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A new definition of differentiation for mappings between topological vector
spaces is introduced. It does not require the mapping to be defined on a linear
manifold, nor does it require it to be continuous. All of the main theorems of
differential calculus hold and all other known definitions of differentiation are
included. The new definition can be used for singular mappings and those defined
on arbitrary sets. Applications are given.  © 1984 Academic Press, Inc.

1. THE DEFINITION

There have been many definitions of differentiation since the time of
Hadamard [1], Frechet [2], Gateaux [3] and Levy [4] (cf. Averbukh and
Smolyanov [5] for a comprehensive survey). All of them can be described in
the following way. One is given a mapping from X to Y, where X, Y are real
topological vector spaces. One is then given a set R(X, Y) of maps from X to
Y which are considered small in some sense. One then says that the
continuous linear map A from X to Y is the derivative of f at x if

fOx+h)—fx)=Ah+r(h), hEX (1.1)

where r € R(X, Y). In all cases 4 was taken as an operator (or the restriction
of one) defined on the whole of X and continuous from X to Y. Of course
one can define differentiation along a subspace by letting W be a topological
vector space contained in Y and considering f as a map from W to Y (cf.
[9]).

However, none of these definitions can be used in the study of unbounded
functions not defined on linear sets. For instance, let G be a functional
defined on a set D which is not a linear manifold and such that G is
unbounded from above and below on D. Suppose we are interested in solving
the Euler—Lagrange equations for G. This means that we wish to find an
element # € D such that

lim ¢~ [G(u + 1g) — G(u)] =0 (1.2)
t-
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for all ¢ in some dense set Q. When (1.2) holds one says that the variation of
G vanishes at u. The most convenient way of showing that (1.2) holds is to
find a minimum or maximum point for G. However, when G is unbounded
from above and below, it is extremely difficult to fund such a point. One
approach is to introduce constraints, say, of the form F(v) =0, where F is a
mapping of D into some space Y. One tries to pick F in such a way that G
will have a minimum on the set S = {v € D | F(v) = 0}. However, if

G(u)= msin G(v) (1.3)

it does not necessarily follow that (1.2) holds. In order to use the calculus
arguments that imply (1.2) at a minimum we would need F(u + ¢q) = 0 for
all g€ Q and ¢ near 0. This is too much to ask. The most one can expect is
that for each g € Q there is a mapping q(¢) from the real numbers to Q such
that

Fu+t())=0 and gq(t)—>g (1.4)

where the type of convergence depends on F and u. Clearly (1.3) and (1.4)
do not imply (1.2).

The limit in (1.2) is called the Gateaux or weak derivative. It is at this
point that one might wonder if differentiability of G in some other sense
would allow (1.3), (1.4) to imply (1.2). If we attempt to use any of the
known definitions we would need r(tg(¢)) = o(¢) for all r € R(X, ¥) no matter
how q(t) converges to g. This is clearly impossible to achieve. This has led
us to search for a definition which

1. does not require G to be defined on a linear manifold;

2. does not require the derivative to be defined everywhere or by con-
tinuous;

3. can be used in proving (1.2);

4. gives rise to the usual theorems of calculus;

5. contains all other known definitions of differentiation.

We introduce the following definition which satisfies all of these
requirements

DEFINITION A. Let X be a vector space and let Z, Y be separated
topological vector spaces such that @ < X. Let G(x) be a mapping from a
subset D of X to-Y and let A be a linear map from X with D(4)= Q. We
shall say that 4 is the derivative of G at x, with respect to Q, and write
A = Gy(x) if
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(a) xeD.
(b) For every g € Q there are sequences {q,} = Q, {t,} =R such that

q,~¢q in Q, 0+£¢,-0 and x+1t,9,€ED. (1.5)

(c) 1If {q,}, {t,} are any sequences satisfying (1.5), then

t;'|G(x+1t,9,)—G(x)]>4g inY as n- . (1.6)

In the next section I shall show that this derivative obeys the usual
theorems of calculus. Now we consider several examples.

1. The Frechet derivative. Take D= Q =X, Y Banach spaces, B(X, Y)
all bounded linear operators from X to Y. Then 4 € B(X, Y) is the Frechet
derivative of f at x if (1.1) holds and

O
Tar 0

IRl - 0. (1.7)

In this case fis clearly differentiable at x in the sense of Definition A. For
example, let {gq,}, {£,} be any sequences satisfying (1.5) (which always exist),
then by (1.1)

t [fe+ t,q,) —f (X)) =Aq, + 1, 'r(t,q,) > Aq

since

Irtaal

e r(tagall =1lqul gl
nin

by (1.4). Thus 4 =f;(x).

2. The Gateaux derivative. Take D =X, Then A is called the Gateaux
derivative of f at x if

SO+ th)—f(x)=tAh + r(t), heX (1.8)
where

t'r(®)-0 as ¢-0.

(Note that 4 need not be linear on the whole of X.) We can consider 4 as a
partial derivative in the following way. Let & be a fixed vector in X and let Q
be the one-dimensional subspace of X containing 2 and let Q have the
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topology of R. Then if g € Q, there are sequences {g,}, {¢,} satisfying (1.5).
Moreover, for such sequences we have g, =s,h, ¢ = sh with s, —» s. Thus

fx+t,q,)=f(x+t,s,h)
=f(x)+t,5,Adh +r(t,s,) (1.9)

and consequently A =f((x). Of course 4 is linear on Q. Thus the problems
associated with the Gateaux derivative can be obviated by considering it a
partial derivative with respect to A.

3. Hadamard (compact) differentiation. Take D= Q =X, L(X,Y) the
set of continuous linear operators from X to Y. We say that A € L(X, Y) is
the compact derivative of f at x if

fx+t,h,) —f(x)=4h+o(t,)

whenever ¢, — 0 and 4, — & in X. Clearly A4 is the derivative in the sense of
Definition A as well.

There have been many more definitions of differentiation proposed by
various authors. Approximately twenty-five have been catalogued by
Averbukh and Smolyanov in their survey article [5]. They show that if a
mapping is differentiable in any sense listed there, then it is differentiable in
the Gateaux sense (and all but the Gateaux derivative are differentiable in
the compact sense). Hence, if a mapping is differentiable in any sense
mentioned there, it is differentiable in the sense of Definition A. On the other
hand, this definition is strong enough for all of the main theorems of
differential calculus to hold. We prove some of them in Section 2.

In Section 3 we give an application in which the definition of derivative is
critical. In it the constraints are of the form F(u) = 0. In order to show that a
minimum under the constraints is stationary point without constraints, we
find a Banach space N continuously embedded in Q such that

Fu+1tq+ h(t))=0, q € Q fixed (1.10)

has a solution A(f) € N such that t~'h(f) converges in N as t—0 (cf.
Theorem 3.4). One of the requirements that (1.10) have a solution is that
F}(u) have a bounded inverse on N. One of the main difficulties in the
application is that there does not exist a Banach space N for which Fi(u)
exists and has a bounded inverse for all ¥ under consideration. Our approach
is to pick N and Q to depend on u. We then proceed to show that G,(u) = 0.
This can be achieved only if the topology of Q is just right. If it is too
strong, the derivative will not exist. If it is too weak, it will not vanish.

The method presented here is a generalization of methods developed with
M. Berger in [6] and R. Weder in [7]. In the former case we applied the
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technique to various problems in partial differential equations. In the latter
we proved the (theoretical) existence of dyons-subatomic particles with both
electric and magnetic charge. (The existence of dyons was conjectured by
Schwinger [8].) The reason for the present generalization is twofold. First, I
wanted to obtain a definition of derivative that would include all others.
Second, the methods of [6] and [7] were not powerful enough to handle the
application considered here.

2. PROPERTIES OF THE DERIVATIVE

We now show that the derivative given by Definition A has the usual
properties desired for derivatives. Throughout we assume that X is a vector
space, O, Y are topological vector spaces, Q < X and G maps D c X into Y.
We let Y* denote the space of continuous linear functionals y* on Y.

First we give a slightly more general definition of derivative.

DEFINITION B. If 4 is a linear operator from X to Y with D(4) = Q, we
shall say that 4 is the weak derivative of G at x with respect to @ if for each
y* € Y* the mapping y*G from D to R has a derivative at x with respect to
Q which equals y*4.

Clearly any derivatve under Definition A is a weak derivative under
Definition B. We have

LEMMA 2.1 (The Mean Value Theorem). Assume that g€ Q, y* € Y*
and that u + sq is in D for 0 < s < 1. Assume also that

y*G(u + sq) - y*Gu) as s—0 2.1
y*G(u +sq) - y*Gu + q) as s—1 (2.2)

and that the weak derivative G,(u + sq) exists for 0 <s < 1. Then there is a
@ satisfying 0 < 0 < 1 and such that

y¥[G(u + q) — Gu)] =y*Gy(u + 09) q. (2.3)

Proof. Put w(s)=yp*G(x +sq) and let {r,} be a sequence of real
numbers converging to 0. Then for 0 < s < 1

ty ' [ws +t,) — w(s)]
=t; 'y*[G(u + 5q + t,9) — G(u + 59)] > y*Gy(u + 5q) g.

Thus w’(s) exists in (0, 1). Moreover, w(s) is continuous in [0, 1] by (2.1)
and (2.2). Hence by the mean value theorem there is a @ in (0, 1) such that
w(1) — w(0) = w'(6). This gives (2.3). N
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THEOREM 2.2 (The Chain Rule). Let Z be a topological vector space,
and let R be a closed subspace of Y. Let F be a map of V< Y to Z, and put
W={xED|G(x)EV} Assume that u€ W, v==G(u) and that Gy(u),
Fi(v) exist. Assume further that for every q in Q there are sequences {q,},
{t,} such that

q,—q in Q, 0+#¢,-0, u+t,g,€wW 24)

and for all sequences satisfying (2.4), G(u + t,q,) — v is in R. Put H(x)=
F(G(x)). Then H(u) exists and equals Fy(v) Go(u).

Proof. Let {q,}, {t,} satisfy (2.4). Then
H(u +t,q,) — Hu) = F(G(u + t,q,)) — F(v)
= F(r + t,r,) — F(v)
where

ra=1t;'[G(u +t,q,) — Gu)] - Gyu) g in Y.

By hypothesis, r, is in R and consequently r, — G,(u) g in R. Hence
t7' [Fv +t,r,) — F(v)] - Fp(v) Gy(n) q in Z.

This gives the theorem. [

LemMma 2.3. Suppose W is a topological vector space contained in Q
with continuous injection. Assume that u is in D and that for each h in W
there are sequences {h,} < W, {t,} =R such that

h,~h in W, 0#¢,20, wu+th,€D (2.5)

If G4(u) exists, then G, (u) exists and equals the restriction of Gy(u) to W.

Proof. Suppose (2.5) is satisfied. Then A, — 4 in Q. Since Gp(u) exists,
we have

t; (G + t,h,) — Gu)) - Go(w)h  in Y.
Thus G},(u) exists and
Gyu)h=Ghyu)h, hew. 1

THEOREM 2.4 (IMPLICIT FUNCTION THEOREM). Let F map V X into a
Banach space Nc X, and let u € V, q € Q be given. Assume that there is an
m>0 such thatifv=u+tg+hwithhinN, ||h|| <m and |t| <m, then v is

505/55/3-4
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in V, the weak derivative T(v)=F}(v) exists, T=T(u) has a bounded
inverse on N and

|T(v)—T| -0 as t-0 and ||h||- 0. (2.6)

If the derivative Fy(u) exists, then there is a mapping h(t) from an open
interval (—t,, t,) to N such that

F(u+tq+h(®)=Fu), |t|<t, 2.7)
and
t7'h(t)>—T 'Fpu)g in N as t-0. (2.8)

Proof. By replacing F(v) by T~ ![F(v)— F(u)] we may assume that
F{u)=0and T=1. Put R{t, h)=F(u + tq + k) — h and let n* be a bounded
linear functional on N. Then by Lemma 2.1,

n*[R(t, h,) —R(t, hy)| =n*|[F(u + tq + h,) — F(u + tqg + h,)] 29)
—n*(h, —h,))=n*[T(u +tq + hg) — 1|(h, — hy)
provided |t <m, ||h,]] <m, where 0 < 6 < 1 and hy=h, — 6(h, — h,). Take
0> 0 so small that
ITw)—1]<e, |t]<d, || <0 (2.10)
Thus if || h,]| < J, then || y]| < J, and consequently
[n*[R(t, k) — Rt k)] < e lln* || by — Byl -
Since n* was arbitrary, this implies
IR(E k) =R (& By < &Iy — sl (2.11)
Thus for each ¢ in |#]| < J there is an element k, € N such that ||4,|| < and
R(th)+h,=0
that is
Fu+1tqg+h)=0. (2.12)
Moreover,
n*[t='h, + Fy(u)q]
=t"'n*{h,— [F(u+tq + h)— F(u + tq)]
— [F(u + tq) — F(u) — tFg(u) q]}
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=t""n*{h,— [F(u +tq + h,) — Fu +tq)]}
—n*{t ™! [F(u + tg) — F(w)] — Fyla) g}
=t"'n*[1 — T(u + tq + 6h,)] h,
—n*{t~'[F(u + tq) — F(u)] — Fo(u) q}-
The last term converges to 0 as ¢t — 0. Thus for ¢ sufficiently small
lle='h, + Fo(u) qll < el ™Al + 1). (2.13)

This shows that ||¢~'h,| < C and consequently that the left-hand side of
(2.13) converges to 0 as t—0. We take A(f)=h,. Thus (2.7) and (2.8)
hold.

THEOREM 2.5. Let F, u, q satisfy the hypothesis of Theorem 2.3. Let G
map D c X into R and put

R={veVND|F@)=Fu)).
Assume that u is in R and that
G(u)= n%in G(v).
Assume further that‘ G (u) exists and that u + tq + h € D whenever hE N, ¢
is small and F(u + tq + h) = F(u). If N is continuously imbedded in Q, then
Go(u)(1 — T~ 'Fy(u)) g =0. (2.14)

Proof. Let {t,} be any sequence in R convergent to 0, and put gq,=
q +t; 'h(t,), where h(t) is the function given by Theorem 2.3. Then by (2.8)

9,»(1-T 'Fyw))g in Q.
Since Gg(u) exists, we have
17 [G(u + t,q,) — G)] - Go(u)(1 — T~ 'Fh(u)) q in R. (2.15)

Moreover, F(u + t,q,)= F(u + t,q + h(t,))= F(u). Thus u +¢,q, € R, and
consequently G(u + t,q,) > G(u). If we take ¢, > 0, we see that the limit in
(2.15) is >0. If we take ¢, < 0, we see that it is <0. Thus (2.14) holds.
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3. AN APPLICATION

Suppose we wish to find functions x(r), y(r) defined in (0, o) such that

X =g(x)— 2xy — xp* 3.1
Jy=x*+x% (3.2)
x(0)=1, y0)=0 (33)

and
%%xy€L*=L*0, ), x»f(x)EL'=L'(0,0) (3.4)

where g(¢) = 3 f'(¢) is a continuous function on R and % = dx/dr, X = dx/dr.
It is easily verified that (3.1), (3.2) are the Euler-Lagrange equations
corresponding to the functional

6= @ -F +/@ -5y ~2)dn  u={xy) G

Thus it would suffice to find an extremal of (3.5) subject to (3.3). However,
two difficulties present themselves immediately. The first is that G(u) is not
defined on a linear set and the second is that G(x) is not bounded from
above or below. The combination of these two facts makes the dealing with
(3.5) extremely difficult. Our approach is to minimize (3.5) under certain
constraints. We must then show that the minimum of G(u) with the
constraints is a staionary point of G(u) without the constraints. It is at this
point that the definition of derivative plays an important role. If the
definition is too restrictive, it will not exist. If it is too weak, it will not
vanish.

Our method of attacking the problem is as follows. We fix x € L* and try
to minimize the functional

s 0]
H(y)={ (7 +x% +2x% + x%)dr. (36)
0
It turns out that for each fixed x € L?, (3.6) has a unique minimum y = y.(r)
in the set
D,={y|y,xy €L?y(0)=0}. (3.7)

We then consider G(u) not for all x, y satisfying (3.3), (3.4) (where it is not
bounded below) but for those x, y satisfying (3.3), (3.4) for which y =y,(r).
On this subset G(u) is bounded from below and we are able to obtain a
minimum. The problem now is to show that this minimum is a stationary
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point of G(u). Once this is established, it follows from standard methods that
the stationary point is a solution of (3.1)-(3.4). We proceed with a series of

lemmas.

LEMMA 3.1. For each x € L? there is a unique function y (r) € D, such
that H(y,) = B = inf, H(z). It is the only solution of

(¥, 2)+ (x(y + 1),x2) =0, zeD,. (3.8)

Proof. Let {y,} be a sequence of functions in D, such that H(y,) - S.
Now

H(y)=[JI* +llx(» + DII?

where the norm is that of L2 Since H(y,) < C there is a subsequence (also
denoted by {y,}) such that {y,} and {xy,} converge weakly in L% This
implies that there is a y € D, such that

Yo=Y,  xy,—xy, weaklyin L2 (3.9)
To see this, let v(r) be the weak limit of y, in L2. Put
y(r) = j o(f) dt.
0
Then y =v. Let w be a function in L? which vanishes for r large. Then
w0 r .
*(pa—2) W)= O W) [ (Ja—v)drdr
0 0
[o.0]
=J’ (5, —v)h dt—0
0
since

h(t) = jtw x(r) w(r)dr € L,

Since {xy,} converges weakly in L?, the limit must be xy. Thus y € D,.
Hence we have

'|.)3n_.]"||2 + "x(yn “J’)”2
=H(y,) + H(y) = 2(3,,¥) — 2(x(y, + 1), x(y + 1)) » B~ H(») < 0.
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This shows that the limits in (3.9) exist in the strong sense and H(y)=p.
Taking the derivative of H (in any sense) gives

H'(p)z=2(),2) + 2(x(y + 1), xz).

Since y is a minimum point, H’(y) = 0. This gives (3.8). Next we note that
(3.8) has only one solution. For the difference of two solutions satisfies

(ysi)+(xysxz)=0a zer
which implies
1917 +llxp(*=0. 1
Next we put

S={u={x,y}|x,x€ELLf(x)EL",x(0)= 1,y =y,}.

Note that S is not empty. If we let x be any smooth function which
vanishes for r large and satisfies x(0) =1 and take y =y, (which exists by
Lemma 3.1), then u = {x, y} is in S. Put

D= {u={x,y} |x,)é€L2,f(x)eL‘,x(0)= l,yeD,}
and

={z|Z€ L% z(0)=0,z(r) =0 for r large}.

We shall need

Lemma 3.2. If u € D and (3.8) holds for all z € D, then it holds for all
zeD,.

Proof. Let p(r)€ C™ satisfy ¢(r)=1 for r<1, o(r)=0 for r>2,
0<9<1, and put ¢, (r)= (p(r/a) Let z be any functnon in D,, and put
z,=120,. Then clearly z,€ D for any a. Now x%yz,, x’z,, yiz, converge
pointwise to x’yz, x’z, yZ, respectively, and they are majorized by them as
well. Since the latter functions are in L', we have

(ys xza)_’ (xy, xz), (x, xza)"’ (x, xz), (s 295) - (), z)

as a - o0. Moreover, I claim that the function z¢, converges weakly to O in
L2, To see this note that

|2(r) — 2(r")* < [r — ||| 2] (3.10)
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by a simple application of the Schwarz inequality. Since z(0) =0 we have
|2(r)? < r 1212 (3.11)

Thus
lzpalt=a2 " 2()? 6(r/a) dr<a=? |21 [ ro(r/a)? dr
0 (1}

=121 | " 566 ds.

Thus the L? norm of z¢, is bounded uniformly in a. Consequently, there is a
subsequence that converges weakly. Since z¢g, converges to 0 pointwise, the
weak limit must vanish. Now, suppose (3.8) holds for z € D, and let z be
any element of D,. Since z, is in D, we have

(D, 25) + (x(¥ + 1), x2,) =0

or
(20, + 29,) + (x(y + 1), x2,) = 0.

Taking the limits, we see that (3.8) holds for z as well. [}
Now we make a basic assumption on f(¢).

Hypothesis A. f(t) > c,t? for some ¢, > 0.
LemMA 3.3. Under Hypothesis A there is a u € S such that

G(u) = a = inf G(v). (3.12)

Progf. If y € D, satisfies (3.8), then
I 9112 +lxplI* + (e xp) = 0.
Thus for u € S,
[+ o]
G(u) = J (& +1(xX) +9* + xY) dr
0
> co 1% + [1%1* + | 11> + N xpll? (3.13)

by Hypothesis A. Recall that S is not empty. Let {u,}={x,,»,} be a
sequence such that G(u,) — a. By (3.10) there is a subsequence (also denoted
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by {u,}) such that x,, X,, ¥,, X, y, all converge weakly in L2, Thus there are
functions x, y such that

X, X, X, %  Ppo Vs weaklyin L2

By (3.10) the {x,} are uniformly bounded and equicontinuous on any
compact interval. Thus there is a subsequence (again denoted by {x,}) which
converges uniformly on any compact interval. The same is true of {y,}.
Since x, y, converges weakly in L2, it must converge to xy. Since f(£) >0,
we have by Fatou’s lemma that f(x) € L' and

J " () dr < liminf [ " fx) dr.
0 0

Thus G(u) is weakly lower semicontinuous and we have G(#) < a. We must
show that ¥ € S. Let z by any function in D. Then z is in D, for any x.
Hence

(}5",2.) + (xn(yn + l), xnz) =0

Since the x,, z, converge uniformly on the support of z and y, converges
weakly, we have in the limit

(5. 2)+ (x(y + 1), xz) =0. (3.14)

Note that u € D. Since (3.8) holds for all z € D, we can conclude by Lemma
3.2 that it holds for all z€D,. Thus y=y,,and u € S. 1§
Next put .

W={w=l{o,1}|0 €20, ®),1,7€EL?1(0)=0}. (3.15)
We have
THEOREM 3.4. Ifuis in S and satisfies (3.12), then G, (u)=0.
Proof. Put u= {x,y},
Q=ig= {4} |[kE DO, ), vED,) (3.16)
and

N={qeQ|u=0}

With the norm given by
IO, 2)I* =|IZ)1* +llxz|?,  (©,2)EN (3.17)
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N becomes a Hilbert space continuously imbedded in Q. Let ¥ be the set of
those v = (0, 7) in D such that the expression

- M(w,v)=(Z,7) + (02, 0(t + 1)), w=(0,z)EN

is a bounded linear functional on N. Note that u is in V. Moreover, if
g=(u,v) is in Q, then v=u+gq is in V. To see this note that o =x +4,
7=y +v. Thus

M(w, v) = M(w, u) + (Z, V) + (xz, xv)
+ ([2x+u]z,u(y +v+ 1))

Since v is in D, and u is in 2, it is easily checked that this is a bounded
linear functional on N. For v € V there is an element F(v) in N such that

(F(), w)y = (7, 2) + (o(r + 1), 02), wEN. (3.18)
Thus F is a mapping from ¥ to N. The computation
t'(F(v +tq) — F(v), W)y
= (¥,Z) + (ov, 0z) + 2(a(t + 1), uz) + 2t(ov, uz)
+ t(u(t + 1), uz) + t*(uv, uz)

shows that the derivative Fj(v) exists for v =u plus an element of Q. It is
given by

(Fo(v) g, w)y = (¥, 2) + (ov, 0z) + 2(0(z + 1), sz). (3.19)
In particular, we have

(F)(,(U), h, W)N = (/js i) + (ap, O’Z),
h=(0,p)EN, w=(0,z)EN

and

(Fiw) by w)y=(h,w)y, h,wEN. (3.20)

Thus Fi{u)=1 and
(Fx@)h—h, wiy=([o +x]p, [0 — x] 2)
which shows that (2.6) holds. Let
R={vEV|F@)=0}.
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Then by (3.18), the definitions and Lemma 3.1 it follows that R c S. Since u
is in R, we have

G(u)= msin G(v)= n}in G(v).

Finally, we note that D + Q < D and
G(u + tq) — G(u)
= 2[(%, d) — (xy, ) — 2(xp, ) — (J, ¥) — (x(y + 1), xv)]
+ (147 = 1911 — 20xw, yv) ~ [l x|
— Ny l? — 20, 1y) — 40xw, v)]
=26 (uy, v) + (xv, uv) + (u, v)]

—twl + [ L+ ) =)

Now
[ —r@lar =2 [7 gt + swyudrs,

If 4 converges in the topology of &, then this expression converges to
2[R g(x)udrast—0. It is now easily checked that if #— 0 and ¢ converges
in Q, then

—4(xy, 1) — 2[(J, V) + (x(y + 1), xv)]. (3.21)

Thus ali of the hypotheses of Theorem 2.5 are satisfied. Moreover, since u is
in S, we see from (3.8) and (3.21) that

Gyu)g=0 (3.22)
if g is in N. Thus
Gyu) T~ 'Fh(u)g=0, g€ Q.

We can now apply (2.14) to conclude that (3.22) holds for all g in Q. This is
not quite what we wanted. However, if we note that W is continuously
imbedded in Q and recall that D + Q — D, we can apply Lemma 2.3 to
conclude that Gj(u) exists and is the restriction of Gp(u) to W. Thus
Theorem 3.4 is proved. §
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We can now apply standard methods to the functional G(x) to obtain

THEOREM 3.5. Under Hpypothesis A, there exists a solution of

(3.1)-(3.4).

1
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