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Abstract

The spectral problem of the Heisenberg XXZ spin-% chain on the segment is investigated within a mod-
ified algebraic Bethe ansatz framework. We consider in this work the most general boundaries allowed by
integrability. The eigenvalues and the eigenvectors are obtained. They are characterised by a set of Bethe
roots with cardinality equal to N, the length of the chain, and which satisfies a set of Bethe equations with
an additional term.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In this work, we study the spectral problem of the Heisenberg XXZ spin-% chain on the
segment, namely

N-1
H:eo]z+/<701_+/<+al++ Z (a,f@a,fﬂ—i—aky@akyﬂ +Aa,f®a,f+l>
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Y% are the standard Pauli matrices, which act non-

where N is the length of the chain and al.jE
trivially on the site i of the quantum space H = ®1N: 1(Cz. The theory is characterised by the

—1
anisotropy parameter A = q+g , where ¢ is generic, and by left {€, k*} and right {v, ¥} bound-

ary couplings that we consider generic.

The possibility of exactly solving the Hamiltonian (1.1) is due to the fact that it can be embed-
ded into the quantum inverse scattering framework [33]. Indeed, the spin-% chain on the segment
can be obtained from the logarithmic derivative of the double-row transfer matrix of the lattice
six vertex model with reflected ends. The commutativity of the double-row transfer matrix, which
allows one to diagonalise the Hamiltonian and the transfer matrix in a common basis, follows
from the so-called reflection equations [12], in addition to the Yang—Baxter equation.

The complete characterisation of the spectrum of the double-row transfer matrix is, however,
a challenging problem, which has been investigated by many authors, either from a Bethe ansatz
(BA) point of view [28,29,7,17,16,36,14,15,6,31,32,9,24] or from alternative approaches [2,22,
30,1,20,26], see for instance [4] for more historical details. The main difficulty arises from the
breaking of the U (1)-symmetry, here induced by general boundary configurations allowed by
the reflection equations. Let us also mention that, besides its intrinsic interest, the solution of this
problem also finds applications in other areas such as out-of-equilibrium statistical physics, high
energy physics, condensed matter, mathematical physics, among others.

In a previous paper [4], one of the authors considered the Hamiltonian (1.1) with triangular
boundaries, i.e., k* =1t =0 or k= =1t =0, from the so-called modified algebraic Bethe
ansatz (MABA) approach. This method was first implemented in the case of the XXX spin—%
chain on the segment with the most general boundary conditions [5] and recently applied to the
totally asymmetric exclusion process [13]. By means of this method, the algebraic Bethe ansatz
framework [34,33] can now be used for quantum integrable models with finite number of degree
of freedom and which are not invariant by the U (1)-symmetry.

Here, we consider the Heisenberg XXZ spin—% chain on the segment with generic bound-
ary parameters. We obtain constructively the Bethe vectors, the eigenvalues (or equivalently the
functional Baxter T-Q equation) and the Bethe equations. We recover the Baxter T-Q equation
with the new additional term discovered in [9,24]. The new results are the construction of the
associated Bethe vectors which characterise the eigenstates of the Hamiltonian (1.1) as well as
the off-shell action of the transfer matrix on it.

We also consider the limiting cases with left general and right upper triangular boundaries,
i.e. T =0, and the case where the boundary parameters satisfy certain constraints [28,29,21],
which can be obtained by requesting the vanishing of extra unwanted terms in the off-shell action
of the transfer matrix on the Bethe vectors.

This paper is organised as follows. In Section 2, the basic properties of the quantum group
U, (s/l\z) and of its coideal sub-algebra are reminded. Next, in Section 3, we recall the dynamical
gauge transformations which allow the construction of the dynamical operators and of the dy-
namical transfer matrix. In Section 4, the representation theory, necessary for the implementation
of the MABA, is considered. Then, in Section 5, we develop the modified algebraic Bethe ansatz
and in Section 6 we give some limit cases of our result. Finally, we conclude in Section 7.

2. XXZ chain on the segment in the reflection algebra formalism

Quantum integrable models can be constructed from quantum groups and their coideal sub-
algebras, the so-called reflection algebras. For the XXZ spin chain on the segment, one consider



S. Belliard, R.A. Pimenta / Nuclear Physics B 894 (2015) 527-552 529

the quantum group U, (;l\z) and its reflection algebras [12,33]. Here we give only the needed
relations, more details can be found for instance in [4]. The fundamental object in this context is
the so-called R-matrix, which acts on V, ® V;,' and it is given by,

bgu) 0 0 0

| o bw 1 0 Cu—u!
0 0 0 blqu)
and which satisfies the quantum Yang—Baxter equation that actson V, ® V, ® V,
Rap(ug /up) Rac (g /uc) Rpe(up/ue) = Rpc(up/uc) Rac (g /ue) Rap (g /up). (2.2)

In order to consider spin chains on the segment, we also need the so-called K ~-matrix and its
dual, the K T-matrix, which are given by,”

_ k™ 2 _ _ _
K (u):(fzc((”;)) kf_(it(fl))) K@ =vou+viut, cuw)y=ut-u? (23

+ =2
KT (u) = (Ifz C((qq”;)) kf(qc,(f’;,)l) ) .kt =ejuteu), (2.4)

where {e4, k, k} and {vy, T, T} are generic parameters. They are the most general solutions [18]
of the reflection equation [12] and of the dual reflection equation [33], that acts on V, ® V},

Rap(uy/u2) K, (u1) Rapwiu2) Ky (u2) = Kp (u2) Rap (uiu2) K (1) Rap(ui/uz),  (2.5)
Rap(ua/u) K (1) Rap (g 2uy ' us DK, (1)
= K, (u2) Rap (g 2uy "uy YK (1) Rap (uz /ur). (2.6)

The R-matrix (2.1) and the K~ -matrix (2.3) allow the construction of the so-called double-
row monodromy matrix, that acts on V, ® H, given by,

Ka(u) = Rar(u/v1) ... Ran(u/vN) K, W) Ran (uvy) ... Ra1(uvy), (2.7
_ o (u) B(u) .
“\Cw 2w+ g ) 2.8)

with operator entries in the auxiliary space and denoted by {7 (u), Z(u), € (1), Z(u)}. Each of
these operators act on the quantum space H = V1 ® --- ® Vy. This representation is useful in
the construction of the eigenstates by means of the % (u) operator. The parameters v; in (2.7) are
called inhomogeneities.

Remark 2.1. It is also possible to use another family of operators, {Jf(u), Bu), C (u), @(u)},
which allow to construct the Bethe vectors of the transfer matrix from the %’(u) operator,

. Lo
Ka(u):(wuw—b(quz)@(u) c?w)) | (2.9)
E (u) PD(u) “

1 In this work, we only use two-dimensional complex vector spaces, i.e., V = 2,
2 For convenience, we use squared off-diagonal parameters of the K-matrices when compared with the notation in [4].
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Bringing together the dual K *-matrix (2.4) and the double-row monodromy matrix (2.8), one
can construct the double-row transfer matrix,

1) = tra (K () Ko (w) = ¢kt @) o/ (u) + k(g u™")Y D (u)

+ C(qu)(K2 Bu) + kz%(u)), (2.10)
where
_ b(q*u?)
& (u) W, (2.11)

which is the operator whose spectrum will be investigated.

Remark 2.2. In a similar way, we can use the operators {,;zf (u), 9 (1)} to write the transfer matrix
as,

t) =kt (qu) () + ¢kt WY D(u) + c(qu) (K2 B) + i ‘K(u)). (2.12)

The transfer matrix, since the Yang—Baxter and reflection equation are satisfied, consti-
tutes a family of commuting operators, if evaluated at different spectral parameters [33], i.e.
[t (u), t(v)] = 0. For this reason, ¢ («) can be regarded as a generating function of the conserved
charges of the model. In this context, the Hamiltonian (1.1) is one of these charges and it is
related to the (homogeneous) double-row transfer matrix by means of the relation,

g -1 _ -1y
H=1"9 % 1wy —<Nq+q G )>. (2.13)
du u=1,v;=1

2 2 2(g+q7
In terms of the boundary parameters of the K -matrices (2.3), (2.4), the couplings of the Hamil-
tonian (1.1) are expressed as,

_ -1 — e 2ag — -1 2g — -1
e (G—q ) (ey —¢ )’ = (g—gq )Kz’ o= (g—q )Ez’ 2.14)
2 (e+ +¢€2) (e+ +€-) (e +€-)
_ -1 - 2g — -1 2g — -1
b (g—q ) v+)’ - (g—q )_Ez’ +_24q~-q )12‘ 2.15)
2 vy +vo) vy +vo) (v +v-)
It is convenient to introduce a new parametrisation for the boundary parameters, namely
vo=ifT(u/ /), vy =it + 1/ (i), (2.16)
e =ikic(§/6 +5/5), er=ikn(§5 +1/(58)). (2.17)

The advantage of this parametrisation is that it brings the g-determinant [33] to a factorized
structure, i.e.,

Dety (K~ ()} = tr12( P K ) R(qud)K; (qu)) =) @k~ (@~ 'u™).  218)
Dety (K * @) = tri2 P K (qu)R12g K )
=blq~ )k (quk* (g~ uh), (2.19)

where we introduce useful boundary functions given by,

) =itruu+p~w ™ HY(@E v+ puh,

k) =ik Eu+EuYE u+Euh. (2.20)
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Remark 2.3. The parametrisations (2.16), (2.17) are respectively invariant by a Z% x Z? sym-
metry, namely

e For (2.16) by the transformation pu — !;L andjl —> or~/1 — l~//1 and u — 1/u.
e For (2.17) by the transformation § — & and§ — & or§ — 1/& and & — 1/§.

3. Dynamical gauge transformation of the transfer matrix

In the case of the XXX spin-% chain on the segment, due to the SU(2) invariance, similarity
transformations can be used to map the original problem with general boundaries to another one
with a left general and a right diagonal boundaries or to a left lower triangular and right upper
triangular boundaries. Both cases can be considered within the MABA framework [5,4].

For the XXZ case, the SU(2) invariance is broken by the presence of the anisotropy parameter
and one has to consider a more intricate transformation [7]. We recall that this transformation
was introduced by Baxter in [3] to study the XYZ spin chain on the circle (see also [19]) and
then used in the context of the XXZ spin chain on the segment in [7]. As we shall demonstrate,
the local gauge transformation allows one to bring the dynamical double-row transfer matrix to
a dynamical lower—upper (or upper—lower) structure.

In this section, after defining the gauge transformation, we introduce the dynamical operators
and the dynamical transfer matrix. Next, the important multiple commutation relations for the
MABA are also derived.

3.1. Gauge vectors

Following [7], we introduce the covariant vectors and the contravariant vectors,

—m.. —1 m,,—1
X(u,m):<°“1 o ) Y(u,m):(ﬂq N ) (3.1)
Xa.m)y=—T2 (21, ag™u'), Yumy=-12 (1, —pgmut), (3.2)
VYm—1 Ym+1

where o and B are arbitrary complex parameters and m is an integer which characterises the
dynamical algebra produced by the gauge transformation (see e.g. [36,37,21] for more details).
They satisfy the scalar products,

Xu,m)Xw,m)=Y@u,m)Y w,m)=0,

Xwu,m+DYum—1)=Yu,m—-DXu,m+1)=1 (3.3)
as well as the closure relation,
Yu,m—DXwu,m+ 1)+ Xu,m+DYwu,m—1)= ((1) ?) ) (3.4)

Let us introduce the function y (u, m) = ag~"u — Bg"u~" and denote y (1, m) = y,,. The co-

variant vectors then satisfy the following intertwining relations with the R-matrix (2.1),
Rip(u/v)X1(u,m+1) ® Xo(v,m) =b(qu/v)Xi(u,m) ® Xo(v,m+1),
Rio(u/v)Yi(u,m) @ Y2(v,m+1) =blqu/v)Yi(u,m+1) ® Y2 (v, m),
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_ b(u/v)ym
Ripw/v)X1(u,m+1) Q@ Yr(v,m) = yixl(u,m +2)@Y2(v,m+1)
m+1

v/u,m—+1
+7/(/ )
Ym+1

Ria /) V1 (a.m) ® Xa(v.m + 1) = 28OVl 0 1 @ Xa (v m)

m

Yi(u,m)® Xo(v,m+ 1),

n yu/v,m)
Ym

Xi(w,m+1)®Y2(v,m)

while the contravariant relations are given by,

and

Xi(u,m~+1) ® Xa(v,m)Ri2(u/v) = b(qu/v) X1 (u, m) ® Xz (v, m + 1),
Yi(u,m) ® Ya(v,m + 1D)Ry2(u/v) = b(qu/v)Yi(u,m + 1) ® Y2(v, m),

(3.5)

s il _ b(M/U)J/m+1 ot ot
Xiwu,m+1)QYo(v,m —2)Rp(u/v) = ——X1(u,m+2)®Yo(v,m —1)
m
+ Mﬁ(u, m—2)® Xa(v,m+1),

Yi(u,m — 1) ® Xa(v,m +2)Ri2(u/v)

b 1 ~ .

_ Ut g 2 @ R + 1)
Y
+W?~(l(u,m+2)®?2(v,m—l). (3.6)
3.2. Dynamical operators and transfer matrices
Following [7], we introduce the dynamical operators
Cu,m)=Xu,mKWXu '\ m), Bum=YumKwywu " m), 3.7
Au,m)=Ywu,m—-2)KwXwu™ ", m),
_@(u,m):X(u,m+2)K(u)Y(u71,m), (3.8)
2
2 m— ) —1) A
Fum) =YL gy = L =D Gy ), (3.9)
Y b(qu=)ym
A -2 1

Damy = o my - YD e, (3.10)

Y b(qu?)ym

which satisfy the commutation relations given in Appendix A. The family of dynamical operators
{o/ (u,m), Z(u,m)} is used to construct the Bethe vectors from the Z(u, m) operator. In this
case, which we will consider in more details, the transfer matrix can be decomposed in the
following way,

£0) = 1, m) +u~" e(qu) (60 Bt m) = 56, m) = Syt . m))

where

(3.11)
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i = a5 (a5,
i = —;(ﬂq”"l +zi—§)(ﬂq’"‘l +i5H). (3.12)
B = Vi] (aq*’"*‘ +i%)(/3qm+‘ +i%). (3.13)

The term t4(u, m), which is called the diagonal transfer matrix, is given by,
tau,m) =a@) e/ (u,m) +d@)Pw,m), aw)=u"pwk*(u),
duw)y=u""kt(g "™, (3.14)

and corresponds to the only remaining contribution when there exist constraints between left and
right boundary parameters [7]. The term ¢, (u, m) is defined as,

tps(u,m) = ¢ (g~ u=") o (u, m) — D(u, m). (3.15)

Although it also involves the dynamical operators <7 (1, m) and Z(u, m), this term disappears in
the constrained case, however it has to be considered in the generic one.

Remark 3.1. In an analogous way, we can express the transfer matrix in terms of the opera-
tors {7 (u, m), Z(u, m)}. This is convenient for the construction of the Bethe vectors from the
% (u, m) operator. We have,

£(u) = iy (u, m) + u—lc(qu)(gm%(u, 1) — EnC (1, m) + S—afps (. m)) (3.16)
where

fau,m) =a) w,m) +dw)D(u,m), a@w)=u""k*(qu),

dw) =u""¢k" @™ 3.17)
and

fosu,m) = —/ (u,m) + (g u™HD(u, m). (3.18)

In the following subsection, we determine the action of the dynamical transfer matrices
on an ordered product of dynamical Z (or %) operators. This is a fundamental step in the
execution of the ABA. In this subsection and the remaining of this paper, the set of M vari-
ables {uy,us,...,up} will be shortly notated by u with #u = M. Another important set is
uj ={uy,uz, ..., uj—1,Uuiy1, ..., Uy}, where the element u; is removed. On the other hand, if
an element u is added to this last set we denote it by {u, u;}. All the needed functions are given
in Appendix A. In addition, for products of functions regarding to the set u we use a shorthand
notation; for example, for the products of the function f, we have

M
flu iy =TT ra u).
i=1
Similarly for the set i; we denote

M
fuay= ] fwiup.

j=1j#i
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3.3. Multiple commutation relations and ABA framework

Let us introduce a string of dynamical % operators, with length M, namely
B@u,m,M)=Bui,m—2)...Bupy,m—2M). (3.19)
Using the dynamical commutation relations (A.28), (A.29), (A.30), we can show that the action
of the diagonal dynamical operators {7 (u, m), 9 (u,m)} on this string is given by,
o/ (u,m)B(it,m, M)
= f(u,u)Bu,m, M) (u,m —2M)

M
+ > g g, m —2) f (uiit)) B({u it} m, M).of (i, m — 2M)
i=1

M
+ Zw(u, ui,m—2h(ui,u;)BQu,u;},m, M)P(u;,m —2M) (3.20)
i=1

and

D(u,m)B,m, M)

=h(u,)Ba,m, M)P(u,m —2M)
M
+ ) kG, i m = 2)hu;, i) B({u, i}, m, M)9 (u;, m —2M)
i=1

M
+ Zn(u, ui,m—2)f i, u;)BQu,u;},m, M)/ (u;,m —2M). (3.21)
i=1

Then, taking into account the following functional relations among coefficients of the commuta-
tion relations (see Appendix A for explicit formulas),

a(u)g(u, v, m) —l—c?(u)n(u, v, m)

= Fu,0)¢(q~"v"Haw) + xmiau" c(quyp (g~ v™h, (3.22)
aw)ywu, v, m) +dk@, v, m) = —F (u, v)p 0)d (V) — xmeou"'c(qu), (3.23)
#(a™ g, v,m) = nGu, v, m) = ¢(g~ v (G 0O + pu2). (3.24)
B @ uHywi,v,m) =k, v, m) = =G, b0 + ps2), (3.25)

where
Xon = iR (q q—l)—y(i ‘i’"), pm =g~ q—1>4"m§‘m+l"mﬂ , (3.26)

we find that the action of the dynamical diagonal transfer matrix (3.14) on (3.19) is written as,

ta(u,m)B(u,m, M)
=B, m, M)(f(u, Daw) < (u,m —2M) + h(u, ))du)P(u,m — 2M)>
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M
+ ) F(u,u) B, i}, m, M) (g™ ui ) f (i, 8)a i) (ui,m — 2M)

i=1
— ¢ uh(ui, 1;)du) P (u;,m — 2M))
M

+ Xt e(qu) D Bu i}, m, MY(@ (g™ ui ) f ui, ity) o7 (ui,m — 2M)

i=1
— h(ui, u;) P (ui,m —2M))
while for the action of (3.15) on (3.19) we have,

tps(uvm)B(lz’ m, M)

— B(i.m, M)(qs(q—lu—l)f(u, i), m —2M) — h(u, 0) D, m — 2M)>

M

+ ) G, u)B(u, i}, m, M)(bu)$ (g™ ui ) f (i, i) (i, m — 2M)

i=1
- b(q_zufz)h(ui, )9 i, m— 2M))

M

+pm Y B, iy, m, M) (g~ uy ) f (i i) 7 (uism — 2M)
i=1

— h(ui, 1) D (ui,m —2M)).

Remark 3.2. Similarly, we can introduce the string of dynamical 4 operators

Cum M)=Cwu,m~+2)...Cuy,m+2M),

535

(3.27)

(3.28)

(3.29)

and, from the dynamical commutation relations (A.31), (A.32), (A.33) and the functional rela-

tions,

ci(u)g(u, v,m)+a)n(u, v, m)
= F(u, v)p(q " 'v")d W) + fm—2u""c(qu)p(g v,
Ak, v,m) +dw)w(u, v,m) = —F(u, v)¢0)aw) — Zm_ou"'c(qu)
—k@u,v,m) + ¢ (@ u i, v, m) = —G(u, v)b(g v + pu—
d(q  u g, v,m) — i, v,m) =g v (G, V)b — pu—2)
where

. o yYm=1) y(m—1)
Xm_Xmi)/(m-l—l),

we are able to obtain,

m —)Omm,

ta(u, m)C (it, m, M)

=C(i,m, M)(h(u, Daw) (u,m+2M) + f(u, ))dw)D(u, m + 2M))

M
+ 3 Fuu)C @), m, M)( = dudh(uy i)y o (i, m +2M)

i=1

(3.30)
(3.31)
(3.32)
(3.33)

(3.34)
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-1, -1 _ 5 >
+ (g u; ) fui, a)d )P (i, m+2M))

M
+ At e(qu) Y Cu, i}, m, M) (= hiui, i) (ui, m +2M)
i=1
+ ¢ (g u ) f i 1) D (i m +2M)) (3.35)

and
fps(u, m)C(u,m, M)
=C(i,m, M)( — h(u, i) (w,m +2M) + ¢ (g~ u™) fu, D) D (u, m + 2M))

M
+ Z G (u, up)C({u, iy, m, M)( = b(qg~2u; Yh(uz, ;) o (ui, m +2M)

i=1
+ b (g ur ) f i 1) P (i, m+2M))
M ~
— pm Y Cu, iy, m, M)( = h(ui, i) (i, m +2M)
i=1
+ (g ) f i, 1) D (i m +2M)). (3.36)

4. Representation theory

We follow [7] and construct the highest weight vector by means of the covariant vector (3.1).
For the choice of the gauge parameter,

T
@ = apy = igmotV I (4.1)

one can show that the vector

12) =& Xi(vi.mo+i)=X1(1.mo+ 1) ® - ® Xy(vy.mo+N), (4.2)

is the highest weight vector, such that the actions of the dynamical operators at the point m = mg
are given by,

A (u, mo)| Q) = uk™ W) A@w)|Q). 4.3)
Du.mo)| Q) =ud(q  u k(g uTHAG T uTHIQN,). (4.4)
C(u, mo)|2,) =0, (4.5)
where
N
Au) = l_[b(qu/vj)b(quvj). (4.6)
j=1

Remark 4.1. The actions of the dynamical operators are obtained in [7] by introducing an addi-
tional family of local gauged operators. We refer to the work [7] for more details on this point.
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Remark 4.2. For the other family of dynamical operators, {szf (u,m), 9 (u, m)}, the gauge pa-
rameter is fixed by,

e NTH
B=Pw=iqg "N _— 4.7
T
such that
12N ) = @Y, Yi (vi,mo +2N — i)
=Y1(1,mo+2N =D ®--- @Yy (vy,mo+N), 48)

is a lowest weight vector satisfying,

o (u,mo +2N) Q) = u (g u" k" (qu)Ag™ u= "IN (4.9)
Q(M,mo+2N)|§zZ>=u12—(u—1)A(u)|fzﬁo> (4.10)
B(u,mo+2N)|Qp ) =0. (4.11)

Remark 4.3. If we fix at the same time both the parameters « = ay,,, and 8 = iy, the highest
and lowest weights vectors are related by,

B(ur,mo+2(N —1)... Blun, mo)|2N ) = Z" (@|5)|2,) (4.12)
and
€ (uy,mo+2)... €y, mo+2N) QN Y= ZN (i, v)|Q ). (4.13)

where Z" (ii|v) and ZN (u|v) are the partition function for the trigonometric solid-on-solid model
with one reflecting end and domain wall boundary conditions given explicitly in [37,21]. In other
words, for such choice of the gauge parameters the dynamical creation and annihilation operators
are nilpotent, i.e.,

Bu,mo+2(N+1),N+1)=C@u,mo, N+1)=0. (4.14)

Moreover, this choice of gauge parameters maps the original problem into a solid-on-solid model
with left general and right diagonal boundaries.

5. MABA for two general boundaries

We are now in position to implement the MABA for the Heisenberg XXZ spin chain on the
segment with two general boundaries. In order to construct the Bethe vectors from the highest
weight vector and the dynamical % operator, we have to fix one of the gauge parameters (4.1).
We still have at our disposal one free gauge parameter, which we use to bring the dynamical
transfer matrix into a left lower and right upper dynamical form, and that allows us to follow the
method introduced in [4] to implement the MABA. This is the case for the choice of parameters,

o = tho, B =Bu(M) = —in*mO*ZMg—”, 5.1)
K
with M some integer with values in {0, 1, ..., N}. In this case, the coefficient of the operator

% (u, mo + 2M) in the dynamical transfer matrix (3.11) at the point mo + 2M vanishes, i.e.,
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t(u,mo+2M)
= 14, mo + 2M) + 1™ (qu) Gy r2m B, mo + 2M) = B2t s o +2M0)).
(5.2)

From the highest weight vector (4.2) and the string of dynamical creation operators (3.19), we
can construct the vectors

ol (i) = B(ii, mo +2M, M)|Q)) ). (5.3)
Using the relation (3.27) as well as the representation theory results (4.3), (4.4) we obtain,
ta(u, mo +2M) " (it)
= A (u, )Y (i)

M
+ > (Fuu) EYy i i) + xmgyom u™ ' clqu)W™ (i, i) Wl (. i), (5.4)

i=1

with?
Ay, i8) = ¢ (kT )k~ ) Aw) f (u, it)
+¢(q uHk @ uHE (@ AT T DR, @), (5.5)
EM i, i) = ¢ (™" ) (RF @k (i) Auo) f i i)
R TR U U T YN VIR ) B (5.6)
and
WM (i, i)

=uig (@~ w7 (R @A) £ i) = K @7y YA w7 Db @), 5.7
Analogously, the action of ¢, (u, mo + 2M) on (5.3) is given by,
tps (u, mo -+ 2M)W ! (1)

= AV (. i)W (it)

M
+ ) (G u)b(qui)E g (ui itr) + pmoran WM (i i6)) W ({u, ;) (5.8)
i=1
with

At ) = up(q™ ) (K- @A f @) =k (" uHAG T u DA D), (5.9)
Ept i) =wigq ™ uy ) (¢ w7 DE @) Ao f i, )

+ @R (@ uy HAGT U D ). (5.10)

3 Here and in the following the Bethe equations can be recovered from the corresponding eigenvalues using the relation,

EM (wj, i) = lim (b(u,-/u)AM(u, 12)).
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Gathering Eqs. (5.4), (5.8), it follows that the full action of the dynamical transfer matrix (5.2)
on (5.3) is given by,

t(u, mo 4+ 2M)VM (i)

mg
M

= A, )W (@) + Y F (i) Ejly(ui, it )Wt ({u, )
i=1

™ oqu) (Gmgrram B, mo + 2M)WM @) = Sy s2n A, D)W (i)

M
+ > (moram WM (i ) = Smo 420 G (u, ui)b(qul) ENE (i i27) ) WM ({, ﬁi}>)
i=1

(5.11)

where we introduce,

Xm = Xm — Om Pm- (5.12)

Up to this point, we have basically a usual algebraic Bethe ansatz analysis. The new feature,
which motivates the adjective modified for the ABA, is the presence of the modified creation
operator Z(u, mg + 2M) in the off-shell Eq. (5.11). For M = N and u = {uy,...,uy}, we can
show from small chain calculations® that the vector Z(u, mg + 2N )\I—’n]:’o (1) has an off-shell
action given by,

u” ' c(qu)mgron B, mo + 2N) ) (it)
= (A @ @)+ 1™ (@B A ) U (D)

+2 (47" @) (g2 G, u (G E D, i 1) = Tomgran W (i 1)

i=1

P ) EY G, i) ) Wiy, (i) (5.13)
with
U KT KT EL noy é_/’L—N—l
Ag (u,u) = KIC‘L"L'([Z%, + o é,u + s'aq )
x c)e(@ 'u™HAWAWG T uHGu, i), (5.14)
Nep ayoe (KT KT ER Ny é_/’L—N—l
Eg (ul’ul)_KKrr</Z‘E + s + é,uq + é,&q )
) —1,,—1
o S )y A DG s ). (5.15)
b(qu;)

Eq. (5.13), together with (5.11), allows one to reach the main result of this paper, the off-shell
action of the transfer matrix with two general boundaries given by,

4 The unknown Ag,v(u, u) and E;,V (uj,u;) are fixed from the direct resolution of the case N =1 and N = 2 using
symbolic calculation on Mathematica for generic boundary parameters and variables & and then verified for N = 3 using
arbitrary numerical parameters and variables.
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N
ta) W @) = AN @, i)W @)+ F(u,u) EN (i i)y (u, i) (5.16)
i=1
where
AN, ) = Ay, i) + A i), EN(ui, ) = Epy(ui, 6) + E (wi, i), (5.17)
with Ag’d(u, i), Eé,v(ui, i), Ag’(u, i) and Eé{\il(ui, it;) given respectively by (5.5), (5.6), (5.14),
(5.15) and with the Bethe vector,
W (@) = By, mo+ 2N — D). Buy, mo)|2,) (5.18)
for the gauge parameters (5.1) with M = N.

Remark 5.1. The eigenvalues (5.17) correspond, up to a change of notation, to the ones obtained
in [9,24] and investigated at the thermodynamic limit in [27]. We remark that the new term in
the eigenvalue expression, characteristic of the modified T-Q Baxter equation introduced in [8],
takes its algebraic origin in the off-shell action of the creation operator (5.13).

Remark 5.2. The Bethe vector (5.18) is constructed from the dynamical % operator with gauge
parameters (5.1) which correspond to bring the transfer matrix into a dynamical lower/upper
triangular form. It is also possible to characterise this Bethe vector using another set of gauge
parameters which bring the transfer matrix into a dynamical general/diagonal form, with

o =0ohpw, B=Plw. (5.19)

In this case both the highest and lowest weight vector do exist at the same fixed m = mg and are
related, see Remark 4.3. Using the relations between the dynamical creation operator % (u, m)
with dynamical parameters « and 8;; and the dynamical operators {<7 (u, p), Z(u, p), € (u, p),
2 (u, p)} with dynamical parameters « and Sy, given by

nep @ =" B (@ = g By) @

(a — g>t2m B (@ — q2P Brw) Pl

34m (a— Clp+m,3tl)(qm,3tl —q” Biw)

(@ — q>F2m B) (o — q> 2P Bry)

_ grtn @B = a" Bu) 4" B — 4>t Bu)

(o — g2+2m By (@ — g2P Bruy)

which can be obtained using (A.24), we can project (5.18) in this new basis of dynamical opera-

tors with & = apyy and B = By, namely

%(u7 m)|ﬁt[ Zq

+q

tps (l/l, p)|}31w

¢, plp,

N
wh@ =" > WN_ Gl W, ) (5.20)
i=0 u={uy,uy}
with
o Qi ound) = Buipr.mo — 23 + 1) ... Bluy. mo)| Q). (5.21)

and where the second sum corresponds to each splitting of the set u into subsets uy and iy with
#uy = i and where the elements in every subset are ordered in such a way that the sequence of
their subscripts is strictly increasing. The explicit coefficients W]]\}lfi(ﬁﬂﬁn) can be fixed by the
expansion and will be considered elsewhere.
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Remark 5.3. The MABA can be similarly performed using the € (u, m) operators and the lowest
weight vector (4.8) to construct the Bethe Vector. In this case, the lowest weight vector fixes the
gauge parameter,

. mg—nNTH
B=Bw=iqg " Na, (5.22)
and, by means of the choice,
1+m0+2(N—M)§_" (5.23)
K

the transfer matrix acquires a dynamical upper/lower structure at the point mg + 2(N — M ),
namely,

a=ay, (M) =—iq

t(u,mo+2(N — M)
— 74, mo 4+ 2(N — M)) — u—lc(qu)<fmo+2(N_M)<g(u, mo +2(N — M)
8 2N ity aps (0 + 2N — M))). (5.24)
‘We introduce the vector,
WM ity = C (i, mo +2(N — M), M)|2) ) (5.25)
such that at the point mo + 2(N — M ), we have the off-shell action,
1, mo — 2M +2N) ¥ (@)

= (Al @ @)+ u™" e(qudmy-amsav 2 AN @ @) B i)

+ 30 [P un B i)+ 0™ cqu) (g sy o W @i i)
i=1

o2t 2w -2G s ub(q ™ Ept i, @) ) |0t (l i)

M

(o2}

+
— u*‘c(qu)&mrzWZN%(u, mo —2M + 2N)WM (i) (5.26)

where we define

Xm = Fm — Sm—2Pm (5.27)
and with the functions,
Agi(u, i) = ¢kt @ Dk~ @ HAW) f(u, i)
+ (g uHET (quk ™ (qu) Al u YR, i), (5.28)
E s, i) = ¢~ u; D) (R ey DR YA f G )

— F (quok™ (qui A~y s, i) ), (5.29)
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At ) = u(q™ ™) (R~ @™ HAG £, i) = F (@A G u ™ Dh, D), (5.30)

Et i) =uig @™ u; (¢ uy HE G HA@) £ wi, i)

+ Bk (qu) A i, @), (531)
W i) = up(q ™D (R G DA @) f i @) = K (qu Mg ™"y D, ).
(5.32)

For M = N , we can conjecture that
—u e(qu) i) C (u, mo) W (it)

- (A;j(u, ) — 1" c(qu)Smy—2 AN, (1, g))ﬁ;jnvo (it)

N
+)° ( — 1™ qu) (Smg—2G (u, u)b(q ™ uy DV EN (i i) + Xy W (i 117))
i=1

+ P u) B i) ) )y, (i), (5.33)
with
AN —__~~EE§_/1—N—1§_MN+1
Ag (u,n) = KKIT(Ef + o + g,uq + é/l )
x c)elqg 'u™HAWAQG W HG W, w), (5.34)
5N s iy =i s (8 4 KTy SR Nt SR N
Eg (u,,ul)—KK‘E‘l,'(IZ‘E o + Eﬂq + §/l )
) -1,,-1
X %A(ui)A(qlui_l)G(ui,ﬁi), (5.35)

which gives the final result for the dynamical € operator, namely,

N
t@)Wh @) = AN @, i)W @)+ F,u) EN (i it Uy (i) (5.36)
i=1
AN i) = Ay @) + AY @), EN(uiy ) = Epy(ui ) + EY i), (537)
where the Bethe vector is given by
BN (it) =€ (1, mo+2)...€(un, mo+2N)|QN ) (5.38)

with gauge parameters (5.22) and (5.23) with M = N. Due to the symmetry of the parametrisa-
tion (2.16), (2.17), the resulting on-shell eigenvalues are the same of those ones (5.17) which are
obtained from the dynamical % operator in the off-shell case.

6. Some limiting cases

We consider, from the general result of the previous section, two special limits of the XXZ
spin chain on the segment. Firstly, we consider the limit where the right boundary is right upper
triangular and, next, cases where there exist constraints between left and right boundary cou-

plings.
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6.1. Limit to the right triangular boundary

Here we consider the limit T — 0 from the previous results. In this limit, the K ~-matrix (2.3)
becomes upper triangular and the off-shell action for the transfer matrix (5.16) is given by,

N
H)PN (i) = AN, (u, D)D) (@) + Y F (u, u)EN, (ui, it )@y (fu, it ) (6.1)
i=1
with
A i) = AY i) + A, (i), BY (i, i) =B (ui, ;) + B, (i, i) (6.2)
where
AY (uit) = k™ (u) (uk™ ) Aw) f (u, it)
+o@q uHk @ u Y (@ TR @ ) AT e DR, @), (6.3)
EY i, 1) = a7 ep ) (8 i)k ek o ik ™)) A ) f i )

— @ (e e @ D) AT g D i) (6.4)
and
AN (i) = ik (v_q*N*‘ & +iirz)c(u)c(q*‘u*‘)A(u)A(q*‘u*‘)G(u, i), (6.5)
& K
B, (i, it;)
z . —1,,—1
- —ifaz(v_q*”*‘ g +i%r2)%/\(uim@‘uil)G(u,-, iii). 6.6)
The Bethe vector is given by
N (it) = By, mo —2(N — 1))... Bluy, mo)|R) 6.7)
and with
B = = —ig' 2V EE (6.8)

3
Let us remark that the parameter «j,, does not appear in the off-shell action (6.1). Indeed, this
fact is expected since the general off-shell formula (5.16) depends explicitly on o, only through
the highest weight vector (4.2). The dynamical & operator is independent of «y,,, and the transfer
matrix, invariant by any gauge transformation, is considered to be in the form (2.10) for the limit.
Thus, to obtain the limit, we only need to consider the leading term of the dynamical highest
weight vector (4.2), namely

limg o [2,) ~ 77|9) (6.9)

which gives the highest weight vector of the diagonal case [33], given in Appendix B. Moreover,
we use the limit of the £~ (u) function,

limz_ ¢ (12—(14)) — uk™ () (6.10)
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as well as the limit of the constant coefficient in the new term of the eigenvalue (5.34),

T KT i 3
lim;z_, ¢ ( — /</th(lf—~ + i + %—MqNH + E—lfq_N_l))
KT KT & En

:i/(/?(v_q_N_lg +i%t2>. 6.11)

Remark 6.1. This result can also be obtained directly from the MABA. It is important to consider
this fact since, rather than a simple limit, it allows one to emphasise some characteristics which
are hidden in the generic case. Firstly, we put the transfer matrix into a modified diagonal form,
i.e. with only .2/ and 2 operators [4], at the point mg + 2M

t(u) = tq(u, mo 4+ 2M) = a(u) . (u, mo + 2M) + d(u) 2 (u, mo + 2M), (6.12)
where we fix the gauge parameters to be
@ = g (M) = —i S g Mg (M) = —i e g2, (6.13)
k& K&
where M is an integer in {0, 1, ..., M}. From the explicit relation between the initial operators

(2.8) and the dynamical one (3.7) given in (A.24) and the action of the initial operators on the
highest weight vector (B.2) we can find,

A (u, mo)|2) = ukt () Aw)|) + B, mo — 2)|K2) (6.14)
P(u,mo)|Q) =¢(q " u”Hk (@ uHAGT W THIR) — p W B, mo —2)|Q). (6.15)
Such actions are called modified, due to the presence of an off-diagonal term, and were already

pointed out in [5,4]. They are a new feature which can appear in the context of the MABA. Then,
using the string of % operators and the highest weight vector (B.1), we introduce the vector
@, (i) = B, mo+2M, M)|Q), (6.16)
and compute, from the commutation relations (3.20), (3.21) as well as from the modified off-
diagonal action (6.14), (6.15), the off-shell action of the modified transfer matrix (6.12), given
by
M
1) (i) = A @)@ @) + > F(u,u)EY (u;. it O (u. i)
i=1

4+ 6 Ymo—19 u e(qu) B(u, mo +2M —2)dM (@) 6.17)

mo—2

with Af}’[(u, u) and Ef}”(u,-, u;) are given by (6.3), (6.4) with N — M and where we use the
following identities to simplify the term % (u, m — 2)<I>n/‘;’72(12),

M
D (e i) i ) = e )G, i) i) = 22— f i), (618)
i=1 m
M
D (s i m) i ) = K, g, mOh G, @) ) )
i=1
= —p (P2 — . ). (6.19)

Ym+1
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For M = N, the action of the dynamical creation operator has an off-shell structure that we
conjecture to be of the form

szmoflq_lu_lc(qu)%(u, mo—2+ 2N)CI>5072(12)

N
AN PN @)+ Y Fu,u)EY,, (i it Py, (L, i) (6.20)
i=1
In particular we note that 8;(N) = B;; which corresponds to the result we obtained by limit from
the general boundary case.

Remark 6.2. We can also obtain by limit the cases with two upper triangular boundaries and
with lower and upper triangular boundaries considered in [éf].5 For the former, we consider the
limit kx — 0 and T — O of the £k~ (1) function (6.10), of the kT («) function

limg 0 (/€+(u)) = u~ 'kt (), 6.21)
and of the parameters

lime 0,20 (Smor2n ) =1ime 0,70 (Gmpsam ) =0, (6.22)

lim, 0,70 (5m0+2M> =lim, 0,70 (Xmo+2M> =0, (6.23)

timg o (fa)) — g0 £ (6.24)

on the off-shell action (5.11). For mo = —2M, this allows to recover the off-shell action given by
Eq. (4.12) in [4]. The form of the vectors ¥ and Y behave, up to a factor that changes F to F, as

Lqm""lu_l ~ K
Yup(u,m) = ( €~ ! ’ > , Yypu,m) = (——quul, 1) . (6.25)
€_
To recover the notation of [4] we have to choose the vectors X and X to be
1 -
Xup(u’m): (O)’ Xup(u5m):(07 1) (626)

This is allowed from the invariance of the transfer matrix by any gauge transformation. For the
latter, we took the limit ¥ — O of the coefficient (6.11), of the function kT (1)

limg_ (/€+(u)) —u 'kt ), (6.27)
and of the gauge parameter
limg o (B (M) =0 (6.28)

in the off-shell action (6.1) in order~ to recover Eq. (5.9) of [4]. The form of the vectors Y and Y
behave, up to a factor that change F to F, as

Ylo(u,m):<(l)>, Yio(u,m)=(0, 1). (6.29)

5 At this point, and only in this remark, we remove the square on the off-diagonal boundary parameters to fit with [4].



546 S. Belliard, R.A. Pimenta / Nuclear Physics B 894 (2015) 527-552

To recover the notation of [4] we have to choose the vectors X and X to be

1 ~ K _
qu(u,m>=<L el ) Xz,,<u,m>=(——qm Y, 1). (6.30)
e,q u €_

While the expressions (3.3) for scalar products and (3.4) for the closure relation are the same,
the intertwining relations with the R-matrix (3.5), (3.6) are simpler. In fact, in these cases all the
functions y are set to the unity. For this reason, the commutation relations among the dynamical
operators will depend on the dynamical integer m only through the operators, see [4].

6.2. Limit to the cases with constraints between right and left boundary

Let us recover previous results in the literature. From the off-shell equations (5.11) and (5.26),
we note that special cases can be obtained by setting,

Smo+2M = Smg+2M = Xmo+2m =0 (6.31)

and

Emo—21142N = Omo—20142N—2 = Kmy—2sit42n = 0- (6.32)
In fact, if relations (6.31) and (6.32) are satisfied, all off-diagonal contributions to the off-shell
actions (5.11) and (5.26) disappear, remaining only the usual off-shell diagonal terms, allowing
the usual Bethe ansatz execution. The constraints between the boundary parameters which arise
from (6.31) and (6.32) can be written as, respectively,

8

"l”‘f 1+2M—N —1 (6.33)
K/uré
and
_KETR N1ty (6.34)
KT

If we require the relation between M and M to be,
M+M=N—1 (6.35)

and use the parametrisation,

K K_ N ~ . K+
r—e2 —, k=ie 2 |—/—, Kk=ie —,
2 2 2

. R=—ef, E=ie™, E=—ePt (6.36)

we find that the constraints (6.33) and (6.34) reduce to the ones obtained in [29], namely
a_ + B- + oy + By =+(6- —04) + nk, k=N-2M —1. (6.37)

We observe that, in this case, the gauge transformation used to construct the Bethe vector from
the dynamical & operator is not the same that for the one used to build the Bethe vector from the
dynamical & operator. On the order hand, if M and M are related by

M+M=N, (6.38)

with the parametrisation
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L o w( %f [
- ’ - - 27

p=—ie?, jp=—eF, , £ (6.39)

[SIE

we recover the constraints in [21] and we further observe, in this case, that the gauge parameters
« and B are the same for both the # and ¥ cases. These values of @ and 8 correspond to the
ones required to have highest and lowest weight vector (see Remark 4.3).

7. Conclusion

In this work, we have constructed the Bethe vector of the Heisenberg XXZ spin chain on
the segment with generic boundary parameters by means of the MABA approach. The off-shell
action of the transfer matrix on the Bethe vector is also given. The construction follows from
the conjecture of a specific off-shell structure for the action of the so-called modified creation
operator on the Bethe vector.

From the general result, we obtain by limit the case of the Heisenberg XXZ spin chain on
the segment with left generic and right upper triangular boundary parameters, considered in [30]
from another approach. Also, we recover the limiting case where the left and right boundary
parameters are related by constraints [29,21].

The proof of the conjecture of the off-shell action of the modified creation operator on the
Bethe vector, which is the key feature of the MABA, remains to be done. It could be handled in
different ways, following for instance [13], whose proof is based on the analytical properties of
the modified creation operator and in the fact that such operator is invertible. Other possibilities
would be to consider the off-diagonal Bethe ansatz method presented in [10] or by means of an
explicit link with the SOV approach [20].

Our results can be used to consider the scalar product of the Bethe vector. This is a crucial
step to consider the correlation functions of the Heisenberg XXZ spin chain on the segment with
generic boundary parameters, within the algebraic Bethe ansatz framework. This will extend the
known results for the Heisenberg XXZ spin chain on the circle [23], on the segment with diagonal
boundary [25] or with general constrained boundary [37] conditions. A key step will be to find
a simple realisation of the scalar product between an off-shell and an on-shell Bethe vector, if
possible, in terms of a unique determinant.

Finally, it is interesting to extend the MABA to other models without U (1) symmetry, in
particular for finite models with higher spin and higher rank symmetry algebra. In addition, it
should be interesting to consider models with an infinite dimensional Hilbert space, such as spin
chains with defect or the Bose gas on the segment or on the half-line.

Note added. After this work was completed, we became aware of the paper [11], where the
Bethe vector, in a different parametrisation, is obtained by another method.
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Appendix A. Functions and commutation relations

We use the following functions along the text,
u—u"!
-1

b(u) = k™) =v_u+viu !,

kt(u) =epu+ e_ul, c(u) = u* —u"?,

k@) =itruu+p " uHY(@E w4 puh,
) =ikcEu+Eu™YE u+gu™h,

P P i AT S S
b(qu?)’ T b(u/v)b(quv)’
P, v) = b(g*u®) - B
u,v) =G(u,v) @) F(u,v)=(/u)F(u,v),
_ b(qv/u)b(uv) _plgvh 1
flu vy = b(v/u)b(quv) ’ g, v) = b(u/v) w, v) =  b(quv)’
B, v) = b(q*uv)b(qu/v) vy =29 v)_¢(u>¢(q—1v—1)
T b(quu)b(u/v) T bw/u)’ T b(quy)
S, 0= Pl uh) (e, 0) = ¢ (g~ 'u=b(qu/v)
T b(v/u)b(qv?)’ " b(u/v)b(quv)
(. v) = ! W= @D _ b
= by YT b 1 baubqiny

Direct calculation gives the following relations,

g(u, V)P WkE @) +n(, k= (g 'u™") = Fu, v)gp (@ v Ho )kt (v),

k(u, v)k® (@ u™") + wu, )¢ WkE @) = —F (u, v)p (k= (g v,

(A1)

(A2)

(A3)

(A4)

(AS)

(A.6)

(A7)

(A.8)
(A.9)

From the reflection algebra (2.5), one can extract the commutations relations between the
operators o/, 9, ¢ and 4. To order monomials of such operators in the basis span by operator

valued series
Mpdac(t, v, w, %) = B(U)Z(0) A (W)E (X)

one need the following commutation relations

A W) B W) = f(u, v)BW) (u) + gu, v)Bu) A (V) + wu, vV)Bu)Z(v),
W) (u) = fu, v) )€ W)+ gu, v)F V)¢ () + wu, vV)Z@)E (u),
PDu)BW) =hu,vV)BW)D W)+ k(u, v)Bu)Z W) +nu, v)Bu)d (v),
CW)D W) =h(u, V)PW)E () + k(u, v)2()E (W) + n(u, v)od (v)€ (1),

(A.10)

(A.11)
(A.12)
(A.13)
(A.14)

Cw)BW)=BW)E (W) + s, v)d (u)A (v) + x(u, v)d (v)d W) + yu, v)2w) (v)

+ 7, V) W2 ) + qu, V) (V)2 () + wu, V)ZW)Z(v),

A Wu)P () =2W)A (u) + k(v, u)(%’(u)‘f(v) — %’(v)‘g(u))

and

(A.15)
(A.16)
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A W) (v) = ) W) +w, v)(BW)E () — BO)EW)), (A.17)
D)D) = D)D) — pw)p W)w(u, v)(Bw)€ (v) — BW)E W), (A.18)
B(u)B(v) = BW)ABu), (A.19)
Cw)E(v) =% W)E (). (A.20)

Let us remark that this set of relations is complete, i.e. they are isomorphic to the reflection
equation. We can also define another ordering,

Megap(it, 0,0, %) = C(i1) A (D) D (W) B(F). (A.21)
Here we give only the two most relevant relations for the ABA,

T W)E W) = h(u, V)€ W) () + k(u, V)C ) ) +nu, V)€ )P ), (A.22)

DW)E W) = fu, )EW) D) + g, V)W) D) + wu, V)W) (v). (A.23)

The dynamical operators (A.24) can be expressed in terms of the initial operators (2.7),

B(u, m)
= (@(u) +q"Blqudq~ u ) W) — T TW) - @"BPEW) (A4
-1
_ m—2 2-om%® U _ -1
o m) = (%’(u) +q ﬁ((uq 5 e ) 0 @(u))
—q *apt (u)) (A.25)
qu m—1 —2m,—1% -1,—1
P = E= (" (@ u™e )
— $()(BW) — g 2t W) (A.26)
CE(u,m) = %(q_zmoﬂ‘g(u) — q_ma(qu¢>(q_lu_1),5zf(u) — u_lg(u)) — 93(14))
(A.27)
It allows to find the dynamical commutation relations,
Bu,m~+2)B(w,m)=RBw,m—+2)Bu,m), (A.28)
A (u,m~+2)Bw,m)= fu,v)Bw,m)s (u,m)
+ g, v,m)Bu,m) (v,m) +wu,v,m)Bu,m)?2(, m), (A.29)
Du,m+2)ABw,m)=h(u,v)Bw, m)Zu,m)
+k(u,v,m)Bw,m)Z(v,m) +n(u,v,m)#Bwu, m)s (v,m), (A.30)
Cu,m—2)6w,m)=%w,m—2)6u,m), (A3D)
A (u,m—2)€ W, m)=h(u,v)€ v, m (u, m)
+ k@, v,m)Cw, m) (v, m) + i@, v,m)€w,m)Z (v, m), (A.32)

@(u, m—2)%(v,m)= f(u,v)é (v, m)@(u, m)
+ g, v,m)€ (u, m)@(v, m) +wu,v,m)é (u, m);zf(v, m). (A.33)
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The first term of the commutation relations (A.29), (A.30) and (A.32), (A.33) corresponds to
the wanted terms for the ABA. They have the same form of the commutation relations for the
diagonal case (A.11), (A.13) and (A.22), (A.23). For the unwanted term we have a new form that
depends of m and of the gauge parameters « and 8, namely

g(u,v,m)= Mg(u,v), w(u,v,m)= Mw(u,v), (A.34)
Ym+1 Ym+1

k(u,v,m)zwk(u’v), n(u’v’m):wn(u,v), (A.35)
Ym+1 Ym+1

g,(u,v,m):wg(u’v), w(u,v,m)zww(u,v), (A.36)
m—1 m—1

é(u,v,m):%k(u,v), n(u,v,m) = Wn(u,v). (A.37)
m—1 m—1

Appendix B. Representation theory for triangular boundary case

For finite dimensional representation of the quantum one-row monodromy matrix, we always
have a highest weight representation [35]. For the fundamental representation we used here, the
quantum one-row monodromy matrix is given by the product R,1(u/v1) ... Ryny(u/vN), or by
its reflected inverse, and the highest weight vector is

)=o), (3) . (B.1)
k

When the right boundary is upper triangular, i.e., T2 = 0, the vector (B.1) turns out to be a
reference state also for the double-row operators (2.7). This can be easily seen by expressing the
operators {</ (u), B(u), € (1), Z(u)} in terms of the entries of the quantum one-row monodromy
matrix, see e.g. [4] for explicit formulas. Then, from their actions on the highest weight vector
(B.1) we find,

o ()|Q) =k~ W) Aw)|Q), (B.2)

W) =¢(q uHk (g uHAG T uThQ), (B.3)

E(u)|2) =0. (B.4)
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