=

View metadata, citation and similar papers at core.ac.uk broughttoyouby .. CORE

provided by Elsevier - Publisher Connector

JOURNAL OF NUMBER THEORY 2, 414-422 (1970)

The Number of Steps in the Euclidean Algorithm

JouN D. DixonN*

Department of Mathematics, Carleton University, Ottawa, Ontario, Canada
Communicated by P. T. Bateman

Received August 29, 1969; revised March 2, 1970

For all pairs of positive integers u, v with « - v we define L(u, v) to be the

number of steps required in applying the Euclidean algorithm to the pair «, v.
Then given any ¢ > 0 there exists ¢, > 0 such that

| L(u, v) — (1272 log 2) log v | < (log v)i+e

for all except at most x2 exp{—cy{log x)¢/%} of the pairs u, v with 1 < s
VX,

1. INTRODUCTION

Given any two integers v and v with | < u < v, the usual Euclidean
algorithm for computing the greatest common divisor will give a series of
equations

g =0, =1Uu and Fm-1 = Gmfm 1 Fmyz (m =1, 2,"')5 (11)

where the g, are positive integers and the r; are integers such that
Fo = 1 > > Ipyy = 0. The greatest common divisor is r,, and we shail
denote the number n of steps in applying the algorithm by L(u, v).

Trivially L(u, v) > 1 and L(u, v) = 1 exactly when u | v. It is also easy
to see that we get the largest possible value for L(u, v) with respect to the
sizes of u and v when r, = 1 and each ¢, in (1.1) is 1. Then the equations
(1.1) define u and v, respectively, as the n-th and (n + 1)st Fibonacci
numbers. As is well known, in this case,

1 + (_l)n a1
o+ a1

v =

where o > 1 satisfies o> = o 4 1. Since o 4 o1 = 52, p is the closest
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integer to 57Y/2«¢™+L. Thus we conclude that if we are given x, then for all
pairs #, v with 1 <Cu < v < x we have

L(u, v) < (log x + 1)/log @ = (2.07...)(log x + 1). (1.2)

Moreover, this bound is asymptotic to the least upper bound for all
Lu,vywith1 <u <o < x.
The object of this paper is to prove the following theorem.

THEOREM. For all positive € there exists ¢, > 0 such that
| L{u, v) — (1272 log 2) log v | < (log v)t/2*e

for all except at most x* exp{—c,(log x)**} of the pairs of integers u, v
withl <u<v <x

Note. 127~%log 2 = 0.84276.... We shall denote the reciprocal of this
constant by A.

Remarks. Heilbronn recently showed in [1] that for each integer v
e(0) Y L(u,v) = (1272 log 2) log v + O(log log v)*

where the sum is over all positive integers ¥ <X v which are relatively prime
to v and @(v) is the Euler function. Heilbronn’s methods are quite different
from ours and he states his result in terms of continued fractions. There
are very close links between our problem and certain problems in the
theory of continued fractions (see Section 2); in this connection the con-
stant A is already familiar from work of Lévy [2, Section 79]. Indeed the
proof of our theorem involves an application of results due to Philipp in
the metric theory of continued fractions (although Philipp presents his
results in a more general context). The work of this paper arose from a
question put to me by D. Knuth in 1963. At that time Knuth obtained
a great deal of computational evidence for a theorem like the one proved
in this paper, and has since published an analysis of his results in [5,
pp. 316-338].

1 should like to acknowledge the helpful criticisms made by W. Philipp
of an earlier version of this paper. At his suggestion I have used a number
of his results to simplify this paper and to strengthen the main theorem.

Notation. In dealing with continued fractions our notation will follow
closely that of Khinchin’s book [6]. In particular, [a, , a5 ,...] denotes the
continued fraction

o
a + 1
a2 _+_ aae
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where a, , a, ,... are positive integers (this is different from [1]). The letter ¢
(with appropriate indices) will always denote a positive constant. The
letter 6 always denotes a real quantity of absolute value <C 1; it may take
different values at different places. Finally <0, I> denotes the open interval
from 0 to 1, and S denotes the (Lebesgue) measure of a subset S of <0, 1.

2. THE RELATION WITH CONTINUED FRACTIONS

We first review some elementary results on continued fractions (see
[6; Chap. 1]). Let 0 < « <{ 1. Then o may be expanded as a continued
fraction [a,, a,,...] with positive integers q,, a, ,...; this expansion is
unique if we make a suitable convention in the rational case. The m-th
convergent of this continued fraction is P,/Q,, where

Py=0, P, =1 and P, =a,Ppy+ P,y (m=273,..)
2.1
Qo =1, Ql = and Qm = aQO—l -+ Qm—z (m =2, 35)

and P,/Q,,— a as m — o. The continued fraction is finite (that is,
a, # 0but a,, = 0 for all m > n) if and only if « is rational, and in this
case P,/Q, = «. There is an obvious relation between the equations (2.1)
and (1.1); indeed with the notation of (1.1) we have ufv = [g, ,..., q,]. In
particular, when the greatest common divisor of uand vis 1, thenr, = 1
and u and v are precisely the numbers P, and @, computed from (2.1)
with a,, = ¢q,,(m = 1,..., n).

If « = [a,, a;,...], then we define the m-th complete quotient z,,(x) to be
equal to [@,.1 5 Gmyg o) if @miq # 0 and otherwise z,,(¢) = 0. Note that
0 < z(@) < 1 and that

zg(a) = o and z, (o) = 1@ + z(2)) if m > 1 and a,, 0. (2.2)

We now have three elementary theorems on continued fractions, The
first follows readily from (2.2).

LEmMMA 1. Let u and v be relatively prime integers with 1 < u < v.
Then

n—-1

v =[] zul/v)

m=0

The proof of the next result may be found in [6, Section 12].
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LemMmA 2. Let a, ..., a, be n positive integers. Let J be the set of all
£ €0, 1) such that the first n terms in the continued fraction expansion of
Eareay,...,a, . If P, and Q,, are defined by (2.1), then J is an interval with
end points P,[Q,, and (P, + P, )/(Q, + Q,_;) and of length

pJ = {Qn(Qn + Qu_r)} ™

Note that because Q,, = Qn_;, 30,2 < uJ < Q7%

LemMA 3. Let J be defined as in Lemma 2, and let £, £ € J. Then for
each m < n we have

| Zu(§) — zu(§)] < 27n-m-D) 2.3)

and

| log z,(€) — log z,,(§)] < 2-#"=m-1, 24

Proof. From the definition of z, it is enough to consider the case
m = 0; then zy(€) = £ and z(&) = ¢
To prove (2.3) we note that, in the notation of Lemma 2,

[ € — & | <{QQn + Q,-1)}2. Since an easy induction (see [6,
Section 4]) shows that Q, > 2in-1 | £ — £ | < 2-(»-1 a5 required.
To prove (2.4) we note that Lemma 2 shows that £/€ lies between

Pn(Qn + Qn-—l) and Qn(Pn + Pn—l)

0P+ Poy) POt O @)

Since we always have | P,,Q, ; — @,P,._; | = 1 (see [6; Section 2)), the
ratios in (2.5) differ from 1 by {Q.(P, + P,_)} ! and {P,(Q, + O._)},
respectively. Hence as in the first part of the proof

|1 — ¢ < @it <27¥
Since we may suppose £ > £, we have
0 <logé —log €& < log{l 4 2-#n-1} L 2-ilr-1),

This completes the proof.
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3. THE PRINCIPAL LEMMA
The following inequality lies at the heart of the proof of our Theorem.
LEMMA 4. For all positive integers n and k we have

. n—1
% g Uog Q0 — nd v 467 J:QZIngm(§)+nA§ ¢ (3.1)

Apaeers a, Q 2 m=0

where the sum on the left is over all n-tuples of positive integers a, ,..., 4, ,
and Q,, is defined in terms of the a; by (2.1).

Remark. We are using 8 as a generic symbol to represent quantities of
absolute value =<{ 1 and the value of 8 will differ from term to term in the
sum. We shall apply (3.1) in the case where A has the value defined in the
Theorem; however the inequality (3.1) is valid for arbitrary values of A,

Proof. Let J be defined as in Lemma 2, Then when P, and @, are
defined by (2.1) we have & = P,/Q, € J. Thus for any ¢ € J, Lemmas 1
and 3 show that

n—1
Z IOg Zm(g) -+ IOg Qn < Z 2-${n~m-1) 4.

m=0 m=0

Hence

f %"Z—:l log z,.(£) + n)\g dé

m=0
— | {log 0 — n) - 46} de
J

= {log Q, — nA -+ 40* uJ > 10,4log O, — nA + 46)%*

by Lemma 2.

Since the interval <0, 1 is a disjoint union of all intervals J as q, ,..., a,
run through the set of all n-tuples of positive integers, we obtain (3.1) by
summing the last inequality over all such n-tuples. This proves Lemma 4.

Our next step is to estimate the right side of (3.1), and we proceed as
follows. For each integrable g we define

1 dé
E@) = | 8O 1 g0z
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Let J,, denote the set of all £ €<0, 1> such that [1/£] =m (m = 1, 2,...).
Then for each integrable g

¢

E(g-z) 21 f, 8 T og2

i

_s [ dn
a mzzl fog(n) (m + n)(m + 1+ 1)log2

ot «{ 1 1 dn
_fog(n)w;%mqtn m—+m+ 1) log2

[ dp
=L G e~ B

Then by induction we get the (known) result
E(goz) = E(g) forh =0,1,... 3.2
The constant A now enters the picture. Direct calculation shows
E(log §) = —A, (3.3)
and so. if we put f(§) =logf + X and y, = fozy(h = 0, 1,...), then
E(y,) =0 forh=0,1,.. (3.4)
The calculations of [4, p. 84] now show that the following result holds:
There is an absolute comstant ¢; > O such that for all integers
1 <j<r0<i< - <i,;and ky,..,k, = 0 we have
\E(yit -+ yin) — E(yit -+ i) EQiit - vidl
< exp{—cy(isg — i)Y3 sup Ely; Fk"- (3.5
(In Philipp’s notation we are considering the transformation T of type C
defined by T¢ = z,(§). It follows from our (2.4) that his condition (15) is
satisfied with C, = 1 and & = 1; his inequality (20) then gives our (3.5)

where § = 1 because 7'is of type C.)
Finally [3, Hilfssatz 1.3] gives the estimate we require.
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LemMA 5. (Philipp). There exists ¢, > 0 such that, if k and n are
positive integers with 4(k -+ 1)} < ¢;v/nflog n, then

1,771 ) 2k dé . ]
f , 3};0 log z,(£) -+ nA TFHiog? < (epnkHr. (3.6)

(In Philipp’s notation we have L(2k) = 1 and ¢(s) = exp{—c;V/s} from
our (3.5), and we are taking x, = y, . His conditions (1.1) and (1.2) are
guaranteed by our (3.4) and (3.5), respectively.)

4. THE PROOF OF THE THEOREM

Let # be a positive integer and x be real and > 0. We define L,(x) as
the  number of pairs u, v of integers with 1 < u < v < x such that
L(u, v) = n. We also define L,*(x) as the corresponding number of pairs
with the additional condition that « and v are relatively prime. Note that

Ly(x) = ), Ly*(x/d) (4.1)

a<se

because, if u and v have greatest common divisor d, then
Lu, v) = L(u/d, v/d).

Our final lemma estimates L,(x).

LemMMA 6. For each positive ¢ < 1 there exists ¢y > 0 such that for all
sufficiently large x

L, (x) < x? exp{—cy(log x)</?} 4.2)

whenever n satisfies

[ dn — log x | > (log x)1/2+<, (4.3)

Remark. If we classify the pairs u, v counted in L,(x) according to
the value of k& = [v/u], it is clear that L,(x) <3 L,_,(x/k) summed over
k < x. Thus induction on n shows that L,(x) < x(log x + 1)=. In par-
ticular, if n < log x/2 log log x, then (4.2) always holds for sufficiently
large x. Thus in the proof that follows we shall assume that n > log x/2
log log x.
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Proof. First consider L,*(x). As we saw in §2, L,*(x) is precisely the
number of n-tuples a, ,..., a, of positive integers such that Q, defined in
(2.1) is < x. Now (log § — nA + 40)%* £-2 decreases as £ increases except
when 0 < log § — nA + 48 < k. Hence, if |logx — nX | > k - 4, then

2 (log O, — nA + 46)%
Ln*(x) < (‘ log X — nh | 42k av;,a an .

So, by Lemmas 4 and 5,

X2
(| log x — nA|

Ln*(x) < _4)2k (C2nk4)k

whenever k << ¢;4/n/8 log n.
Now suppose that | An — log x | = I(log x)/%+< and put

k = [3c;*"*(log )",

Since € < 1, k < ¢;4/n/8 log n for all large x and so the last inequality for
L,*(x) shows that for some ¢; >0

Sn(log x)? ¢ 1
16—(1(0g_g.;)_1+T < Z x? exp{—ZCs(log x)e/2} (44)

L *(x) < x?
for all sufficiently large x, whenever | An — log x | == 3(log x)'/2+<.

We now consider L,(x). Put d, = [exp{cs(log x)¢2}]. For all large x,
dy < v/x and (4.3) implies | An — log(x/d)| > 3{log(x/d)}1/2+ for d < d,
Therefore if we divide the sum (4.1) into two parts — d < dyand d > dy—
and apply (4.4) we obtain

Lx) = (L + ¥) La*xid)
< I exp{—cy(log )} Y d2 + 12 Y7 d

<< x? exp{—cy(log x)</?}

for all sufficiently large x whenever (4.3) holds. This proves the Lemma.

Finally, we complete the proof of the Theorem. By (1.2) it is enough to
consider the case € << 1. We must estimate the number of pairs u, v with
1 < u < v < x which fail to satisfy

| AL(u, v) — log x | << A (log v)t/2+e, (4.5)
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If x is large then such a pair satisfies at least one of the conditions:

() v < x exp{—13i(log x)'/2};
(i) xexp{—3% (log x)'*} <v < xand
| AL(u, v) — log x | > (log x)'/2+,

since A > 1. But the number of pairs satisfying (i) is < x? exp{—(log x)*/*}.
On the other hand, the number of pairs satisfying (ii) is << >° L,(x) summed
over all n satisfying (4.3); by Lemma 6 and (1.2) this number is

< (3 log x) x* exp{—cy(log x)/?}

for all large x. Hence there exists ¢, > 0 such that for all x the total
number of exceptions to (4.5) is at most x2 exp{—c,(log x)*/2}. This proves
the Theorem.

Note. Professor Philipp has indicated that a closer analysis shows
that we may improve the exponent of log x in our final estimate from
€/2t0 e
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