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Abstract

We consider the ground state of an atom in the framework of non-relativistic ged. We show that the
ground state as well as the ground state energy are analytic functions of the coupling constant which couples
to the vector potential, under the assumption that the atomic Hamiltonian has a non-degenerate ground
state. Moreover, we show that the corresponding expansion coefficients are precisely the coefficients of the
associated Raleigh—Schrodinger series. As a corollary we obtain that in a scaling limit where the ultraviolet
cutoft is of the order of the Rydberg energy the ground state and the ground state energy have convergent
power series expansions in the fine structure constant «, with « dependent coefficients which are finite for
a=>0.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

Non-relativistic quantum electrodynamics (ged) is a mathematically rigorous theory describ-
ing low energy phenomena of matter interacting with quantized radiation. This theory allows
a mathematically rigorous treatment of various physical aspects, see for example [23] and refer-
ences therein.
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In this paper we investigate expansions of the ground state and the ground state energy of an
atom as functions of the coupling constant, g, which couples to the vector potential of the quan-
tized electromagnetic field. Such an expansion carries the physical structure originating from
the interactions of bound electrons with photons. (The most general proof of the existence of a
ground state for these minimally coupled theories can be found in [11].) These interactions lead
to radiative corrections and were shown [8] to contribute to the Lamb shift [20]. The main result
of this paper, Theorem 2.1, shows that the ground state as well as the ground state energy of the
atom are analytic functions of the coupling constant g. We do not impose any infrared regular-
ization (as was needed in [10]). We assume that the electrons of the atom are spin-less and that
the atomic Hamiltonian has a unique ground state. Moreover, we show that the corresponding
expansion coefficients can be calculated using Raleigh—Schrédinger perturbation theory. To see
this we introduce an infrared cutoff o > 0 and show that the ground state as well as the ground
state energy are continuous as a function of o. This permits the calculation of radiative correc-
tions to the ground state as well as the ground state energy to any order in the coupling constant.
To obtain contributions of processes involving n photons, one needs to expand at least to the or-
der n in the coupling constant g. The main theorem of this paper can be used to justify a rigorous
investigation of ground states as well as ground state energies by means of analytic perturbation
theory.

As a corollary of the main result we obtain a convergent expansion in the fine structure con-
stant «, as « tends to zero, in a scaling limit where the ultraviolet cutoff is of the order of the
Rydberg energy. To this end we introduce a parameter, 8, which originates from the coupling to
the electrostatic potential, show that all estimates are uniform in 8, and set g = o>/? and g = «.
As a result, Corollary 2.3, we obtain that the ground state and the ground state energy have con-
vergent power series expansions in the fine structure constant «, with o dependent coefficients
which are finite for @ > 0. These coefficients can be calculated by means of Raleigh—Schrodinger
perturbation theory. The expansion of the ground state is in powers of &>/? and the expansion of
the ground state energy is in powers of . This result improves the main theorem stated in [2,4]
where it was shown that there exists an asymptotic expansion in « involving coefficients which
depend on « and have at most mild singularities. We want to note that in different scaling limits
of the ultraviolet cutoff expansions in the first few orders in & were obtained in [7,13,12], which
involve logarithmic terms. The relation between the different scaling limits is outlined at the end
of Section 2. The scaling limit which we consider in this paper (where the ultraviolet cutoff is of
the order of the Rydberg energy) is typically used to study the properties of atoms, cf. [2—4,18,6].
In [18,6] estimates on lifetimes of metastable states were proven, which, in leading order, agree
with experiment.

Let us now address the proof of the main results. It is well known that the ground state en-
ergy is embedded in the continuous spectrum. In such a situation regular perturbation theory is
typically not applicable and other methods have to be employed. To prove the existence result as
well as the analyticity result we use a variant of the operator theoretic renormalization analysis
as introduced in [5] and further developed in [1]. The main idea of the proof is that by rotation
invariance one can infer that in the renormalization analysis terms which are linear in creation
and annihilation operators do not occur. In that case it follows that the renormalization transfor-
mation is a contraction even without infrared regularization. A similar idea was used to prove the
existence and the analyticity of the ground state and the ground state energy in the spin-boson
model [15]. In the proof we will use results which were obtained in [15]. We note that related
ideas were also used in [10]. Furthermore, we think that the method of combining the renormal-
ization transformation with rotation invariance, as used in this paper, might be applicable to other
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spectral problems of atoms in the framework of non-relativistic ged. We note that contraction of
the renormalization transformation can also be shown using a generalized Pauli—Fierz transfor-
mation [22]. As opposed to the latter reference and all other treatments we are aware of, we do
not use (or need) gauge invariance of the Hamiltonian. Thus for example the quadratic term in
the vector potential could be dropped and our results would remain the same.

2. Model and statement of results

Let (b, (-, -)p) be a Hilbert space. We introduce the direct sum of the n-fold tensor product
of b and set

]

Fo)=PF"w®), F" )=,

n=0

where we have set h®0 := C. We introduce the vacuum vector §2 := (1,0,0,...) € F(h). The
space F(h) is an inner product space where the inner product is induced from the inner product
in b. That is, on vectors ] ® --- @ 1, 91 ® - - - ® @, € F™ () we have

n

(M@ N1 @~ ®@pa) = [(nir @)y
i=1

This definition extends to all of F(f)) by bilinearity and continuity. We introduce the bosonic
Fock space

o]

Fs®)=PF®), Fb):=5F" ),

n=0

where S, denotes the orthogonal projection onto the subspace of totally symmetric tensors in
F™(h). For h € h we introduce the so-called creation operator a*(h) in F;(h) which is defined

on vectors 1 € F(b) by

a*(hyn:=~n+18,11(h ®n). 2.1)

The operator a*(h) extends by linearity to a densely defined linear operator on Fy(f). One can
show that a*(h) is closable, cf. [21], and we denote its closure by the same symbol. We introduce
the annihilation operator by a(h) := (a*(h))*. For a closed operator A € ) with domain D(A) we
introduce the operator I"(A) and dI"(A) in F(h) defined on vectors n =11 Q --- Qn, € ]-"(”)(b),
with n; € D(A), by

r'An=Am®- --Q An,

and

n
dF(A)TI:Z’Il@--'@m—l®An,~®m+1®...®nn

i=1
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and extended by linearity to a densely defined linear operator on F (f)). One can show that dI"(A)
and I"(A) are closable, cf. [21], and we denote their closure by the same symbol. The operators
I'(A) and dI"(A) leave the subspace F;(h) invariant, that is, their restriction to F;(h) is densely
defined, closed, and has range contained in F; (f). To define ged, we fix

b= L*(R’ x Zy)

and set F := F;(h). We denote the norm of f by || - [|,. We define the operator of the free field
energy by

Hf:=dI'(M,),

where w(k, 1) := w (k) := |k| and M, denotes the operator of multiplication with the function ¢.
For f € b we write

a(f)—Z/dkf(k Na*k, ), a(f) = Z/dkf(k na*k, ),

A=1,2 A=1,2

where a(k, 1) and a*(k, 1) are operator-valued distributions. They satisfy the following commu-
tation relations, which are to be understood in the sense of distributions,

[atk,2),a* (K, 2)] =88k —K),  [a**k, 1), a* (K, ))]=0,
where a* stands for a or a*. For A = 1,2 we introduce the so-called polarization vectors
e(\A): 87 =k eR?| k| =1} - R?

to be measurable maps such that for each k € $2 the vectors e(k, 1), e(k, 2), k form an orthonor-
mal basis of R3. We extend &(-, A) to R3 \ {0} by setting £(k, 1) := e(k/|k|, 1) for all nonzero k.
For x € R3 we define the field operator

Ay (x) = Z /dkK“A(k) [e7 ek, Ma*(k, ») + * ek, Ma(k, )], (2.2)

S Viendk|

where the function k4 serves as a cutoff, which satisfies k5 4 (k) =1 if o < |k| < A and which
is zero otherwise. A > 0 is an ultraviolet cutoff, which we assume to be fixed, and o > 0 an
infrared cutoff. Next we introduce the atomic Hilbert space, which describes the configuration of
N electrons, by

Ha:={¥ € L*(R*N) | ¥ (tr1), -+ X)) = SEUEY (X1, ..., xn), 7 € Gy},

where Gy denotes the group of permutations of N elements, sgn denotes the signum of the per-
mutation, and x; € R3 denotes the coordinate of the Jj-th electron. We will consider the following
operator in H :=Hy @ F,
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N

Hypo =:9 (pj+8Ac(Bx)) 1+ V + Hy, 2.3)
j=1

where p; = —iaxj, V =V (xy,...,xn) denotes the potential, and :(-): stands for the Wick prod-
uct. The coupling constant g € C is of interest for the main result, Theorem 2.1. The parameter
B € R will be used in Corollary 2.3. We will make the following assumptions on the potential V,
which are related to the atomic Hamiltonian

Hat =—A+ V,
which acts in Hy,. We introduced the Laplacian —A := Zf;’zl p?.
Hypothesis (H). The potential V satisfies the following properties:

(1) V is invariant under rotations and permutations, that is

Vxi,...,xn) = V(R 'x1,...,R'xy), VR eSO@3),

Ve, ..o, xn) =V xzy, ..., Xzv)), YmeGy.

(i1) V is infinitesimally operator bounded with respect to —A.
(iii) Eq4 :=info (Hy) is a non-degenerate isolated eigenvalue of Hy.

Note that for the hydrogen, N = 1, the potential V (x1) = —|x; |7] satisfies Hypothesis (H).
Moreover (ii) of Hypothesis (H) implies that Hy g, is a self-adjoint operator with domain
D(—A + Hy) and that H, g, is essentially self adjoint on any operator core for —A + Hy,
see for example [19,14]. For a precise definition of the operator in (2.3), see Appendix A. We
will use the notation D, (w) :={z € C| |z—w| < r} and D, := D, (0). Let us now state the main
result of the paper.

Theorem 2.1. Assume Hypothesis (H). Then there exists a positive constant gy such that for all
g €Dy, BER, and o > 0 the operator H, g » has an eigenvalue Eg ;(g) with eigenvector
Vg0 (g) and eigen-projection Pg »(g) satisfying the following properties.

(i) For ge RN Dy, Eg s (g) =info(Hg g.o).
(i) g+ Eg o (g) and g Vg 5 (g) are analytic on Dy,.
(iii) g+ Pp,o(g) is analytic on Dy, and Pg 5(8)* = Pp.o (2).

The functions Eg - (8), ¥g,5(g), and Pg s (g) are bounded in (g, B,0) € Dgy x R x [0, 00) and
depend continuously on o > 0.

The infrared cutoff o will be used in Section 3 to relate the expansion coefficients to analytic
perturbation theory. It is also true that the eigenvalue Eg ,(g) is non-degenerate for g € RN Dy,
(see for example [23,16]). Note that [16] does not assume minimal coupling. We want to empha-
size that the proof of Theorem 2.1 and the non-degeneracy result do not use any form of gauge
invariance. In particular the conclusions hold if the terms quadratic in A, are dropped from the
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Hamiltonian. Using Theorem 2.1 and Cauchy’s formula one can show the following corollary,
see Section 9.

Corollary 2.2. Assume Hypothesis (H). And let go, Ep »(g), Vp,0(g) and Pg (g) be given as
in Theorem 2.1. Then on Dy, we have the convergent power series expansions

o0 o0
2 7
Vpo(@) =D Vihe".  Ppo(g)= § PNS".  Epo(e)=) EgDg™. (24)
n=0 n=0

where the coefficients satisfy the following properties: 1//( n) Eé") and Plé ") depend continuously
on o >0, and there exist finite constants Cq, R such thatfor alln € Ny and (B,0) € R x [0, 00)
we have |52 | < CoR", |ES| < CoR*", and || PY')|| < CoR".

IfwesetB=a>0,g= 3/?, and o = 0, then we immediately obtain the following corollary.
It states that the ground state and the ground state energy of an atom in ged, in the scaling limit
where the ultraviolet cutoff is of the order of the Rydberg energy, admit convergent expansions
in the fine structure constant with uniformly bounded coefficients.

Corollary 2.3. Assume Hypothesis (H). There exist a positive oy and finite constants Cq, R such
that for 0 < o < ag the operator Hyj) , o has a ground state v («'/?) with ground state energy
E () such that we have the convergent expansions

00
1/2 Zw(n) 3n/2 E(a) = ZEé2n)a3n’

n=0
and for all n € Ny and a > 0 we have |y " || < CoR" and |[E$™ | < CoR?".

Corollary 2.3 improves the main theorem stated in [4]. It provides a convergent expansion
and furthermore shows that the expansion coefficients are finite. Moreover, we show in the next
section, that the expansion coefficients w(") and Eé}”) can be calculated using regular analytic
perturbation theory. This yields a straightforward algorithm for calculating the ground state and
the ground state energy to arbitrary precision in «. We want to point out that the authors in [4]
note that they could alternatively work with an ultraviolet cutoff of the order of the rest energy
of an electron, which, in the units used in this paper, corresponds to choosing A(«x) = O@@™?).
The methods used in the proof of Theorem 2.1 could also incorporate a certain o dependence of
the cutoff. This would lead to weaker conclusions, which are not only technical.

Let us remark on the form of the Hamiltonian in (2.3), in particular the source of the argument
Bx; of A; and the dependence of A on «. For simplicity we set o = 0 in what follows to focus
on the ultraviolet cutoff A. Thus for only the rest of this section we use the notation A 4(x) for
the operator (2.2) with o = 0. Consider the Hamiltonian which results from the usual atomic
Hamiltonian by “minimal substitution” and the addition of the field energy,

N
H=Y (pj+VaAa)) +aV + Hy 2.5)
j=1



D. Hasler, I. Herbst / Journal of Functional Analysis 261 (2011) 3119-3154 3125

where

N
Vi oxn) ==Y Z/lxjl+ Y —xlh (2.6)

j=1 1<i<j<N

Here o = ¢*> where —e is the electronic charge. In order to alleviate the problem arising from
the fact that the ground state eigenvalue of Hy = —A + oV becomes less and less isolated from
the rest of the spectrum of Hy; as o — 0, we perform a unitary scale transformation, U, with the
properties

Ux;U*=a 'x;, Ua, () U* = o a; (e 2k), U= (2.7)

and obtain
N 2
UHU* = a2<Z(p, +8Au—2,(Bx))) +V + Hf> (2.8)
j=1

where f = «, and g = o>/, Thus we see that up to a multiple of o (and a constant due to the
normal ordering) the operator U HU* is our Hamiltonian (2.3) with A replaced by a2 A. Thus
in (2.3) the ultraviolet cutoff is measured in Rydbergs (one Rydberg is «? /4 in our units). In our
formalism, the source of the logarithmic term loga ™! in [7] is an ultraviolet divergence.

3. Analytic perturbation theory

In order to relate the expansions given in Theorem 2.1 and Corollary 2.3 to ordinary analytic
perturbation theory, we introduce an infrared cutoff o > 0. In that case, analytic perturbation
theory becomes applicable, and it is straightforward to show the following theorem. For com-
pleteness we provide a proof.

Theorem 3.1. Assume Hypothesis (H). For o > 0 and p € R, there is a positive go such that for
all g € Dy, the operator Hg p o has a non-degenerate eigenvalue Eg 5 (g) with eigen-projection
Pg 5 (g) such that the following holds.

(i) For 8 € Dg N R we haviﬁﬂ,g(g) =info (Hg go), and Eﬂ,U(O) = Ey.
(ii) g Ep,5(g) and g = Pp o (g) are analytic functions on Dy,
(iii) Pp,o(8)* = Pp o (3) forall g € Dg,.

On Dy, we have convergent power series expansions
o o0
Poo(e)=) P"g".  Epq(e)=) E5.g". 3.1)
n=0 n=0

Proof. Fix o > 0 and 8 € R. We introduce the subspaces b(({H =L2({k e R3 | |k| > 0} x Zy)
and bf,_) = L*({k e R® | |k| < 0} x Zs) of b, and we define the associated Fock spaces
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(i) }'g(h(i)). By 15?) we denote the identity operator in ]-"éi) and by 1, the identity op-

erator in H,. We consider the natural unitary isomorphism U : .7-'((,+) ® ]—'(5_) — F, which is
uniquely characterized by

U({hl Qs Qs hn} ® {81 Qs -+ ®s gm}) =h Qs Qs hy Qs 81 Qs -+ Qs &m>

for any hy,...,h, € f)(+) and g1,...,8m € hg_ We denote the trivial extension of U to Hy ®
(+) ® .7-"((7 ) by the same symbol. We expand the Hamiltonian as follows. We write

Hg,ﬁ,a = HO + T/S,U(g)a
with Hy := Hy + Hy and
N N
Tpo(g) =8 2pj- Ag(Bxj) + %)  Ag(Bx))*.
j=1 j=1

By T(+) (g) we denote the unique operator in Hy ® .7:(+) such that Tg 5 (g) = (T(+) (2 ®
lé ))U*. We have

U'HypoU = (Hyt + T4 (@) @157 +1u @ 15V @ HY )
where we introduced the following operators acting on the corresponding spaces

Hy) = Hy @150 + 1y @ HY)

fo
HO) —drum, ,) HPY —drm )
fio = Xow)s fio (d=x0)w)>

where x, (k) = 1 if |k| < o and zero otherwise. Now observe that H};) has only one eigenvalue.
That eigenvalue is 0, it is at the bottom of the spectrum, it is non-degenerate and its eigenvector,
.Q,(f), is the vacuum of .7-' ) This implies that Hg g » and H, (+) + T(+) (g) have the same eigen-
values and the corresponding eigen-spaces are in bijective correspondence Next observe that
Hé;) has at the bottom of its spectrum an isolated non-degenerate eigenvalue which equals Ej.

Moreover, g — H, (+) + T(H (g) is an analytic family, since the interaction term is bounded with

respect to H,, (+) Now by analytlc perturbation theory, it follows that there exists an € > 0 such
that for g in a nelghborhood of zero the following operator is well defined

Pyt (g) = 71” / (HSD +T5D(9) —2) ™ dz. (3.2)

|z—Eqat|=€

Moreover, the operator P( )(g) projects onto a one-dimensional space which is the eigen-space
of Hé:;) + T(+) (g) with e1genva1ue E 8,0 (g). Furthermore, P( )(g) and Eﬂ - (g) depend ana-

Iytically on g and E, 8,06 (0) = E5. We conclude that E, 8,0 (g) 1s a non-degenerate eigenvalue of
H, g, with corresponding eigen-projection



D. Hasler, I. Herbst / Journal of Functional Analysis 261 (2011) 3119-3154 3127

Pp.o(2) =U (P4 (2) ® Py U™, (3.3)
and properties (i)—(iii) of the theorem are satisfied. O

We want to emphasize that the gy of Theorem 3.1 depends on o and 8 and we have not
ruled out that gg — 0 as o | 0. To control the behavior as o | 0 we will need Theorem 2.1.
The expansion coefficients of the eigenvalue or the associated eigen-projection obtained on the
one hand by renormalization, (2.4), and on the other hand using analytic perturbation theory are
equal. To this end, note that for o > 0 and g € R there exists by Theorems 2.1 and 3.1 a ball D,
of nonzero radius r, such that the following holds. The eigenvalue E, 8,0 (g) is non-degenerate
for g € D,. Thus Eﬁa(g) Egs(g) on D, and hence Pg;(g) = Pg,(g) on D,. Thus the
following remark is an immediate consequence of Theorems 2.1 and 3.1.

Remark 3.2. For all § € R and o > 0 we have P(ng = ﬁénz and Eg'; = E,(San Moreover,

B,
13}(8") and E( ) have a limit as o | 0.

Finally we want to note that F(ni can be calculated, for example, by first expanding the
resolvent in Eq. (3.2) in powers of g and then using Eq. (3.3). This will then yield the coeffi-

cients E " 8 U, for example by expanding the right-hand side of the identity

(Pt ® 2, Hy .5 Pp.o (8)par @ 2)
(pa ® £2, Pﬁ,a(g)(pat ® £2)

Eﬁ,a (g) =

where @, denotes the ground state of Hy.
4. Outline of the proof

The main method used in the proof of Theorem 2.1 is operator theoretic renormalization [5,1]
and the fact that renormalization preserves analyticity [10,15]. The renormalization procedure
is an iterated application of the so-called smooth Feshbach map. The smooth Feshbach map is
reviewed in Appendix C and necessary properties of it are summarized. In this paper we will
use many results stated in a previous paper [15]. Their generalization from the Fock space over
L2(R3), as considered in [15], to a Fock space over LZ(}R3 X Z3) is straightforward. To be able
to show that the renormalization transformation is a suitable contraction we use that by rotation
invariance the renormalization procedure only involves kernels which do not contain any terms
which are linear in creation or annihilation operators. In Section 5 we define an SO(3) action on
the atomic Hilbert space and the Fock space, which leaves the Hamiltonian invariant. In Section 6
we introduce spaces which are needed to define the renormalization transformation. In Section 7
we show that after an initial Feshbach transformation the Feshbach map is in a suitable Banach
space. This allows us to use results of [15] which are collected in Section 8. In Section 9 we put
all the pieces together and prove Theorem 2.1. The proof is based on Theorems 7.1 and 8.6. In
Section 9, we also show Corollary 2.2.

We shall make repeated use of the so-called pull-through formula which is given in
Lemma A.1, in Appendix A. Moreover we will use the notation that R := [0, co). Finally,
let us note that using an appropriate scaling we can assume without loss of generality that the
distance between the lowest eigenvalue of Hy and the rest of the spectrum is one, i.e.,
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Eat,l - Eat = 1a (4-1)

where Ey 1 := inf(o (Ha) \ {Eat}). Any Hamiltonian of the form (2.3) satisfying Hypothesis (H)
is up to a positive multiple unitarily equivalent to an operator satisfying (4.1) and again Hypothe-
sis (H), but with a rescaled potential and with different values for o, A, 8, and g. More explicitly,
with § := Ea 1 — Ea we have

N
- ~ > 2
§7'SHy 308" =Y (pj+8A5 5(Bx))” + Vs + Hy, (4.2)
j=1
where § is a unitary transformation which leaves the vacuum invariant and satisfies Sx;$* =
8-'2x; and Sa#(k)s* =532 #(5 k). We used the notation Vs := 8-SV S*, B :=81/28,
A= 8 'A, =6~ O’ and § = 8!/?g. From the definition of § it follows immediately
from (4.2) that Z/:l p] + Vs satisfies (4.1).

5. Symmetries

Let us introduce the following canonical representation of SO(3) on Hy and h. For R € SO(3)
and v € Hy we define

Un(RYY (x1, ... xw) =¥ (R™xn oo R ay).
To define an SO(3) representation on Fock space it is convenient to consider a different but equiv-

alent representation of the Hilbert space . We introduce the Hilbert space ho := L2(R3; C3). We
consider the subspace of transversal vector fields

hri={f €ho|k- fk)=0}.

It is straightforward to verify that the map ¢ : h — hr defined by

(@) (k) = Z f(k, 1)e(k, 1)

A=1,2
establishes a unitary isomorphism with inverse
(07 'h)(k, ) = hk) - ek, 2).
We define the action of SO(3) on hr by
(Ur(R)h)(k) = Rh(R™'k), Vhebr, ReSO@).

The function R — ¢~ Uz (R)¢ defines a representation of SO(3) on h which we denote by Uy.
For R € SO(3) and f € b itis given by

(Up(R f) (k. 2) = Y Dyz(R.K)f(R™'k.Z), (5.1)

=12
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where D;5(R, k) :=¢(k,)) - Re(R™ 'k, 3:). This yields a representation on Fock space which we
denote by Ur. It is characterized by

Ur(R)a* (HUF(R)* =a*(Uy(R) ),  Ur(R)I2=82. (5.2)
We have
Ur(R)a*(k, WUF(R)* = Y D5, (R, Rk)a*(Rk. 7). (5.3)
=12

We denote the representation on Hy ® F by U = Uy @ Ux. We have the following transformation
properties of the operators (x;); and (p;);, with j=1,...,Nand/=1,2,3,

3

UR) G URY* =D Rt (xp)m = (R 'xj),. (5.4)
m=1

UR) (p iU (R)* = Zle(p,)m= (R~'pj), (5.5)

m=1

Moreover, the transformation property of the /-th component of the field operator A, ;(x;) is

3
UR) Ao (x)UR)* = Z RuiAgm(xj) = (R7'A),(x)). (5.6)

m=1
This can be seen as follows. For fixed x € R3 and [ = 1, 2, 3 define the function

KU,A(k) —ik-x

—2 A ek, A)e
J1673k|

Eq. (5.6) follows since by (5.1) we have Uy (R) f(,x) = 231:1 Rt fon, Rx)- We call a linear op-
erator A in the Hilbert space H rotation invariant if A = U (R)AU(R)* for all R € SO(3) and
likewise for operators in F and H,. From (5.4)—(5.6) it is evident to see that the Hamiltonian
Hyg g » defined in (2.3) is rotation invariant.

fux k) = (5.7)

Lemma 5.1. Let f € b. If a*(f) is an operator which is invariant under rotations, then f = 0.
Proof. Invariance implies
a'(f) =UrR)a" (UF(R)* =a"(Uy(R) f)

and therefore Uy (R) f = f. This implies that for f:: ¢f we have

F(Rk) = Rf (k). (5.8)
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Let H; denote the space of spherical harmonics of angular momentum /. We note that
L2(R3;C3 = @?io L2(RT) ® H; ® C3 where each summand is invariant under the represen-
tation of SO(3), f(-) = Rf(R™'.). It follows that f: D2 ﬁ where each ﬁ is invariant. By
Fubini’s theorem there is a null set A1 C R such that for a countable dense set C of R € SO(3)
there is a null set A»(¢) C S? so that Rﬁ(t, R 1e) = ﬁ(t, e) for all # in the complement of A,
R € C, and e in the complement of A;(¢). But since Hj is just the space of spherical harmonics
of angular momentum /, ﬁ(t, e) is continuous in the variable ¢ so we can take C = SO(3) and
Ar(t) = 0.

In particular if Re3 = e3, then fi(t, e3) = R fi(t, e3). This implies that (¢, e3) = ¢;(t)e3 for
some function ¢; on [0, 00) \ Aj. Rotating e3 into an arbitrary e € S> and using the invariance
we find ﬁ(t, e) = c;(t)e which in turn implies that f(k) = c(|k|)k almost everywhere. But a
function of this type is an element of hr only if itis 0. O

To see in an explicit calculation what this might mean in our model, let P, be the orthogonal

projection in 7, onto the ground state ¢, of H, and consider the one particle creation and
annihilation terms in

(Pu® ) Hg po (P ® 1)
given by
N
2 Pu®I(pj- As(Bx))) Pu 1. (5.9)
j=1

The expression (5.9) is up to a multiple of 2g given by a sum of 2N terms of the form

Ko, A () @ats Pj - &3.(K)e PRI g )ak (k) (Poc @ 1)

dk
(P ® 1) | ——=
V1673|k]|

and their adjoints. If we define
F &) = (pa, pjeP* i gy)

:/éat(élv---v";:N)‘i:j@at(gl»---»éj+ﬁkv--«7%—N)d§1"'déN
then using the rotation invariance of ¢, we obtain

J(Rk) = Rf (k).

Using the continuity of f as in the proof of Lemma 5.1, gives f (k) = c(|k|)k and thus f (k) -
£, (k) = 0. This shows

N
2 Pu®I(pj- Ao (Bx))) Pu® I =0.
j=1

Of course a more general result is true. See Lemma 6.7.
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6. Banach spaces of Hamiltonians

In this section we introduce Banach spaces of integral kernels, which parameterize certain
subspaces of the space of bounded operators on Fock space. These subspaces are suitable to
study an iterative application of the Feshbach map and to formulate the contraction property. We
mainly follow the exposition in [1]. However, we use a different class of Banach spaces.

The renormalization transformation will be defined on operators acting on the reduced Fock
space Hred := PreqF, where we introduced the notation Preq := x[0,1)(H ). We will investigate
bounded operators in 5(Hyeq) of the form

Hw):= > Hpn(w), (6.1)

m+n=0

with

H,, p(w) = Hm,n(wm,n)a

Hy (Wi ) := Pred M (K(m)) (H K(m'”))a(f(”))P d m+n>1
m,n m,n) - re |K(m n)|1/2 m,n f red» =1,
Eiiﬂ+n
Ho,0(wo,0) := wo,0(Hy), (6.2)

where wy, , € L*([0, 1] x B x BY) is an integral kernel for m +n > 1, wo,0 € L*([0, 1]), and
w denotes the sequence of mtegral kernels (wm,n)m’ neN2: We have used and will henceforth use

the following notation. We set K = (k, 1) € R3 x Zs, and write
X=X x 7, By :={xeR||x| <1},
K™ :=(Ky,....Kn) € (R®*x Z)", K™ :=(K\,....,K) € (R} x Z,)",
KO i (g g,

/ dK ™M = / > dk™ dxk™,

Xmtn Xm+n (A.,...,)Lm,il ,,,,, ’)‘L,,)EZ';JH’
m n
dk' =[d%:.  dk":=[]dk;.  dk™ :=dk™O  dK":=dKkO",
, il

du (KM = 8m) " dK ",
m
*(K™): Ha*(K ). a(K™):=]]a&).
j=1
(KO0 = (K] RO K=l el (KO = Rl R,

n

(K] =Y k-

i=1
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Note that in view of the pull-through formula (6.2) is equal to

(m.n)
DK (K ) y (Hy + S[K™] < 1) (H ., KO
( )X( f < ) m,n( f )

|K(m,n) | 1/2

§r1n+n
x x(Hy + Z[K™] < 1)a(K™). (6.3)
Thus we can restrict attention to integral kernels w,, , which are essentially supported on the sets
O = {(r, K™™) € (0,11 x B | r <1—max(S[K™], 2[K™])}, m+n>1.

Moreover, note that integral kernels can always be assumed to be symmetric. That is, they lie in
the range of the symmetrization operator, which is defined as follows,

1

(sym) (M.N)Y .
vy (- K0) =

Z Z wM,N(r,Kn(l),u-,Kn(N),1?77(1),~-,1?5(M)). (6.4)

TESYy TESN

Note that (6.2) is understood in the sense of forms. It defines a densely defined form which
can be seen to be bounded using the expression (6.3) and Lemma A.2. Thus it uniquely deter-
mines a bounded operator which we denote by H,, ,,(w,, ). This is explained in more detail in
Appendix A. We have the following lemma.

Lemma 6.1. For wy, , € L*([0, 1] x B x B) we have

| Eo o i) | < 1w lloo (tmt) 12 (6.5)

The proof follows using Lemma A.2 and the estimate

(m,n) m—+n
/ |dK (87'[) 6.6)

K (mm)|2 S

m n

where S, , := {(K™, K™y ¢ Q'I"“L" | D[K™] < 1, £[K™] < 1}. The renormalization pro-
cedure will involve kernels which lie in the following Banach spaces. We shall identify the space
LOO(Q’{””; C[0, 1]) with a subspace of L>°([0, 1] x Q'i'”r”) by setting

wm,n(rv K(m,n)) = Wm,n (K(m,n))(r)

for wy, , € L°°(§’1"+"; C[0, 1]). For example in (i) and (ii) of Definition 6.2 we use this identifi-
cation. The norm in LOO(ET‘H’; C[0, 1) is given by

Wi nlloc == esssup Sup|wm,n(K(m’”))(r)|.
K(m.n)egilil-f—n r=0

We note that for w € L°°(§’1”+”; CT0, 11) we have ||w]lc < ||lw]lo. Conditions (i) and (ii) of the
following definition are needed for the injectivity property stated in Theorem 6.4, below.
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Definition 6.2. We define W,ﬁ,n to be the Banach space consisting of functions w,, , €

Lo°(B"™"; €110, 1]) satisfying the following properties:

@) Wl = xg,,) =0, form+n>1,
(i) wmn(, K m g () is totally symmetric in the variables K ) and K™,
(iii) the following norm is finite

# .
lwp,nll” := W n ”@ + ||3rwm,n||@-

Hence for almost all K ™™ ¢ §'1"+” we have wy, , (-, K ™mYy e €10, 1], where the derivative is
denoted by 9, wy, . For 0 <& < 1, we define the Banach space

Wh= @ wi.

2
(m,n)eNO

to consist of all sequences w = (Wi, 1) m,neN, satisfying

lwif:= > & wy,l* < oco.

2
(m,n)eNO

Remark 6.3. We shall also use the norm |w,, ,||* for any integral kernel w,, , € L°°(§’1"+";
C'[0, 11). Note that [lwi*” [# < l|wp, 1.

Given w € Wf , we write w3, for the vector in Wg given by

(W) _Jwmn, fm+nzr,
zrim+n =1 otherwise.

We will use the following balls to define the renormalization transformation

B, B.y) = {we W} | 19,wo.0 — 1]loo <,

wo,0(0)| < B, lwsi ||§ <y}

m.n Hm.n (W) converges in operator

For w € Wg, it is easy to see using (6.5) that H(w) := )
norm with bounds

|H @) < llwif. (6.7)

|Hwsn) | <& lwsrI1f. (6.8)

‘We shall use the notation

Wlw] = Z Hupn(w).

m+n>1

We will use the following theorem, which is a straightforward generalization of a theorem proven
in [1]. A proof can also be found in [15].
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Theorem 6.4. The map H : Wg — B(Hreq) is injective and bounded.

Definition 6.5. Let W denote the Banach space consisting of strongly analytic functions on
Dy, with values in Wg and norm given by

lwlle := sup [w()|.

ZED1/2

For w € Wg we will use the notation wy, (2, -) := (W, (2))(-). We extend the definition of
H (-) to W in the natural way: for w € Wk, we set

(Hw))(2) := H(w(2))

and likewise for Hy, ,(-) and W[-]. We say that a kernel w € W is symmetric if wy, ,(2) =
Wy, m(2) for all z € Dy 2. Note that because of Theorem 6.4 we have the following lemma.

Lemma 6.6. Let w € We. Then w is symmetric if and only if H(w(2)) = H(w(2))* for all
Z€E D]/z.

The renormalization transformation will be defined on the following balls in Wk

B, B,y)
= {w € We

sup [9,w00(2) — 1, < sup |woo(z.0)+2 B, lwsille <y ).
z€Dy )2 z€Dy2

We define on the space of kernels W,ﬁﬂ a natural representation of SO(3), Uy, which by Theo-
rem 6.4 is uniquely determined by

H (U (R)win) =Ur(R)H (W) U(R), VR €50(3), (6.9)

and it is given by Uy (R)wo o(r) = wo,o(r) and for m +n > 1 by

(UWRY Wi ) (7 K1, 2ty Ky Fon)

- Z DM(R,kl)--~D;,1;;(R,’1€n)wm,n(r,R—lkl,xg,...,R—lzn,X;,). (6.10)

(W) sres iy yEZITT

That (6.10) implies (6.9) can be seen from (5.3). The representation on W,’;,n yields a natural
representation on WW¥, which is given by UwWRYW)m.n = U (R)wp » for all R € SO(3). We
say that a kernel wy, , € W,’fl!n is rotation invariant if Uy (R) Wy, n = Wy, for all R € SO(3) and
we say a kernel w € Wg is rotation invariant if each component is rotation invariant.

Lemma 6.7. (i) Let wy, , € W,f, n- Then H(w,y, ) is rotation invariant if and only if wy, , is
rotation invariant. Let w € Wg . Then H(w) is rotation invariant if and only if w is rotation
invariant. (ii) If Wy, € Wj;’n with m + n = 1 is rotation invariant, then wy, , = 0.
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Proof. (i) The if part follows from (6.9). The only if part follows from (6.9) and the injectivity
of the map H (-), see Theorem 6.4. (ii) Let w; o € Wio be rotation invariant. Then w, defined by
wy(k, }) := w1 o(r, k, 1) isin b for all r € [0, 1]. By (6.10), (5.1), and (5.2) it follows that a* (w;)
is rotation invariant. By Lemma 5.1, w, = 0. The proof of the corresponding statement for Wg’]
is analogous. O

For a different proof of (ii) see [17].
To state the contraction property of the renormalization transformation we will need to intro-
duce balls of integral kernels which are invariant under rotations

Bo(a, B,y) := {w € B(a, B,y) | Wpm () is rotation invariant for all z € Dl/z}.

To show the continuity of the ground state and the ground state energy as a function of the
infrared cutoff we need to introduce a coarser norm in W:fl,n' The supremum norm is to fine. To

this end we introduce the Banach space LZ)(Q’]”JF”; CJ0, 1]) with norm

(m,n)
K sup | wp,q (r, K™™)

712
lwp, ||21=[ } .
m Byt | Kmm|2 0y |

Eiiﬂ+n
Observe that L>°(B'™"; C[0, 17) C L2 (B}"™"; C[0, 1]) and that by (6.6) we have

lwm,nlloo
”wm,n”2 < T (6.11)
n:m:

for all wy, , € W,’;’n. We have the following lemma which is a consequence of Lemma A.2.
Lemma 6.8. For wy, , € Li(g’{”"; C[0, 1]) we have

” Hm,n(wm,n)” < Nlwm,nll2- (6.12)

Definition 6.9. Let S be topological space. We say that the mapping w : § — Wg is com-

ponentwise L?-continuous (c-continuous) if for all m,n € Ny the map § = Wy ,(s) is an
LCZU(EI”JF”; CJ0, 1])-valued continuous function, that is

seé!,igso ” wW(s0)m,n — W(S)m,n HZ =0

for all sg € S.

The above notion of continuity for integral kernels, yields continuity of the associated opera-
tors with respect to the operator norm topology. This is the content of the following lemma.

Lemma 6.10. Letr w : S — Wg be c-continuous and uniformly bounded, that is

SUPsc g ||w(s)||*§E < 00. Then H(w(-)) : S — B(Hyeq) is continuous, with respect to the opera-
tor norm topology.
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Proof. From Lemma 6.8 it follows that H,, ,(w(s)) M> Hy, n(w(so)) as s tends to so. The

lemma now follows from a simple argument using the estimate (6.8) and the uniform bound
onw(). O

7. Initial Feshbach transformations

In this section we shall assume that the assumptions of Hypothesis (H) hold. Without loss of
generality, see Section 4, we assume that the distance between the lowest eigenvalue of Hy and
the rest of the spectrum is one, that is

inf(o (Ha) \ {Ea}) = Eae = 1. (1.1)

Let x; and X be two functions in C*°(R; [0, 1]) with X12 + X% =1, x1 =1on [0,3/4), and
supp x1 C [0, 1]. For an explicit choice of x; and )1 see for example [1]. We use the abbreviation
x1 = x1(Hy) and X1 = x1(Hy). It should be clear from the context whether x| or )| denotes a
function or an operator. By ¢, we denote the normalized eigenstate of Hy with eigenvalue Ey
and by Py the eigen-projection of Hy corresponding to the eigenvalue E,. By Hypothesis (H)
the range of Py is one-dimensional. This allows us to identify the range of Py ® Pred With Hied,
and we will do so. We define xD(r) := Py @ x1(r) and ¥V (r) = Py @ 1 + P @ X1(r),
with Py = 1 — Py. We set x'D := xD(Hy) and xD := xD(Hy). It is evident to see that
x" 2 + x4 )% — 1. The next theorem is the main theorem of this section. It states properties
about the Feshbach map and the associated auxiliary operator, see Appendix C.

Theorem 7.1. Assume Hypothesis (H). For any 0 < & < 1 and any positive numbers 81, 83, 83
there exists a positive number go such that following is satisfied. For all (g, B,0,2) € Dgy x R x
Ry x Dy the pair of operators (Hg g.o — 2 — Ea, Hy — 2 — Eay) is a Feshbach pair for X(I).
The operator valued function

Q,n(8.B,0,2):= Qi (Hg po —2— Ear, H)— 2 — Ea) (7.2)

defined on Dy, x R x Ry x Dy s is bounded, analytic in (g, z), and a continuous function of
(0, 2). There exists a unique kernel w©® (g,B,0,2) € Wg such that

H(w(g,B.0.2)) = Fyuy(Hy po — 2 — Eat. Ho— 2 — Eq) [Ran Py ® Preg.  (7.3)
Moreover, w% satisfies the following properties.

(a) We have w©Q (g, B,0):=w@ (g, B,0,-) € By(81,82,83) forall (g, B,0) € Dgy xR x R4

() w (g, B, o) is a symmetric kernel for all (g, B, o) € (Dgg NR) x R x R,

(¢) The function (g,z) — w (g, B,0,2) isa Wg—valued analytic function on Dg, x D12 for
all (B,0) e R x R;.

(d) The function (o, z) w© (g,B,0,2) € Wg is a c-continuous function on Ry x Dy for all
(g,B) € Dgy xR

The remaining part of this section is devoted to the proof of Theorem 7.1. Throughout this
section we assume that
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7= — Ey € Dip.

3137

(7.4)

To prove Theorem (7.1), we write the interaction part of the Hamiltonian in terms of integral

kernels as follows,

Hg po=Hy+ Hf +:Wg g5,

Wg,ﬁ,ff = Z Wm,n(g7 ﬁ»g)s
m+n=1,2

where Wm,n(gs B,o) = ﬁm,n(wignl,)n (g, B,0)) with

dK mm

Em,n(wm,n) = / W

(K3)m+n

and

Ko, 4 (k)ePhi

N
wi)(g,8,0)(K) =28 ) " pj-e(k,}) s
T

j=1

(K™ ) wn (K™ )a(R™),

Ko.p () BRNT ke 5 (B)eiPRxi

N
wi}(g. 8.0V K, K) :=g2 Y ek, 2) - £k, 7)
j=1

wi)(g. B.0)(K1. K2)

N
=g> ) elki, h) - (ka, A2)

1673 /1673

Ko, A (k1)e PRI iy g (ky)e PR

V1673 1673

Jj=1

(7.5)

(7.6)

(7.7)

wih (8. B.0)(K) = wi (3. B.0)(K)*, and wi)(g. B, o) (K1, K2) := wi|(3. B.0) (K. Ka).

We note that (7.6) is understood in the sense of forms, cf. Appendix A. We set

w0 (@)(r) i= Hy — 2+ 7.

(

By w") we denote the vector consisting of the components wy, ), with m +n =0, 1, 2.

The next theorem establishes the Feshbach property. To state it, we denote by Py the orthog-
onal projection onto the closure of Ranx /). We will use the convention that (Hy — z)~ '3 "
stands for (Hy — z [ Ranx )~ 1x () and that (Hy — z) ™' Py stands for (Hy — z | Ran Py) ! Py.

The proof of the Feshbach property is based on the fact that

3
info (Hy | Ran Py) = Ea + 1

(7.8)

which follows directly from the definition, and the fact that the interaction part of the Hamiltonian

is bounded with respect to the free Hamiltonian.
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Theorem 7.2. Let |Ey — ¢| < 5. Then
| ((Ho —¢) I Ran Py) " || < 4. (7.9)
There is a C < oo and go > 0 such that for all (B,0) e R x R, and |g| < go,
[(Ho— )" x P Wy po| <Clgl,  [WepoHo—0) "'V <Clgl,  (7.10)

and (Hg go — ¢, Hy — &) is a Feshbach pair for X(I)- The function (g, B8,0,¢) — (Hy —
{)_IX(I)Wg,ﬂ,J on Cx R xRy x Dy(Eqy) is analytic in (g, ) and continuous in (o, ¢).

Proof. Eq. (7.9) follows directly from Eq. (7.8). We will only show the first inequality of (7.10),
since the second one will then follow from

[We .o (Ho— O %P = | (Ho— O 'x P Wg g0

)

where we used that the norm of an operator is equal to the norm of its adjoint. The Feshbach
property will follow by Lemma C.3 as a consequence of (7.9) and (7.10). For |Ey — ¢| < %, we
estimate

I(Ho — ) '%x DWe po | < || (Ho — &) Po(Ho — Eac +2) Po(Ho — Ext +2) "' Wy .||
H() - Eat + 2

<
Hy—¢

|

[(Ho — Eac+2)"'We g0 |- (7.11)

Using the spectral theorem we estimate the first factor in (7.11) by

%+2+r
Eu+3—¢+r

11+ 4r
14 4r

Py| < sup <11 (7.12)

” Hy— Ey+2
r=0

Hy—¢

X Sup
r>=0
It remains to estimate the second factor in (7.11). We insert (7.5) and use the triangle inequality,

|(Ho— Ex+2) "' Wepo < Y [(Ho— Eat+2)" ' Win(g. B,0)|.  (7.13)
m+n=1,2

We estimate each summand occurring in the sum on the right-hand side individually. To estimate
the summands with m + n = 2 we first use the trivial bound

|(Ho — Eat +2) "' Winn(g. B, )| < ||(Hf + D)™ Wi n(g. B, 0)||. (7.14)

The right-hand side of (7.14) is estimated for (m, n) = (0, 2) as follows,

lCHy + D7 ' Woa(g, B, 0)|

gI*N / KO =12 ~ 2 (r+lkil+ kD22
< - k k —_—
1677 gap e atol ket o r+1)2

(R%)?
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lgI>N
1673

1/2
[Bllko,a /@l + 6llko,a/olIF lio.413]", (7.15)

X

where in the first inequality we used Lemma A.2 and in the last inequality we used the following
estimate for r > 0,

(r + k1| + [k2))?

D <3(1+ 1k + k2 l?).

To estimate the right-hand side of (7.14) for (m, n) = (2,0) we use the fact that the norm of an

operator is equal to the norm of its adjoint, the pull-through formula, and a similar estimate as
used in (7.15),

[(Hp + 17 Wao(g. B.0)| = |Woa(@. B.o)(Hf + 17! | <rhs. (7.15).

To estimate the right-hand side of (7.14) for (m, n) = (1, 1) we first use the pull-through formula
and then Lemma A.2 to obtain

lC(Hf + 1) Wi1(g, B.0)|

81N / dK 2 (r+ kD + kD7
< k k
6o |K(1)1)|2|KU,A( D||ka, 4( 1)}5;1(3) TS

®3)®

2
_lgPN

1/2
< g7 [2lko,a @l + 2o, a /@l ko, a7 ] 2 (7.16)

where in the last inequality we used the following estimate for r > 0,

r 4 ki D (r + [k1])

i <2+ [kl + k2.

To estimate the summands with m + n = 1 on the right-hand side of (7.13) we insert the trivial
identity 1 = (Hy + DY2(—=A + DY2(H; + 1)71/2(=A + 1)71/2 and obtain the estimate

|(Ho — Eat +2)" ' Wi (g, B, 0)||

(Hf + DV2(Hy — Eq + 1)/?
H() —_— Ea[ + 2

x [(=Aa+ D7V H + 1) V2W 05, B.0).

|(Hat — Eat + D72 (=A + D'/

NS ‘

The first factor on the right-hand side is bounded by 1/2, which follows from a trivial application
of the spectral theorem. The second factor on the right-hand side is bounded, since V is infinites-
imally operator bounded with respect to —A. The last factor on the right-hand side is estimated
as follows. Form +n =1,
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[ (=2 +D72(Hy + D7 Wi (5. 8.0) |

N 3
<20gly )

j=11=1

x | (Hf + 1)_1/2[SmOEI‘O(wl/zf(l,ﬂx}')) +8n0Ho,1 (wl/zf(z,,an))] I

(Pj)l
(—A+ 1)1/2

6 1/2
< =5 NIsl(lo.a /1 + Suolleo.a/Val 22, (7.17)
where in the first inequality we used the triangle inequality and (5.7), and in the second inequality
we used the pull-through formula and Lemma A.2. Collecting estimates we obtain the desired
bound on the second factor in (7.11). The statement about the analyticity and continuity follow
from the explicit expression and the bounds in (7.11)—(7.17). O

As a consequence of the first equation in (7.10) it follows that the operator valued function
(7.2) is uniformly bounded for g sufficiently small. Theorem 7.2 furthermore implies that (7.2)
is continuous in (o, z) and analytic in (g, z), provided go is sufficiently small. Next we want to
show that there exists a w©® (g,B,0,72) € Wg such that (7.3) holds. Uniqueness will follow from
Theorem 6.4. In view of Theorem 7.2 we can define for z = ¢ — Ey € D2 and g sufficiently
small the Feshbach map and express it in terms of a Neumann series.

FX(I)(Hg,ﬁ,U — ¢, Ho—¢) rXat ® Hred
=(T+xWx —xWx(T+TWH) ' TWx) | Xae ® Hred

o0
= (T +xWx - xWiZ(—T‘liWi)"T‘lin> | Xat ® Hrea,
n=0

where here we used the abbreviations T = Hy — ¢, W = W, o X = xD, x =xD. We put
the above expression into normal order using the pull-through formula. To this end we use the
identity of Theorem B.1, see Appendix B. Moreover we will use the definition

dxwa ~ o~ ~
W ] (K ) = / —|X(p,q)|1/2a*(X(”))wm+p,n+q (K™, x P, R0 F@)a(XD).

®H)"H
We obtain a sequence of integral kernels w © which are given as follows. For M + N > 1,

Wy (g, B, o, 2)(r, KM

= @8m) T i(—l)”1 > H{<ml+m) (m+ql>}

qi
L=1 (m, pnq)€N4L =1
Im|=M,|n|=N,
1<m+pr+qr+n <2

X Vinpng[w! (€. B0, 0] (r, KM (7.18)
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Furthermore,
o0

Wop(8. B.0. () = —z+r+ Y (=D)L > Vo.p0g [w" (. B.0.0)] ().
L=2 (p.)eNGE: pr+qi=1.2

Above we have used the definition

Vi.p.ngw w](r, K (ml. \”D)

= <<oat ® 2, Folwl(Hy +r) H W w] (K ) Flwl(Hyp + 1 4+ 7)) }u ® 9>
=1
(7.19)

where for/ =0, L we set Fj{w](r) := x1(r),andfor/ =1,..., L — 1 we set

x D (r)?

Filw]() := Flw](r) := w000

Moreover, see (B.4) for the definition of 77. We define w® (g, B, 0, z) := (W@)¥M (g, B, 0, 2).
So far we have determined w'® on a formal level. We have not yet shown that the involved series
converge. Our next goal is to show estimates (7.28), (7.29), and (7.30), below. These estimates
will then imply that w©® (g, 8,0, 2) € Wg and they will be used to show part (a) of Theorem 7.1.

To this end we need an estimate on Vi, p.n.q[w wD], which is given in the following lemma.

Lemma 7.3. There exists finite constants Cw and Cp such that with Cy (g) := Cw/|g| we have
Jor|§ — Eul <1/2,

Vi pang[wP (8. B.0. O] [ < (L + DCE Cwin)t, (7.20)
forall (g,8,0) e C xR x R;.

To show this lemma we will use the estimates from the following lemma and we introduce
the following operator

Go:=—A+Hp+1.
Lemma 7.4. There exist finite constants Cy and C g such that the following holds. We have
-1/2 —-1/2
|Gy Pwmalw® (g, B0, O] (K ™) Gy 2| < Cwgm P, (7.21)
forall (g,B,0,¢, K™™)eC xR xRy x Cx B'™. For|¢ — Ey| < 1/2, we have

|Gy F[0 (e, 8.0, 0)] + HGY?] < Cr. (022)
|Gy, F[uD (e, .0, )] + HGY?] < Cr. (729

forall (g,B,0,r)eC xR xR; xRy
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Proof. First we show (7.21). For simplicity we drop the (g, B, o, ¢)-dependence in the notation.
If p =g =0 it follows directly from the definition that

Lh.s. of (7.21) < 2|g|™ " tPTIN,

To see the corresponding estimate for p + g > 1 we first introduce the notation
Bo(r) :=(—=A+r+ 1)~ (7.24)

Hence by definition Bo(Hy) = G, 12 Using the pull-through formula and Lemma A.2 we see
that

Imn:_ HG—l/ZWmn[ (1)](K(mn)) —1/2”

axwa
< / S sunll ol + =[x

(B3
% w}(ﬁp%q(l{(m’ X K™ X@)py(r + E[gw)])HZ

x (r +2[XP))(r + [X9])7], (7.25)

where we used the trivial estimate for r > 0,
P
[0 +=2[x®]) < (r+2[xP])". (7.26)
=1

Now we use (7.25) to estimate the remaining cases for m, n, p, g separately. We find

812N lico, 4 /@l ifS=1,p+qg=1,
1 < 18PN llko,a /ol if S =2, max(p, q) =1,
1N (o, 4 /0I5 +20Kke, 4 /@Gl 4 /02 [19) /2, if S =2, max(p, q) =2,

with S :=m +n + p + g. Collecting estimates, (7.21) follows. Next we show (7.22). Inserting
two times the identity 1 = (Hy +r — Ea + )V/2(Hy 4+ r — Ey 4+ 1)71/? into the left-hand side
of (7.22) we find

2 H()+}"—Eat+1

— 2
Horr—g X ]

Lhis. of (7.22) < |GY*(Ho + r — Ey + 1)1

The first factor is bounded since V is infinitesimally bounded with respect to —A. The second
factor can be bounded using a similar estimate as (7.12). Finally (7.23) is estimated in a similar
way using

—xD 1 2x D)o, x D)
O ERL )
(wo’o(é‘)(”)) Wy, ()(é‘)(r)

FlwP(g.B.0.0)] (r) =
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and the bound

‘ Ho—i-r—Eat—i-l[ Dty 4]

Ho+r—Ex+1 _ 2
st

(Ho+r—1¢)? (HO+r_Eat_]/2)2
r + +1
P EE—— O
(r + 1/4)2
Proof of Lemma 7.3. We estimate ||V, p » q[w(’)(g, B,0,¢)]llx using
(0t ® 2, A1 A2+ Apa @ 2)| < [|Atllopll A2llop - - | An llop (7.27)
where || - ||op denotes the operator norm, and inequalities (7.21) and (7.22). To estimate

107 Viu, p,n.q [w(l)(g, B, 0, )]l we first calculate the derivative using the Leibniz rule. The re-
sulting expression is estimated using again (7.27) and inequalities (7.21)—(7.23). O

Now we are ready to establish inequalities (7.28)—(7.30), below. Recall that we assume (7.4).
Let S[%/I,N denote the set of tuples (m, p,n,q) € NgE with |m| = M, |n| = N,and 1 <my+ p; +
g1 + n; < 2. We estimate the norm of (7.18) using (7.20) and find, with £ := (87)~1/2¢,

v poai= 3 &y g 0.0
M+N>1

oY A [ B0 0]

M+N21L=1 (m,p,n.q)eSk y

<>y > FEk L 4 ner(4Cw(9)Cr)"

8

Z(L + D14ty (4CW(g)CF) , (7.28)
L=1

for all (g,8,0) € C x R x R4, where in the second line we used (m;p) < 2"*P and in the
last line we used |m| + |n| < 2L and that the number of elements (m, p,n,q) € NL with 1 <
m; +n; + p; + q; < 2 is bounded by 14L. A similar but simpler estimate yields

sup |8,wg p(8. B. 0. 2)(r) — 1| <Y > [Vo.p0q[w® . B.0.0]|"

ref0,1] _
L=2(p.q)eNGE: pr+qi=1.2

<Y 3t + Dep(Cwiecr)” (7.29)
L=2

for all (g, B,0) € C x R x Ry. Analogously we have for all (g, 8,0) e C x R x Ry,
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o
win (8. B.0.)(0) +2| <D > [Vop.oq[w®s.B.0.0]|"
L=2(p.q)eN3L: pj+q=1,2
o0
<Y 3L+ DCR(Cw(g)CF)" (7.30)
L=2

In view of the definition of Cy (g) the right-hand sides in (7.28)—(7.30) can be made arbitrarily
small for sufficiently small |g|. This implies that the kernel w© (g, B,0,2) isin Wg and that the

inequalities in the definition of By(81, &2, 83) are satisfied. Rotation invariance of w©@ follows
since the right-hand side of (7.3) is invariant under rotations and Lemma 6.7. (b) follows from
the properties of the right-hand side of (7.3) and Lemma 6.6. It remains to show (c) and (d).
(c) respectively (d) follows from the convergence established in (7.28)—(7.30), which is uniform
in (g, B,0,2) € Dgy x R xRy x Dy/3, and Lemma 7.5 respectively Lemma 7.6, shown below.

Lemma 7.5. The mapping (g, z) — V,ﬂ,_,,l,z[w(’)(g, B,0,Ex+2)]isa Wﬁm,m\“’al“ed analytic
function on Dg; x D 3. o

Proof. The analyticity in g follows since Vi, p.n.q[w'" (g, B, 0,2 + Eq)] is a polynomial in g

and the coefficients of this polynomial are elements in Wl’fm Il because of (7.20). To show the
analyticity in z first observe that V,, , . 4 is multilinear expression of integral kernels and that

the kernels w,(,,l,),, do not depend on z if m +n > 1. We will use the following algebraic identity

Ai(s)---An(s) — Ai(s0) - - - An(s0)
s — 80

= Ai(s0) -+ Ai—1(50) A} (50)Ai 41(0) - - An(s0)
i=1

" Ai(s) — A; (s
= ZA‘(S) ...Ail(s)[u
i=1 8

- A;(SO)]AiJrl (s0) - - - An(s0)

+ Z[Al (s) - Ai—1(s) — A1(s0) -+ Ai—1(50) ] A7 (s0) Ai+1(50) - - - An(s0). (7.31)
i=1

Using (7.31) and (7.27) the analyticity in z follows as a consequence of the estimates in
Lemma 7.4 and the following limits for the function

FY) (@) =Gy FlwD(g, B, 0, Ex+2)|(Hy +1)Gy/>.

8.B.o

If z,z+h € Dy thenfort =0, 1,

h—0

— (1) (12
12 X ()] 172 h=0

G
O (Hy+Hf+r—Ey—2)?2"°

la’(F(” @+ —F) (20)+9G

Sup h r 8.B.0 g.B.o

r=0

h—0
supl|o] £y o G+ () =3 Fyly ()| 0. o
r=0



D. Hasler, I. Herbst / Journal of Functional Analysis 261 (2011) 3119-3154 3145

Lemma 7.6. The mapping (6, 2) > Vin p.uglw? (g, B, 0, Ex+2)] is an L2 (B [0, 17)-
valued continuous function on Ry x Df/g. -

Proof. First observe that the kernel V), .4 is a multi-linear expression of integral kernels, thus
to show continuity we can use the following identity,

A1(s)--- An(s) — A1(s0) - - - An(50)

=Y Ai(s) - A1 (s)(Ai(s) = Ai(50)) Ai11(50) - An(s0). (7.32)

The lemma follows using (7.32), (7.27), and the following estimates

| w800, 20 (K ™) = W0, 2 (K ™) [, 9=E0 0, (7.33)
sup|F, @ (00, 200(r) = Fy (@, ()] 798" g, (7.34)

for the kernels

wo.2) =Gy PwmalwD (g, .o 2+ E)]Gy 2,

12

F3 0. 0)() =G> Flw (g, p.0. 2+ E) | + Hp)G/>.

It remains to show (7.33) and (7.34). The limit given in (7.34) is verified by inserting the defini-
tions. Using the notation introduced in (7.24) we find form +n+p+q > 1

dK (m:m 2
/ |K (m.n) |2 ” BO(Hf)w’;::; [w](K(myn))BO(Hf) ”

(R3 )I}l+)‘l

<

/ dKmn  ax(p.9)

|K m.m)|2 | X (P.9)|2
(E3)m+n+p+q

< sup[|| Bo(r + Z[X P wims pniq (K™, XP KD XD)By(r + S[XD]) |
r>=0

x (r+ S[X PP (r + 2[X )]
= (1wl gl (7.35)

where we used Lemma A.2 and (7.26). Now using dominated convergence it follows from the
explicit expression for the kernels w(?) that

lim  Jwi’) (¢, 8. 00.20) —wi) (2. B0, z)|| =0. (7.36)

(z,0)—(20,00) mn.p.q

Now (7.35) and (7.36) imply (7.33). O
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8. Renormalization transformation

In this section we define the renormalization transformation as in [1] and use results from [15].
Let0 <& <1and0 < p < 1. For w € Wg we define the analytic function

Ep[wl(z) :=p 'E[w](2) :=—p 'wo,0(z.0) = —p (2, H(w(2)) )

and the set

Ulwl:={z € Dip | |Elwl@)]| < p/2}.

Lemma 8.1. Let 0 < p < 1/2. Then for all w € B(p/8, p/8, p/8), the function E,[w]: Ulw] —
D1 is an analytic bijection.

For a proof of the lemma see [1] or [15, Lemma 6.1]. In the previous section we introduced
smooth functions x; and x1. We set

Xp () = x1(:/p), Xo()=Xx1(/p),

and use the abbreviations x, = x,(Hy) and X, = X ,(Hy). It should be clear from the context
whether x, or x, denotes a function or an operator.

Lemma 8.2. Let 0 < p < 1/2. Then for all w € B(p/8, p/8, p/8), and all z € Dy the pair of
operators (H(w(E,[w]~1(2))), Ho,o(w(E,[w]~'(2)))) is a Feshbach pair for x,.

A proof of Lemma 8.2 can be found in [1] or [15, Lemma 6.3 and Remark 6.4]. The defini-

tion of the renormalization transformation involves a scaling transformation S, which scales the
energy value p to the value 1. It is defined as follows. For operators A € B(F) set

Sp(A)=p ' TLATY,
where I, is the unitary dilation on F which is uniquely determined by
r,d*(or; =p="a*(p~'k), r,2=20.

It is easy to check that I'),Hy I’y = pHy and hence Iy x, Iy = x1. We are now ready to define
the renormalization transformation, which in view of Lemmas 8.1 and 8.2 is well defined.

Definition 8.3. Let 0 < p < 1/2. For w € B(p/8, p/8, p/8) we define the renormalization trans-
formation

(RoH(w))(2) =S, Fy, (H(w(Ep[w]™(2))). Hoo(w(Ep[w] ' (2))) [ Hrea  (8.1)

where z € Dy 2.
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Theorem 8.4. Let 0 < p < 1/2and 0 < & < 1/2. For w € B(p/8, p/8, p/8) there exists a unique
integral kernel R,(w) € Wk such that

(RyHw))(2) = H(R,(w)(2)). (8.2)

If w is symmetric then also R,(w) is symmetric. If w(z) is invariant under rotations for all
z € Dy than also 'R, (w)(2) is invariant under rotations for all z € D1 ;.

A proof of the existence of the integral kernel as stated in Theorem 8.4 can be found in [1]
or [15, Theorem 8.2]. The uniqueness follows from Theorem 6.4. The statement about the rota-
tion invariance can be seen as follows. If w(z) is rotation invariant for all z € D12, then H (w(z))
and Hp o(w(z)) and E,[w](z) are rotation invariant for all z € D12, by Lemma 6.7. In that case it
follows from the definition of the Feshbach map (C.1) that the right-hand side of (8.1) is rotation
invariant. Now (8.2) and Lemma 6.7 imply that R, (w)(z) is rotation invariant for all z € Dy .
The statement about the symmetry follows from Lemma 6.6 and the fact that the Feshbach trans-
formation, the rescaling of the energy, and reparameterization of the spectral parameter preserve
the symmetry property.

Theorem 8.5. For any positive numbers py < 1/2 and &) < 1/2 there exist numbers p, &, €q
satisfying p € (0, pol, & € (0, &p], and 0 < €9 < p/8 such that the following property holds,

Ry Bo(e, 81,82) = Bole +82/2,82/2,82/2), Ve, é1,82 €10, €p). (8.3)

A proof of Theorem 8.5 can be found in [15, Theorem 9.1]. The proof given there relies on
the fact that there are no terms which are linear in creation or annihilation operators. Since by
rotation invariance and Lemma 6.7 there are no terms which are linear in creation and annihila-
tion operators, Theorem 8.5 follows from the same proof. Using the contraction property we can
iterate the renormalization transformation. To this end we introduce the following hypothesis.

(R) Let p, &, €9 be positive numbers such that the contraction property (8.3) holds and p < 1/4,
E<1/4and ¢y < p/8.

Hypothesis (R) allows us to iterate the renormalization transformation as follows,

1 1 1 R 1 1 1 1 R
Bo(—éo, ~€o, —60) - Bo([— + —i|eo, —€0, —60) 5.

|

272 2 2 4 4 4

R ~1 1 1
— BO(Z €0 57 €0- 2—n€0>

=1

|

Theorem 8.6. Assume Hypothesis (R). There exist functions

e)[-1: Bo(eo/2, €0/2,€0/2) = D12,
Voyl-1: Boleo/2, €0/2,€0/2) —> F

such that the following hold.
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(a) Forall w e By(ep/2,€0/2,€0/2),
dimker{H (w(e[w]))} > 1.
and Yo)[w] is a nonzero element in the kernel of H(w(e)[w])).

(b) If w is symmetric and —1/2 < z < e)[w], then H(w(z)) is bounded invertible.
(c) The function vr()[-] is uniformly bounded with bound

sup [¥owl| < 4e.
weBy(en/2,€0/2,€0/2)

(d) Let S be an open subset of C respectively a topological space. Suppose

w(,):Sx D1/2—>W§

(s,2) —> w(s,2)

is an analytic respectively a c-continuous function such that w(s)(-) 1= w(s,-) is in
Bo(eo/2,€0/2,€0/2). Then s — eylw(s)] and Y q[w(s)] are analytic respectively con-
tinuous functions.

A proof of Theorem 8.6 is given in [15, Theorem 10.3 and Theorem 10.4].
9. Main theorem

In this section, we prove Theorem 2.1, the main result of this paper. Its proof is based on
Theorems 7.1 and 8.6.

Proof of Theorem 2.1. Choose p, &, €y such that Hypothesis (R) holds. Choose go such
that the conclusions of Theorem 7.1 hold for §; = 8, = 83 = €o/2. Let g € Dy,. It fol-
lows from Theorem 8.6(a) that w(o)[w(o) (g,B,0)] is a nonzero element in the kernel of

H ;,S?f)},a (e [w® (g, B,0)]). From Theorem 7.1 we know that there exists a finite C such that

sup 10,1 (8. B,0,2)| < Co. .1
(g.B,0,2)€BoxRxR 4 xDy»

From the Feshbach property, Theorem C.2, it follows that

Vp.o(8) =0, (s.B.0.e0)[w? . B.)]) ¥ [w? (. 8.0)] 9.2)

is nonzero and an eigenvector of H, g, with eigenvalue Eg ;(g) := Ea + e(o)[w(o) (g,B8,0)].
By Theorem 7.1, we know that (g,z) w(o)(g, B,0,z) is analytic and hence by Theo-
rem 8.6(d) it follows that g — 1//(0)[w(0) (g,B,0)] and g — Eg ;(g) are analytic. This implies
that g — ¥g,»(g) is analytic because of the analyticity of (g,z) = Q, (g, B, 0,2) and (9.2).
By Theorem 7.1, we know that (o, z) > w© (g, B, 0,7) is c-continuous. By Theorem 8.6(d) it
now follows that o w(o)[w(o) (g,B,0)] and 0 > Eg ;(g) are continuous. This implies that
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o — V¥p o (g) is continuous because of the continuity of (o, z) — Qx“’ (g,B,0,7) and (9.2). As
a consequence of the definition it follows that we have the bound

sup |Ego(8)| < Ea+1/2. (9.3)
(8,B8.0)€Dgy xRxR

By (9.2), Theorem 8.6(c), and the bound in (9.1) we have

sup [¥.0(8)] < Code®. (9.4)
(g,ﬁ,a)eDgO xRxR4

By possibly restricting to a smaller ball than Dg, we can ensure that the projection operator

V5.0 (8)) (V5.0 (8)]
(Vp.0(8): Vp.o(8))

Py p(g) = 9.5)

is well defined for all (8,0) € R x Ry and g € Dg,, which is shown as follows. First ob-
serve that the denominator of (9.5) is an analytic function of g. By fixing the normalization
we can assume that (V¥ 5(0), ¥, (0)) = 1. If we estimate the remainder of the Taylor expan-
sion of the denominator of (9.5) using analyticity and the uniform bound (9.4) it follows, by
possibly choosing g smaller but still positive, that there exists a positive constant ¢y such that

[(¥g,5(8), ¥p,o(8))| = co for all |g| < go. Now using the corresponding property of ¥ »(g), it
follows from (9.5) that Pg »(g) is analytic on Dy, continuous in o and that

sup | P p(9)]| < 0. (9.6)
(8,8,0)€Dgy xRxRy

If g € D,y NR, then by definition (9.5) we see that Pg (g)* = Pg,o ().

The kernel w© (g, B,0) is symmetric for g € Dy, N R, see Theorem 7.1. It now follows
from Theorem 8.6(b) that Hé%,a(z) is bounded invertible if z € (— 1, e(0,00) [w @ (g, B. )]).
Applying the Feshbach property, Theorem C.2, it follows that H, g » — ¢ is bounded invertible
for ¢ € (Eqt — %, Eat + €(0,00) [w ¥ (g, B, 0)]). For ¢ < E4 — 1/2 the bounded invertibility of
Hg g - — ¢ for g sufficiently small follows from the estimate

[(Ho = )" Wepo || <4[(Ho = Ea+2)" Wy po | < Clel,

where in the first inequality we used that E, is the infimum of the spectrum of Hy and in the
second inequality we used the estimate of the second factor in (7.11), which is given in the proof
of Theorem 7.2. Thus Eg ,(g) =info (Hg g,,) forreal g € Dy NR. O

‘We want to note that the proof provides an explicit bound on the ground state energy, Eq. (9.3).
Next we show that Theorem 2.1 implies Corollary 2.2.

Proof of Corollary 2.2. We use Cauchy’s formula. For any positive » which is less than gg, we
have
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1 Eg s (2) 1 Vg0 (2)
) _ B.o ) _ B,
Ebo=5qi ol dz, Voo = 2 il dz
lzl=r lzl=r
1 Pg.o(2)
() _ B.o
Py = 5 s dz. 9.7

lz|=r

. . ) _
The first equation of (9.7) implies that |Eﬁ'?0| <r SUP(g,8,0)€ Dy xRXR |Eg 5 (g)| and that
o E/g"()T is continuous on R, by dominated convergence. Similarly we conclude by
(9.7) that there exists a finite constant C such that ||1/fé’f<)7|| < Cr™", respectively ||P/§2|| <
Cr™", and that 1///2'?()7, respectively Pé'z, are continuous functions of o € R,. Finally ob-

serve that (—I)NHg,,g‘g(—l)N = H_; g, where N is the closed linear operator on F with
N | F™(h) = n. This implies that the ground state energy E .0 (g) cannot depend on odd pow-
ersof g. O
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Appendix A. Elementary estimates and the pull-through formula

To give a precise meaning to expressions which occur in (6.2) and (7.6), we introduce the
following. For v € F having finitely many particles we have

!
[aCKD) @], Kot K = | P (K K, (AL

for all Ky,..., Kyy4n € IB? :=R3 x Z,, and using Fubini’s theorem it is elementary to see that
the vector valued map (K1, ..., Kp) — a(Ky)---a(K;,)y is an element of L2((]1_§3)m; F). The
following lemma states the well-known pull-through formula. For a proof see for example [5,15].

Lemma A.1. Let f : R, — C be a bounded measurable function. Then for all K € R? x Z,

f(Hp)a*(K) =a*(K) f(Hf + o (K)), a(K)f(Hy) = f(Hy +o(K))a(K).

Let wy, , be function on Ry x (IF_R3)"+m with values in the linear operators of Hy or the

complex numbers. To such a function we associate the quadratic form

dK(m,n) -
Gy, (9, V) = / W(“(K(m))% won (Hy. K™")a(K®)y),

(R3)m+n

defined for all ¢ and v in H respectively F, for which the right-hand side is defined as a complex
number. To associate an operator to the quadratic form we will use the following lemma.
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Lemma A.2. Let X =R> x Zy. Then

|Gwn (@ )| < Nlwm izl 1, (A2)

where

) dK(m,n) m 1 ;
1w nlly = / Kop S [ winn (r K ™M) | ]_[r+2 [k} ]"[r+2 [KD])

Km-%—n
Proof. We set P[K™]:= I—[;lzl (Hf + Z[K ! ])1/ 2 and insert 1’s to obtain the trivial identity

(m,n)
|Gu (0. )| = ’/dlf(mn)| (P[K™]P[K™] ™| K™ [V 2a(K™) g, wpn(Hy, K™Y

Xm+n

« PRWP[RD] | P

The lemma now follows using the Cauchy—Schwarz inequality and the following well-known
identity forn > 1 and ¢ € F,

/dK(”)iK(n)|

XxXn

n 2

[Tl +=[K O] a(k )6

(A3)

where Pé- = |£2)(£2]. A proof of (A.3) can for example be found in [15, Appendix A]. O

Provided the form gy, , is densely defined and ||wy, » ¢ is a finite real number, then the form
qu,,, determines uniquely a bounded linear operator H,; » (w,,) such that

G (@, ) = ((P, Hm,n(wm,n)‘ﬁ)y

for all ¢, ¥ in the form domain of gy, ,. Moreover, | Hu n(Wp,n) | < Wi, nllz. Using the pull-
through formula and Lemma A.2 it is easy to see that for w definedin (7.7), withm+n =1, 2,
the form

_1 _1
B (@) =q, 0 (@, (Hp + 172 (A 4 17200y

is densely defined and bounded. Thus we can associate a bounded linear operator L;,l » such that
q,,({),,((p, v) = (o, Lﬁ,{?,ﬂ//). This allows us to define

1
Hon (D)) := L3, (Hp + DI (<A 4 1) 70000

m,n

as an operator in H.
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Appendix B. Generalized Wick theorem

For m,n € Ny let M, , denote the space of measurable functions on Ry x (R} with
values in the linear operators of H,. Let

For w € M we define

Z Em,n(w)-

m+n=1,2
The following theorem is from [5]. It is a generalization of Wick’s theorem.

Theorem B.1. Let w € M and let Fy, Fi, ..., FL € Mo,o. Then as a formal identity

Fo(Hp)WIwlFi(Hp)Wlw]- - WlwlFp 1 (Hp)WIwlFL(Hp) = H(B®™),

where
Wy, (r; KM)
x s e
mi+-+mp=M P1.91;--, pL.qL: [=1
ny+-Anp=N mitprtn+q =1
L—1
x Fo(r +F0)<SZ, [ T{wmem ) (r + s K™ ™) Fi(Hy +r +7)}
=1
x WiLiLw](r +rp; K K" 2 >FL(r +77), (B.1)
with
KWM.N) . _ (K(mlnl) - KémL,nL)) K(mznz) (k(mz) k(”’)) (B.2)
o= B[R] 4+ B[RO 4 SR B K]L B
7= 2[R+ + SR+ 2KV + -+ [k (B.4)

A proof can be found in [5]. We note that the proof is essentially the same as the proof of
Theorem 3.6 in [1] or Theorem 7.2 in [15].
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Appendix C. Smooth Feshbach property
In this appendix we follow [1,9]. We introduce the Feshbach map and state basic isospectrality
properties. Let x and ¥ be commuting, nonzero bounded operators, acting on a separable Hilbert

space M and satisfying x2 + x> = 1. A Feshbach pair (H, T) for x is a pair of closed operators
with the same domain,

H,T:DH)=D(TYCH—H
such that H, T, W := H — T, and the operators
Wy = xWx, Wy = XWX,
Hy:=T+W,, Hy =T + Wy,
defined on D(T') satisfy the following assumptions:
(@ xT CTyand xT C TY,

(b) T, Hy : D(T) NRan ¥ — Ranx are bijections with bounded inverse,
(©) XH){lXWX : D(T) C'H — 'H is a bounded operator.

Remark C.1. By abuse of notation we write HX_IX for (Hy | Ran %) ' x and likewise 7~ for
(T [Ran¥)~'%.

We call an operator A : D(A) C H — H bounded invertible in a subspace V C ‘H (V not
necessarily closed), if A: D(A) NV — V is a bijection with bounded inverse. Given a Feshbach
pair (H, T) for x, the operator

Fy(H,T):=Hy — XW}H;XWX (C.1)
on D(T) is called the Feshbach map of H. The auxiliary operator
Qy = Qy(H,T):=x — XHy ' xWx (C2)

is by conditions (a), (c), bounded, and Q, leaves D(T') invariant. The Feshbach map is isospec-
tral in the sense of the following theorem.

Theorem C.2. Let (H, T) be a Feshbach pair for x on a Hilbert space H. Then the following
holds. xkerH Cker F, (H,T) and Q, ker F, (H, T) C ker H. The mappings

X :kerH — ker Fy (H,T), Oy :kerFy(H,T)— kerH

are linear isomorphisms and inverse to each other. H is bounded invertible on 'H if and only if
Fy (H,T) is bounded invertible on Ran x.

The proof of Theorem C.2 can be found in [1,9]. The next lemma gives sufficient conditions
for two operators to be a Feshbach pair. It follows from a Neumann expansion [9].
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Lemma C.3. Conditions (a), (b), and (c) on Feshbach pairs are satisfied if:

@) xTCcTyandXT CTYX,
(b") T is bounded invertible in Rany,
) IT "%wWxll <1, IXxWT~'%|l <1, and T~ X W x is a bounded operator.
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