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Abstract

We consider classes of real-valued functions of Boolean variables defined by disjunctive analogues of the submodular
and supermodular functional inequalities, obtained by replacing in these inequalities addition by disjunction (max operator).
The disjunctive analogues of submodular and supermodular functions are completely characterized by the syntax of their
disjunctive normal forms. Classes of functions possessing combinations of these properties are also examined. A disjunctive
representation theory based on one of these combination classes exhibits syntactic and algorithmic analogies with classical
DNF theory.
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1. Preliminaries

We consider pseudo-Boolean functions, i.e. functions from some discrete hypercube B" (where B ={0,1}, and n > 1)
to the real numbers R. To emphasize n, we shall say that a function is n-ary. We recall that B" is a distributive and
complemented (i.e. Boolean) lattice, whose partial order is defined by componentwise comparison. The lattice join and
meet of two vectors ¥, W in B" are denoted by V'V W and VW.

The set R being totally ordered, it is trivially a distributive lattice where the join and meet of two numbers is simply
their maximum and minimum, denoted by V and A, respectively. Here in R we shall avoid using juxtaposition for meet,
as the product generally differs from the meet (unlike within B or in the Boolean ring B").

Pseudo-Boolean functions include Boolean functions (that may be identified with those pseudo-Boolean functions whose
range is contained in {0, 1}), as well as various combinatorial set functions such as matroid rank functions (by representing
each argument set by its characteristic vector). Several classes of functions have been thoroughly investigated. The class
of monotone non-decreasing functions consists of those pseudo-Boolean functions f that satisfy the inequality

JI)y< sy vmw)

for all ¥, W in their domain. Similarly, f is monotone non-increasing if it always satisfies
JI)yz Vv w).

A function f is submodular if for all V, W in its domain B"

T+ SW) = fVW)+ f(V VW) (1)
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and it is supermodular if it always satisfies
JI+ S < fVW) + f(V VW) (2)

The role played by those pseudo-Boolean functions (or set functions, using the alternative language of finite power sets
instead of B") which satisfy (1) and (2) is well-known (see e.g. Fujishige [8], Lovasz [11], Narayanan [12] and Topkis
[13].) On the other hand, in the context of Boolean functions, the disjunctive analogue of inequality (1), i.e., where +
is interpreted as the V operator in B = {0, 1}, defines a class of Boolean functions in one-to-one correspondence with
finite partial pre-orders (Ekin, Hammer and Peled [4]).

In this paper we are interested in extending to the full class of pseudo-Boolean functions, the disjunctive analogy of
the functional inequalities (1) and (2), i.e. the inequalities obtained by replacing in (1) and (2) addition (+) by join
(max, V), and to explore consequences of this formal analogy. The analogue classes so defined will be described in terms
of the disjunctive normal forms of their members.

Note that the set of pseudo-Boolean functions on a given domain B” is partially ordered by

g<f gV)< f(V), forall VeB"

This partial order is in fact a distributive lattice, the join operation of which is also called disjunction.

A theory of implicants and disjunctive normal forms for pseudo-Boolean functions was proposed in [5], extending the
DNF theory of Boolean functions. The definition of variables x, y,x,... and complemented variables X, y,Z,... remains
unaltered. However, in the pseudo-Boolean context, we define a literal as a function of the form a + bx,b # 0, where
a,b€R and x is any variable. The literal a + bx is called positive or negative according to whether b is positive or
negative. An elementary conjunction is a function of the form

a+ b3y - Fs 3)

where a,b€R,b >0 and each X; is a Boolean literal (i.e. a variable or a complemented variable). An elementary
disjunction is of the form

a+bE V-V E)

An implicant of a pseudo-Boolean function f is an elementary conjunction g defined on the same domain, such that
g < f, and g is a prime implicant if g < h implies g = h for all implicants z of f. Similarly, an implicatum of f is an
elementary disjunction g such that f < g, and ¢ is a prime implicatum if h < g implies h = g for all implicata 4 of f.
A disjunctive normal form (DNF) of f is an expression of f as a join of implicants

S=a V- Vg,

where all the g; have the same minimum value. (The minimum value of an elementary conjunction (3) is a.) The canonical
DNF of f is obtained if we take the join of all prime implicants of f (which are finite in number). For example, the
DNFs

(1+2xy) V(1 +xy)
and
(I+x)V(1+2xy)

represent the same function on B?, and the latter DNF is canonical.

The canonical DNF can be computed by a pseudo-Boolean consensus algorithm starting from any given DNF. Extending
the Blake—Quine consensus procedure for Boolean functions, the following pseudo-Boolean algorithm consists in the
repeated application (in any order) of the two basic steps below, until none can be applied.

Absorption : If g; < gj,i # j, in the DNF ¢; V - -+ V g, then remove g; from the join expression.
Consensus : If for some i # j in g1 V-V gi

gi =a-+bxixXy---Xp,
gi=a+cxiy2--- ¥,
X2 Xmyo2--- i #0,

then adjoin g=a+ (bAc)Xz- - Xpuy2--- P, t0 g1 V--- Vg to form g; V---V gi Vg, provided that g £ g;
for j=1,...,k.
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In [5] we have defined the dual of a pseudo-Boolean function f as
7y =1- 1)

for all ¥ € B", where ¥ is the complement of ¥ in the Boolean lattice B”. Dualization defines a dual order automorphism
of R®", leaves all variables unchanged, and converts elementary conjunctions to elementary disjunctions and vice versa.

The dual notion to DNF is that of a conjunctive normal form (CNF): it is an expression of a pseudo-Boolean function
as a meet of implicata,

S=g N N,

where all the g; have the same maximum value. The canonical CNF is obtained if we take the meet of all prime implicata
of f (which are finite in number).

Let us finally recall that the undirected covering (Hasse) diagram of the lattice B” endows the domain of each
pseudo-Boolean function with a graph structure. In this graph shortest paths (geodesics) between two vertices U, W
play a significant role. A vertex V is geodesically between U and W if it lies on some geodesic connecting U and W.
A set S of vertices is geodesically convex (contains all } that are geodesically between any two vertices in the set) if
and only if S is a discrete subcube, i.e. the vertex set of some face of the solid cube spanned by B” in R".

The early references to pseudo-Boolean function theory are [9,10]; a recent survey appears in [1]. For Boolean functions,
the DNF syntax for classes defined by certain functional inequalities and equations is studied in [3] where in particular,
disjunctive Boolean analogues of submodular and supermodular functions were examined. In the full pseudo-Boolean
context, the DNF syntax of monotone and Horn functions was described in [6].

The remainder of the paper is divided into two further sections. Section 2 contains results concerning characterizations
of disjunctive submodular and disjunctive supermodular functions. Section 3 discusses the representation of arbitrary
pseudo-Boolean functions as disjunctions of a particular type of functions studied in Section 2 (basic conjunction i.e.
conjunctive modular functions).

2. Characterizations
A pseudo-Boolean function f is called disjunctive submodular if it satisfies the inequality f(V)V f(W) = f(VW)V
f(V VW) for any V, W € B", and it is called disjunctive supermodular if it satisfies f(V)V f(W) < f(VW)V f(VNV W)

for any V, W € B". For brevity’s sake, we shall often omit the qualifier “disjunctive” when referring to these two properties,
as in the sequel we do not need to deal with the original, additive meaning of submodularity and supermodularity.

Lemma 1. The disjunction fiV---V f,, of disjunctive submodular (resp. supermodular) functions is disjunctive submodular
(resp. supermodular).

Proof. Let f1,..., fi,u be submodular pseudo-Boolean functions, and let V, W € B".

{\/ ff(V)] v {\/ fi(W)} = \/ LAV [(V)] = \_/ (VW) fi(V V)]

- [\i/f,-(VW)} v {\i/f,»(V\/ W)} :

The proof for the case of supermodular functions is obtained in the same way, by simply reversing the inequalities. [

Theorem 1. A pseudo-Boolean function f is disjunctive submodular if and only if it has a DNF in which every elementary
conjunction has at most one complemented and at most one uncomplemented variable.

Proof. A simple case analysis shows that every elementary conjunction of the stated form is submodular. Therefore any
DNF of the stated form, being a disjunction of submodular functions, is submodular (by Lemma 1).

For the converse, assume that the canonical DNF of a disjunctive submodular pseudo-Boolean function contains a prime
implicant of the form a + bxx2P or a + bx|x,P.
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Suppose a + bxix,P is a prime implicant. Then neither a + bx; P nor a + bx>P is an implicant. There are then vectors
V,W such that

n=1 uvun=0 PV)=1 [f(V)<a+b,
wi=0 w=1 PW)=1 [f(W)<a-+b.
But clearly f(V V W) = a+ b, contradicting submodularity.

For a+ bxx,P the argument is similar with a+ bx P and a+ bx,P as non-implicants, and f (VW) = a+ b contradicting
submodularity. []

Lemma 2. If h:R — R is monotone non-decreasing, and the pseudo-Boolean function f:B" — R is disjunctive super-
modular, then the composition ho f is also disjunctive supermodular.

Proof. The result follows from the fact that R being a chain, % is a lattice endomorphism, i.e. for any real numbers y, z,

h(yV z) = h(y) V h(z). O

Theorem 2. A pseudo-Boolean function f is disjunctive supermodular if and only if it is the disjunction of a monotone
non-decreasing and of a monotone non-increasing function.

Proof. It is easy to verify that every monotone non-decreasing, as well as every monotone non-increasing pseudo-Boolean
function is disjunctive supermodular. Their disjunction is then supermodular by virtue of Lemma 1.

Conversely, let us prove, by induction on the cardinality of the range of a supermodular function f, that f is the
disjunction of a monotone non-increasing and of a monotone non-decreasing function.

First, the claim is obviously true if f is constant.

Second, also, if the range of f consists of two numbers a and b, a < b, consider the sets

P={VeB":YW =V, f(W)=b},
N={VeB":YW <V, f(W)=b}

Let the n-ary pseudo-Boolean functions f and f> be defined by
fiV)y=bfor VeP, fi(V)=aforV eP,

£(Vy=bfor VEN, fi(V)=a for V € N.

Clearly fi is monotone non-decreasing and f> is monotone non-increasing. Obviously f1V f2 < f.
If there is a point V' with f(V)=b and fi(V)= f2(V)=a, then V' € PUN. It follows that there are points U, W such
that U <V < W, and f(U)= f(W)=a. Let us denote by

V' =(U V)W,
the relative complement of V in the interval [U,W]. Then U = VV' and W =V V V'. Therefore, f(VV')= f(U) =a
and f(VVV')= f(W)=a, while f(V)=b, implying that f(V)V f(V')=b > a, in contradiction with the assumed
supermodularity. Hence f1V f2 > f.
From the conclusions of the last two paragraphs it follows that f = fi V f5.

Third, if the range of f has at least 3 elements, let # be any element of the range of f such that min /' < ¢ < max f.
Let /4 and k& be functions R — R defined by

min f° if x <¢,
h(x) =
X if t<x
and
x if x <1,
k(x)=
t if t<x.

We have f=(ho f)V (ko f).
Both % and £ are monotone non-decreasing, therefore by Lemma 2 both 4o f and k o f are supermodular. Since both
ho f and k o f have smaller ranges than f, the proof is completed by induction. [
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An elementary disjunction was defined earlier as a disjunction of literals that are required to have the same maximum.
Disjunctions of literals without this restrictive requirement are characterized by the next lemma.
Let us call a pseudo-Boolean function [ disjunctive or conjunctive modular if and only if it satisfies

JAWHN VW)= [V fOF) )
or
JIWINFV NI =[N [OT), (5)

respectively, for every V, W in the domain of f. The replacement in (5) of the equality “=" by “<” or by “>" would
define properties essentially dual to disjunctive submodularity and disjunctive supermodularity, respectively. Conjunctive
modularity can therefore be viewed as the combination of the duals of the two main properties first considered in this
section. Also, as shown by Lemmas 3, 4 and Theorems 3, 4, conjunctive modularity is the dual of the property of
disjunctive modularity.

Lemma 3. A pseudo-Boolean function f is disjunctive modular if and only if it is a disjunction of literals.
Proof. The “if” part follows from two observations:

(i) Every literal satisfies (4).
(ii) The set of pseudo-Boolean functions satisfying (4) is closed under disjunction.

For the “only if” part, assume the validity of (4). By disjunctive submodularity, the canonical DNF of f is of the form
f=co+ \/CiPi = \/(Co ~+ ¢iP;i)
with every ¢; > 0 and P; of the form x, y, or xj. But by disjunctive supermodularity
f= \/ (co + ¢iP; : P; positive or negative)

and no ¢o + ¢;xy can be a prime implicant. This proves the lemma. [
Lemma 4. A pseudo-Boolean function f is conjunctive modular if and only if it is a conjunction of literals.

Proof. The following relations are equivalent for any given vectors V, W:
SOWYNFVNIWY=FYA L),
[— VL= VNI =[—= fOV = fOV)],
(1= fWIV L= f7 VI =[1— fFV [ = fO7)],
LT [TV = [T )V 07,

TN I LTI = [T SO,
By Lemma 3 this last equation is true for all ¥, if and only if f¢ is a disjunction of literals. This is the case if and
only if f is a conjunction of literals. [J

Theorem 3 (Disjunctive modularity theorem). For any n-ary pseudo-Boolean function f the following are equivalent:

(a) f satisfies f(VWYN f(VN W)= f(V)V f(W) for all V,W € B";

(b) f is a disjunction of literals;

(¢) the prime implicata of f are a; + b\Du,...,am + byDyw where ay < --- < ay and Dy > -+ > Dy;

(d) if a vector V is geodesically between U,W (i.e. d(U,V)+d(V,W)=d(U,W) in the Hamming metric) then

S < fAWU)V fw);
(e) for each t € R the inverse image f~'(—o0,t] is a subcube of B".
Proof. The equivalence of (a) and (b) was seen in Lemma 3. The equivalence of (d) and (e) is obvious. From (d) it

is easy to deduce (a). Literals obviously satisfy condition (d). Also, the join of any two functions satisfying (d) satisfies
(d). Thus (b) implies (d). It follows that (a), (b), (d) and (e) are equivalent.
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Let us prove now the validity of the implication of (e) by (c). First, if < a;, the set f~'(+,¢] being empty, the
implication holds. Second, if ¢ > max f, then f~'(+,¢] is the whole cube B". Finally, let a; <t < max f, let i be
the largest index with @; <t and let us suppose that there is a V in f~'(<,¢] such that D;(¥) = 1. In that case
Di(V)=---=Di(V)=1 and

f = N\@+b)

j<i

A { N\ (@ +bij(V))}

jzitl

and since a; + b; = max f, it follows that f (V') > (max f) A (A/>i+1 a;) > a;, in contradiction with the assumption on
V. Hence, V € f~!(«,¢] implies that ¥ does not belong to the subcube of points where D; = 1. On the other hand, if ¥
is a point with D;(V) =0, as a; + b;D; is an implicatum of f, we have V € f~'(«<,¢]. Hence, f~'(+,1] is the subcube
of points for which D; = 0.

Conversely, assume (e). Let #, < --- <1, be the range of f. Let P, ={V €B": f(V) < t}, let D; be the Boolean
elementary disjunction such that D;"'(0) = P;, and let a; =t;, b; = t,, — ;. Obviously each a; + b;D; is an implicatum of f
and Dy > --- > D,. To show (c), it is enough to establish that every implicatum 4# =a + bD of f (where b > 0 and D
is a Boolean elementary disjunction) is an implicatum of one of the a; + b;D;. For such an implicatum a + bD, obviously
tn < a4+ b and we can suppose that a < t, for otherwise the claim is obvious. From (e) it follows that f~'(—o0,d] is
a subcube, and in fact it must coincide with one of the P;, namely with the P; with the largest index i such that # < a.
For this i, also D; < D and thus a; + b;D; < a+ bD. [

Remark. Condition (a) of Theorem 3 states that the dual of f is both disjunctive submodular and disjunctive supermodular.

Theorem 4 (Conjunctive modularity). For any n-ary pseudo-Boolean function f the following are equivalent:

(a) f satisfies f(VWYNf(VN W)= f(VYN f(W) for all V,IW € B";

(b) f is a conjunction of literals;

(¢) the prime implicants of f are co + ciPi,...,co + cmPm wWhere ¢; < --- <cy and Py > -+ > Py;
(d) if a vector V is geodesically between U, W then

Sy = fW)YN W),

(e) for each t € R the inverse image f~'[t,00) is a subcube.
Proof. By duality from Theorem 3. [

We shall call a pseudo-Boolean function a basic conjunction (respectively, disjunction) if it is a conjunction of literals
(respectively, disjunction of literals), and we shall say that it is positive, or negative, if the literals involved are all positive,
or negative.

Theorem 5. For any pseudo-Boolean function f the following are equivalent:

(i) [ is disjunctive supermodular and [ is disjunctive submodular;
(it) f is the disjunction of a positive basic conjunction and a negative basic conjunction.

Proof. Observe first that the submodularity of the dual means that the following equivalent inequalities are valid:
Flvvmyv riawy < oy o,
—[(=/ VNV IWN AL TN < ==L TN AL D],
(1= /NN = 1IN = [ = AT = )],
0=V IAL = AW = (1= fYPNAD = 0],
U= OWIAL = TV = [1 = fYPNAD = 0],

JOWINJV NI = fV)N ). (6)
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Assume (ii). Let /= p V n, where p and n are a positive and a negative basic conjunction. Then f is supermodular
by Theorem 2. For the submodularity of the dual, we need to establish (6).

Case 1: 1f (V)= p(V), f(W)= p(W) then by Theorem 4
JFOW)z p(VW)yz p(VW)A p(V' vV W)= p(VYN p(W)=f(V)A f(W),
JYNWYyzp(V N W)z p(VW)Np(VN W)= p(V)NpW)=fV)N (W)

and the two inequalities imply (6).

Case 2: If f(V)=n(V), f(W)=n(W), Theorem 4 applied to n instead of p shows that (6) holds.

Case 3: If f(V)= p(V), f(W)=n(W) then
JYNWYyzp(VVW)zpV)=fI),

JIW) Zn(VW) =z n(W) = f(W),

implying (6).

Case 4: If f(V)=n(V), f(W)= p(W), an argument similar to that given in Case 3 shows that (6) holds.
Conversely, assume (i). From Theorem 2 it follows that

f=c+(pVn), (7

where ¢ = min f, p is monotone non-decreasing with minimum 0, and 7 is monotone non-increasing with minimum 0.
We may choose p and » maximal, in the sense that if p’ > p is also monotone non-decreasing with minimum 0, we can
not substitute p’ for p in (7), and similarly for n.

We need to show only that both p and n are basic conjunctions, positivity and negativity follow from the fact that
p and n are nondecreasing and non-increasing, respectively. We do this for p, the proof is similar for »#. In view of
condition (c) of Theorem 4, it suffices to show that for any two prime implicants ¢o + ¢;P; and ¢y + ¢;P; of p, either
P; < P; or P; < P;. Note that ¢o = 0 because min p = 0.

Suppose we had neither P; < P; nor P; < P;. We shall derive a contradiction. We may assume that ¢; < ¢;, and since
p is nondecreasing, we know that no complemented variables occur in P; or P;. Let P be the product of the Boolean
variables occurring both in P; and in P;. Let 7; be the smallest element of the lattice B” such that P;(¥;) =1, and let V;
be defined similarly for P;. Then V' =¥; A V; is the smallest element of B" for which P(V) = 1. By the submodularity of
A

JI)zfNf)) Zcite

Further, observe that every W with P(W) =1 can be written as W = W; A W; where P;(W;)=P;(W;) = 1. Therefore, by
the submodularity of

JW)yZ fW) N f(W)) = ci+c

Thus ¢ + ¢;P < f and since ¢;P is not an implicant of p (c¢;P; being a prime implicant), p’ = p V ¢;P would contradict
the maximality of p. [

In the same vein, the following theorems characterize pseudo-Boolean functions / for which / and f“ possess other
combinations of the supermodular-submodular pair of properties.

Theorem 6. For any pseudo-Boolean function f the following are equivalent:

(i) both f and f* are disjunctive supermodular;
(il) f is monotone non-decreasing or monotone non-increasing.

Proof. Assume (ii). Since the dual of any monotone function is monotone and all monotone functions are supermodular,
(1) follows easily.
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Conversely, assume (i). Suppose that f is not monotone. We shall derive a contradiction. Non-monotonicity implies
the existence of u, v, w, ¢t in B" such that
u<ry > r),
w<T fW)<f().
By the supermodularity of f
SOV )= fWUNTAVIVFUVTAV) = UV UAV) = f(U)

and thus f(0) > f(U), and for a similar reason f(7) < f(1).
On the other hand, the supermodularity of f¢ means, by an argument analogous to the one used at the beginning of
the proof of Theorem 5 to characterize functions with a submodular dual, that the inequality

JVNWYNFOIW) < VYN ST
holds for all X, ¥ in B". Thus in particular
SYNFQO)=fWNWTYNfWWT)< fW)NfWT) < f(W)

and therefore f(0) < f (W), and for a similar reason f(V) > f(1).
We would now have simultaneously

JO)= fWU) > f(V) = f(1),
JO) < f(W) < f(T) < f(1).
and this is impossible. [

The next two theorems will characterize those submodular functions for which the dual function is supermodular or
submodular, respectively.

Theorem 7. For a pseudo-Boolean function f the following conditions are equivalent:
(i) f is disjunctive submodular and f¢ is disjunctive supermodular;
(ii) f has a DNF
(a+bg g )V(a+err V...,
where q*,r",... are positive literals or the constant 1, ¢~ ,r~,... are negative literals or the constant 1, and for
any two terms a+bq g~ and a + cr'r~ in the DNF, a + min(b,c)g 7~ is an implicant of f.
Proof. Note first that the supermodularity of f¢ means that for all U, W € B"
JWUWYNFUNW)< f(U)N W)
which is true if and only if for all U,V € B"
JWUWHYNFUNVIW) < f(U) ()
or, equivalently, if U <V < W in B" implies
JWHNFIT) < fV). )

Assume (i). We shall prove that the canonical DNF of f satisfies the requirements of (ii). From Theorem 1 it follows
without difficulty that this canonical DNF is written as

(a+bg g )V(@+crrT)v...,

where g*,7",... are positive literals or the constant 1 function, ¢, 7~ ,... are negative literals or the constant 1 function.
Consider now two generic terms a +bgtq™ and a+cr'r~ of this DNF. Let us denote the function @ +min(b,c)g*r~ by
1. We need to show that 7 < f. If this were not true, there would exist a V' = (v1,...,v,) in B" such that I(V) > f(V).
To derive a contradiction, assume that this is the case. Clearly, (V) = a + min(b,c) and thus

) =r (V)=1
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but both implicants a + bg"q~ and a + ¢r*7~ must have the value @ on V, i.e.

¢ V)=q Vg (V)=0,

(V) =TV (V)=0
and it now follows that

(V) =rt(r)=0.
This is possible if and only if ¢~ is a negative literal x; (the negation of the ith variable) and ™ is a positive literal x;
(the jth variable). For the corresponding components of V' this implies v; = 1, v; = 0. Define now the vector U in B”
as having the same components as ¥, except that u; = 0, and define W to have the same components as V' except that

wj = 1. Obviously U < V' < W. However, the implicant a + bg™q~ takes value a + b on U, and a + cr"r~ takes value
a+c on W. Thus

fWU)=a+b,

+

SW)y=a+ec,

SW)YN f(W) = a+ min(b,c).

But from the assumption /(V) > f(V') it would now follow (since /(V') = a + min(b,c)) that f(U) A f(W) > f(V),
contradicting (9). Condition (ii) is thus proved from (i).

Conversely, assume we have a DNF of f as described by (ii). By Theorem 1, f is submodular. If /¢ were not
supermodular, then (8) would fail for some U, W in B", i.e. we would have

JWUWYNFUNW)) > fU). (10)

The value f(UW) would be the value on UW of some implicant a + bg"q~ of the given DNF, and f(U VvV W) would
also be the value on U V W of some implicant a + cr'7 7, i.e.

f(UW)=a+b,
g (um)=1,
fUVW)=a+ec,

r(Uvmwy=1
and consequently
g U)=1 r (=1,

f(U) = [a+min(b,c)g r  J(U)=a+ min(b,c).
But this contradicts (10) because

a+ min(b,c) = f(UW)A f(UV W).
Thus /¢ must be submodular. []

In a finite Boolean lattice L, often thought of as a “discrete cube”, a half cube is an order interval either of the form
[a,max L] where a is an atom of L, or of the form [min L, ] where f is a coatom of L. For any e € L, the complement
of e in L is denoted by é.

Lemma 5. Let Ly and L, be disjoint non-empty sublattices of a finite Boolean lattice L such that Ly UL, =L. If min L
and max L belong to different L; then Ly and L, are complementary half cubes of L, and if both belong to L then L,
is the union of two half cubes of L.

Proof. We prove the Lemma by induction on the dimension of L. The statement is easy to verify for dimension 1.

Let L have dimension n greater than 1, and suppose that the statement is true for dimension » — 1. If min L € L, and
max L € Ly, then it is easy to see that every atom of L except one (say a) belongs to L; and every coatom except one
(say f3) belongs to L,. It follows that

Ly =[minL,a),

Ly = [, max L].
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If min L and max L belong to L, then it is still true that there is an atom a such that every atom except a belongs to
L] and
[minLa 5] g Lla
Ly C[a,max L].

Now L' = [a,max L] is a Boolean lattice of dimension n — 1, Li =L, NL" and L5 = L, N L' = L, are non-empty lattices
partitioning L', min L’ = a belongs to L5 and max L' =max L belongs to L]. By the induction by hypothesis L] and L} are
complementary half cubes in L', and for some coatom S of L’

Ly =[a, .
But L) = L,, f8 is also a coatom of L, and

Ly = [min L,a] U [, max L] O
The next result is specific to Boolean functions.

Theorem 8. For a Boolean function f the following conditions are equivalent:

(i) both f and [ are disjunctive submodular;
(it) f has a DNF with at most one complemented and at most one uncomplemented variable occurrence;
(iii) f is constant, or it is a literal, or it has a DNF of the form xV j or xj.

Proof. The equivalence of (ii) and (iii) is easy to verify, and so is the implication (iii) = (i).
Note that (i) is equivalent to saying that both the true and the false points of f* constitute sublattices of B". Then (iii)
follows by Lemma 5. [

Theorem 9. For a pseudo-Boolean function f the following two conditions are equivalent:

(i) both fand ¢ are disjunctive submodular;
(i) fis of the form k + (ax V by \V cxy) when k,a,b,c are constants and a,b,c > 0.
Proof. Note that (i) holds if and only if both of the following inequalities hold for all U, W € B"
SWUWHNV fUNVW)< f(U)V (W), (11)

SUWYNFUN W)= fU)N ). (12)

If (i1) holds then we may actually suppose a < ¢,b < c. A simple case analysis shows that (11) and (12) hold for all
uw.

Suppose, conversely, that (11) and (12) hold for all U, W. If f is constant, then clearly (ii) holds. Otherwise let us
enumerate the range of f in increasing order, say

< <rp mz=2.
For each i=1,...,m — 1 let f; be the Boolean function defined by
iV =0< f(V)<r.

Then for each i, f; is non-constant, submodular, and ¢ is also submodular. (This can be verified using inequalities like
(11) and (12) with f; instead of f.) Obviously,

f1>"'>fm71-

It follows from Theorem 8 that m — 1 < 3.
If m —1=1 then

f=n+02—n)fi
and (ii) holds obviously.
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If m — 1 =2 then we have one of the following two cases:

(a) f1 is of the form x V y and f> is either x or y or xj;
(b) f> is of the form xj and f; is either x or j.

In either case
S=rn+ =) i+ —n)fa=n+[n—r)iV(is—r)fl]

and (ii) holds obviously.
Finally, if m — 1 =3, then for some variables x, y

Si=xVy, fa=xor 1=y f3=xJ,
S=rn+lr=—r)/iV Qs —rn)f2V (s —n)fs]
and (iii) holds obviously. [

3. Implicant theory of basic conjunctions

Basic conjunctions generalize the notion of elementary conjunction, since every elementary conjunction is a basic
conjunction and every pseudo-Boolean function is the join of a finite number of basic conjunctions. Within the class of
Boolean functions, elementary and basic conjunctions coincide. In the class of pseudo-Boolean functions, however, the set
of elementary conjunctions is not closed under meet. In fact the closure under meet of the set of pseudo-Boolean literals
is the entire class of basic conjunctions.

We shall now outline a disjunctive representation theory of pseudo-Boolean functions based on basic rather than
elementary conjunctions. Our terminology is justified within the framework of abstract lattice-theoretical implicant theory,
proposed by Davio, Deschamps and Thayse [2] (see also [7]).

Definition. A basic conjunction g is a basic implicant of a pseudo-Boolean function f if g < f; it is a prime basic
implicant of f if it is maximal in the set of basic implicants of f.

Observe that if (co+ci1P1)V---V(co+cmPn) is a basic implicant of £, then each ¢y + ¢;P; is an (elementary) implicant
(and conversely, assuming ¢; < -+ < ¢m, P1 > --- > Py, as specified in condition (c¢) of Theorem 4).

Definition. The nesting order < is the partial order on the set of all elementary conjunctions given by

a+bP<d +b'P a<d,b<b,P=P.

From Theorem 4 it is clear that a pseudo-Boolean function is a basic conjunction if and only if it has a DNF \/,(a;+b:P;)
where the various a; + b;P; form a chain in the nesting order. (They then form an antichain in the standard order on
RB".) A basic conjunction g =(co+ciP1)V---V(co+ cmPn), c1 <---<cm, P1>--->P, is a prime basic implicant
of a pseudo-Boolean function f if and only if {co + ¢;P; : 1 <i < m} is a maximal chain in the nesting-ordered set of
(elementary) prime implicants of f.

It follows that, similarly to (elementary) prime implicants, every pseudo-Boolean function has only a finite number of
prime basic implicants.

We now define a consensus algorithm for basic implicants. Let a pseudo-Boolean function f be expressed as a join
of some basic implicants

=gV Vgn (13)

The algorithm performs repeatedly any of the following two procedures until none can be performed:
Absorption: If g; < g;, delete g; from (13).
Adjunction of consensus: If for some prime basic implicant g of g; V g; there is no g with g < g, then add g to (13).

Note. In adjunction of consensus, for a given pair g;, g;, there can be more than one ¢ satisfying the stated condition that
there is no gx > ¢g. E.g.

f=&V2xyz)V(yV2yt)

=[2-2NQ2-PAQ-DIVIQ-2))AQ-)N2-D)]
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Theorem 10. The consensus algorithm for basic implicants terminates always with precisely the join of all the prime
basic implicants of f.

Proof. It suffices to prove that if none of the two procedures of the algorithm can be performed for (13), then for every
basic implicant g of f there is a g; such that g < g;. In fact it is enough to show this for those g whose range is contained
in that of f because for every basic implicant

g:C0+(01P1\/"‘VCum),

c1 < <Cm Pr>-00>Py,

we can define, for 1 <i < m, ¢, as the smallest number greater than or equal to ¢; such that ¢y + ¢ is in the range of
f, and then

g =co+(ciP1V---Vc,Py)

is also a basic implicant of f, and g < ¢/, and the range of ¢’ is contained in that of f.

So let & denote the set of those basic implicants of f whose range is contained in that of f: this set % is finite and it
is endowed with the order inherited from R®". If the Theorem fails, there is a minimal member g of 4 for which there
is no g; such that g < g;. We shall derive a contradiction.

It is easy to see that g cannot be of the form ¢o+cP, ¢ > 0, P a Boolean minterm. Let g=(co+ciP1)V-- -V (co+ciPr),
where 0 <c¢; <--- <c¢, P1 >--- > P; Boolean elementary conjunctions.

If k=1, then P; is not a minterm; and if k¥ > 2, then P, > P, implies that P; is not a minterm. Let x be a variable
not occurring in P;. Let

g  =(co+carPix) V-V (co+ ciPix),
g =(co+aPix)Vv---V (Co + CkPkf).
For some gi,g;, g° < gi,g~ < ¢g; because g* < g, g~ <g. But g=g¢g* Vg~ and thus ¢ could be added to (13) by

adjunction of consensus: contradiction. [

Theorem 11. Let a basic conjunction p be represented as a meet of literals

/\(ai + bix;) (14)
with all b; > 0, so that no variable occurs in more than one factor literal in (14) and no factor a; + biX; is redundant.

(a) p is an elementary conjunction if and only if all the factors have the same minimum,
(b) expression (14) is the canonical CNF of p if and only if all the factors have the same maximum.

Proof. (a) If all the factors have the same minimum, then (14) is by definition an elementary conjunction. Conversely,
if all the factors do not have the same minimum, then let a; be the lowest of these minima, and let a, be the second
lowest. We have a; + b; > a, for every i, and thus the range of the function p includes at least the three distinct numbers

ai,a, |\ (@ +b).

Thus (14) cannot be an elementary conjunction if all the literals in (14) do not have the same minimum.
(b) If all the factors in (14) have the same maximum, then (14) is easily seen to be the canonical CNF of p. Conversely,
(14) is a CNF by definition only if a; + b; are the same for all ;. [

The following theorem then follows by duality:

Theorem 12. Let a basic disjunction d be represented as a join of literals

\/ (@i + bi:) (15)

1

so that no variable occurs in more than one join term of (15) and no join term is redundant.

(a) d is an elementary disjunction if and only if all the join terms have the same maximum,
(b) expression (15) is the canonical DNF of d if and only if all the join terms have the same minimum.



S. Foldes, P.L. Hammer | Discrete Applied Mathematics 142 (2004) 5365 65
Acknowledgements

The results of this paper were obtained while the first named author was at RUTCOR. The partial support of the
National Science Foundation (Grant DMS-9806389) and of the Office of Naval Research (Grant N00014-92-J-1375) are
gratefully acknowledged.

References

[1] E. Boros, P.L. Hammer, Pseudo-Boolean optimization—a survey, Discrete Appl. Math. 123 (2002) 155-225.
[2] M. Davio, J.-P. Deschamps, A. Thayse, Discrete and Switching Functions, McGraw-Hill, New York, 1978.
[3] O. Ekin, S. Foldes, P.O. Hammer, L. Hellerstein, Equational characterizations of Boolean function classes, Discrete Math. 211 (2000)
27-51.
[4] O. Ekin, P.L. Hammer, U. Peled, Horn functions and submodular Boolean functions, Theoret. Comput. Sci. 175 (1997) 257-270.
[51 S. Foldes, P.L. Hammer, Disjunctive and conjunctive normal forms of pseudo-Boolean functions, Discrete Appl. Math. 107 (2000)
1-26.
[6] S. Foldes, P.L. Hammer, Monotone, Horn and quadratic pseudo-Boolean functions, J. Univ. Comput. Sci. 6-1 (2000) 97-104,
http://www.iicm.edu/jucs_6_1.
[7]1 S. Foldes, P.L. Hammer, Disjunctive and conjunctive forms in finite lattices and convexity spaces, Discrete Math. 258 (2002)
13-25.
[8] S. Fujishige, Submodular Functions and Optimization, Annals of Discrete Mathematics, Vol. 47, North-Holland, Amsterdam,
New York, Oxford, Tokyo, 1991.
[9] P.L. Hammer, I. Rosenberg, S. Rudeanu, On the minimization of pseudo-Boolean functions, Stud. Cerc. Matn. 14 (1963) 359-364.
[10] P.L. Hammer, S. Rudeanu, Boolean Methods in Operations Research and Related Areas, Springer, Berlin, 1968.
[11] L. Lovasz, Submodular functions and convexity, in: A. Bachem, M. Groetschel, B. Korte (Eds.), Mathematical Programming—The
State of the Art, Springer, Berlin, 1983.
[12] H. Narayanan, Submodular Functions and Electrical Networks, Annals of Discrete Mathematics, Vol. 54, North-Holland, Amsterdam,
New York, Oxford, Tokyo, 1997.
[13] D.M. Topkis, Supermodularity and Complementarity, Princeton University Press, Princeton, NJ, 1998.


http://www.iicm.edu/jucs_6_1

	Disjunctive analogues of submodular and supermodular pseudo-Boolean functions
	Preliminaries
	Characterizations
	Implicant theory of basic conjunctions
	Acknowledgements
	References


