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Quasi-residual designs are balanced incomplete block designs having the
parameters of a residual BIBD. For A = 1 or 2 all quasi-residual designs are also
residual designs, but a single counterexample due to Bhattacharya for the design
(16, 24, 9, 6, 3) shows this not to be the case for A = 3. We examine the block
structure of this type of design, and use this information to construct eight new
solutions for (16, 24, 9, 6, 3); along with the Bhattacharya design, these are the
only known counterexamples for A = 3.

The more general case with A > 3 is mentioned briefly.

1. INTRODUCTION

A balanced incomplete block design (BIBD) with parameters
(v, b, r, k, A) is an arrangement of v varieties in b blocks such that each
block contains k < v distinct varieties, each variety occurs in r blocks,
and every pair of varieties occurs in A blocks. It is well known (see, for
example, Ryser [8]) that

bk =vrand v — 1) = r(k — 1), 4}

and Fisher [3] has also proved that it is necessary that b > v.

A symmetric BIBD has b = v, r = k. From such a design with param-
eters (v, v, k, k, A) one may form a residual design by deleting one
specific block and all varieties occurring in that block to leave a design
with parameters (v', b', t', k', X"), where

v =v—k b=v—1, r=k kK=k—X X=A (2

A quasi-residual design is defined in [5] as a design having the parameters
of a residual design. For A = 1 or 2 all quasi-residual designs are residual
designs [2, 9]. Bhattacharya [1] showed that this is not the case for A = 3
by giving a BIBD (16, 24, 9, 6, 3) which is not derivable by residuation
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from the corresponding symmetric design (25, 25,9, 9, 3). This impossi-
bility rests upon the fact that the Bhattacharya design (see Hall [4]) has
two blocks, and only two, which intersect in four varieties, whereas it is
well known (see, for example, Ryser [8]) that any pair of blocks in a
symmetric design intersect in precisely A varieties.

Quasi-residual designs which are not residual designs may be called
non-extensible, since they cannot be extended to yield the corresponding
symmetric design by reversing the process of residuation.

Little is known about non-extensible quasi-residual designs for A > 3.
Previously it was not even known if the Bhattacharya design is the only
nonextensible design with parameters (16, 24,9, 6, 3). We answer this
question in the negative below by constructing eight new solutions for this
design, all of which are non-extensible and are non-isomorphic to the
Bhattacharya design

These designs are of further interest in that they are, along with the
Bhattacharya design, the only published non-extensible quasi-residual
designs with A = 3. (Parker [7] has given examples of non-extensible
designs, but the minimal A value in this group of designs seems to be 10.
There do not secem to be any examples in the literature of non-extensible
designs having A equal to any of 4, 5,..., 9.)

2. BLOCK INTERSECTION PROPERTIES

Let the blocks of the design be B, , B, ,..., B, , and denote the number
of varieties in B; N B; by s;; . For any set of ¢ < & blocks we call the
matrix B, = (s;;) the block intersection, or structural matrix of the t
blocks. For any particular block B we also define intersection numbers
a(i=0,1,2,...) by

a; = number of blocks intersecting B in precisely / varieties.

Consider now quasi-residual designs with A = 3. From relations (1)
and (2) it follows that the parameters of these designs may be written as

v=tk(k+2), b=Ak+2Dk+3), r=k+3 k A=3 (3

A study of the block intersection properties of these designs has been
made in [5] and [6], and it has been shown that, for any design with
parameters (3), s; < 5, and further, that s;; < 3 except possibly for
designs given by a small number of values of k. Among these, &k = 6,
yielding the parameter set (16, 24, 9, 6, 3), is exceptional.

It is shown in [5] that there are only six different possible sets of inter-
section numbers a; that a block in a design with parameters (3) can have,
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and in [6] it is shown that, for k = 6, only three of these are possible. We
use this fact to classify each block of any BIBD (16, 24, 9, 6, 3) as one of
three types, depending on which of the three sets of intersection numbers
it has. These are as follows:

Block type Intersection numbers

1 a=1 =0 =18 a;=4 a;,=0
11 =0 a=3 =15 aa=35 a, =0
111 a=0 =2 =18 ag,=2 a, =1

Two blocks intersecting in four varieties will both be of Type 111, and
any design possessing Type III blocks will necessarily be non-extensible.
The Bhattacharya design has two, and only two, blocks of Type I1I; in an
attempt to find other non-extensible designs let us suppose there are at
least four blocks of Type Il in the design. (Note that the number of blocks
of Type 11l must be even.)

We first quote the following lemma, proved in [6].

LemMma 1. If s, = 4 in a BIBD (16, 24, 9, 6, 3), then the first two rows
of the structural matrix of the entire design may be taken as

k413132 - 2
4 k31312 - 2

Suppose now that, in a BIBD (16,24,9,6,3), B,, B,, B,, B,, are
Type III blocks, and s, = §5, = 4. We prove

LemMA 2. For blocks B, , B, , By, B, as given above, we may take as
the structural matrix either

k4 1 3 k4 2 2
4k 3 1 4k 2 2

1 2 —
@ Si=1; 3 ;4| o ®SE=1, 5,4
31 4 k 22 4 k

Proof. From Lemma 1, 5,3 = 1, 2 or 3. Suppose 5,3 = 1. Then since
$12 = 4, we must have s,3 = 3. Also, 53, = 3 and then, since 5, = 4, we
must have s, = 1. Then also s;, = 3, and the structural matrix is S,
above. Since we may interchange B; and B, the same result obviously
holds if 5,53 = 3.

If s;3 = 2, a similar argument gives the structural matrix as S,2.
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Using this knowledge of block intersections in (16, 24, 9, 6, 3) designs,
we now proceed to the construction of some non-extensible such designs.

3. CONSTRUCTION OF DESIGNS

We are considering designs which have at least four blocks of Type III.
In view of Lemma 2 we may distinguish two cases:

(i) Some four blocks of the design have structural matrix S,
(ii) No four blocks of the design have structural matrix S,

First we consider

Cask (i). Suppose B;,B,, By, B, have structural matrix S,.. We
prove

LemMA 3. If B,,B,, B;, B, in a BIBD (16,24, 9, 6, 3) have structural
matrix S,', then they may be represented as follows:

B, : £ 6,0,0,a,a,
B, : £ 6,0,0,b,,
By : & Yyifatpsbib,
By : & yipaifparas

Proof. Since s;, = 4, we may write B, and B, as indicated. Since
sy3 = 3 and s;3 = 1, by and b, must both occur in By, as well as one of
£ 6,,86,,0,,say & For if b, and b, do not both occur in B, then two or
more of &, 0, , 8, , 0, must, implying s,, > 1.

We then denote the other three varieties in B; by iy, ¢, 3. By an
argument similar to the above, B, must contain g, , @, and hence, since
S5, = 4, B, also contains &, 8, ,80,,6,.

Consider blocks B, , B,, B;, B, as in the above lemma, and consider
the occurrence of the varieties &, 8, , 0, , 05, ¥y , ¥, 35 in the remaining
20 blocks of the design.

Noting that every variety must occur nine times and that every variety
pair must occur three times, and bearing in mind the result of Lemma 1, a
little reflection establishes that the above varieties must occur in one of
the following three forms, which we may call design skeletons. (We
identify arrangements which are isomorphic under any permutation of

fy,0,6;0r ¢y, s, hs.)
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D, D, D,
B, : £ 0,0,0,a,a, £ 0,0,6:a,a, £ 0,0,0,a,a,
B,: € 6,0,0;b,b, £ 0,0,0,0,, £ 0,0,8,b,b,
B, : Enthoifabiby, € dniuifabiby € diibaiabibs
B,: Edibopamay, & dibatbmas € iibaibama,
B, £ 013y £0,4 £ 0,4
B € Oty € Oty € Oy
B;: £ O3, € O, & O34h,
By : 0,653, 0,0.3b, 0,023
B, : 010s11ps 0103305 0,0523p5
By, RN 0,033 05033013,
By: € 3 3
By, : 3 13 3
Bys: 011, 014 014
By, XA 015, Oy
By; : 013 013 O14b,
By - 0145 0133 014,
By, : O3hy Oshy YN
By : 20 O3p, Oy1ps
By, : Orihs O3by 0,3b5
By, : Bafsa O3b5 O4p5
By : O3y B33y B33
By, : O33h, B33y B33y
By : Ozba 93‘/‘2 O5b2
By, : O3 Oy, O3

For each of D, , D,, D, it is possible to place a, , a,, by , b, in blocks
By, to By, (in view of Lemma 1, none of a,,4a,, b, , by can appear in
B; ..., By) in various ways so as to satisfy the basic BIBD requirements
and also satisfy Lemma 1. Finally, once this has been accomplished, we
may attempt to adjoin five new varieties s, p, ¢, x, y to the skeletons in
order to give designs (16, 24, 9, 6, 3).

Using a trial-and-error approach six non-isomorphic (16, 24, 9, 6, 3)
designs were found; two designs were derived from each of skeletons
Dy, D, and D; above. These designs, labeled Dy; , Dy, Dy, Doy, Dy and
D, , are given and discussed in the next section.

CASE (ii): In this case no four blocks have structural matrix S;*, so we
consider B, , By, By, B, with structural matrix S,2.

Using a method of construction similar to the above, two solutions of
this type were found. A good deal more trial and error was involved in

58zaf11/2-3
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this case, since fewer restrictions can be set in the placement of varieties
here than for case (i). The designs found are labeled E,; and E,, and are
also given and discussed below.

No attempt was made in either case to be exhaustive, due to the pro-
hibitive number of possibilities to be considered; it is quite possible there
are more of these designs to be found.

4, FEATURES OF THE DESIGNS

The eight new designs found are given below. For ease of transcription
the varieties are written as 1, 2,..., 16, as given by the mapping

(5010293¢1¢2¢3a1a2b1b2spqu)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

All of the designs are clearly non-extensible, since each contains pairs
of blocks intersecting in four varieties.

If two designs are isomorphic the number of blocks of Types I, 11, and
II1, respectively, must be the same for each design, since relabeling of
varieties and blocks does not change the block intersections.

Each of these designs is then non-isomorphic to the Bhattacharya
design, since the latter has only two blocks of Type III, whereas each of
these designs has at least six Type III blocks.

The type of each block in the designs is given beside the block to
facilitate finding whether the designs are all non-isomorphic. The only
possibly isomorphic designs are those with the same block structure. It
can be shown fairly easily that the pairs of designs below with the same
block structure, namely Dy; and D,,, D, and D,,, are nonisomorphic,
but we will not give the proofs here.

The designs are as follows:

Dll

1,2,3,4,8,9 () 2,4,5712,14 ()  3,58,10,14,16 (III)
1,2,3,4,10,11 (1) 3,4,6,7,13,14 (1)  3,59,11,14,16 (III)
1,5,6,7,10,11 (II) 1,8,9,12,13,14 (1)) 3,7,8,11,12,15 (IiI)
1,5,6,7,8,9 (II) 1,10,11,12,13,14 (II))  3,7,9, 10,12, 15 (II)
1,2,512,15,16 () 2,6,8,10,14,15 (IlI) 4,5,8,10,13,15 (III)
1,3,6,13,15,16 ()  2,6,9,11,14,15 (II) 4,5,9,11,13,15 (1)
1,4,7,14,15,16 ()  2,7,8,11,13,16 (II)) 4,6,8,11,12,16 (IIT)
2,3,56,12,13 (I)  2,7,9,10,13,16 (1) 4,6,9,10,12,16 (IIN)
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Dy,

1,2,3,4,8,9 (1) 2,4,57,12,14 ()  3,59,10,14,16 (IlI)
1,2,3,4,10,11 (III) 3,4,6,7,13,14 ()  3,5,9,11,14,15 (IIl)
1,5,6,7,10,11 (III) 1,8,9,12,13,14 (IlI) 3,7,8,10,12, 16 (IIT)
1,5,6,7,8,9 (I 1,10,11,12,13,14 (II))  3,7,8, 11, 12,15 (IT0)
1,2,5,12,15,16 (1) 2,6,8,10,14,15 (Ill) 4,5,8,10,13,16 (IIL)
1,3,6,13,15,16 (1)  2,6,8,11,14,16 (III) 4,5,8,11,13,15 (II1)
1,4,7,14,15,16 () 2,7,9,10,13,15 (II) 4,6,9,10,12,15 (1)
2,3,5,6,12,13 ()  2,7,9,11,13,16 (IlI) 4,6,9,11,12,16 (IIT)
D21

1,2,3,4,8,9 () 2,4,6,7,13,14 () 3,6,8,10,14,15 (I)
1,2,3,4,10,11 (UI) 3,4,5,7,12,14 ()  3,5,9,11,14,16 (I)
1,5,6,7,10,11 (IIl) 1,8,9,12,13,14 (I} 3,7,8,11,13,16 (II)
1,5,6,7,8,9 (II) 1,10,11,12,13, 14 (II))  3,7,9,10,12,15 (I)
1,2,5,12,15,16 (1)  2,5,8,10,14,16 (1) 4,5,8,10,13,15 (II])
1,3,6,13,15,16 (I1)  2,6,9,11,14,15 (II)  4,5,9,11,13,15 (IIL)
1,4,7,14,15,16 () 2,7,8,11,12,15 (1) 4,6,8,11,12,16 (II)
2,3,5,6,12.13 (I)  2,7,9,10,13,16 (II) 4,6,9,10,12, 16 (III)
Dy,

1,2,3,4,8,9 (1) 2,4,6,7,12,14 (1) 3,58,11,14,15 ()
1,2,3,4,10,11 (II) 3,4,5,7,13,14 (1)  3,6,8,10,14,16 (II)
1,5,6,7,10,11 (1) 1,8,9,12,13,14 (III) 3,7,9,10,12,15 (II)
1,56,7,8,9 (II) 1,10,11,12,13, 14 (II)  3,7,9,11,12, 16 (III)
1,2,5,12,15,16 (1)~ 2,5,9,10,14,16 (II)  4,5,8,10,12,15 (II)
1,3,6,13,15,16 (1)  2,6,9,11,14,15 (I)  4,5,9,11,13,16 (II)
1,4,7,14,15,16 () 2,7,8,10,13,16 (IIl) 4,6,8,11,12,16 ()
2,3,5,6,12,13 (I)  2,7,8,11,13,15 (III) 4,6,9,10,13,15 (II)
D31

1,2,3,4,8,9 (1) 2,4,6,7,12,13 (II) 3,6,8,10,14,15 (II)
1,2,3,4,10,11 (II) 3,4,5,6,12,14 (1)  3,5,9,11,13,15 (1))
1,5,6,7,10,11 (II) 1,8,9,12,13,14 (III) 3,7,8,11,12,16 (III)
1,56,7,8,9 (II) 1,10,11,12,13,14 (IfD)  3,7,9,10,12,16 (IIT)
1,2,512,1516 (1)~ 2,5,8,10,13,16 (1) 4,7,8,11,13,15 (1))
1,3,6,13,15,16 (1) 2,6,9,11,12,15 (I)  4,5,8,10,12,15 (1))
1,4,7,14,15,16 (1) 2,6,8,11,14,16 (1)  4,5,9,11,14,16 (II)
2,3,5,7,13,14 (1)  2,7,9,10,14,15 (D)  4,6,9,10,13,16 (II)



(111)
11 (I
11 (IID)
9 (I
5,16 (IN)
5,16 (1)
5,16 (1)
12,13 (II)

4,8,9
, 4,10,
7,10,
7,8,

H

5,12, 1
6,13,1
7,14, 1
5,7,12

>

4,8,9 (Il
4,10,11 (II0)
,7.8,10  (I1D)
7,9,11  (III)
12,15,16 (1)
13,15, 16 (1)
14,15,16 (1)
,6,12,13 (1)

4,8,9 (Il
4,10,11 (III)
7.8,10  (III)
7,9,11 (III)
12,15, 16 (1I)
13,15, 16 (I1)
14, 15, 16 (1)
12,13 (I)
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6,7,12,14
5,6,13,14
9 ,13,14
1 14,15
1,13,15

01416
0,13,16

OO\OVOO\D"
el il e

,7,12, 14
,7,13, 14

1,12,13,14
0,12,13, 14
,9, 14, 16

6,10, 11, 14,15
,7,8,9,13,15
7,1

1

0,12, 13,14
8,10, 14, 16
,9,11,14, 15
8,11,13,15
9,10,13, 16

an
(1
(I11)

12,13, 14 (11

an
an
(1D
(n

)
()
(11
(I11I)
(ID)
am
(1)
(I

an
(1D
(11D
(111
(I
an
an
0y

an
(1)
(I
(n
(1)
(n
(In
an

(D)
a
(1)
(1)
)
an
(D
(1n

5,8,1
5,91
7,8,1
7,9,1
,5,8,10,13,15
5,9,11,13, 16
6,8,1
6,9,1

11, (ID)
10, 1)
112,16 (1)
,10,12,15 (II)
,9,13,15 (I
, 11, 12, 15 (IT)
,9,12,16  (II)
, 11,13, 16 (1)

5. SUMMARY AND COMMENTS

Eight new solutions for the quasi-residual BIBD (16, 24, 9, 6, 3) have
been given. These are all non-extensible, and along with a solution for the
same design due to Bhattacharya, are the only known examples of non-
extensible quasi-residual BIBD’s with A = 3. It is also believed they are
the only known non-extensible solutions with A < 10.

It would be of interest if other such designs could be found, either for
A =3, k > 6, or for A > 3. Other interesting problems concerning these
designs arise, and these will be discussed for the case A = 3 in [6].
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