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I. INTRODUCTION 

Let 11 denote the fundamental frequency of a two-dimensional 
membrane G fixed on its boundary. Let B be the area of G, and L its 
perimeter. Makai [5, 61 has recently shown that if G is simply or doubly 
connected, the dimensionless quantity 112 A2 L-’ is at most 3. Polya 
r71 has improved this result to 

A2 < (&T)2 L” A --2. (1.1) 

The constant (97~)~ is optimal, since equality is attained in the limiting 
case of an infinite rectangular strip. To obtain these results Makai and 
Pblya insert in the minimum principle for 112 functions which depend 
only on the distance from the boundary. 

In this paper we apply a similar method to a two-dimensional membrane 
G fixed on its exterior bounding curve C,. The membrane is permitted 
to have interior bounding curves C, (holes) along which it is free. We 
shall show that among all such membranes with given area A and given 
perimeter L of C, the highest fundamental frequency is attained when 
G is annular. 

This fact gives the upper bound 

where ,U is the lowest root of the transcendental equation 
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The classical isoperimetric inequality [l, p. 833 shows that the expression 
on the right of (1.4) is always nonnegative, and vanishes if and only if G 
is a circle. The solution of (1.3) is graphed in Jahnke and Emde [3, 
pp. 207 -2081. If G is simply-connected the inequalit!v (1.2) is an 
improvement of (1 .l) . 

The same method yields an isoperimetric inequality for membranes G 
which are elastically supported on C, and free along any inner boundaries 
c,. The annular membrane has the largest fundamental frequency 
among all such membranes of given area, perimeter of C,, and elastic 
constant. 

In a similar manner we find a lower bound for the torsional rigidity 
of a simply connected domain. Again we obtain an improvement of 
the inequalities of Makai [5,G] and Polya [7]. 

The inequalities of Makai and Polya for the fundamental frequency 
and torsional rigidity hold for doubly connected (ring-shaped) as well 
as simply connected domains G. 

Our bound (1.2) for the fundamental frequency applies when only 
the outer boundary C, of G is fixed. However, we may obtain a bound 
for a membrane G which is fixed along C, and along one or more inner 
boundaries C,. To do this, we replace G by a membrane G which occupies 
the same domain and whose boundaries are fixed wherever those of G 
are fixed, as well as along straight-line paths connecting the fixed boundary 

components. Then the fundamental frequency i of G is greater than /l. 
Moreover, G is fixed along a single curve c,, consisting of the fixed boundary 
components of G together with the connecting paths, covered twice. 
The perimeter 1 of c, exceeds the total length L of the fixed boundary 
components of G by twice the total length of connecting lines. The area 
of G is again A. 

Thus, we obtain the bound (1.2) with L replaced by L in (1.2) and 
(1.4). Whether or not this bound is better than (1.1) when G is ring- 
shaped depends upon the location of the hole. 

Similar remarks apply to the torsional rigidity of multiply connected 
domains. 

II. THE FUNDAMENTAL FREQUENCY 

Let G be a plane domain lying inside a simple closed bounding curve 
C,, and possibly having interior holes bounded by smooth curves C,. 
Let A2 be the lowest eigenvalue of the membrane problem: 

Llu+A2u=O in G 

u=o on C, (24 
&i/&a = 0 on C,. 
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It is well known D, pp. 345-346; 0, p. 87! that 

where ZJ is any piecewise continuously differentiable function van- 
ishing on C,. 

\Ve define Cs to be the curve consisting of points inside C, at distance 

6 from C,. It was shown by Sz.-Nagy [ll] that the length i(S) of C;, 

IS well defined for almost all values of b, and that 48) + 2~6 is non- 
increasing in 6. Thus if Z(d) is the length of the portion of Cb which lies 
in G, 

l(b) ,< z-(b) < L - 2.zh (2.3) 

where L = i(O) is the length of C,. 
Let a(b) be the area of the portion of G lying between C, and Cd. Then 

. 
a(d) = l(6) db. I I) 

(2.4) 

Integrating (2.3) gives 

a(6) < L6- m?. (2.5) 

Inserting (2.3) in this inequality yields 

= I” < L2 - 4na(6). (2.6) 

S’e define a function r(6) by 

47i?r* = L2 - 47ca(6). (2.7) 

If we interpret this equation as a mapping of the portion of Cd in G onto 
the circle of radius r(b), we find that C, is mapped into a circle of equal 
perimeter and that the portion of G between C, and Cd goes into an 
annulus of equal area a(6). We differentiate (2.7) and use (2.6) and the 
fact that 

jgrad 61= 1 (2.8) 
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almost everywhere to show that 

/grad rj2< 1 

almost everywhere in G. 

(2.9) 

We now let the function v in (2.X) depend only on Y. In view of (2.9), 

Since the mapping (2.7) is area-preserving, (2.2) becomes 

y: 

(2.11) 

where 

Y1 = (L2- 47~A)~/~j;?n z L!P/br, 
(2.12) 

Y2= L/&-c, 

and zf is any differentiable function of r satisfying 

Z’(Y2) = 0. (3.13) 

The right-hand side of (2.11) is the Rayleigh quotient for the annular 

membrane G” whose area is A and whose outer boundary has perimeter 
L. Its minimum under the condition (2.13) is the lowest eigenvalue for 

the membrane 2 fixed on the outer boundary and free along the inner 
boundary. Thus we have established that 6 has the highest fundamental 
frequency among all membranes G with given A and L. 

The minimum value of the expression on the right of (2.11) is attained 
for 

1’ = J&hTL-1 p) Y&p) - Y,(dnL-1 pr)J&) (2.14) 

where tc is determined in such a way that v’(T~) = 0. It is the lowest 
root of the Eq. (1.3) (cf. [3, pp. 207-208]), and therefore depends upon 
the dimensionless quantity Y defined by (1.4). Substituting (2.14) in 
(2.11) leads to the bound 

A < 2nL-1 p. (2.15) 
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If G has no holes C.,, a lower bound for ;I” in terms of the area ,J is 
given by the isoperimetric inequality of Faber ;?j and Krahn -4”. 

-12 .> nj’ A -1. (2. l(i) 

Here j(~ I 9.4048) is the first zero of the Bessel function JO. Equalit!. 
in (2.16) is attained when G is a circle. 

If in (2.11) we choose 

which satisfies (2.13), we obtain the upper bound 

112 ,< $ j” -4 -1 [l + (p(i) - l)YJ2 (1 - Y2)--l’j 
(2.18) 

< ?LpL4-1 [l + 2712P(l - YJ’2)-11. 

Here Y2 is the dimensionless quantity defined by (1.4). .kgain equality 
is attained when G is a circle. 

The inequalities (2.16) and (2.18) show that if G is simply connected 
and nearly circular in the sense that Y is small, the fundamental frequency 
A is near that of the circle of equal area. 

Since the function (2.14) yields the best upper bound for A”, the 
inequality (2.15) is in general sharper than (2.18). 

III. THE ELASTICALLY SUPPORTED MEMBRANE 

We consider the lowest eigenvalue -42(K) of the problem 

Llu+A22k=O in G, 

au/an + Ku = 0 on Co, (3.1) 

The elastic constant k is positive. For any piecewise continuously 
differentiable function 11 we have the inequality (cf. ‘1, pp. 345 -3461). 

il * (gradv(2dxdy + k V2dS 

A2(k) < G CO 

1s 
v2 d.l~ dy 

G 

(3.2) 
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\Ve introduce the new variable Y as in Section II and let 7’ be a function 
of y only. This gives the upper bound 

(3.3) 

where y1 and y2 are given by (2.12). The right hand side of (3.3) is the 
Rayleigh quotient for the annular membrane G” of area A elastically 
supported (with elastic constant R) on the outer boundary of perimeter 
L, and free on the inner boundary. The minimum of the Rayleigh quotient 
is the lowest eigenvalue of this membrane. Thus we have shown that 

e gives the highest fundamental frequency among all membranes G of 
given A, L, and k. This fact leads to the upper bound 

1 l(k) < 2nL-1 ,u P-4 

where ,U is the lowest root of the equation 

If k in problem (3.1) is a nonnegative function of arc length rather 
than a constant, the inequality (3.4) still holds with kL in (3.5) replaced 
by fc, k ds. 

IV. TORSIONAL RIGIDITY 

Let G be a simply connected domain of area ,4 bounded by the closed 
curve C, of perimeter L. The torsional rigidity P of G is defined by 
p, p. 871. 

among sufficiently regular functions zl which vanish on C,. 
We define the variable Y as in section 2 and let 

z’= $ro2-r2) +r,Vog;;r_. 
2 

(44 

(4.2) 
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Using the results of Section II leads immediately to the bound 

P>$l 
-c 

- ByLyl - p-1 - $p4(1 .__ y*)-q)g y'I (4.3) 

where Y is given by (1.4). -411 upper bound for P m terms of <-I 15 g~vcn 
by the isoperimetric inequality 

which was conjectured by St. Tenant [lo] and prolred by P61ya [8]. 
Again we see that if G is nearly circular in the sense that y/ is small, 
its torsional rigidity is close to that of the circle of equal area. 
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