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Strictness Analysis and
Denotational Abstract Interpretation
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A theory of abstract interpretation (P. Cousot and R. Cousot, in “Conf. Record,
4th ACM Symposium on Principles of Programming Languages,” 1977) is
developed for a typed i-calculus. The typed A-calculus may be viewed as the “static”
part of a two-level denotational metalanguage for which abstract interpretation was
developed by F. Nielson (Ph.D. thesis, University of Edinburgh, 1984; in
“Proceedings, STACS 1986,” Lecture Notes in Computer Science, Vol. 210,
Springer-Verlag, New York/Berlin, 1986). The present development relaxes a con-
dition imposed there and this sufices to make the framework applicable to strictness
analysis for the A-calculus. This shows the possibility of a general theory for the
analysis of functional programs and it gives more insight into the relative precision
of the various analyses. In particular it is shown that a collecting (static; P. Cousot
and R. Cousot, in “Conf. Record, 6th ACM Symposium on Principles of Program-
ming Languages,” 1979) semantics exists, thus answering a problem left open by
G. L. Burn, C. L. Hankin and S. Abramsky (Sci. Comput. Programming 7 (1986),
249--278). ) 1988 Academic Press, Inc.

1. INTRODUCTION

Functional programming languages are becoming more and more pop-
ular, especially in the so-called lazy variants. In particular, a lazy language
has the default parameter mechanism call-by-name (or call-by-need) rather
than call-by-value. In order to implement these languages efficiently many
researchers have studied sufficient conditions for safe replacement of call-
by-name by call-by-value. This is of interest in implementing the languages
on parallel architectures because arguments in call-by-value positions of
some function may safely be evaluated in parallel. But even on sequential
architectures it is beneficial to avoid the overhead of call-by-name when
call-by-value would suffice.

In a purely functional language the only difference between call-by-name
and call-by-value is that the latter may lead to non-termination when the
former does not. So in a call
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30 FLEMMING NIELSON

the parameter mechanism of f may be changed to call-by-value if non-ter-

mination of --- implies non-termination of f(---). In the notation of
denotational semantics this is written
fL)=1,

i.e., that fis strict. It is generally undecidable whether or not f'is strict but
one may attempt to find a safe approximation that is decidable. This entails
working with a safe representation of L, ie, of when a computation
definitely will not terminate, and for historical reasons this is written as the
number 0. We therefore search for a recursive function f’ such that
S'(0)=0 implies that f(L1)= L. A number of such strictness analyses are
considered in Mycroft (1981), Mycroft and Nielson (1983), Burn er al.
(1986), Abramsky (1985), Hughes (1986), and Maurer (1986). In the
absence of a general theory the correctness of strictness analysis must be
shown for each functional language considered. Equally important, for a
fixed language there are many different analyses one wants to perform and
these, too, must be shown to be correct one by one.

A similar situation prevailed a decade ago for analyses of imperative
languages. To overcome the inconvenience of a multitude of correctness
proofs a theory of abstract interpretation was developed (Cousot and
Cousot, 1979) for flowchart languages. Subsequent research has studied
how to extend the framework to models of programs other than the
flowcharts. The extension to (first-order) recursion equation schemes has
been performed in, e.g., Mycroft and Nielson (1983) and Jones and
Mycroft (1986). The extension to a wide class of denotational definitions
was performed in Nielson (1986a, 1984). The latter work defined a two-
level metalanguage TMLs and developed abstract interpretation for all
definitions in this metalanguage. Thereby the development is applicable to
all programming languages definable in TMLs and this includes PASCAL-
like languages. This is in contrast to most developments of static analyses
of programs (e.g., Barbuti and Martelli, 1983; Nielson, 1982) where only a
small toy language is considered. The benefit of working with some form of
denotational definitions is that denotational semantics is one of the most
general semantics frameworks available. However, some syntactic
limitations in TMLs preclude a general treatment of functional languages.

In this paper we consider a smaller metalanguage, TMLb. Its syntax and
semantics are presented in Section 3 whereas Section 2 surveys the
necessary domain theory. In Section 4 we develop abstract interpretation
for TMLb. This includes the study of correctness of analyses (w.r.t. the
semantics), safety of analyses w.r.t. other analyses, and the specification of
best analyses (starting from other analyses or the semantics). In Section 5
we apply this theory to examples studied in the literature; in particular we
give a strictness analysis for the typed 4-calculus of Burn et al. (1986). With
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respect to Nielson (1986a, 1984) we have lifted a restriction imposed there
and this suffices for a class of “independent attribute anaiyses” (Jones and
Muchnick, 1981) for functional languages (as opposed to the “relational
analyses” (Jones and Muchnick, 1981) also considered in Nielson (1986a,
1984) but for imperative languages only). Another main difference from
Nielson (1986a, 1984) is that the development does not build on the
existence of the so-called coliecting semantics (static semantics; Cousot and
Cousot, 1979). Therefore in Section 6 we show that the collecting semantics
does exist and that correctness of an analysis is equivalent to safety of that
analysis with respect to the collecting semantics. (This also answers a
problem left open in Burn ez al. (1986).) Finally, in Section 7 we present
the main conclusions.

An extended abstract of this paper appeared previously as Nielson
(1987) and some of the tedious proofs not given here may be found in
Nielson (1986¢).

2. PRELIMINARIES

In this section we review the simpler parts of the theoretical foundations
of denotational semantics. This will suffice for the subsequent development
because the denotational meta-language introduced in the next section does
not contain recursive domain equations.

A partially ordered set is a pair (D, =) where D is a set and C is a par-
tial order, i.e., a binary relation over D that is reflexive (i.e., dc=d), trans-
itive (i.e., d—e A ef=df) and anti-symmetric (ie, dCe A ecd=
d=r¢). An element de D is an upper bound of a subset S of D iff s d holds
for all elements s of S. An element de D is a least upper bound of S iff d is
an upper bound of S and d=d’ holds whenever 4’ is an upper bound of S.
A subset S of D need not have a least upper bound but if it does the least
upper bound is unique and is written | |S. A partially ordered set is a com-
plete lattice iff every subset has a least upper bound. A subset S of D is a
chain iff sz s’ or s’ s whenever s and s are elements of S. We may define
a complete partial order, or a cpo, to be a partially ordered set where all
chains have least upper bounds. Every complete lattice is a cpo but not vice
versa. An element d, of D is least iff d,=d holds for all d. A least element
need not exist but if it does it is unique and is written L, or L. In a cpo
(and hence also in a complete lattice) a least element always exists and is
given by the formula | =| | &, where J is the empty set.

A function f: (D, =) — (D', =) from a partially ordered set (D, ) into
a partially ordered set (D', — ') is a function f: D — D’ from D to D'. It is
monotonic iff d, = d, implies f(d,)=’ f(d,). It is continuous iff for every non-
empty chain S< D with a least upper bound also {f(s)|seS}=D’ is a
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chain and it has f{| | S) as a least upper bound. Every continuous function
is monotonic but not vice versa. However, when f is monotonic and S< D
is a chain then {f(s)|se S} is always a chain; furthermore, if | | S and
L {f(s)|se S} both exist then | | {f(s)|seS}='f(L| S). The function f is
strict iff whenever D has a least element L then D’ has a least element L’
and f(L)= 1" It is completely additive iff for all subsets S < D with a least
upper bound, {f(s)|seS}< D’ also has a least upper bound and it is
(L] S). Every completely additive function is strict and continuous but not
vice versa.

A fixed point of a function f: (D, =) — (D, —) is an element d of D such
that f(d)=d. A least fixed point of fis an element ¢ that is a fixed point
and satisfies d= ¢’ whenever &' is a fixed point of /. A least fixed point need
not exist but if it does it is unique and is written fix(f). The existence of
certain least fixed points is of vital importance for the treatment of iteration
and recursion in denotational semantics.

Fact I. If (D, c)isacpoand f: (D, =)— (D, ) is monotonic then it
has a least fixed point.

For a proof one may construct fix(f) by transfinite induction (Halmos,
1960) but we shall omit the details.

A predicate Q upon a cpo (D, =) is a predicate upon D. It is admissible
iff for all chains S < D we have that Q holds upon | | S whenever Q holds
upon each element of S. A related concept is that of a sub-cpo. A cpo
(D', ') is a sub-cpo of the cpo (D, =) iff D’ is a subset of D and =" is the
restriction of = to D’'x D’ and for every chain S< D'< D that the least
upper bound in D’ equals that in D (ie., | |’ S=|]S). Whenever (D, ) is
a cpo and Q is an admissible predicate one may define a sub-cpo (D', )
by putting D'= {de D|Q(d)} and letting =’ be the restriction of = to
D’ x D'. Admissible predicates are important because they can be used to
infer properties about least fixed points.

Fact 2 (“Scott-induction”). If Q is an admissible predicate upon the cpo
(D, ) and f: (D, =) — (D, =) is monotonic then

Q(fix(f))
follows if Q(d) = Q(f(d)) holds for all de D.

We omit the proof, which is by transfinite induction.
It is useful to be able to construct cpo’s and to have operations upon the
elements. If S is a set we define the flat cpo S| to be (D, ), where

D={(0,0)} u({1}xS)
dicd, iff d,=(0,0) or d,=d,.
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So (0, 0) plays the role of 1 and D essentially is the disjoint union of S and
{1}. When (D;, =) are cpo’s the separated sum of (D, = |),... (Dy, =)
is the cpo (D, =) defined by

D=1{(0,0)ju ({1} xD)u - U({k}xDy)
ded iff d=(0,0)

or for some i, d,, d; that

d=(,d)rnd =(i,d)rd, C,d.

So D is the disjoint union of Dy, .., D, and a new least element. We write
ini(d) = (l’ d)
1 ifd= L1

is{d)= { true if d= (i, d') for some d'
false ifd=(j,d"} for some & and j i

d if d= (i, d') for some d'
1 otherwise.

out(d)= {

In practice we identify D, with (D;, =;) and write D, + --- + D, for the
sum. Also, we shall no longer clearly distinguish between the various pat-
tial orders so we just write = for the partial order in question.

The cartesian product D, x --- x D, of the k=1 cpo’s (D, ©), ..., (D, =)
is the cpo (D, =), where

D={(dl,...,dk)\dlEDl,...,dkEDk}
(dyon d) T,y ndy) i dycd, A - A docd,.

We write

and one may check that

|_|S=<U {sl1]seS}..| | {slk\seS})

whenever S€ D, x --- x D, is a chain. The (monotonic) function space
D’ — D" of the cpo’s (D', =) and (D", ) is the cpo (D, =), where
D= {f:D'— D"| fis monotonic}
=N iffforall e D' that f(d)c fH(d).

643/76/1-3*
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One may check that

(u S>=,1d'-[_[ (f(d)IfeS)

whenever SS D is a chain. We shall explain later why we prefer not to
require functions to be continuous. Finally, the equations

_L s d], d'z: _L
true_)d;,dz =d1
false -~ d,.dy=d,

define a conditional construct d » d,, d,.

3. THE METALANGUAGE

The development of the present paper builds on language definitions in
the style of denotational semantics (Stoy, 1977; Gordon, 1979; Milne and
Strachey, 1976). A denotational language definition takes the form of
semantic equations that in a syntax-directed way define a mapping from
programs into denotations (or meanings). The semantics or semantic
function of a language is then taken to be that mapping. The notation used
for constructing denotations is called a metalanguage and is often studied
in its own right. The motivation behind this is that the semantics may
actually be split into two mappings: a mapping from programs into the
metalanguage and a mapping (called an interpretation) from the
metalanguage into denotations. This is illustrated by the top and bottom
halves of Fig. 1. One advantage of this approach is that it becomes possible
to construct a system that interprets denotational definitions (e.g., Mosses,
1979). Another advantage is that one may obtain different semantic
functions from the same semantic equations: One semantic function (the
standard semantics (Milne and Strachey, 1976)) might describe the usual
input-output behaviour of programs whereas another semantic function
might express some analysis of programs, e.g., strictness analysis. This is
illustrated in Fig. 1.

Syntax ,
We shall consider the metalanguage TMLb whose types are given by

ct:=A;|B;|ctxct|ct+ctct —ct (for iel).

Clearly x means cartesian product, + means separated sum, and —
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ics
standard semantic

input -output
denotations

programming semantic

language language

equations

strictness
denotations

Fic. 1. The role of the metalanguage.

means monotonic function space. The difference between A, and B, will
become clearer as we proceed. Here it suffices to say that entities of type 4,
will mean the same in all interpretations whereas the meanings of entities of
type B; may be different in different interpretations. Another way to put
this is to say that the A, correspond to concrete datatypes whereas the B,
correspond to abstract datatypes. The index set I will mostly be assumed to
be the positive integers but other sets could be used, e.g., the language of
some context-free grammar.

The expressions of TMLb are fairly conventional. The context-free
syntax is given by

en=f,(foriel) constants
| (e, €") constructing a tuple
leli selecting a component
|in; e injection into a sum
|is; e testing the tag field
| out, e projecting out of a sum
| Ax:ct-e function abstraction
| e(e’) function application
| x variables
| fix. e least fixed points
|e—e,e” conditional (over the “concrete” truth values)

The metalanguage is typed, which means that certain type constraints must
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be satisfied. For this let a type environment tenv be a finitary mapping
from variables into types, i.e., a partial function from variables to types that
is only defined on a finite set dom(tenv) of variables. The well-typing
relation tenv — e: ¢f then states that e is well-typed with type ¢t assuming
that the free variables of ¢ are in dom(tenv) and have types as specified by
tenv. To be precise one can give the following inductive definition:

tenvi— f;: ct; for fixed types associated with f;

tenv—e:cf tenvi—e': ct’

tenvi— (e, e'): ct x ct’

tenvi—e:cty X ct,
tenvi—el i ct;

tenv — e: ¢t;

tenv — in, e: ¢t + ¢t

tenve—e:ct; +ct,

where T is some A; (e.g, A,) that is viewed as

tenvi—is e: T being the truth values

tenvi—e: ¢ty +ct,
tenv — out; e: ct;

tenvict/x]r—e: ct’
tenv— Ax: ct-e:ct —>ct’’

where tenv[ct/x] is the type environment
obtained from tenv by letting x be mapped
to ct

tenvi—e:ct > ct’ tenv —e': ¢t

tenv — e(e’): ct’
tenv— x: ¢t whenever tenv(x) = ¢t

tenvi—e: ct — ¢t . .
where one should note that ¢f in fix,, is the type of

tenv — fix,, e: ct the result

tenvi—e: T tenvi—e';ct tenvi—e". ct

tenvi—e—e’,e": ct

We shall write & for the empty type environment. An expression e (as
generated by the context-free syntax) is closed if (F+e: ¢t holds for
some ct.
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Interpretations

We shall interpret types as cpo’s and closed expressions as elements of
cpo’s. By a type interpretation we shall mean a structure that assigns a cpo
to each B,. The semantics of types then is defined relative to a type inter-
pretation. So given a type interpretation I we define the cpo Ifcs] as
follows:

I[A4,] = some fixed cpo 4,
I[IB;'] =1(B,)
et xct'] =1ct] x [ cr'] (cartesian product)
et +ct'T=1[ct] +1[ct'] (separated sum)
1lct = ') =1{ct] - 1ct'] (monotonic function space).

We shall not specify the 4, further but it is natural to assume that A4, is the
flat cpo {true, false}, of truth values.

By an interpretation 1 we shall mean a type interpretation (also denoted
I) together with a structure that assigns an element of I[ct,] to each con-
stant f; (of type c¢t;). The semantics of an expression e is of course relative
to an interpretation 1. It is also relative to a type environment tenv and a
type ct such that tenv — e: ct. So if dom(tenv) is the set {x,,..,x,} and
tenv(x,) = ct; we shall define a semantic function

I[Ieﬂ(tcnv,rt): I[[CII:H X --e X l[Ctk:[] —»I[(,tﬂ

structurally upon e. However, it complicates the notation to be precise
about tenv and cf so for the sake of readability we shall omit the (tenv, ct)
index. We then have the equations

I/ = Aey,evi) - K2
Il(e, )] = A(vy, ., ) - (el (v, v ) [T (01 oy v))
Ifeli] =A(v,, ... vi) - (el (vy, vy )) ]
1[in.e] = Mv,, ..v)-in(I[e] (2, ..., 1))
Iis; e] = Ay, wuvi) -is,(1[e] (04, ..., 12))
I[out, el = A(vy, ..., vi)-out(Ife] (vy, ..., v;))
I[Ax, qict-e] =Alvy, ..., ve) - Av-1[e] (v, ..nvg, ©)
He(e)] = Aoy, .o v) - (U] (g, . o)) X[ T {0y, .y 1))
I[x] = A(vy,..v0) - v,
Iffix . e] = Alvy, .., v.) - fix(I[e] (vy, ..., vx))
Ile=e, '] =y, ve)-1el(vy, o v,) = 10y, . 04,
ITe" 1 (vy. .y Ug)

It should be clear that, e.g., the in; occurring in [in,e] is a syntactic con-
struct of TMLb whereas the in, on the right-hand side of the equation is
the function defined in Section 2. It is not difficult to show by structural
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induction that the above equations define a monotonic function of the
stated functionality.

ExampPLE. The usual input—output semantics is obtained by specifying
the standard interpretation S. We shall define S(B,) = 4, and only when we
come to the applications shall we provide further information/assumptions
about the A, and hence the S(B;). Similarly we shall assume that the S(f;)
are fixed as elements of S[ct;] and we shall be more specific when we come
to the applications. However, it is instructive to point out that a natural
candidate for an f; might be the “abstract” conditional

S Byxctxcet—ct
for all choices of types ct. In the input-output semantics we will then have
S(fer) = Alvy, v3,05) -0y = 03, U3,

assuming that B, is the “abstract” type of truth values. This is the version
of conditional to be used when we want to analyse a program without
knowing the exact values of variables. By contrast the conditional
<o = ... ... should be used for those aspects (e.g., static well-formed-
ness) of a program that are the same in all interpretations.

It is convenient to name a special kind of interpretations. By a /lattice
type interpretation we shall mean a type interpretation that specifies a com-
plete lattice, and not just a cpo, for each B,. We define a lattice inter-
pretation similarly. Not all interpretations are lattice interpretations, and
the standard interpretation S is an example because S(B,)= 4, = {true,
false} | is not a complete lattice. The interest in lattice interpretations arises
when one considers program analyses (abstract interpretations or data flow
analyses). This is because a complete lattice is a cpo that has lgast upper
bounds of two-element sets (Markowsky, 1976): the interest in cpo’s is
inherent in denotational semantics and the interest in least upper bounds of
two-element sets arises when one wants to combine the effects along the
“then” and “else” branches of an “abstract” conditional (the f,, of the
previous example).

Relations between Interpretations

In considering more than one interpretation of the metalanguage it is
important to be able to relate their effects. So let I and J be (type) inter-
pretations and let Q=(Q;); be a family of admissible relations (or
predicates)

Q,:I(B;) x J(B,) — {true, false}.
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The intention with Q, is that Q(u, v) holds when u e I(B,) and v € J(B,) are
related as desired, e.g,, when the property v correctly describes the actual
value u. Given (Q,); we can use the idea of a relational functor (Reynolds,
1974) or logical relation (Plotkin, 1973) to extend the relationship to all
types, i.e., to obtain a relation

sim [ @7]: I[ct] x J[et] — {true, false}

for all types ct.
This relation is defined structurally upon er by the clauses

sim,[QYu, v)=u=v
sim [0 (1, v) = Q,(w, v)
Simuxct’[Q](ua U) ESimu[Q](ul 1: Ul 1\' A sim(.,f[Q](ul2, Ulz)
sim,, . - [QNu, v)=(u=L Av=1)
vau,viu=in(u') Av=in,(v") A sim,[Q](, v")
v, viu=in,(u') Av=1n,(v") A sim..[Q1(«, V')

sim,, _, [ @ )(w, v) =Vu', v": sim, [Q1(w', v') = sim . [ Q J(u(u'), v(v")).

The first two clauses clearly show that 4; and B, are regarded differently.
The data domains 4, contain “static entities” that must be the same in all
interpretations. The data domains B,, on the other hand, contain “dynamic
entities” that need not be the same in all interpretations. The remaining
three clauses extend the relation “componentwise” to all types.

It is not difficult to show (by structural induction) that if each Q, is
admissible then all sim ,[Q] are admissible. A further result is that we get
structural induction over expressions for free:

ProposiTioN 3. If sim ., [Q1((f;), J(f3})) holds for all constants f; of type
ct;, then sim [Q1(I[e](L), J[e](L)) holds for all closed expressions e of
type ct.

Proof. Let I and J be interpretations such that sim, ., [Q1(k(f}), J(f))
holds for all constants f; of type ct;. The proof then amounts to showing by
structural induction on expressions e that

if tenv r— e: cf
where dom(tenv) = {x,,.., x.} and tenv(x,) = ¢t}
then Sim('t'l XXl — L,[Q](I[e],J[[e]] )

We omit the straightforward structural induction. (In the case of fix_, e we
use Fact 2.) |

A similar use of relational functors and logical relations may be found in
Nielson (1984), Abramsky (1985), and Mycroft and Jones (1985).
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Later we shall study special instances of sim,,[ Q] in some detail and this
motivates the use of special notation for these. The relation = , is obtained
by taking Q,= A(u', v') - true, ie.,

u x ,,v=sim, [ (A, v') - true); J(u, v)

and this expresses whether two elements are indistinguishable in the type
system. Note that u ~ v will not always be true (e.g., take ct=4,).
Assuming that each I(B;) equals J(B,) we may define the relation <, by

u < v=sim [(Aw', v")-w'Cv') ), v).

This relation gives a structural way of extending the approximation
relation to all types. Note that u <, v will not always be ucv (e.g., take
ct=A,). Finally, suppose there is a family mv of strict and continuous
functions

mo;: 1(B;) - J(B;)
and define the relation mv,, by
umy, v=sim,[(A#,v") -mo(u)v);](u, v).

It is not difficult to show that each mv_, is an admissible relation. One may
view <, asid,,, where id is the family of identity functions and ~ ., as L,
where L is the family of bottom functions.

It is convenient to extend the relations mv, <, and % to interpretations.
In the case of mv we may define

ImvJ<I(f)mv, J(f) for all f; of type ct,
< 1e](L)my,, J[e] (L) for all closed e of type c1,

where the last implication is by Proposition 3. We define I<J and I J in
a similar way.

4. ABSTRACT INTERPRETATION

The interpretations of the metalanguage to be considered in this paper
intuitively fall within two groups. One consists of the standard inter-
pretation, S, that describes the input-output behaviour of expressions. The
other consists of approximating interpretations, I, that describe various
analyses of expressions. As motivated previously these will be lattice inter-
pretations, i.e., the I(B,) will be complete lattices. In Section 6 we study an
approximating interpretation that intuitively is as precise as possible; it is
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c (@) 1

\ /_ :} safeness
(@) ®)
\\\\\\ /////// correctness
s

Fic. 2. Safeness and correctness.

called the collecting interpretation, C. Intuitively this interpretation works
on certain sets of values (from the standard interpretation) and it
corresponds to the static semantics of Cousot and Cousot (1979)."

The relations between these interpretations also intuitively fall into two
groups. The relations between S and C and between S and I express the
correctness of some approximating interpretation, C or I, with respect to
the ordinary input-output behaviour. The relation between C and I express
the fact that one analysis, 1, is a safe approximation of another analysis, C;
ie, I may not be as precise as C but will not give information that con-
tradicts information given by C. These relationships are illustrated in Fig. 2
and will be clarified shortly.

For a more concrete example suppose that there is just one base type,
B, , and just one function, f;: B, — B,. We shall assume that the standard
interpretation interprets the base type as the flat cpo Z, of integers and the
function as some monotonic function f:Z, — Z . Concerning the
collecting interpretation we assume that the base type is interpreted as the
powerset (Z) of integers ordered by subset inclusion <, and the function
as some monotonic function g: 2(Z)— P(Z). Finally, we must consider
the approximating interpretation I, where we assume that the base type is
interpreted as some complete lattice L and the function as some monotonic
function h: L — L. A possible choice of L is

anysign

positive

! The term “collecting semantics™ was introduced in Nielson (1982) as a variant of the stan-
dard semantics that had sets of values collected at program points. However, the use of “static
semantics” in Cousot and Cousot (1979) conflicts with a well-established use of that term and
eventually the term “collecting semantics” came to mean “static semantics in the sense of
Cousot and Cousot (1979)” (see Mycroft, 1981; Mycroft and Nielson, 1983).
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ie., the complete lattice with elements 1, anysign, negative, zero, and
positive and ordered by

L « I = anysign when [ is negative, zero, or positive.

With these assumptions Fig. 2 specializes to Fig. 3 and we shall now
explain the a, f, v, and g.

The functions 8 and ¢ are strict and continuous functions. They are ter-
med representation functions since the intention is that f(z)e L and
o{z) e P(Z) are the properties that best describe z e Z. Thus it is natural to
put

pLy=1
p(z) = negative ifz<0
p(0)=zero
B(z) = positive ifz>0

and

fzy  f z# L
o) = §
7(2) {g if =1

Clearly this defines strict and continuous functions § and o.
The correctness of 4 with respect to f may then be expressed by the
condition that

pz)cl=p(f(z))=h(l),
which says that

whenever [ correctly describes z, A(/) also correctly describes f(z).

Fi1G. 3. An instance of Fig. 2.
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So if, e.g., z=0, f(0)=0, and /= anysign we have f(0)=anysign and thus
h must satisfy that zero h(anysign). Note that the condition f(z)c=/ is
nothing but z By / so that the correctness of s with respect to f becomes

SBe_sh

Similarly,the correctness of g with respect to f is captured by fog _ g g.

The relationship between #(Z) and L is expressed using the framework
of Abstract Interpretation (Cousot and Cousot, 1979). The fundamental
ingredient is that of a pair («, y) of abstraction and concretization functions.
The intention with the concretization function v is to formalize the intuitive
meaning of the properties in L, so one has y(negative)={.., -2, —1},
w(L)=¢J, y(anysign})=2Z, etc. Given a set S of integers the intention
with the abstraction function « is that «(S) is the best safe description of
S in L, so one would expect, eg., o({—3, —2})=negative and
a({—3, 2})=anysign.

To be a bit more precise, by “S is safely described by /” we shall mean
that

Syl

So the set {—3, —2} is safely described by any one of the properties
negative and anysign. But y(negative) is a proper subset of y(anysign) and
negative is therefore the berter property. Actually it is more convenient if
one could use the fact that negative = anysign to deduce that one should
prefer negative. For this to succeed the partial orders of 2(Z) and L must
be suitably related. Similarly, there must be a relation between « and y in
order that one can claim that a produces the best safe description (w.r.t. y).
This is all captured by the adjoinedness condition (Cousot and Cousot,
1979).

VSeP(Z):vleL: Scy)e=a(S)zl,
which may be reformulated as

o and y are monotonic
VS S<(y-a)S)
vl (-l
We refer to Cousot and Cousot (1979) for a detailed motivation for

demanding adjoinedness. Given adjoinedness one may formulate the
safeness condition S <y(/) as

a(Sy=i
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and this is nothing but S ag /. The safeness of A with repect to g then is

uS)=l=a(g(S)) = h(l),

which is nothing but gay _, g #. Due to the adjoinedness of « and y and the
monotonicity of g and 4 it may be reformulated as

a-g-y=h,

as is illustrated in Fig. 4.

In general one may use abstraction and concretization functions to relate
arbitrary complete lattices of properties. So if L and M are complete lat-
tices and a: L > M and y: M — L we say that (a, y) is adjoined when

VieL:Yme M: a(lyCm<e Iz y(m).

This may be reformulated as above and the intention is that «(/)=m holds
whenever / is safely described by m. The function « is called a lower adjoint
iff there exists a function y such that («, y) is an adjoined pair. There need
not exist such a y but if it does it is uniquely determined by the formula
(Cousot and Cousot, 1979)

ym) =] {{l(y=m}.

(Adjoinedness is also studied in category theory (MacLane, 1971).)
Whenever o is completely additive (see Section 2) it is a lower adjoint and
vice versa. Hence each @, will be an admissible relation. Finally, vy is called
an upper adjoini \ff there is an « such that («, y) is an adjoined pair and
then o is uniquely determined by

a(l) =[] {ml|lc=y(m)},

where [1 Y= {y|Vy'e Y:yCy'} is the greatest lower bound of Y.

It follows that there is a one-one correspondence between a lower
adjoint o and an upper adjoint y. Turning to Fig. 3 this may be extended
with a one-one correspondence to a representation function f assuming

h

L —» L

1]}
Y a
P(2) g WP (2)

FiG. 4. h safely approximates g.
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that ¢ is fixed. For given o we may define a strict and continuous function
f by f=ua-06 and given § we may define a completely additive function o
by a(S)=1] {B(s)|se S}. It is not hard to show that these constructions
are inverses of one another.

Returning to the general setting of Fig. 2 we have already argued that
Bg_ g 1s the proper predicate for relating elements of S[B— B] and
I[B — B]. Extending this to all types we may express the correctness of I
with respect to S as

SBI

Similarly,
SeC

expresses the correctness of the interpretation C and
Cal

states that 1 is a safe approximation to C. (Here each of 5, o, and o stands
for a family of functions, e.g., 8,: S(B,) » I(B,).)

The Problem of Inducing

Assume now that I is a lattice interpretation describing some analysis
and consider the task of defining another analysis J that safely
approximates I, i, I @ J. The choice of the complete lattices J(B,) is
intended to record a deliberate decision about certain aspects that are to be
treated less precisely in J than in I, eg., to use J(B;)=L whereas
I(B,)=2(Z). Given this choice there is still much freedom when defining
J{f;) as a safe approximation to I{f;). As an example let /] have type
B, — B, so that the safeness condition

I(fl)anBlJ(fl)
becomes
o -I(f7) -y 2d(f)

{compare Fig. 4, suitably relabelled). It follows that J(f\)=o,-I{(f) -y,
will be the best choice. In particular it will be better than J(f,)=1v T,
where T =| | J(B,) is the greatest element of J(B,), as this choice would
yield a rather uninformative analysis. So in general we want to define J(f;)
in a best way, given J(B,) and I(f;), so that the resulting analysis will not
be too uninformative. This is the problem of inducing J(f;) from I(f;) and
the criterion that J(f;) is best may be formulated as

Vheldlct]: I fa., h=d(f)<, 1
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where, as usual,
I(f}) o, I(S3)

expresses the safeness condition. In particular it is important to observe
that <, rather than = is the proper relation to use for comparing
analyses (as is clear when, e.g., ct=4,).

So let I be a lattice interpretation, J a lattice type interpretation, and
(o, ) a family of adjoined functions

(o;: 1(B,) = J(B), y;: J(B;) - I(B,)).

The functions «,; and 7, move elements from I(B,) to J(B;) and vice versa
and we now consider how to extend this to all types and then later to inter-
pretations. Let us abbreviate

II[ct] = (X[ ct] - I[ct] ) x (d[ct] = I cf])

and note that («;, ;) is an element of IJ[B,]. Consider next a type ¢t that
mentions only B/s in the list B,, ..., B,. We then define a function

[er]: (II[By] x --- x IJ[BA]) — W [ct]
as follows, where we write ¢, for («;, y;) and where id is the identity,

(414, .. 65)=(id,1d)
[BI(g1, ... on) =9,
Let' +ct"] (s - Pn)
= (Au-is,(u) > iny([er' Wy, -, n) L T (Ut (1)),
iny([et"1(1, - @n) LT (0ut, (1)),
Av-is(v) = in ([c'](d,, ..., Da) | 2 (0ut,(v))),
iny([er"1(¢y, ... 5) 1 2 (0uty(v))))
[et’ x ct"($y, - dn) = (A, u") ([t DDy, oy pn) L 1(0),
[et"1(@1s o @A) L L"),
AW, ") (et ]y n da) L 2(07),
[ct"1(@1, ., @) L 2(07)))
et > ct" V@1 ndn)=(Af - [ct" U1, s ) L1 -f - [t Ty, o 1) L 2,
Ag-Tet" (1, dn) 12 8- [c'T($1, - NI D).

We now explain these equations.
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The equation for B, is straightforward, as is the one for 4, because
I(A;)=J(A;). The equations for ct'+ct” and ct’'xct” express a com-
ponentwise definition that we shall illustrate for ct'x ct” assuming that
N=0. Then

Tet ()L 1 et’] - I]et']
[et’1( )1 1: T[er"] = Iet"]

so that
A, u”) - (Ler']C) L 1), Tet" 0 )L 1(u"))

has functionality
Ifct' xet"] = J[et’ xct”]

and it is correct to define [ct’'xct”"]( )| 1 to be this function. A similar
explanation motivates the definition of [ct'xct”]{ )| 2 and hence of
[et’ x ct"]. The equation for c¢t'—ct” may be surprising in that
Tet' = ct”J( )11 uses {ct'J( )| 2 and [et”]( )| 1 rather than [ct']( ){1
and [ct"}( )| 1. However, it will be seen from Fig. 5 that this is the correct
thing to do. In particular if c¢t'=B, =¢t" then [et' > ¢t”]( )| 1 maps f to
a;-fy; (because [et'J( }|2=v, and [c"J{ )l1=0a,). A similar
explanation motivates the definition of [c¢t' - c¢t”] |2 and hence of
[ct’ = ct"]. That the above equations do define a function [cf] of the
stated functionality is a consequence of

PROPOSITION 4. If ct mentions only B,’s among B, .., By the equations
define a monotonic function

led): 1B ] x --- xIJ[BL] = 1J]ct]
that satisfies the functor laws
[et]((id, id), ..., (id, id)) = (id, id)
[ct](8)- 91, By - Bn) = [t} s ) - [ct](By, - B ),
where ¢'-¢=(¢"L1-¢11,4|2-¢4"]2).

JQcerd -— + 30 et
Qet T (42 Tet"D ()41
I0ct'D y 10 ct" ]
£

Fig. 5. The definition of [ef' - ce]( )] 1.



48 FLEMMING NIELSON

We shall begin by motivating the definition of ¢'-¢. Here ¢’ is («',y')
and ¢ is (a, y) so the definition reads

(O(/, ?')'(0‘, V)=(°f' '0‘,?“/')-

This is illustrated by Fig. 6, which shows that if («, y) and (&', y'} are pairs
of abstraction and concretization functions then so is (&’ -«, y-7’) and this
pair may be regarded as the composition of (', 7') and (a, y). The proof is
by a straightforward structural induction and is omitted. There are many
more results one can show about [cf] but we shall postpone this and
instead consider the problems in passing from I[ct] to Jcf] when we do
not have pairs of adjoined functions that relate I(B;) and J(B,). An exam-
ple of this setting is one in which we want to induce an analysis directly
from the standard interpretation rather than from some other analysis
(such as the collecting semantics). So let L be an interpretation and R a
lattice type interpretation and let mv be a family of strict and continuous
functions

mv;: L(B,) - R(B,).

Note that it is not assumed that L(B;) is a complete lattice nor is it
assumed that mv; is a lower adjoint.

We are searching for a way to transform elements of L] into R[ct];
i.e., we are looking for a suitable function

move [ mv]: L]ct] = R[ct].

Motivated by the definition of [ct](¢,, ... #n) {1 it is natural for us to
propose

Yey!
Y Y!
a a
o'

FiG. 6. The composition of pairs of functions.
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move,, [mv]=4Al-1

moveg [mv ] = mv,

move,,. , ..[mv] = Ail-is,({) = in,(move .. [ mv] (out,(1))),
in,(move ,-[mv](out,(/}))

move,,., ..-[mv]= A, ") - (move,.[mv](I'), move,,.[mv](I")).

It is more troublesome to handle the case ¢t =ct’ — ¢t”, as is illustrated by
the need to use [ct'](¢,, ..., ¢5) | 2 when defining [ct’ - ct"](d,, ... dy) | 1,
but we propose

move,, , .[mv]=Al-Ara-| | {move, . .[mv}(l(la))|lamv,, ra}.

Here / is a function from L{ct'] to L[ct”] and la is an argument in L[ct']
corresponding to an argument ra in Rct’]. One motivation for the above
formula is the formula

y(ra) = |__| {lala(la)=ra}

for an upper adjoint in terms of a lower adjoint, and another is that /g
mv,, ra is the generalization of a(la)ra to all types (assuming o, = mv,).?
The idea thus is that since we have no function to transform an element
racR[ct'] into an element of L[Jcr'] we must instead consider all
lae L[ct'] that are safely described by ra and then combine the results for
all these /a’s. : '

However, the above definition is not well-defined as it stands. The
motivation for requiring R to be a lattice type interpretation is that the
least upper bound in the definition of move,, _, .- then exists if ct” is some
B,. But this is not enough to guarantee existence in general as the following
example shows. Let T and O be the cpo’s given by

true false 1

L 0

2Theorem 12 will give conditions for when la mv,ra is equivalent to
move, .[mv](la) <., ra but note that in general (e.g., when ¢t = 4;) this will not be equivalent
to move, . [mv](la) C ra.
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Suppose that L(B,)=T and that all other L(B,) and all R(B,) are O.
Define

my(true) =1, my,(false) =1, my,(L)=0

and otherwise mv,(x) = x. Finally consider

L(¢)eL[B, - B,+B,]
defined by

L(¢)(true)=in,(1),  L(g)false)=in,(1),  L(¢)(L)= L.

When calculating movey, _, g, , g, [mv](L(¢#))(1) we have

truemvg 1, falsemvy 1, L mvg |

and so must take the least upper bound of the subset
{in,(1),in,(1), L}

of R[B, + B;] = O + O. But this set has no least upper bound.

Faithfulness

To overcome the above problem we shall exclude functions like L(¢)
from consideration in the hope that this will be sufficient for move to be
well-defined. Intuitively, the problem with L(¢) is that different elements of
type B, give rise to results (of type B, + B,) that can be distinguished in the
type system, namely that one result is in the first summand and the other
result is in the second summand. So the idea will be to impose as a con-
dition that differences among elements of the B, may lead to different
results in the B, but not differences that can be distinguished by the type
system. This vague formulation is captured by the relation

uz v=sim,[(A(u, v') - true),](u, v)
defined earlier. As an example we shall show that
L(¢) £ 5,~ 8, +8, L(¢).
It is straightforward to calculate that

true ~ g, false
—1(in (1) X g,+ B, 10,(1))

and this proves the claim.
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Given a type interpretation I we now define a type interpretation I,
called the faithful part of 1. The aim is to restrict I[ct] to containing only
well-behaved elements. The definition is

L[4 =1[4]

I[B,] =1(B)

Lict' x et =Let'] x E[ct"] (cartesian product)

Lfct' + ct”"] =1elct'] + Lfer”] {separated sum)

I[et' = ct"] = { f1 L{[et'] = I [ct"] | fis monotonic

and f <L fand f= . f}

The requirement that functions in If¢t” — ¢f”] must be monotonic is just
as before and we have already motivated the requirement that f ~ . _ . f

by the desire to exclude L(¢) from consideration. The requirement that
f <, .. famount to

u <z‘t' v :.f(u) S('r"./‘(v)

so that when v is a safe approximation of u then f(v} is also a safe
approximation of f(u). This may be expressed as the requirement that f be
monotonic with respect to “safe approximation.” Finally, note that since
<, .. and = _ . are admissible relations I;fct’ — ¢t"] is still a cpo
and hence all I;[c] are cpo’s. Also, the least upper bounds of chains in
I[ct] are calculated as in Ifct]. When I is an interpretation such that all
constants I(f,) are elements of Ics,] we say that 1 is a faithful inter-
pretation.

We now restrict our attention to the faithful part of a (type) inter-
pretation I and study the families < and ~ of relations.

DerINITION. A subset Y of Ict] is a faithful set iff

Vy,, v,€Y: VIR Va-

An element y of Li[ct] is faithful iff {y} is a faithful set and it is faithful to
the element y’ of I [ct] iff {p, y'} is a faithful set.

Faithful sets are of interest because they exclude the set

Giny(1), iny(1), L},

which caused problems previously. Some properties of faithful sets and
elements are given by:

643,76.1-4



52 FLEMMING NIELSON

Fact 5. If Y<]{[ct] is a faithful set and g: 1 [ct] — J,[ct] is faithful,
ie,ux, v=>gu) =~ g, then

glYl={g(y)|yer}
is a faithful set.

FacT 6. All elements of I[ct] are faithful and <-monotonic; ie., if
velfect] thenv ~ v and v<,, v hold.

The proof of Fact 5 is straightforward and the proof of Fact 6 is by an
easy structural induction.

Recall that the composition R, - R, of two relations R, and R, is given
by

uR,-Ryw=3dviuR v AvR,w

and that an equivalence relation is a reflexive, symmetric, and transitive
relation. We then have

PROPOSITION 7. Let L be a type interpretation and let us restrict our
attention to the faithful part L;. Then

<., Is a partial order on L ct] that implies =,
~ ., is an equivalence relation on L[ ct], and

Sy RS x,and =~ - L, 05 &

ol

Note that it trivially follows from this proposition that < ,- <., is <, and

~

. 1 ~
Roert R 18 Ry

Proof. The proof is by structural induction on ¢f and most cases are
straightforward. (In the case of cz=ct’'+ ct” it is important that we use the
separated sum rather than the coalesced sum.) We illustrate only the har-
der case when ct=ct' —ct”. That <, is reflexive on Lct] is because
L[ct] is defined to include only functions f that satisfy <, f. To see that
<, 18 transitive let /<, ,g<,h If v, w we have v<,,0<,,w by the
induction hypothesis so that f(v) <., g(v) <., #H(w) and by the induction
hypothesis f(v) <, h(w), as was to be shown. For anti-symmetry let
<., g<.f ForveL{ct'] we have v<_, v by the induction hypothesis so
that f(v) <, g(v) <, f(v). It follows that f(v)=g(v) for all v so that f=g.
Finally, <., implies = because if /<, g and ve L([ct'] we have v <, v and
f(v) <., g(v); so by hypothesis f(v) = g(v) so that f = g.

That ~ ., is reflexive is because L[ct] is defined to include only faithful
functions. For transitivity let f~ g~ h fvx_,wwe have vz _,v=_,wby
hypothe51s so that f(v)~ . g(v)~, . h(w) and hence f(v)=~, h(w). That

&, Is symmetric is shown in a similar way.
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Next consider the equation <,-=,==,. That fx_,g implies
f(<,- =, g is because f<,f~.g since we have shown < to be
reflexive. That f<_,g~_,h implies fx_ h is because v~ wimplies
v<,, v, wso that f(v) <, g(v)~, . h(w) and the result then follows by
the induction hypothesis. The other equation is similar. ||

For a partial order it is of interest to know whether least upper bounds
exist.

ProPOSITION 8. Let L be a type interpretation and let us restrict our
attention to the faithful part L. If Y = L([ct] is a non-empty and faithful set
such that | | Y exists in Li[ct] then

| Y is the least upper bound of Y w.r.t. <, and
YU {l Y} is a faithful set.

The requirement that Y be non-empty is because L =|| J is not the
least upper bound of f = L,[A,] with respect to < ,, which is =.

Proof. The proof is by structural induction on ¢t and we illustrate the
casc where ct=ct'—>ct". We know that || Y=4Av-|| Y[v], where
Y[v]={p(v)|ye Y}. To see that || Y is an upper bound of ¥ w.rt.<,,
consider some ye Y and show y<,|]Y. For this let v<, w and show
y(o)< L Y[w] Since y <., v we have y(v) <, y(w). Since y(w)e Y[w]
we have y(w)<,- ]| Y[w] by the induction hypothesis. The result then
follows by the transitivity of <,.. To see that | | Y is the least upper bound
of Y wrt.<,, let geL[cf] be an upper bound of Y. When v<,. w we
have y(v)<,. g(w) for all yeY and by the induction hypothesis
Ll Y[v] <, g{(w). This shows | | Y <, g

To show that YU {| | Y} is faithful it suffices by transitivity of =~ to
consider ye Y and show y= || Y. When v~ . w we have y(v)~ . y(w)
so by transitivity of = . it suffices to consider weL[ct'] and show
y(w)m (L] Y) (w). But (4 Y)(w)=|] Y[w] and the result follows because
the induction hypothesis asserts that Y[w]u {| | Y[w]} is faithful. |}

For lattice type interpretations we do not need to assume that || Y
exists:

PROPOSITION 9. Let R be a lattice type interpretation. If Y S R({ct] is a
non-empty and faithful set then | | Y exists in R[ct].

Proof. The proof is by structural induction on ¢z and we illustrate the
case where ct=ct'—>ct". We first show that ||Y exists in
Ri[ct'] = R{[ct"]. For veR{ct'] we have v~_ v and therefore the set
Y[v]={y(v)|ye Y} is nonempty and faithful. Therefore iv-| | Y[v] exists
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by the induction hypothesis and it equals ] Y in R[et’] — R[ct”].
(Clearly | | Y is a monotonic function.) To show that | | ¥ exists in R;[c!]
we must show that || Y is faithful and <-monotonic. Let y be some
element of Y. If v, w we have y(v)=, y(w). By Proposition 8,
L Y[v]=~. p(v) and || Y[w]=, y(w). By transitivity of =, we get
(U Y)o)=,, (L] Y) (w). Next if v<,, wwe have y(v)<, y(w) Since
yw)< - (L] Y)(w) by Proposition 8 we get y(v)<, (L] Y) (w). By yet
another application of Proposition 8 we get (|| Y) (v) < (] ) (w). 1|

Before we prove the existence of move we need some results about the
behaviour of [ef]. Let us write

L [ct] = (Ict] - J[ct]) x (e[ ct] — Kfct])

and begin by stating that [cr] specializes to a mapping between faithful
parts:

PrOPOSITION 10.  If ¢t mentions only B,’s among B, ..., By the equations
for [ct] may be viewed as defining a monotonic function

[et]: LI [B,] x --- x L3 [By] — L¥[ct]
that satisfies the functor laws of Proposition 4 and such that

Tetf((ays pi) s o (s Ya)) L1 Ict] — Jifct]
Leel((args 1)y v (@ns Y0 L 20 Je[et] = Kfef]

are faithful and < -monotonic when all 2; and y, are monotonic.

Proof. The proof is by structural induction on ¢t and we illustrate the
case where cf=cr’— ct". As a shorthand we shall write («, y) instead of
((oty5 7)o (@, Ya))- We concentrate on showing the correctness of the
functionality of [ct](a,7)|1 and that it is monotonic, faithful, and
< -monotonic. The results about [cr](a, y) | 2 are similar and together with
the proof of Proposition 4 the remaining results follow.

Concerning the functionality we must show that whenever
felfct"— ct"] then

Terd (o V)L 1) =Tet" Do p3 L1 -f - Ter'T (e, y) 1 2

is monotonic, faithful, and <-monotonic. But f is by assumption and
Tet'] («, v)12 and [ct”"] (a, y){ 1 are by the induction hypothesis and the
result then follows because monotonicity, faithfulness, and <-monotonicity
are preserved under composition. Next suppose that ' <, g and show that

LetD(o, ) LIS <, [et (o, 7Y ] T g)
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But if u <, v we get

Ler'] (o, 9) § 2(u) <, Let'T (2, 7) | 2(0)

by the induction hypothesis and hence

S(er T e v) L 2(u)) < - g(Tet T (o, 7) L 2(0
so that by using the induction hypothesis once more we have
Ler" T yY L1Cf ([er' I, 7)1 2(u)))
Lo Let"Y (o, p) | 1(g(Tet N, ) | 2(v))),

which is the desired result. Faithfuiness is shown in a similar way and
monotonicity is straightforward. |

The primary use of [ef]) ((a;, y1), ... (&n, 7)) 18 in instances when all
(a;,7;) are pairs of abstraction and concretization functions. Since it is
customary to require these to be adjoined pairs it is of interest whether
Cet((ay, 71), s {2y, yn)) 1s also an adjoined pair.

PROPOSITION 11. If ¢t mentions only B,’s among B,, .., B, and if all
(a;,v,)e I [ B,] are adjoined functions then

u a('l v<=>u <<'1 U:Cﬂ]((ala yl)’ (L) (aN’ '))N)) l 2(U)
had [[Ct] ((al’ V1)7 ey (aN’ ’VN))l ( )S(/
holds for all ueXct] and ve Jict].

Proof. The proof is by structural induction on cf and we illustrate the
case where ct=ct' > ct". As a shorthand we write («,y) instead of
((ty,71)s - (@n,> Yn)). The first condition becomes

V' elifet'], v' eI [ct']: ua., v =uu)a., v),
the second becomes
V', w el et']: w, , w
= u(u') < [et" e y) L 200(Tet Te, 7) | Hw))),
and the third becomes
Yw', v e JJct']: w0
= [et"[(a, y) | 1 [er'T(a, 7) L 2007))) < 0(0").

There are now four implications to show.
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To prove that the first condition implies the second condition we assume
the first condition and that #’ and w’ are such that

By Proposition 10 we have
et Me, v) L 1) S [t To, ) L 1)
and by the induction hypothesis this is
wa, [c'](a,p)| Lw)
By the first condition we get
u') @ v([ct' (e, 7) L 1(w"))
and by the induction hypothesis we get
u(u') <o [et" oy y) L 200 et I (e, 7) L 1(w))),

as was to be shown.
To prove that the second condition implies the first condition we assume
the second condition and that #’ and v’ are chosen such that

ua.,v.
By the induction hypothesis this equals
' <o et Yo y) L 2(v")
and using the second condition we get
u(u') < - let"Io, v) L 2(0(Let Tlo, p) L 1(Tet' (o, y) L 2(07)))).
Let us pause for a moment and note that
Let'J(e, ) L 2(0") o Tt D, v) L 2(07)
holds by Proposition 7 and v’ € Ji[ct] so that by the induction hypothesis
et T, ) | 1(Let Mo, v) L 2(0")) <0 0"

But we have assumed that ve J[ct] and by Proposition 10, [ct"](x, 7) |2
is <-monotonic so we get

Let" Do, y) L 2(v([et' I, ) L W Let' T (e, ) L 2(0'))))
< Lot (o, y) | 2(0(v")).
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Continuing the argument we get by Proposition 7 that

u(u') < Tet" (2, ) L 2(0(v))

and by the induction hypothesis this amounts to

as was desired.

We have now proved the equivalence of the first and second conditions.
The proof that the first and third conditions are equivalent follows the
same pattern and is therefore omitted. ||

This result may be viewed as saying that when each («,,7;) is an
adjoined pair then

LetT(Cotys 71y oon (Xns Y )

is an adjoined pair with respect to the partial order of “safe
approximation” (namely <,,).

Returning to the existence of move we now have sufficient apparatus to
show that the equations

move , [mv] =Al.!
moveg [mv] = my,
move,, , [mv]=Alis,({) = in,(move,,.[mv]{out,(/))),
in,(move,,-[ mv](out,(/)))
move,, . .-[mv]= AL, I"). (move, .[mv](/"), move,,.[mv](I"))
move,, _. .,.[mv] = Al.ira.| | {move .[mv](l(la}))|lamv,, ra}

do define a function when attention is restricted to the faithful parts of the
interpretations.

THEOREM 12. Let L be a type interpretation, R a lattice type inter-
pretation, and mv a family of strict and continuous functions

mv;: L(B;) - R(B,).
Then the equations for move make sense and define a function
move  [mv]: Lict] - R¢[ct],

that is,

strict, monotonic, <-monotonic, and faithful,
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and satisfies
umyv_, v<move, [mv](u)< v
u =, move, [ mv](u)

for all ue L ct] and veR[ct].

We leave the rather complex proof to the Appendix.
This theorem has some important implications.

COROLLARY. move [mv] constructs the best safe approximation with
respect to my_,.

Proof. For ueLct] the claim that move, [mv](u) is a safe
approximation to ¥ amounts to

umv,_ move, [mo](u).

But this follows from the double implication in the theorem by choosing
v=move_,[mv](u) and observing that v< v follows by Proposition 7.
That move ,[mv](u) is the best safe approximation means that all safe
approximations to u also safely approximate move, ,[mv](u), 1e.,

umv,, v=move [mol(u)< v

but this follows from the double implication in the theorem. |

Furthermore we can compare the effects of [¢f] and move,,.

COROLLARY. If (a;,7,); are families of adjoined functions and ct mentions
only B,’s among B, ..., By then

LerDtotys 74), s (an, 7)) LT =move, [ (a;),].
Proof. From the theorem we have, writing o for (o;),,
ua, v<move,[a](u)<,,v
and from Proposition 11 we have
ua.,v<> et (o, 7)o (g, 7)) 1) <, 0.
Combining this we get
move,, [a](u) <. v [er]((oy, 7i)s o (2ps Y )N Hu) < 0

and as <, is a partial order the result follows. ||
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Induced Interpretations

We conclude this section by formulating the development of Abstract
Interpretation in terms of interpretations. So let L be a faithful inter-
pretation and R, a lattice type interpretation. Here L may be thought of as
the standard interpretation or some interpretation that expresses a
program analysis whereas R, is to be extended to a faithful lattice inter-
pretation R that expresses some program analysis. The intended relation
between L and R is based on a family mv of strict and continuous functions

myv,: L(B;) = Ry(B,).
The intention is that R should be a safe approximation to L, i.e.,
Lmv R,

and furthermore that R be as precise as possible, given that each R(B,) is
Ry(B)), ie.,

LmvyR =R<R/,

where each R'(B;) is also Ry(B;). To accomplish this we define the induced
interpretation

R =induce(L, mv, R,)
by
R(B,)=R, (B, for all B,
R(f})=move, , [mv](L(f;}))  forallf,of type ct,.

We then have the desired interpretation:

THEOREM 13. Let L be a faithful interpretation, R, a lattice type inter-
pretation, mv a collection of strict and continuous functions, and R’ a
faithful lattice interpretation. Then

induce (L, mv, Ry) is a faithful lattice interpretation,

L mv induce(L, mv, Ry),

L mv R’ < induce(L, mv, R)) <R'.

This is a simple consequence of Theorem 12 and its first corollary and
says that the induced interpretation is the best safe approximation to a
given interpretation. This result is equally applicable to the definition of an
analysis using the standard interpretation and to the definition of an
analysis using a known analysis.
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S. APPLICATIONS

When applying the framework of the previous section one must make
sure that only faithful interpretations need be considered. This is a semantic
restriction to be fulfilled by the interpretations of the constants f; of type
ct;. To ensure the fulfillment of this restriction it is therefore of interest to
find a syntactic restriction on ct; that will guarantee this, ie., that will
guarantee that Ifct,] = I ct,].

We therefore begin defining the predicates pure (abbreviated p), impure
{abbreviated imp) and level preserving (abbreviated Ip). These are defined
structurally on types cf with the definitions of impure and level preserving
being mutually recursive. The definitions are:

ct plct) imp(ct) Ip(ct)
A; true false true
B, false true true
ct' xct”  plet’) A p(ct”) imp(ct’) Aimp(ct”) lp(ct’) A Ip(ct”)
ct'+ct” plet’) A p(ct”) false Ip(ct’) A lp(ct”)

ct' —ct” plet') A plet”) lp(ct’) A imp(ct”) [plet’) A ldp(et”)]
v [lp(et’) A imp(ct”)]

The motivation behind the definition of pure (ie., p(ct)) is that the type cr
is pure if it contains no B,. The motivations for the predicates impure and
level preserving are best explained by the following result.

PrOPOSITION 14.  For a type interpretation 1 and a type ct we have
(1) if ct is pure then it is level preserving and =~ and < . are both
equality,
(2) if ct is impure then it is level preserving and =, is a relation that is
always true and <, is =,
(3) if ct is level preserving then I[ct] =1[ct].

It is clear that the predicate level preserving can be used as the sufficient
syntactic condition for ensuring that only faithful interpretations need be
considered. Some examples of level preserving types are

A4, B, B, xB, xB, - B,, B, —>(4,>4,-B))
One may reformulate the condition for ¢t — ct” to be level preserving to

the requirement that ¢¢’ and ct” be level preserving and that additionally ct’
be pure or ct” be impure. Concerning pure types one notes that they
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behave much as the 4; with respect to the definitions of =, and <, and,
similarly, impure types behave much as the B,.

Proof. The proof is by structural induction on ¢t and we illustrate the
case where ¢t = ct’ - ct”. Assume first that ¢t is pure, from which it follows
that ¢’ and ¢t” also are. By the induction hypothesis we have that ct” is
level preserving and this shows that ¢t also is. The predicate fx g
amounts to

u zu’ U=>f(u)%(.,u g(v)

and since (by the induction hypothesis) both =, and =, are equality this
reduces to f=g so that also =, is equality. In a similar way it is shown
that <, is equality.

Assume next that ¢t is impure but not necessarily pure. Clearly ¢t is also
level preserving. Using the induction hypothesis the relation f=x g
amounts to

U=, v=1true,

which always holds so that also =, is a relation that is always true.
Similarly f<, g reduces to

U<, v=>f(u)cglv).

This implies that f—g, ie.,

Vuellct'] =Xiet']: f(u) = g(u),

since <, is reflexive, as follows from Proposition 7. Next suppose that fiz g
and u <, v. By Proposition 7, 1[¢t'] = I[ct'], and monotonicity of f we get

fe f(v)cgv)

and this shows f(u)=g(v). It follows that <, is .

Finally, assume that ¢z is level preserving but not necessarily pure or
impure. There are two cases to consider so suppose first that ¢+’ is pure and
ct” is level preserving. Then fx , g reduces to

vu: f(u)z('l" g(ll)

as =x . is equality and since ~ - is reflexive by Proposition 7 and the fact
Ifct"] =L Jct"] it follows that =, also is (over I[ct]). In a similar way it is
shown that<_, is reflexive over Ifct]. This suffices to show that
I[ct] =1;[ct]. Suppose next that ¢t’ is level preserving and ct” is impure. In
fact ct is impure too and =z, and <, are then reflexive as a consequence of
(2). Again this suffices to show that Ifct] =1 [ct]. |
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The motivation for the present work, as well as that of Nielson (1984,
1986a), is to formulate a general framework of Abstract Interpretation for
denotational definitions. This means that it must be possible to formulate a
wide class of program analyses using the framework. One may then con-
sider how to implement the framework and this is currently being
investigated. For this reason we shall concentrate on showing that actual
analyses can be handled by showing that the setup used in various papers
may be transformed to the present framework.

We begin with a brief comparison of the present development with
respect to its forerunners (Nielson, 1984, 1986a). The predicate level preser-
ving generalizes the predicate contravariantly pure used in Nielson (1984)
to constrain the types ct; of constants f;. The definition of “contravariantly
pure” (abbreviated cp) closely resembles that of “level preserving” with the
exception that cp(ct’ — ct”) is defined as p(ct’) A cp(ct”). Proposition 3 is a
simplified version of Theorem 3.3:14 of Nielson (1984) and a version of
Proposition 7, but restricted to contravariantly pure types, is given by
Lemma 4.2:3 of Nielson (1984). Finally, the definition of move generalizes
the definition of view in Nielson (1984). This means that Theorem 13 is
more general than its analogue in Nielson (1984) (which is Theorem 4.2:7).
On the negative side we have not treated recursive domains and have only
shown monotonicity and not continuity.

As a second example we consider the setup of Mycroft and Jones (1985).
The language studied there is an untyped /A-calculus. Let Var be an
unspecified countable set of variables x. Then the set Exp of expressions ¢
is given by

e =x|ix.e|ee.

In Mycroft and Jones (1985) the notion of an interpretation is defined, but
to avoid confusion we prefer to call it a model. A model [ is a triple con-
sisting of cpo D and functions

lam: (D-D)—- D
app: (DxD)—- D.

Relative to a model I we define the cpo of environments

Env,=Var—> D

and the semantic function

E;:Exp—Env,—> D.
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The semantic equations are

E/[x](p)=p(x)
E,[ix.e](p)=lam(ide D.E,[e](p[d/x]))
E[ee'](p)=app(E,[el(p), E,[e'](p))

and this clearly defines E,. In Mycroft and Jones (1985) various models are
defined. One is a standard interpretation where D is the solution to the
recursive domain equation

D=(D—-D)+Z+ {wrong} ,

and where Z is the integers. Another is a strictness analysis and the third
model concerns the type analysis of Hindley and Milner.

To handle this in the present framework we must do two things: one is
to define a syntactic translation from expressions e of Exp into expressions
of TMLDb and the other is to construct an interpretation I from a model L
Concerning the syntactic translation it seems natural to let B, correspond
to D and to let f, and f, correspond to lam and app, respectively. As for
the variables x of Var there are two ways to view them: one is as elements
of, e.g., 4, and the other is to identify them with the variables of TMLb.
We shall choose the former and hence Env,, will correspond to the type
A, - B, . We then define the syntactic translation function &

Elx]=4p: A, - B,.p(x)
Elix.e] =ip: A, > B. fi(Ad:B,.&[e](p[d/x])),
where p[d/x] abbreviates (Av: 4,. f5(v, x) = d, p(v)))
clee']=Ap: 4, B, [i(¢el(p), ELe'T(p)).

Here we have assumed that p, d, and v are variables of TMLDb and that f;,
of type 4, x A, > A,, where A4, is the truth-values, stands for the test
A(v, x).v=1x. To be fully precise we should have replaced the use of x on
the right-hand sides by ¥ [x] where we had formally defined *"[x,] =/, ;
for each x; in Var. So the types ct; of the constants f; are

ct,=(B,—~B,)—>B,

Ctzz(Bl XBI)—>B1

cty=A,xA,-> A4,

¢ty =4, for i>0
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and these are clearly seen to be level preserving. (In fact ¢z, and ct, are
impure and the remaining are pure.)

Given a model 7= (D, lam, app) we then specify an interpretation I by
setting

I(B,)=D

and, e.g., I(B,, ;)= D as well for ;> 1, and by setting

I(f,)=1lam
I(f2)=app
I(f3)=Au,v).u=v

I(f5.,;) anenumeration of the elements of Var.

We take it for granted that 4, = Var, and that 4, = {true, false} . This
interpretation is faithful by Proposition 14. It should be clear that &[] is
always a closed expression of TMLD, i.e., no free variables, and that

I[&Te] 1(L)=EJe](L).

One small point is that we have only required functions to be monotonic
whereas in Mycroft and Jones (1985) they are in fact assumed to be con-
tinuous. Nonetheless it is correct to claim that this demonstrates that the
setup of Mycroft and Jones (1985) is expressible in the present framework.
As a specific example note that the Correctness Proposition of Mycroft and
Jones (1985) corresponds to Proposition 3.

As the final example we consider the strictness analysis of Burn ef al.
(1986). The language studied there is a typed A-calculus. The types ¢ are
given by the abstract syntax

tii=A|t-1,

where 4 is the type of atoms and ¢ — ¢ is a function space. The set Exp of
expressions e is given by the abstract syntax

ex=c'|x'|Ax‘.e|(e e)|fix"e.

Here each ¢’ is a constant ¢ of type ¢, each x' is a variable x of type ¢, ix'.e
denotes function abstraction, (e e) denotes application, and fix’ ¢ denotes
an element of type ¢ that is the fixed point of e. In Burn ez al. (1986) this
language is given two semantic definitions. One is

sem: Exp —» Env —» D,
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which defines the ordinary semantics and where D is an infinite sum
(indexed by the types ¢} and Env is the cpo of environments, i.c., mappings
from variables to D. The other is

tabs: Exp = Env' — B,

which defines a strictness analysis and where also B is an infinite sum
indexed by the types r and where Env’ contains mappings from variables to
B. The definitions of sem and tabs take the form of semantic equations and
the only difference is the way constants ¢’ are handied.

To handle this A-calculus we follow the general approach of the previous
example. In the present case we need to define two syntactic translations.
The function & translates the types of the i-calculus into types of TMLb.
It is given by

J[A] =B,
Tt » ;] =T [t,] - T [1,]

and it is straightforward to verify that all 7 [¢] are impure and hence level
preserving. Concerning expressions, we must decide how to treat variables
and in this example we choose to identify them with the variables of
TMLb. (To view them as elements of some type, ¢.g., 4,, we would have to
extend TMLb with infinite sums and construct a type that is the sum of all
F[1].) A constant ¢' will then be identified with a TMLb constant f; of
type ct,=J [t], where the index i is obtained from ¢. This motivates

ElcT =/, for i obtained in a unique way from ¢
ExT=x for each variable x
E[ix'.e] = ix: T [t].€]e]
Elle ex)] =&le,[(ETe,])
E1hx’ e] = fix - q(Ee]).

Clearly the expression e is closed iff £[e] is and then e has type ¢ iff &[e]
has type 7 [¢]. In general for an expression e we define a type-environment
tenv by setting

tenv(x) =9 [1]
for each free x’ in e and then
tenv +— &le]: 7 [¢,]

iff ¢ has type ¢,.
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Next we define interpretations S and T corresponding to the semantic
functions sem and tabs, respectively. These interpretations will be faithful,
as required, because all 7 [t] are level preserving. Concerning S we define
S(B,) to be some unspecified cpo of atoms, just as in Burn ez al. (1986),
and for completeness we may interpret the S(B, , ;) similarly. If we write D,
for the summand of D that is indexed by ¢ we essentially have
D,=S[7 [t] ] the difference is that we have only insisted on monotonicity
whereas Burn ez al. (1986) insists on continuity. As for S(f,) we do not
specify these in detail but assume that they are interpreted as the
corresponding ¢’ in Burn et al. (1986). It then follows that for a closed
expression e we have

semfe](L)=S8[&e] J(L)

and a straightforward generalization of this when e is not closed.
Concerning the strictness analysis we define T(B,), and for completeness
also T(B, . ,), to be the cpo

with elements 0 and 1 and ordered by O 1. The intention is that 0 means
“undefined” and 1 means “possibly defined.” To formalize this we define

mu;:S(B;) - T(B,)

by
0 if d=1
v, (d) = {1 oth:[rwise
and similarly mv, , ;. Hence
xmvg y
amounts to
y=0=>x=1

and thus expresses the statement that y describes the “undefinedness” or
“possibly definedness” of x. This motivates the demand that

Slel(L) mv -, Tle](L1)
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(for closed expressions e of type ) should express the relation between S
and T. Using Theorem 13 we obtain this by defining

T = induce <S, mo, I ;) .

If we write B, for the summand of B that corresponds to ¢t we get

B, =T[7[]]

because monotonic functions on finite cpo’s are continuous. Furthermore
we have

tabs[e](L)=T[&e] 1(L)

whenever e is a closed expression and a straightforward generalization of
this when e is not closed.

As an example consider an expression e of type =4 — 4 — A4 and let us
write ce = &[e] and ¢t = 7 [1t]. Then

Slee](L)ymyv,, Tcel(L)

holds by Theorem 13 and amounts to

mo,(d)Sb A mo(d)2 b’ = mv,(S[ce (L)(d)(d')) = Tlce](L)b)E').

Suppose next that

Tlee](L)(0)(1)=0.

Since mv {d')=1 holds for all &' and mv,(d)=0 holds iff d= | this gives

vd': Sfeel(L)L)d')= L.

It follows that S[ce](L) is strict in its first argument and this information
may then be used as sketched in the Introduction. In Burn ef al. (1986) the
correctness of using tabs to infer strictness information about sem is
expressed by the Soundness Theorem (Burn et al,, 1986, Theorem). A key
ingredient in the proof is Lemma 8 of Burn er al. (1986), which
corresponds to our Theorem 13 (using Proposition 3). Another ingredient
in the proof is Proposition 3 of Burn ez al. (1986), which corresponds to
stating that move,, _, .,-[mv](f) is strict iff f is.

643/76/1-5
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6. THE COLLECTING SEMANTICS

The intuition behind the collecting interpretation C is that it is the most
precise Abstract Interpretation® that is consistent with the standard inter-
pretation. The consistency condition demands that C be correct with
respect to S, ie., that

SeC

for ¢ a suitable family of strict and continuous functions ¢;: S(B;) - C(B,).
The preciseness condition demands that a faithful analysis I be correct with
respect to S iff it is a safe approximation of C, ie.,

@B:SPp D<= (Fa:C a I),

where f ranges over families of strict and continuous functions and «
ranges over families of lower adjoints. So far we have not assumed that a
collecting interpretation exists although we have indicated that it would
have C(B,)=%(Z), or something isomorphic to it, if S(B,)=Z,. Then
each o, may be obtained from B, by setting a/(S)=| | {B,(s)|seS} and
each f, may be obtained from a, by setting f,=a; 0,, where o (1)=&
and otherwise g (s)= {s}.

To enable a general definition of the collecting interpretation we must
cover the theory of the relational power domain, %, also known as the
lower or Hoare power domain. So let D be a cpo. A subset X< D is Jeft-
closed iff

Yd, d e D: dcdeX=deX

and is Scott-closed iff

YYcD: YcXAVYisachain=| | YeX
and X is left-closed.
Given X = D there exists a least (w.r.t. <) left-closed set containing X; it is
called the left-closure of X and is given by
LC(X)={deD|3d e X: d=d'}.
3 Here the Abstract Interpretations range over those that can be proved correct by the

methods of the present paper and so do not include “second-order” analyses like “live
variables analysis.”



DENOTATIONAL ABSTRACT INTERPRETATION 69

Given X < D there also exists a least (w.r.t. <) Scott-closed set containing
X; it is called the Scott-closure of X and is given by

X*={X'cD|X<X A X is Scott-closed }.

To see this note first that the intersection exists because D is a candidate
for X’ and therefore we do not take an empty intersection. Clearly X' < X™*
and X* is left-closed. To see that X* is Scott-closed let Y be a chain such
that Y < X* Then Y< X' for all Scott-closed X’ containing X and hence
|| Ye X’ for all these X’ so that | | Ye X*

DEFNITION, For a ¢po D the relational power domain %(D) is
({X < D| X Scott-closed and not empty}, <).
The associated singleton function o: D — %(D) is

Ad. {d}*.

PROPOSITION 15.  Let D be a cpo.

(1) PAD) is a complete lattice with || Y=(UY)*u{Ll,} and
L=1{1,
(2) o=4d.LC({d}) and is strict and continuous.

(3) Whenever B: D — L is strict and continuous and L is a complete
lattice there exists precisely one completely additive function a: Z(D)— L
such that B=o-a. It is given by a(S) =] {B(s)|s€ S} and is written §°.

This is a version of a well-known result but for completeness a proof is
given in the Appendix.

With this information we can now define the collecting interpretation C
from a faithful standard interpretation S. Writing ¢ for the family

(0::S(B,) = Z(S(B)))),
of strict and continuous singleton functions we put
C = induce(S, o, (%4(S(B)))),).

If S(B,)=Z, we now have C(B;,)={S<Z | LeS}, which is isomorphic
to the C(B,) = 2#(Z) suggested earlier. It follows that the collecting inter-
pretation will not distinguish between programs that produce the same set
of integers as results even if one program may not terminate although the
other one always does.
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To prepare the ground for showing that C behaves as desired we first
show some functor-like properties of inducing and how the mv relations
compose.

PROPOSITION 16. Let L be a type interpretation and let R and R’ be
lattice type interpretations. Furthermore, let mv be a family of strict and
continuous functions

my,: L(B,) > R(B,)

and let o be a family of lower adjoints

a,

R(B;) - R'(B,).

For all types ct we have the functor-like equations

move [ (A1), ]=Al.l

move,,[a-mv]=move,[a] -move,[mv],

where (a-mv);= o, -mv,;. Furthermore we have the composition law

((l ‘ mv)u =mv,-a,

and the adjoinedness-like formula

{(@-mv),, ¥ <>move, [mv](}a,,r

<Imv, [ct](a, )] 2(r')

Here y is the family of upper adjoints corresponding to o and we have restric-
ted our attention to faithful parts of interpretations.

Proof. The first equation for move follows from Proposition 10, the
second corollary to Theorem 12, and the fact that (4/.1); is a family of
lower adjoints. The second equation for move is proved by a structural
induction on ¢t and we illustrate the case where ct=ct’' - ct”. We write
(a, y) for ((ot;, ), ..., (@n, Yn)), wWhere each 7y, is the upper adjoint
corresponding to «,; and where N is the maximal index i of any B, occurring
in ct. We then calculate as follows,

move,,[a-mv](f)=

Ara.| | {move .[a-mv](f(la))|move  [a -mvl(la)<  ra} =,
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where we have used Theorem 12. For the next step we use the induction
hypothesis

Ara.| | {move,.[a](move, .[mv](f(la)))]

move, . [a](move, [mv](la)) <, ra} =
and then one of the corollaries to Theorem 12 to get
Ara.| | {[et" (e, 7) | Hmove,,.[mv](f(la)))|
[et'I(a, y) | 1(move .[mv](la)) < ra} =.

Using Proposition 11 we may continue

Ara.| | {Tet" (e, y) L1 (move,,.[mv](f(la))|
move ., [mv](la) <, [ct'T(e, 7) | 2(ra)} =,

which equals

[lm'- L] {Tet"Me, y) | 1 (move, . [mu](f(la)))|
move,.[mv](la) <,, ra’}} Tet' e, y) 2=

The next step is to rewrite this to

[et" e y) L1
. [ira’.u {move,.[mv](f(la))|move,.[mv](la) <. rd }]
et (o, y) 2=
and we shall justify this shortly. But having done so we may continue

eI (@ y) L1 -move,, [mo](f) - [et'](x, 7} {2 =
[etl(a, y) L 1 (move,, [mo](f)),

which shows the result.
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It now remains to show the correctness of the step that was not justified
above. For this write

Y = {move, . .[mv](fla))|move, . [mv](la) <, ra’}
(abs,con)=[ct"] (x, )
Z={abs(y)lve Y}

Since fe L[ct] and ra’ e R[ct'] it follows by the reasoning in the proof of
Theorem 12 that Y is a non-empty and faithful set. Similarly abs and Z are
faithful, and we are claiming that

abs(l_] Y)=|_| Z,

where by Proposition 8 the || are the least upper bound operators with
respect to <. Hence we are claiming that

VzeZ:  z<, abs <U Y)

(VzeZ: zst.,r,u)zabs(u Y) < U

But the first result is immediate as each z e Z is of the form abs(y) for ye ¥
and y<,.|]Y follows by Proposition 8 and abs is <-monotonic by
Proposition 10. Next suppose that

zeZ: 2K U
By Proposition 11 and the definition of Z this amounts to
VyeY: y<,-con{u)
so that
L] Y<.,con(u),

from which we get the desired

abs ([_] Y) S U

In fact we could have justified this step more tersely by just saying that | |
is the least upper bound operator with respect to <. and abs is a lower
adjoint by Proposition 11, and hence it is completely additive with respect
to <, -
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We have now proved the equations for move and turn our attention
towards the composition law and the adjoinedness-like formula. We
calculate

la-mv),
by Theorem 12

’

move, . [a-mv](1) <, r
by the equations for move
[cti(a, y) | H(move, [mv](1) <., '
by Proposition 11
move, . [mv]() <., [ct](a, y) | 2(r').

By Theorem 12 this is equivalent to

I'mv,, [etl(o, 7) L 2(r')
and by Proposition 11 to

move, ,[mv]())a,r

and this proves the adjoinedness-like formula. For the composition law we
continue the calculation:

move, [mv (1) <, [ef](a, y) L 2(r")

8 by Proposition 7
ar: move, [mv]([) < ,r A r<, Jet](a, y) | 2(r")

i by Proposition 11 and Theorem 12
ar: Imv,rara,r

¢
{mv,,-a.)r.

This completes the proof of the composition law. §
The intuitive contents of Proposition 16 is more clearly expressed when
reformulating it for interpretations.

THEOREM 17. Let L be a faithful interpretation, let R and R' be faithful
lattice interpretations, and let mv and o be as above. Then inducing behaves
much like a functor, ie.,

induce(L, (4/.1);, (L{B,));)=L
induce(induce(L, mv, (R(B,)),), , (R'(B,)),) =
induce(L, « - mv, (R'(B))),).
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Furthermore correctness and safeness compose, i.e.,
mv' = (a-mv) where mv' =mv-o
and inducing gives a result that is as precise as possible, i.e.,
L(a-mv) R’ < induce(L, mv, (R(B,)),) a R’

The functor-like properties of inducing means that an Abstract Inter-
pretation may be built by inducing in small steps and still give the same
result as if induced in one big step. This supports a “stepwise coarsening”
methodology for the design of Abstract Interpretations. The composition of
correctness and safeness implies that if R is safe/correct with respect to L
(i.e, Lmv R) and if R’ is safe with respect to R (i.e., R @ R’) then also R’ is
safe/correct with respect to L (ie, La*mvR’). The final result of the
theorem says that inducing does not lose information and it is a
strengthening of the final statement in Theorem 13. The proof of Theorem
17 is an easy consequence of Proposition 16 and is therefore omitted: it
merely amounts to a “componentwise” application of Proposition 16
(where the “components” are the f}).

We can now prove the desired result about the collecting interpretation.

TueEOREM 18. The collecting interpretation C is a faithful lattice inter-
pretation that is correct with respect to S, ie.,

Se6(C,
and that is as precise as possible, ie.,
(3B:SPpD)<= (Fa: C a 1),
where each B, is strict and continuous and each w; is a lower adjoint.

Proof. The first half of the result is a consequence of Theorem 13 so
consider the second half. If C a 1 it follows from S ¢ C and Theorem 17
that S B I with f=«-0. Conversely suppose that S B L Define « as
designated in Proposition 15, i.e., a;= f7;, and note that « then is a family
of lower adjoints. Then f=a-0 so S a-¢ I and the last statement in
Theorem 17 gives

induce(S, 6, (C(B;)),) al,
which is the desired C a 1. |

Returning to the application in Section 5 to the strictness analysis of
Burn ef al. (1986), this theorem answers a problem left open in that paper,
namely how to construct a collecting semantics.
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We conclude with a few examples of the collecting interpretation. Sup-
pose that the standard interpretation has S(B,)=Z, and interprets f:
B,xB,—B, as S(f,)=A(u,v).u+v, where + is strict in each of its
arguments. Then

C(f1)=moveg,, g, g,[0]1(+)

=Ax, y).| | {moveg,[o](u+v)|movey, . g, [0](u, v) <p.cn,(x, ¥)}

= Ax, y). | {o(u+v)|o(u)cx A a(v)cy}
=Ax, y).{u+viuex Anvey}

so C(f,} is the element-wise application of +.
For a more involved example consider the function twice defined by the
TMLDb expression

Ax: B, - B, . Ay: B,.x(x(y)).
First note that
moveg, g, [0](f)=4x.| | {o(f ()l o(u)=x}
—ax.{fw)luex}u (1},

which equals Ax.{f(u)|ue x} if fis strict. We shall write PBy(f) for this, i.e.,
Po(fNx)={f(u)|uex}u {L}, since this is the standard way of extending
%, to a functor (Arbib and Manes, 1975). We then have, omitting environ-
ments,

Cliwice] = move s, - s, - (s, - 5[0 1(S[twice])
= Jg.|| {ASTtwicel (/)| /) <5, - 5, 8}
=28 |{A NI A g)
~ig. | ()2 A)eg)-

So Cftwice] (g) combines the effects of the “primitives” less than g; this is
somewhat similar to the use of the function lin in Nielson (1984}, where the
“primitives” are the irreducible elements.

Another way to write the result is

Cltwice] = Ag.Ax. { L} U (J{ A NP WD Vy: () y) = g(»)}
=g ix {L}yu{f(f(w)luex AVy: Z(f)Ny)=g(y)}

and one could avoid the explicit “{ L} u” if g, and hence f, is strict.
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Clearly C[twice] =Ag.g-g but we do not have the converse inequality.
To see this let

LhH={1}
uly=1{1} forueZz

)
g({ )
)

otherwise

g(x

and note that Vy:%A(f)Ny)=g(y) then reduces to f=1. Then
C[twice](g)= L1, which clearly differs from g.g. This may be somewhat
surprising but is just an instance of the general phenomenon in Abstract
Interpretation that the induced version may be more precise than expected
(see Nielson, 1986b, 1984).

7. CONCLUSION

The motivation behind the present work as well as that of its forerunners
(Nielson, 1984, 1986a) is to formulate a general theory of program analyses
that is based on Abstract Interpretation and denotational language
definitions. Such a development potentially has two benefits. One is that
the theoretical justification of correctness need not be performed for each
analysis. We believe that our examples show that this goal has been
achieved. The present development is already contained in the development
of Nielson (1984, 1986a) except that the syntactic restriction “con-
travariantly pure” has now been weakened to the syntactic restriction “level
preserving” or the semantic restriction “faithful” The other potential
benefit is that it might be possible to construct a system that facilitates per-
forming program analyses whose results are guaranteed to be correct. This
possibility is currently being explored.

On a more technical side the present development should be extended to
allow recursive domains; ie., the types of TMLb should be given by

ct i=A;|B;Jctxct|ct+ct|ct — ctrec X.ct| X.

Before this can be accomplished we must replace monotonic function space
by continuous function space as otherwise recursive domain equations need
not have solutions. But this boils down to requiring move,, _, [mv] to
preserve continuity and the remark in the Appendix shows that this does
not hold in general. So one would search for conditions on the mv strong
enough to guarantee this. One candidate is the backward continuity of Bar-
buti and Martelli (1983) but their proof, Theorem A.3, is not convincing.
Another candidate might be a requirement that mv map compact {or finite
or isolated; Stoy, 1977) elements to compact elements but then one would
probably need to identify the compact elements in I [ct’ — ct”]. However,
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the present development should be sufficiently general that we can handle a
restricted version of recursive domains where rec X.cr does not allow ¢f to
contain function spaces and this would suffice for lists, trees, etc.

APPENDIX

In this appendix we give the proofs promised in the main text. The first
result to be proved is Theorem 12 and to do so it is convenient first to state
a strengthening of some of the results from Proposition 7.

LEMMA. The following equations hold in general upon fathful parts of
interpretations:

L, R, =R, 1e., Vuelct], veJict]:
(Awelfetius ,wx ,0)ux,, v
R, Su=~, ie., YuelJct], ve J¢[ct]:
Awedifct]iurx w, v)ux v
R R, =Ry, ie, Vueli[ct], ve Jifct]:

AweK{ctliux, , wx,v)ux 0.
Note. 1In Proposition 7 it was assumed that I, J, and K were the same.

Proof. Assume for a moment that the third equation has been proved.
If u<,w=_,v we have ux , w by Proposition 7 and hence u~,, v by the
third equation. Conversely if ua ., v we have u <, u =, u by Proposition 7.
This shows that the first equation follows from the third and in a similar
way it is shown that the second equation follows from the third. The third
equation will be a consequence of the result

UR WR 0= UR,, D (%)
Uz('l[C[](l’L)ll(U)’ (#)

where (L, 1) abbreviates ((L, L), .., (L, L)). To see this, note that (x) is
one-half of the result and that if ¥, v then

ur, vz, [c] (L, L) 1)
by (#) and we then get
U WX, 0 for w=T[et](L, L)]|1(v)

using (*) and the symmetry of = ,,.
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We prove the conjunction of (x) and (# ) by structural induction on ct.

Case ct=A;. This is straightforward as =, is = and [efJ(L, L)} 1 is
AL

Case ct=B,. This is straightforward as =, is the relation that is always
true.

Case ct=ct' x ct”. This follows from the induction hypothesis due to the
componentwise definition of =, and [cfJ(L, L)|1.

Case ct=ct' + ct”. This follows from the induction hypothesis by case
analysis, e.g., on whether is,(v) is L, true, or false.

Case ct=ct' — ct”. We first prove (*) so suppose that
I g=uh
and show f=~_ A For this let wu~_,v and note that for
w=[ect'J(L, L)] 1(v) it follows from the induction hypothesis that

UR W, L.

ct’
From this we have

JW) = 8(W) R e h(w)

and by (*) of the induction hypothesis we get f(u)=,, A(w). This com-
pletes the proof of (x) and for (# ) note that

fefl(L, L)L 1(A)=[er"T(L, L){1-A-[er](L, L)1
since [cr](L, L)|2=[ef](L, L)| 1. To show
h=,[ct](L, L) | 1(h)
let u=,, v. By the induction hypothesis (# )
VR [[CZ,]](J-, L)l l(v)
so that by (%)
ux . ct'T(L, L)]| 1(v).
Since 2~ h we have

h(u) = h([er'](L, L) 1(v))
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and by the induction hypothesis we get
h(u) o [et"J (L, L)L WA([er (L, L) 1))
This completes the proof of (#). |
THEOREM 12. Let L be a type interpretation, R a lattice type inter-

pretation, and wmv a family of strict and continuous functions
mv,;: L(B;) = R(B,). Then the equations

move ,[mv]=Al./
move g [mv] = mv,
move,, . ..Lmv] = A, I').(move [mv](/), move, ., [mv](I))
move,,, [mv]=Al.is,(/) - in,(move [mv](out,(/})),
in,(move ., [mv](out,(/)))
move,,_, [mv]=Ail.Ara.| |{move, . [mv](I(la))|lamv,, ra}
make sense and define a function
move, [mv]: Lict] - R[ct]
that is strict and monotonic, <-monotonic, and faithful and satisfies
umv,, v<move, [mv](u)<,, v
as well as
u=, move,[mv](u)
Sfor all ueL[ct] and ve R[ct].

Proof. The proof will be by structural induction on ¢z but to be able to
conduct the proof for function space we need a stronger induction
hypothesis. This is obtained by also claiming that

down ,[mu](l, r)=r
downg [mv](/, r)=1
down,,, ., [mv]{, ry=(down ,[mv](/] 1, r| 1), down,  [mv](/]|2,r|2))
down,, , . [mv](l, r)=is,(r) - in (down,[mv](out,(/), out(r)),
in,(down, . [mv](out,(!), out,(r))

down,,_ .. [mv](l, r)= Ala.down ., [mv]({(la), r(move [mv](la)))
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define a function
down [mv]: Lilct] x R[ct] - Lelct]

that is monotonic, <-monotonic, and faithful in each argument and
satisfies

I~ r=I~, ,down, [mv]( r)~
as well as
move, ,[mv](/)cr=Icdown, , [mv](], r) A down,,[mv](/, r)mv,,r.

Case ct = A;. Clearly Al.lis a function of the stated functionality and it is
strict, monotonic, and <-monotonic (as < is =) and faithful (as ~ is =).
The double implication

umyv,_, v<move,[mv](u)<,v
reduces to u=v <> u=wv, which clearly holds. Analogously
u=z_ move,[mv](u)

reduces to u =, which is trivially true.

The function A(/, r).r has the stated functionality because
L[4,] =R;[A4,]. Clearly it is monotonic in each argument and it is <-
monotonic in each argument because < is =. Similarly it is faithful in each
argument as =~ is =. The implication

I~ ,r=1~_ down, [mo](,r)=,r
reduces to /=r=>/=r=r, which holds. Analogously the implication
move ., [mv]() c r=1c down_ [mv](l, ¥} A down [mv]{l, r)mv,r

reduces to /=r=I=r A r=r, which is also the case. (Note that this result
would not hold if we had defined down ,[mv](/, r) to be L)

Case ct=B,;. Clearly mv; is a strict and monotonic function of the
stated functionality. It is also <-monotonic and faithful as < is € and =~
is always true. The condition

umy,_ v<move,[mo](u)<, v
reduces to mv{u) = v < mv(u) = v, which clearly holds, and
u =z, move,[mv](u)

is true because & is constantly true.
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The function A(J, r)./ has the stated functionality and is monotonic in
each argument. It is clearly <-monotonic in its left argument and also in
its right argument. Similarly it is faithful in both arguments. The condition

I~ r=I~_ down, [mo](,r)=.r

is true because & is constantly true. The condition

move,[mv]{l) = r=1c down, [mv](l, r) A down ,[mv]({, r)mv,,r

reduces to mv(/)cr=I/c=! A mv(l) = r, which clearly holds. (Note that
this result would not hold if we had defined downg [mv](/, r) to, e.g., L in
L{B.].)

Case ct=ct' x ct”. The equation for move, ,[mv] defines a function of
the stated functionality given that the induction hypothesis holds for
move,, and move,.. Also, move,[mv] is strict and monotonic, <-
monotonic, and faithful because of the componentwise definition of <, (in
terms of <, and <) andzx, (in terms of &, and ~,-). It is then easy to
see that the two conditions on move [mv] are indeed true.

The equation for down,[mv] defines a function of the stated
functionality given that the induction hypothesis holds for down, and
down,. Monotonicity, <-monotonicity, and faithfulness in each
argument follow from the induction hypothesis and the componentwise
definition of <, and ~_,. The condition

I~ r=1x_ down, [moll ry=,r

holds by the induction hypothesis and the componentwise definition of ~..,.
For the condition

move,,[mv](/)cr=1c down,[mv](l, r}) A down  [mv](], r)mv,,r

note that

move  [me]()cr iff move .[mv](/ ) ril

and move, . .[mv](/|2)cr |2

and

= down  [mv](l, r) iff i1 cdown,, [mvl(ll1,rl1)
and /|2 —down, . [mov](!/] 2,r|2)
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and

down, [mv](l, r)ymv,,r iffdown,, [me](/{1,rl)mv,r]1
and down,.[mo](/}2, | 2) mv,,. 7 |2

so that the condition follows from the inductive hypothesis.

Case ct =ct’' + ct”. The equation for move_[mv] defines a function of
the stated functionality given that the induction hypothesis holds upon
move, and move,,.. Clearly the function is strict and monotonic. For <-
monotonicity and faithfulness let Q be < or=as appropriate. If /, 0,1, we
consider three cases depending on /,. When /,=1 also ,=1 so
move,[mv]({,) =move,,[mv]({,) and move ,[mv](/,) Q,., move, [mv](/;)
follows because Q (ic, < or =x) is reflexive by Proposition 7. When
1, =in,(/}) also I, =1in,(/,) for some /; such that /| Q.. /5. By the induction
hypothesis we get

move,[mv](l}) Q. move ., [mv](})

and the result then easily follows. When /, =in,(/{) the proof is similar.
The conditions

umyv, v<move,[mvl(u)<, v

ux, move,[mv](u)
are shown by a similar case analysis upon u.

The equation for down,[mv] defines a function of the stated
functionality given that the induction hypothesis holds for down, and
down_,.. Monotonicity in the left and right arguments are straightforward
as is <-monotoncity in the left argument. As for <-monotonicity in the
right argument note that r, <_, r, implies that is,(r,) =1is,(r,) and the result
easily follows from the induction hypothesis. A similar argument shows
that it is faithful in each argument. The condition

I~ r=Ix~, down [mo]([r)=,, r

is proved by cases of /, assuming that /[~ r. If /=1 also r= 1 and the
result follows because down ,[mv](, r)= L. If /=in,(!') there is an r’ such
that I'~,, r' and r=in,(+'). Hence I' ~ . down . .[mo ([, r')~ . r' follows
by the induction hypothesis. From this the result easily follows and the
case /=1n,(/") is similar. Finally, assume that

move ,[mv]()=r (i)
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and show that
! c down,[mv](l, r) (i1)

down_ [mv](l, rymv,r. (ii)

If /=1 we clearly have (ii). Then (iii) is immediate if r=_1 as then
down,[mv](/,r)=L1. If r=in,(r') then condition (iii) reduces to
down,[mv](L, r')mv, r’, which holds by the induction hypothesis
because move,, [mv](1)r’ as move,, [mv](L)= L. (Note that it is here
we need each mv; to be strict.) The case r =in,(r") is similar. Next assume
I=in,(!'). Then (i) implies that there is r’ such that r=in(r') and
move, . [mv](I')r’. Hence (ii) and (iii) follow from the induction
hypothesis for down,[mv]. The case /=in,(!"}) is similar.

Case ct=ct' - ct”. We now come to the case where the assumptions
about faithfulness will pay off by allowing us to show that the least upper
bound in the equation for move,[mv] does exist. We begin by stating an
auxiliary result along the lines of the lemma preceding Theorem 12 in this
appendix.

FacT. umv,, v= . wimplies ux_ w.

Proof. If u mv, v it follows by the induction hypothesis that
move, . [mv]{u) <, v. By the lemma we get move .. [mv](u) = w if also
v~ . w. By the induction hypothesis we also have u =, move . [mv](u) so
that u =, w follows by the lemma.

Given Ife L([ct] and raeRict’] we must show that the set
sz = {movecl”[mv](lf(la))l Ia mv(’l’ ra}

has a least upper bound in Ri[ct"]. For this it is convenient to name the
sets

Yy, = {lif(la)|lamv,, ra} S Lct"]
X,,={lallamv,, ra} cLct'].

First note that X,, is not empty because it contains down,,[mv](L, ra)
as follows from the induction hypothesis for down,,.. Also, X, is a faithful
set for if la mv,, ra we get lax_, ra by the above fact and if also /a’ mv,, ra
we have la’ ~,, ra and hence lax _, la’ by the lemma and symmetry of ~,..
Next Y/ is also a non-empty and faithful set because If is faithful. Finally,
ZY is non-empty and faithful because move,,[mv] is faithful. Hence | | ZY,
exists in R[c?"] by Proposition 9. Thus move, [ mv](If)(ra) is well-defined
and is an element of R [c?"].

643/76/1-6
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To show that move,[mv](lf) is an element of R cf] we must show
that Ara.|| Z¥ is monotonic, <-monotonic, and faithful. Suppose that
ra—rb and that laeX,,. Then move,[mv](la)<.,ra so that
move, ., [mv](laycra by Proposition 7 and hence move, [mv](la)crb.
Define /b =down . [mv](la, rb) and note that la = /b and lbe X,, follows
from the induction hypothesis for down,, . It follows that | | Z¥ | | ZY,
because /f and move, ,.[mv] are monotonic. Next suppose that ra<,, rb
and that lae X,,. Then lae X, follows by

lamv , ra<>move  [mv](la) <, ra

and Proposition 7. It follows that X,,< X,, and hence Z% < Z%. Then
|1 Z% is an upper bound of Z¥ w.r.t <. and hence || Z% < . |]ZY.
Finally suppose that ra=, rb. Then each lae X,, and lbe X,, satisfy
la~,, Ib by the above fact. It is possible to choose elements rxe Z% and
rve Z% and it follows that rx =, ry. As rxx . || ZY% and ry=~,,. | | ZY, by
Proposition 8 we get || Z¥, =~ . | | Z¥ by Proposition 7.

Clearly move,,[mv] is a strict function. For monotonicity suppose that
If = lg. Then for all ra

VxeYV:3yeY%:: xcyp

and a similar condition relates ZY, and Z%. It follows that
ira.|) ZY = Ara.|] Z% .For <-monotonicity suppose that /f <., /g and that

ra =

ra<_ rb. Then
VxelX,,:dyelX,,: XL, )

and a similar condition relates Z”, and Z’4. But then || Z% is an upper
bound of Z¥ wrt.<., and |]|Z% <. |]|Z% follows. This shows
ira.||ZY¥ < Ara.|| Z"%. Finally, for faithfulness, suppose that if~ ., g and
that ra=, rb. Then

VxeX,,:dyekX,,: X2,y

and a similar condition relates Z¥, and Z%. It follows that | | Z¥ ~ . | | ZY,
and hence Ara.|| ZY ~  Ara.|] Z5,

For the implication concerning move [mv] we note first that If mv_, rf
amounts to

lamv,_, rb=>move, . [mv](lf(la)) < rf(rb),

using the induction hypothesis for move,,.. Similarly move ., [mo]([f) <. rf
amounts to

ra<, rb=(lamv_ ra=move . [mv](lf(la)) <. rf(rb)),
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using the fact that | ] {..} is the least upper bound of {..} wrt <.
whenever {..} is non-empty and faithful. It is then immediate that the
second condition implies the first as one may choose ra = rb. That the first
condition implies the second follows from

lamv_,.ra<,,rb=Ilamv_ rb,

which was shown previously.
Finally /f ~ , move . [mv](lf) may be shown as follows. Let la =, ra and
choose /b such that /b mv,, ra. Then

lax b
by a previous fact. Then

lf(la)y =, If(Ib)

and by the induction hypothesis for move, ., .[mv] we get

lf(la) X movecl"[mv](lf(lb))-

But move,,[mv](f Wra) =~ .- move[mv](If (/b)) foliows by Proposition & so
that

If(la) = . move  [mv](If )(ra),

as was to be shown.

We now turn our attention towards down,. Clearly
down,  [mv](lf, rf )(la) is well-defined and is an element of Lct"]. To
prove that down [mv]({f, rf) is an element of L[ct] we must show that

Ma.down ,.[mv](/f (la), rfimove, ., [mv](la)))

is monotonic, <-monotonic, and faithful. Let Q be any one of =, <, or
~.Ifla Q. b then

Ifla) Q.- If (Ib)
by assumptions about /f, and

rflmove, {mv](la)) Q. rflmove  [mv](ib))

by assumptions about #f and move, ., [mv]. Since down,,.[mv] preserves O
in each argument we have
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down,,.[mv]({f (la), rf(move, . [mv](la)))
0.,
down,,.[mv](If (ib), rflmove,,.[mv](la)))
0.
down,,-[mv](If (Ib), rflmove, ., [mv](ib))),

from which the result follows as Q.- is transitive.

Next we must show that down_[mv] is monotonic, <-monotonic, and
faithful in each argument. Let Q be =, <, or &~ as appropriate and sup-
pose that If Q. /g and la Q,, Ib. It was argued above that

down,,-[mv]({f ({a),rfilmove, ., [mv](la)))
Q('t"
down,,-[mv](If (b), rfimove,, [mv](ib))).
Since down,,. preserves Q in its left argument we may extend this with
Q('t"
down,,.[mv](Ilg(lb), rflmove, . [mv](lb))).

Since Q is transitive it follows that down, [mv] preserves Q in its left
argument. Preservation in its right argument is shown in a similar way.
Suppose next that If~,, rf and let us show that

= down [mo](If. N =, 1f.

Actually,, by the lemma it suffices to prove the left half. So suppose that
la=z,, Ib. Then

Ib ~,, move, . [mv](lb)
by the inductive hypothesis so that
If (1b) % .- rfimove,, [mo]([b)).

Hence
If (1b) & .- down ... [mo 1(If (Ib), rfimove,, [mv](16)))

follows by the induction hypothesis. Since la=~ . b we get If (la) =, If (Ib)
so that

If (la) = - down,,.[mv](lf (Ib), rfimove . [mv](/b))),

as was to be shown.
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Finally suppose that move, [mv](lf) c rf, ie., that

move,.[mv](la) <, ra=move,.[mv](lf (la)) = rf(ra).

By setting ra = move,, [mv](la) and using the fact that <. is reflexive we
have

move,..[mv](lf (la)) crf (move . [mv](ia)). (*)

Using the induction hypothesis we have

If (lay down,.[mv1(If (la), rf(move, . [mv](la))).

Since this holds for all lae L[ct'] we have
lfedown,, [mu({f, rf)

and this was the first conjunct we had to show. To show the other conjunct
we assume that

move,.[mv](la) <, ra (*%)
and must show

move,.[mv](down,.[mv]({f (la), rfimove,. [mv](la))) <, - rf(ra).

From (*) and the induction hypothesis we get
move,,.[mv](down,,.[mv](lf (la), rf (move, [ mv](la))))

<o tf(move, . [mv }(la))

but by (++) we may continue
< . tf (ra),

which shows the result. |

Remark. To stay within the traditional theory of denotational seman-
tics we should have worked with continuous functions rather than
monotonic functions. In particular we should show that move ,[mv](f) is
continuous whenever f is. Unfortunately this need not be so. For an exam-
ple of this let

CtzBl —VBz,
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where
1 2 ... ®
L(B,)={1,2, .0}, = W
L
and
e w
2
RB,)=({L1,1,2,.., 0w}, <)= |
L
and
1
L(B,)=R(B;)=
0

Furthermore, let

my,=Ax.x

f=ix.(x=w)-> 1,0 eL(B,)—> L(B,)
and note that this defines strict and continuous functions. Then
move, ,[mv](f)=Ax.(x=w)—>1,0 eR(B,) - R(B,),

which is not continuous. (In the case where all R(B,) are finite we do have
continuity, as is implied by monotonicity.)

ProrosiTiON 15. Let D be a cpo.
(1) (D) is a complete lattice with ||% =(J¥)*v{Ll,} and
L={1,}
(2) o=4d.LC({d}) and is strict and continuous.

(3) Whenever B: D — L is strict and continuous and L is a complete
lattice there exists precisely one completely additive function a: #(D)— L
such that B=o-a. It is given by a(S)=|] {B(s)|s€ S} and is written B°.
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Proof. We first show that (D) is a complete attice. For this let % be
some subset of (D). Clearly () #)* U {L,} is an element of %(D) and
is an upper bound of #. Next let Y e %(D) be an upper bound of %. We
have J# <Y and 1,eY so that (U¥)*u {L,} =Y. This shows that
(D) is a complete lattice with |]% as stated Then also
== {1l,} follows.

To see that o0 = Ad.LC({d}) note that LC({d}) is already Scott-closed: if
Y< LC({d}) is a chain then d is an upper bound of ¥ and hence | | Y = d
so that | | Ye LC({d}). To see that ¢ is continuous let Y= D be a non-
empty chain. Then

| | {o(»)|ye Y} (ULC y})

veY

and we must show

(Y retin) =te(ur)

Clearly = holds so consider =. It suffices to show that

Ure( U teh)

ye Y

and this follows from

Y< | LC({y})

veVY

and the Scott-closedness of (|J,.y LC({y}))* That ¢ is strict is evident.

Finally, let L be a complete lattice, let f: D — L be a strict and con-
tinuous function, and let a: (D) — L be as stated in (3). That « is com-
pletely additive amounts to showing

a<|_J > || {u) Yew}

for % < %(D). Since B is strict we have

() -Ufmonse(us)]
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and we have
L A{x(Y)iye?}=]] {I_l {B(s)|se Y} Ye@}

=| | {B(s)|seYe¥}
= | {B(s)seU¥}.

From this a(|#%)2 || {«(Y)|Ye#} easily follows so consider
aJ¥) c U {«(Y)| Ye#}. It suffices to show that

Bs) = | {ﬁ(s'ns' el @}

whenever se (| #)*. It follows from Markowsky (1976, Sect.6) that
(U %)* = W, for some ordinal number 6 where

W0=LC(U @)
W;,=LC<{U C|Cisachainand Cc U, _; Wy}) for 4>0.
It thus suffices to show that
seW,=p(s)=| | {ﬁ(S’)Is’e U @}

by transfinite induction on A. For =0 this is evident and for A>0 we
have

B(s) ﬂ(u C)s L] {B(s")s e C} for C as above

= U{pes)ise U .}

y<A

= L{psisey o)

This proves that « is completely additive. To see that §=o - note that

a(a(d)) =] {B(s)]s = d} = B(d).
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It remains to show that o’ =« whenever «' is a completely additive function
such that o' -0 = . For Ye %(D) we calculate

#(¥Y)=a (u (LC({y})Iye Y})

il

d'(l_l {o(y)lye Y})
|| {«'(a(y))ye Y}
= | {B(y)lyer}

=a(Y)

and this shows the result. ||
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