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Abstract

We show how to express any Hasse—Schmidt derivation of an algebra in terms of a finite number
of them under natural hypothesis. As an application, we obtain coefficient fields of the completion of
a regular local ring of positive characteristic in terms of Hasse—Schmidt derivations.
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Introduction

Let k - A be a ring homomorphism. Hasse—Schmidt derivations\ adver k are
generalizations of usual derivations, but they do not carryAamodule structure.
Nevertheless, Hasse—Schmidt derivations have a non-Abelian group structure lifting the
addition of derivations.

In this paper we show how to express any Hasse—Schmidt derivation in terms of a finite
number of them under very reasonable conditions. In proving our result, we find a natural
way of producing “non-linear combinations” of Hasse—Schmidt derivations which, to some
extent, could play the role of th&-module structure of derivations.
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As an application, we express coefficient fields of the completion of a regular local ring
of positive characteristic in terms of Hasse—Schmidt derivations, generalizing a similar
result in characteristic zero.

Let us now comment on the content of this paper.

In Section 1 we recall the notions of Hasse—Schmidt derivation and differential operator.

Section 2 deals with the main result of this paper, namely that any Hasse—Schmidt
derivation® can be expressed as “non-linear combination” of a finite number of them
D, ..., D" whenever their degree 1 componeD% ..., D7 generate the module of usual
derivations.

In Section 3 we apply our main result to generalize a well-known theorem of Nomura
and to obtain coefficient fields of the completion of Noetherian local regular rings in the
positive characteristics case.

Our results seem related to some results in [8]. We hope to return to this relationship in
a future work.

1. Preéliminaries and notations

All rings and algebras considered in this paper are assumed to be commutative with unit
element.

1.1. Hasse-Schmidt derivations (cf. [2] and [6, Section 27])

Letk N A-% Bbe ring homomorphisms. Letbe an indeterminate oveé®, and set
By, = B[t]/(t"™+1) for m > 0 andBs = B[t]. We can viewB,, as ak-algebra in a natural
way (form < 00).

A Hasse-Schmidt derivation (overk) of lengthm > 1 (respectively of lengtlo) from
A to B, is asequenc® = (Do, D1, ..., Dy,) (respectivelyD = (Do, D1, ...)) of k-linear
mapsD; : A — B, satisfying the conditions:

Do=g,  Di(xy)= Y Dy(x)Ds(y)

r+s=i

for all x, y € A and alli > 0. In particular, the first componet; is ak-derivation from
A to B. Moreover,D; vanishes ory (k) for all i > 0.
Any Hasse—Schmidt derivatiaD is determined by a ring homomorphism

m
E:xcAr ZDi(x)ti € By,
i=0

with E(x) = g(x) modz.

WhenA = B andg = 14, we simply say thaD is a Hasse—Schmidt derivation af
(over k). We write HS (A, B; m) for the set of all Hasse—Schmidt derivations (o¥gr
of lengthm from A to B, HS.(A, B) = HS, (A, B; 00), HS.(A; m) = HS,. (A, A; m), and
HS((A) =HS (A, A; 00).
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We say that a-derivations: A — B is integrable [5] if there is a Hasse—Schmidt
derivationD € HS; (A, B) such thatD; = §. The set of integrablé-derivations fromA
to B, denoted by IDex(A, B), is a submodule of the-derivationsB-module Deg(A, B).

1.2. Differential operators (cf. [1, Sections 16, 16.8])

Let f:k — A be aring homomorphism. '
Foralli > 0, we inductively define the subsdDé;}k C End(A) in the following way:

DE\O/)]( :=A CEnd(A), DX;})_ {@ € Endc(A) | [g, a] DX/k, Va € A}.

The elements oD, /4 1= U,>0D(’) (respectively oﬂ)(’} ) are calledinear differential
operators (respectivelylinear dlf'ferentlal operators of order < i) of A/k. The family
{DX},{},;o is an increasing sequence(@f, A)-bimodules of Eng(A) satisfying

Dﬁ})k —A@Der(4), DY o

) (i+j)
kD4 €D

Alk >

and[P, Q] e D(’;” Dorall p e DX},{, Qe DE{/),(. Hence, D4 is a filtered subring of
End.(A). Moreover, linear differential operators df/ k are I-continuous for any/ -adic
topology. In particular, for any linear differential operatdrof A/k, there is a unique
extension? e D3 tothe complet|0n4 of A for some separatettadic topology.

For eachD € HS,(A; m), one easily proves thd?; € D(’)k and then there is a unique

exten5|onD € HSk(A m).
In a similar way, if S C A is a multiplicatively closed subset, any Hasse—Schmidt
derivation of A/ k extends uniquely to a Hasse—Schmidt derivatio§ OfA / k.

1.3. Taylor expansions (cf. [7])

Letn > 1 be an integer. We writ& = (X1,...,X,), T = (T1,...,.Ty), X+ T =
(X1+ Th,...., Xy + T,) and, fora, g € N*, X = X{* - X", || = a1 + -+ + ap,
al=arl-ay, and(2) = (%) - (&),

We conS|der the usual partial ordermgN‘i B>a meansBi > a1, ..., By = o,. We
write 8 > o if B > o andp # a.

Let A be the formal power series rikd X ] (or the polynomial ringA = k[ X]). For any
FX) =Yy M X% € Awe definedA@ (f (X)) by f(X+T) = qern A@ (F(X)T.
Itis well known that (cf. [1, Sections 16, 16.11]):

AW eD) AN(f= Y AP (HAD(g),
B+o=a

a (%1 8 Oy .
A0 =(_—\ ... and DY, =@ A- 2@ =) aA® .4,
wa=(35) (55 D= D D

LI LI
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Finally, let us recall the notion of quasi-coefficient field of a local ring.

1.5. Definition (cf. [4, 38.F]). Let(R, m) be a local ring,K = R/m, andkg a subfield
of R. We say thatg is a quasi-coefficient field of R, if the extensionkK / kg is formally
étale (cf. [1, 17.1.1] and [4, 38.E]).

In the case of characteristic 0, a field extension is formally étale if and only if it is
separably algebraic (cf. [4, 38.E]). On the other hand, any extension of perfect fields of
characteristipp > 0 is formally étale.

The following proposition is well known.

1.6. Proposition. Let kg — & i> A -2 Bbe ring homomorphisms and let us suppose
that the extension kg — k isformally étale. Then, HS, (A, B; m) = HS (A, B; m) for any
integer m > 1 0or m = oo.

2. Generating Hasse-Schmidt derivations

Throughout this section, Ieti> A be a ring homomorphism.

We consider the following partial ordering¥i’: 8 = « means thag > « and ifo; =0
theng; = 0.

Let us denote bi¥, de set of strictly positive integer numbers.

Let N > 2 be an integer an®, D%, ..., D" € HS;(A; N). For eachu € N* we write
D, = D;lq o---oDP . LetCyy be elementsim, 1<d <n, 1</ <N —1, such that

2-Y( T 11 % [ew)n. @

= =i = Hd g=
I\ =i d=1jen'" =1

W= lil=ha
foralli=1,..., N — 1, where we write
d
Z l_[Cquzl if ug=x1qg=0. (2)
1eNi a=1

[11=2a

Observe that the séi{ﬁ)r (= Nﬁ) has only one element and convention (2) follows by
defining|/| =0 forl e NS’F. Then we have!| 3= r for anyr > 0 and any € N',..
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2.7. Proposition. Under the above hypothesis, the k-linear map

s=ov-3( T 11 ¥ flaw)o.

m=2 \ |[A|=N d=1 IENI_T_d q=1
|ul=m [l|=Aq
AEp

isa k-derivation of A.

Proof. Let us takez, b € A. Since

Dy(ab)= Y Dy(a)Dy(b),

pto=p

we obtain

8(ab) = Dy(@b+aDyB)+ Y Dy(@)Du(b)

v+w=N
1<v,wN-1

(X 11X ew)( X nwn)

m=2 \ |[A|=N d=1 lENid q=1 p+o=pn
[ul=m [l|=hg
AFEp

=Dy@b+aDyb)+ Y Dy(@Dy(b)

v+w=N
1<v,wN-1

N n Id
-3 £ 115 Hew) wuonson,o
m=2 \ |A\|=N d=1 lENid q=1

W= lil=ha

_ ﬁ:( 3 1‘[ 3 ﬁc,qd)( > Dp(a>Do(b)>

m=2 \ |A\|=N d=1 leNi‘l q=1 ptro=pu
[ul=m [l|=hg p,0>0
AFEp

=s@b+ash)+ Y  Du@Dyb)

v+w=N
1I<v,wN-1

_i< Z ﬁ Z ﬁclqd>'( Z Dp(a)Do(b)>.

m=2 \ |A|=N d=1 lENid qg=1 p+o=pn
[u|=m [l|=hg p,0>0
AFEp
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We need to prove that

N

n Hd
Yo 2@2u®=)_| D II > [1Cua)-| D Do@Ds®)

v+w=N m=2 \ |A|=N d= lleN”dq 1 pto=u
I<v,wN-1 \p.| m I )Ld p,0>0

But

Y Dy(@Dub)

v+w=N
1<v,wN-1

v n Pd
= 2 | XX I X Tlege )@
v+w=N r=1\|t|=v d=1 NP4 q=1
1<v.w<N-1 lol=r FeNy
T=p

Y(XT1 X Teaw)oow

s=1 \|w|=w d= 11”6N0‘1 q=1
|o|=s
w0

= i > 2 H 3 lp"d[cz;,dem)

v+ m=2 r+s=m |t|=v, |o|= d=1pcnPd g=1
<v,wN-1 I<rgv pl=r, |(r|—s ! ,EN+
ISsSw  t=p, wi=o [V'|=7q

0d
x > TIcyaps)

= od g=
d 1l”EN+ qg=1

14 |_Td

\l”\—wd

g
Il

N
N

=

11" |=waq

> X ﬁ > ﬁcz;]de(a)

pHo=pn T4+ow=>r d=1 NP4 g=1
p,0>0 T=p,w=o FeNy

0d
Y. T1cyaps®

1 l//eN“’d q:l

Il
™M=
M

3
U
N

3=z

'l=1q

BN
§E
=

X

d

N n Pd oy
=> > > X Il X [(Ilew po@|{]cya pev

N pto=p t+w=r d=1 Pd 11— g=1 g=1
m p,0>0 T=p,w=0 {/ENod ‘l//l td
= I"eN 4, " |=wa

N pd od
=22 H > > (TTcne){ TTCua)po@Ds )

A=N + nd=1 tyt+wi=Xiq Z/Edi l'|=14 q=1 g=1
lul=m p,o 0 T4 7 Pd@dF0d ”
P I"eN}7, I"|=wq
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Xz: Z Z ﬁ Z (ﬁclqd>Dp(a)Da(b)

pro=it d=11eNd =N xN7d \q=1
m p,0 >0 u_

>FM [l:(l/.l//)]

i( > H > l_[Czq> ( 3 D,g(a)Da(b)>,

N d= 1leN”d g=1 pto=un
TR p.o>0

>E>

Al
Ml
AEp

and the proposition is proved.O

2.8. Theorem. Let m > 1 be an integer or m = co. Let D, ..., D" € HS.(A; m) be
Hasse-Schmidt derivations of A/k such that their components of degree 1, Di .. Dy,
form a system of generators of the A-module Der,(A). Then, for any Hasse-Schmidt
derivation® € HS;(A; m) thereexist Cjy € A, 1< d <n,1<I] <m+1,suchthat Eq. (1)
holdsfor all i > 1. Moreover, if {D%, ..., D}}isa A-badsof Der (A), thenthe {C,} are
unique.

Proof. We proceed by induction onh Fori = 1, ©1 is a derivation and so there exist
C1i1, ..., C1, € A such that

D= C11D% + -+ C1,Dj.

Let N be an integel 2 and suppose we have elemefifsc A, 1<I < N—-1,1<d <n,
such that relation (1) is true forg i < N — 1.
By Proposition 2.7, thé-linear application

s=ov-3( T 1 ¥ [lew)o

m=2 \ |\|=N d= 1jeNtd q=1
[ul=m
L 1= Ad

is ak-derivation ofA. Then, there exis€y,s € A, 1<d <n, s.t.

6= CN]_D::II_'-F R o CNnDﬁ,

~5+3( © 1 X [ew)o=3( £ 11 [ew)o

m=2 \ |A]=N d=1cN"d =1 m=1\ |A|=N d=1jeNid q=1
|il=m e} =m
r 1= Ad 1 17l kd

and Eq. (1) holds foir =
Obviously, theC;; are unique iff DI, ..., D7} is anA-basis of Deg(A). O
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2.9. Remark. The C; in Theorem 2.8 depend on the order of &, ..., D".

3. Applications: coefficient fieldsin positive characteristics

3.10. Let (R, m, k) be a Noetherian regular local ring of dimensioz: 1 containing
a field, X1,...,X, € m a regular system of parameters &, ko C R a quasi-
coefficient field andR the completion ofR. We can identify R = k[Xu, ..., Xa]
by means of a canonicalp-isomorphism. Letd/dX1,...,9/9X, be the usual basis
of Der(R) and AL, ..., A" the Hasse-Schmidt derivations & over k defined in
Section 1.4.

Let us recall the following result of M. Nomura [3, Theorem 2.3], [6, Theorem 30.6].

3.11. Theorem. Under the hypothesis above, the following conditions are equivalent:

(1) o(R)/oX; Cc Rforalli=1,...,n.

(2) Thereexist D; e Den,(R) anda; € R, i =1,...,n,suchthat D;(a;) =§;;.
(3) Thereexist D; € Den,(R) anda; € R, i =1,...,n, suchthat det(D;(a;)) ¢ m.
(4) Der,(R) isafree R-moduleof rankn (and {Dg, ..., D,} isabasis).

(5) rankDey,(R) =n.

The proof of the following corollaries is straightforward.

3.12. Corollary. Under hypothesis and equivaIAent cothionsA of Theorem 3.11, for any
basis Dy, ..., D, € Derg,(R), their extensions Dy, ..., D, to R form a basis of Der;(R).
Moreover, therestrictions9/0X;|r:R— R,i=1,...,n, formabasisof Der (R).

3.13. Corollary. Under hypothesis of Corollary 3.12, let us suppose that ko is a field of
characteristic 0. Then, theset {a e R | Dj(a) =0Vj =1, ..., n} isacoefficient field of R
(the only one containing ko).

The following theorem is an improvement of Theorem 3.11 and is based on the results
of Section 2.

3.14. Theorem. Under the hypothesis of Section 3.1Q the following conditions are
equivalent:

(1) A/(R)c R, forall j=1,....n,i>0.
(2) Thereexist D' € HS;(R) anda; € R, i =1, ..., n, such that

0 i>2 V]
=1,

J (o) —
b; (‘”)_{5,, i=1, V1

(3) Thereexist D; € IDen,(R) anda; € R,i =1, ...,n,suchthat det(D; (a;)) ¢ m.
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(4) Der,(R) isafree R-module of rank n and IDer,(R) = Def,(R) (and {D1, ..., D,}
isabasis).
(5) rankIDef,(R) =n.

Proof. (1) = (2) = (3), (4) = (5) are straightforward. (3= (4) comes from
theorem 3.11.

(5) = (1). Let DL, ..., D" € HS,,(R) such thatD}, ..., D7 are linear independent
overR.Letus consider the extensio@sl, .. .,AE” € HSk(ﬁ), whose degree 1 components
D1,..., D} are also linear independent over

Following the lines of the proof of Theorem 2.8, we are going to prove the following
result.

Foranyj=1,...,n, there exisC}, € K = Q(R), 1< d <n, 1<I < 400, such that

A{:i( > ]‘[ > ﬁc{%d>ﬁu foralli > 1. (3)

m=1\ [A|=i d=1 lENid qg=1
[u|=m [l|=Ag
AFn

Fori =1, theA-{ are k-derivations ofR and then there exisf-l’d el = Q(ﬁ) such
that

n
i _N“ i P
Ay=> c{,Dy.
d=1

Then, foranyn =1, ..., n we have

n
8jm= A (Xm) =) C1,D{ (Xn)
d=1

and the matrix(ﬁ{(Xm)) with entries inR has a non-zero determinant. In particular,
Ci, ek.
Let us suppose that faN > 2 there existC], € K, 1<d,j <n, 1<I< N -1,

such that Eq. (3) holds far=1,..., N — 1. We can consider H<$§) C HSk(L). By
Proposition 2.7, forany =1, ..., n thek-linear map

v=ai-3( 15 fle)a @

m=2\ |\|=N d=1en"d q=1
— +
W= =t
AFp

1 This is the same argument as used in the proof of Theorem 3.11.
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is ak-derivation of L. Leta € R be a common denominator for t@’;{, 1<d, j<n,
1<I< N -1 Then,

N n Hd
aN8-"=aNA§V—Z< Z l_[ Z H(aqu/d)>5ﬂ
m=2\ [\=N d=1eN" q=1 !

lu|=m _
KET =

mapsR into R anda”§/ e Der, (R). There exisC},, € L, 1< d, j <n, such that
n .
aVsl = fode.
d=1

Since (aV8/)(X,,) € R and the matrix(ﬁ{(Xm)) with entries in R has a non-zero
determinant (notice than{v(Xm) = 0), we deduce thaf{;,d € K. By setting C-I{,d =
a*fo;,d € K, we obtain Eq. (3) foi = N.

From Eg. (3) we deduce that

A/(RYCKNR=R
forall j=1,...,n,i >0,and (1) is proved. O

3.15. Remark. As noticed in [4, p. 289] for Theorem 3.11, Theorem 3.14 also holds
for HSk(ﬁ) N HS(R) instead of Hg, (R), Derk(ﬁ) N Der(R) instead of Deg,(R), and

{6 e Der(R) | 3D € HSk(I?) NHS(R) st. D1 = é} instead of IDeg,(R), and the mention

of a quasi-coefficient field can be avoided.

3.16. Remark. We do not know any example of a Noetherian regular local ¢Rgm, k)
containing a quasi-coefficient fielkh (of positive characteristic) such that IRER) #
Der, (R).

The following theorem generalizes Corollary 3.13 to the case of characteristie.

3.17. Theorem. Under the hypothesis of Section 3.10 let D,....D'e HS, (R) such that
their degree 1 components { D1, ..., D!} forma basis of Der, (R). Let DY, ....D" bethe
extensionsof D,..., D" to R. Then, the set {a € R | D/(@y=0Vj=1,...,n, i>1}is
a coefficient field of R (the only one containing kg).

Proof. SinceR = k[X1,..., X,], we havek = {a € R| A/ (a) =0, j =1,...,n;i > 1}.
By Corollary 3.12, we deduce thdD7,..., D}} is a R-basis of Deg(R), and from
Theorem 2.8 we can express th¢ in terms ofﬁ{. In particular,

laeR|Dj(@=0Vj=1...,ni>1)Ck
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The opposite inclusion comes from Proposition 1.61
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