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Abstract 

The paper presents a new concept of synergetic control synthesis (NC programs) in machine tools machining. It discusses the 
issues using the synergetic management concept in the unity of the state space expansion and compression. Constructing a 
hierarchy system of differential equations for the controlled system is discussed as well. The paper presents synthesis of control 
law as the selecting the optimal trajectory on the manifold of technologically admissible trajectories. An example of such 
selection for longitudinal turning is presented. The approach seems particularly effective when it comes to machining low-rigid 
and geometrically complex parts. 
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1. Introduction  

To illustrate system approach let us confine to the case of lathe turning. In most modern CNC machines feed 
based on servo DC drives are used. We assume that we are given three adjustable drives for moving three elements: 
a support of longitudinal and transverse movements and a rotating spindle (fig. 1). 

The equations of motion of DC motors in linearized statement can be written as: 

1
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where 1 2 3, , T  - vector of rotation frequencies;. 1 2 3U , , TU U U  - vector of servomotors armatures 

tensions; ,1 ,2 ,3U , ,
T

C C C CU U U  - resisting moments ,1 ,2 ,3M , ,
T

C C C CM M M  vector, reduced to servomotors 

electrical parts; ,TEM EM iT , ,TE E iT  - diagonal matrixes; , , ,EM i i i m i e iT J R c c  - electromechanical time 

constant of i-th motor; ,E i i iT L R  - electric time constant; iJ , iL , iR , ,m ic , ,e ic - servomotors characteristics;  

 

Fig. 1. (a) Simplified dynamic model of turning process; (b) scheme of a shear area forming. 

, , , ,C i i m C i E i C iU R c M T M , ( )i
cM  - shaft resisting moment of i-th motor. Operation { }T  - is a 

transposition operation, 1,3i , E - unit diagonal matrix. 
Traditional approach regards functional elements drives as autonomous. UC  is considered as disturbance which 

is not interconnected with system state coordinates. As opposed to traditional approach, synergetic conception of 
system analysis is based on state space expansion-compression principle [1].  

2. State space expansion principle 

Procedure of the state space expansion [2, 3] corresponds to representation of UC  in coordinates of system state 
space. Therefore all elements that connect machine function elements with cutting process must be included into 
control object. Resisting moment UC  is formed as the result of the interaction between the supplemented 
coordinates of the expanded system and different constraints. The main ones are constraints formed in friction units 
[3, 4], and the constraints formed in the cutting area [5, 6]. 

We illustrate the procedure of the state space expansion on the example of the main connection characterizing a 
metal cutting machine. This is the interconnection of the machine subsystems through the cutting process [7].  

Suppose that the trajectories of motion of the machine executive elements as the phase trajectories 2 2V X , 

3 3V X , and the trajectory of the spindle speed in the function of the executive elements coordinates 2X , 3X  are 

given. In addition, we assume that the frequencies 2 3, T  are  proportional to the executive elements speed: 

2 2 2V k , 3 3 3V k . The rotor of the main drive is elastically connected with the workpiece. Therefore, 

,1 1 1,1CM c c   (2) 
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where c  - workpiece torsional rigidity relative to main drive rotor. Difference between rotation frequencies of 
rotor and workpiece can represents as /d dt . For stationary state 0 . 

The collection of the trajectories 2 2V X , 3 3V X  and 1 2 3,X X  is compose the NC program. Let the rules 

by which the calculated linear elastic deformations of the tool and the workpiece 1 2 6x , , Tx x x  supplemented 
by torsional deformation  are defined. In addition, vector-functions of the dynamic interconnection, which is 
formed by the cutting process, are specified as F X,X , x, x . We restrict consideration to the case (fig. 1) when the 
following hypotheses are true [8]: 
1. Absolute value of force 0F  is proportional to the shear area (Fig.1, (b)), that is 

0F S    (3) 

Coefficient  is the evolutionary parameter of the cutting process. In addition the following is true: 

,1CM S    (4) 

where 0 2 3,r X X  and 0 2 3,r X X  is the current value of workpiece radius. 
2. Space orientation of the cutting force is defined solely by tool geometry, that is: 

1 2 3 0 1 2 3, , , ,T TF F F F F    (5) 

where i  are angular coefficients.  
3. During the transition process, variation of the 0F  has a constant lag  with respect to the shear area: 

0F t S t S t S t    (6) 

4. Linear elastic deformations are determined by the properties of tool fastening in a support and the workpiece 
mounting in the bearing supports taking into account the distribution of their rigidity, that is: 

1 2 3, , TmX hX cX S t S    (7) 

where 
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are positive-definite symmetrical matrices Therewith, matrices of dissipation and rigidity of workpiece subsystem 
are the  functions of the support coordinates. The matrices of the workpiece stiffness can be calculated by the finite 
element method.  
5. Parameter  is an evolutionary parameter. Its value is determined by (8), which include the initial value 0  and 

depends on the trajectory in coordinates work - power of the cutting process. Such trajectory is described through 
integral operators, for example, by the second type Voltaire's operators [9, 10]: 

(1) (2) (1) (3) (2)
0

0 0
( ) ( ) ( ) ( ) ( )

A A

i iA A w A N d w A N d   (8) 
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where (1) ( )iw A  and (2) ( )iw A  are identified kernel of integral operators; (1) , (2)  and (3)  are 
coefficients.  

The first integral operator characterizes the initial stage of cutting, and the second - the process of degradation of 
the cutter. Methods of identification of kernels of integral operators and the parameters of the dynamic model of the 
cutting process are given in [11] 

To obtain the equation of dynamics is necessary to represent the dependence of the shear area S  in coordinates 
of system state space. In the case of longitudinal turning 3 0V . Then shear area variation function is: 

2 3 3 3 2 3
0 0

3 2 2 2 3 3
0

( ) ( ) ( ) ( ){ ( ) ( , )}

( ) ( ) ( ){ ( , ) ( ) },

t t t

t
t t

t

S t V V d d x t V d r X X

x t V d x t r X X V d
  (9) 

where  is one workpiece revolution time. When 1 const  then const , otherwise 

2 3 1 6, , , ,X X x x . 2 3,r X X  is the workpiece radius function, which is defined in support motion 
coordinates. Systems (7-9) characterize functional integro-differential equations of controlled system dynamic that 
take into account evolutionary features of  that characterizes the features of cutting process. 

Let us enumerate the basic features of the dynamic system under consideration in which state space expansion 
operation is performed. 

1. Scalar subsystems, which control the executable elements, are transformed to the vector control system, 
which control the tool movement relative to the workpiece. This is due to the adding of new coordinates and 
taking into account an interconnection, formed by the cutting process [12, 13].  

2. During the transition process to a state of stationary treatment there is redistribution in elastic strain rates. 
This redistribution affect to the transient states of all coordinates, including - on the tool path relative to the 
workpiece. All this leads to the fact that the trajectory of the tool relative to the workpiece differs from the 
trajectories of the executable elements [6,13]. 

3. Forming motions trajectories variations are dependent not only on command vector but on  parameter 
evolutionary variation features as well. That is they also depend on relation features change [5]. 

3. State space compression and system analysis procedures 

The system under consideration is dissipative and have an important property: if given a set of initial conditions, 
in the course of time, all the trajectories defined by this set asymptotically approaches to some stationary trajectory. 
In other words, take place a compression in the phase volume. The task of system design includes the synergetic 
synthesis of the manifold of required trajectories of the forming movements and ensuring their asymptotic stability, 
as well as the selection on this manifold of the optimal trajectory. To determine the required attractors of movement, 
first of all it is necessary to define a hierarchy of interconnected systems of differential equations. For this purpose, 
we use the method of averaging in the theory of perturbations of systems of differential equations [11]. Choose the 
time 0T  large enough to all transients are over. For the system under consideration it is handy to take averaging time 
as 0 3 4T T  and 1 2 31/ ,T X X . Then the system (7) when considering the averaged values for each 
turnover significantly simplified: 

1 2 3, , Tc x n S n t n    (10) 

where PS n  and Pt n are averaged values of feed and cutting depth on n-th revolution; ( )n  is averaged 
value of evolutionary parameter on n-th revolution that varies still slower than function elements speeds. 
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System (10) enables to determine bindings between forces, slowly varying operation modes trajectories and 
elastic deformations. In turn, slow variations of the forces that are situated in controllable servo-drives transmission 
bands (1) characterize dynamic subsystem of the upper hierarchy level. If the trajectory of 2r X  has been set, the 
problem of NC program synthesis is carried out in several stages. 

On the first stage PS n  and Pt n  for every workpiece revolution are chosen from (10). They must satisfy the 
following property: 

3 3 6( ) ( ) ( ) ( )X n x n x n r n    (11) 

Collections of S n  and t n  supplemented with 1( )n  values characterize surface in four-dimensional space 

that contains all trajectories satisfying (11). This is manifold 4
2 3 1, ,V n V n n R  of the trajectories that 

satisfy precision requirements. 
In a second step we analyze the asymptotic stability of upper hierarchy level system (1) with considering (10) and 

lower level (7) considered in variations with respect to (11). 
The developed program complex enables to calculate trajectories (11), define stability of the upper and lower 

hierarchy levels subsystems, pick out asymptotically stable trajectories from the set of trajectories that satisfy (11). 
This is the desired manifold.  

4. The example of using synergetic concept 

Without dwelling on the integro-differential equations functioning details let us examine model example 
corresponding to turning of rod having diameter d = 20.0 mm and length L = 430 mm and being made of 20Cr4 
steel. In this example, control is provided by varying the feed rate. Therefore, manifold 

3
2 3 1, ,V n V n onst n R  for illustration can be represented in three-dimensional space. The manifold 

showed in fig. 2 was obtained after calculation of the rigidity matrixes with the help of finite element method (not 
given in the article) and identification of the parameters the integral operator (8). 

At this manifold is necessary to choose the optimal trajectory. The method of selecting the optimal trajectory for 
the given criterion of minimizing the cost of manufacturing of a product is described in [8]. Here we emphasize that 
we are not talking about the best, but the constant cutting rate, traditionally considered in technological research but 
about the optimal trajectory.  

5. Conclusion 

The experience in the use of synergetic concept in the processing of products in the aviation industry enterprises 
conditions showed the ability to reduce the labor intensity of manufacturing of products by 30-40%. However, 
implementation of this method requires a full modernization of existing CNC systems [14, 15]. Modernization is to 
install the coprocessors for continuous control the trajectories of the executive elements, that allow making change 
in each frame on the movement control. The linear interpolation are used when creating NC program [16], but it is 
carried out not by the geometrical image of the details, but on the manifold of trajectories to ensure the required 
quality parameters It uses the interconnections in the dynamic system of the machine which are exist naturally or 
formed during the cutting process, and automatically ensure the principle of coherent control. The above approach 
can be extended to the processing of end mills and other machining processes, including multiblade tools [8]. 
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Fig. 2. The manifold of the trajectories of the executive elements of the machine, ensuring the constancy of the elastic deformation of the tool 
relative to the workpiece at the feed and spindle speed rate variations 
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