,q) is a result of
Dehn surgery onM alongL with surgery coefficientsβ1/p andβ2/q . We here note that
sinceϕ acts on E(Tp,q) as an involution, the linkL must be preserved by the action ofϕ,
and that the axis ofϕ must intersect each component ofL at two points. So the quotien
space(B3, t) is a tangle sum of two rational tangles with slopesβ1/p andβ2/q .
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Fig. 4. The quotient space of E(Tlp,lq) whenl(� 3) is odd.

Fig. 5. The quotient space of E(Tlp,lq) whenl is even.

Proof of Theorem 1.3. We first suppose thatl � 3 is an odd integer, and consider a to
link Tlp,lq . Then E(Tlp,lq) hasl toric boundary components, and one of them intersect
axis ofϕ. So the quotient space is the tangle sum of two rational tangles with slopesβ1/p

andβ2/q , minus the interior of(l − 1)/2 solid tori.
We consider an annulus decomposing the quotient space into two manifolds; one

tangle sum of the two rational tangles, and the other is a solid torus minus the in
of (l − 1)/2 solid tori (see Fig. 4). Since the annulus does not intersect with the b
set, its lift in then-fold cyclic branched covering of the quotient space is also an ann
Furthermore, since(l − 1)/2 �= 0, the lifted annulus is essential. We have thus pro
Theorem 1.3 in the odd components links case.

Next we suppose thatl is an even integer. Then E(Tlp,lq) has l toric boundary
components, and two of them intersect the axis ofϕ. So the quotient space of E(Tlp,lq)

by ϕ is topologicallyS2 × [0,1] minus the interior of(l − 2)/2 solid tori.
We consider an annulus naturally connecting two spherical boundary components (s

Fig. 5). Since the slopes of the tangles are not∞, any possible disc compressing t
annulus must intersectt at least two points. So the annulus is essential in then-fold
cyclic branched covering of the quotient space by Riemann–Hurwitz theorem. We
thus proved Theorem 1.3 in the even components links case too.�
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When we apply the method of the construction ofn/2-fold cyclic branched covering
to the case when the symmetry is not of order two but of orderm, then we might call the
methodn/m-fold cyclic branched covering. A known example of hyperbolic manifold
obtained byn/3-fold cyclic branched covering is in [11]. The three-dimensional torusT 3

has a symmetry of order three, with axis the diagonal of the cube of the fundamental r
One of the results in [11] is that then/3-fold cyclic branched covering overT 3 along this
axis is a hyperbolic manifold with totally geodesic boundary whenn � 4. In this case the
boundary arises from a sphere inT 3 intersecting the axis at two points.

It is known that the 2-fold cyclic branched covering ofS3 along any Montesinos link i
a Seifert fibred space (see [2]). So, using Theorem 2.1, we can say that then/2-fold cyclic
branched covering of a manifold obtained from the 2-fold cyclic branched coverin
S3 along a hyperbolic Montesinos link are hyperbolic manifolds for anyn � 3. This gives
another proof of Theorem 1.2 for torus knots case.

There are other known examples of hyperbolic spatial graphs; see [3,10]. Especia
examples in [3] are obtained from the so-calledWhitehead link byn/2-fold cyclic branched
coverings, and in this case the symmetry is not strongly invertible (see [3, Fig. 1]).
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