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Abstract

We study the axial amplitudes for the N-transition in models with quarks and chiral mesons. A set of constraints on the
pion field is imposed which enforces PCAC and the off-diagonal Goldberger—Treiman relation. The quark contribution to the
amplitudes in general strongly underestimates(t@eamplitude as well as theNA strong coupling constant. We show that
the results are considerably improved in models that, in addition to the pion cloud, incorporate a fluettfaidgnside the
baryon.
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1. Introduction

The structure of the weak axial Mtransition currents is ideally probed in neutrino or charged-lepton scattering
experiments on deuterium or hydrogen. The experimental efforts so far have been focused on the determination of
the dipole axial mass parameter [1], without an attempt to break down the transition current into form-factors [2].
Although a number of phenomenological predictions for the dominant couﬁ‘@r{@) exist (see Table 1 of [3]
for an exhaustive list), the dependence of the form-factors on momentum transfer is very poorly known. Data on
the non-leading form-factor@@(Qz) and CQ(QZ) are especially scarce [4]. New information on the weak axial
form-factors is expected from parity-violating electron scattering experiments planned at Jefferson Laboratory [5].

Theoretical investigation of axial transition amplitudes in different versions of the quark model is of particular
interest since it may reveal the importance of non-quark degrees of freedom in baryons, in particular the chiral
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mesons. Yet, except for the calculation in the non-relativistic quark model [6], there exist almost no model
predictions for the axial transition amplitudes. This can be traced back to the difficulty of incorporating consistently
the pion field which is necessary to describe the properd@fehaviour of the amplitudes.

The lack of experimental and theoretical knowledge in the weak sector is in contrast to the case of electro-
excitation of theA resonance, which has been extensively studied theoretically in the constituent quark models [7]
as well as chiral models [8], and experimentally [9]. In [10] we have pointed out the important role played by the
pion cloud in the determination of electro-production amplitudes, in particular to tARIEAnd C2M1 ratios.

This has later been confirmed in other chiral models [11] and dynamical approaches [12].

The aim of this Letter is to study some general properties of the axial amplitudes in chiral quark models and
present theoretical predictions in two typical representatives of such models, theslingadel with quarks and
the cloudy bag model. We derive a set of constraints on the pion field which enforce the proper behaviour of the
amplitudes in the vicinity of the pion pole. We also address the long-standing problem of a tadllaveoupling
constant which rather systematically appears in all quark models. Comparing the results in the two models we are
able to draw some general conclusions regarding the contribution of chiral mesons to the weak amplitudes as well
as to the strong NA form factor.

2. Theaxial transition amplitude and the off-diagonal Goldber ger—Treiman relation

The axial N-A transition amplitude is usually parameterized in terms of the Adler form-faél;ﬁ(@z) ag

(AT (P)]Ax@=0) [NT(p)

Ch(0?) _ Cr 0D a _ CR(0Y
=UAa = > p/p,quuN_uAu 4 2 p/aunN+uAaC5A(Q2)uN+uAu 6 > qMthuN» (1)
MN MN MN

wherep/ﬂ = (Mx;0,0,0), up, is the corresponding Rarita—Schwinger spineiis the four-momentum of the
nucleon and;* = (ko; 0, 0, k) is the four-momentum of the incident weak boson. Thgr- k? = ¢2 = — 02 and
ko= (M3 — M% — Q?)/2M . For simplicity, we take the third isospin componeat% 0) of the axial current.
We have omitted from (1) thé’?’f(QZ) term [2], which is consistent with the prediction of quark models in which
quarks occupy only the= 0 state.

It is convenient to work with helicity amplitudés

SA = —(AT(p),sa = 1A |p(p). sn = 2). )
Ay =—(a%(p)sa=3lex- A°0)[p(p). sn = 3). ®3)
A’; =—(AT(p).sa = 3]e4 - A%0)|p(p). sn = —3). 4)
LA = —(AT(p)). sa = 3|eo- A20) |p(p). sn = 3), (5)

wheres denotes the third spin component, andre the usual polarisation vectors. The helicity amplitudes are
related to theCl.A form-factors by

M2T . 3.
cAh=_NI_44 \/jLA, 6
6 kZ[ 3TV 2 ©

1 Definition of the transition current with respect to thé™+ brings an additional isospin factaf3 to RHS of (1).
2 The helicity amplitudes are normally defined as the matrix elements of the interaction Hamiltonian and contain an additional factor
Varaw /2Kg, e.9.,8” = /Araw /2Kg SP, whereKq = ko(Q2 = 0) andayy is the weak fine-structure constant.
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In the approximation withC2 = 0 we have only one independent transverse amplitude, since in this case
\/I—SAA

From (1) it follows that the divergence of the transition axial current vanishes in the chiral limit provided
CH (0% = M3CL(0?)/02. The pole behaviour of th€§ amplitude suggests that it is related to the term in the
axial current responsible for the pion deca)g(pola(x) = fr0%m,(x), where f; =93 MeV is the pion decay
constant. Taking a finite mass for the pion the divergence does not vanish but is replaced by PCAC:

(A* ()] Aaa[NT (p)) = —m3 f2(AY (p))]ma(O)|NT (), )
where the transition matrix element of the pion field is related to the strong form f@gtex (02) by
® 2
A+ N+ JTNA(Q )MAM] MN\/7 1
(AT (P")|7o@) N (p)) = 20y 021nZ V3 (10)

Assuming thatd¥ (pole) (x) dominates th«_fj6 amplitude forQ? — mﬁ we obtain theoff-diagonal Goldberger—
Treiman relation [2 13,14]:

G 2
CA(0?) = f NA<Q)\[ 02— —m2. 1)

For a smooth interpolating pion field we expect that (11) holds also for mod@raie the physically accessible
region.

3. Hdlicity amplitudesin chiral quark models

For a variety of models involving quarks interacting with chiral fiebkdandz the Hamiltonian can be written
in the form

1 - q .
H=Hq°+Ha+/dr{5[P3+(v2+m§)nz]+U(o,n)+ > jana}, (12)
a

wherej, is the quark sourcd?,, is the pion conjugate momentunﬁ,? andH, are the free-quark and tlhemeson
terms, andU (o, ) is the meson self-interaction term. In the cloudy bag modettfield and the self-interaction
term are absent, while in the linearmodel all terms are present and the self-interaction term is the Mexican-hat
potential (see (22) below).

Let [N) and |A) be the exact solution of the Hamiltonian for the ground state and fortheespectively,
with H|N) = EnIN) and H|A) = EA|A). Then (N|[H, P,]IN) = (A|[H, P;]|A) = 0 and (A|[H, P;]|N) =
i(Ea — En)2(A|7|N). Evaluating the commutators using (12) fox 0, we obtain

(—A +m2)(N|mo(r)IN) = —(N|Jo(r)IN), (13)
(—A +m2)(Almo(r)|A) = —(AlJo(r)| A), (14)
(—A+mZ — (Ea — EN)?)(Almo(r)IN) = —(A]Jo(r)IN). (15)
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The sources on the RHS of (13)—(15) consist of the quark term and the term originating from the meson self-
interaction (if present):
oU (o, 7)

Jo(r) = jo(r) + W (16)

These relations hold for the exact solutions of (12). In an approximate computational scheme they can be used
as constraints.
We now show an important property of the axial transition amplitudes between states which satisfy these virial

relations. We split the axial current into the non-pole and the pole pérﬁ; A(nowpole) + A(pole), where
> - 1. L
A((xnon-pole) = 1//)/0‘)/5511// + (0 — fr)3%T — %0, (17)
(pole = fxd°7. (18)

Since the pole part involves only the pion field we can use (15) to evaluate its contribution to the amplitudes. Note
that (15) is equivalent to (10) since in our model we can write the strong tdansition form-factor as

Gana(Q?)
2MN

We findA4 ~ =0and
5(pole)

1
= Z(AlOOIN). (19)

A _koga _2Gana(Q%) frkko
(pole ™ (ol8 T 3T oMy Q2+ m2
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The pole term (18) contributes only (Cg*

G NA<Q ) Mg 2
A T N

while C4(p0|e) = C5(p0|e) = 0. We conclude that in models in which the pion contribution to the axial current has the

simple form f 9%, and the pion field satisfies the virial relation (2B§reis no pion contribution to the C4 and

CQ amplitudes while CQ is almost entirely dominated by the pion pole. In such models only the quarks contribute
to the Cf and C5A amplitudes. In this respect, the calculation@ﬁ‘ in a constituent quark model calculation
(e.g., [6]), is still legitimate.

4. Constrained calculation in thelinear o-model

The linearo-model assumes the following form gf andi/ [15]:

3
— - A2 22 2\2
]t—lg;%VSTﬂIh U=+~ )" (22)
Here g; is the quark bispinor for the valence orbit (assumed to be different for the nucleon an),tfaad
= (m2 —m2)/2f2. The free parameters of the model are the coupling strengitated to the “constituent” mass
of the quarkg f, and the mass of the-mesorm, . The model has been successfully applied to the description of
the nucleon and\ properties. So far the physical states have been constructed from the mean-field solution using
either cranking [16] or the Peierls—Yoccoz projection [17]. In the latter method the mean-field solution for the pion
field is interpreted as a coherent state.
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The mean-field solution fulfills the diagonal virial relations (13), (14) but not the off-diagonal relation (15). To
satisfy this relation it is necessary to include a channel representingy tteray, i.e., a term that asymptotically
represents the nucleon and a free pion. We have therefore taken a more general ansat. for the

}, (23)

3
2

NIw

|A) ZNA{Pg¢A|Aq) +/dk n(k) [ah ()INY]

where the first term represents the barstate surrounded by a cloud of pions MesonsP% is the projection
operator on the subspace with isospin and angular mome%],ttum is the nucleon ground state, amﬁg denotes

a pion—nucleon state with isosp§1and spin%’. Requiring that the energy of this state is stationary, the denominator
of n(k) takes the formw; — (Eax — En) Which is also the form implied by (15). For the nucleon we assume:

IN) = MV P2 [@NING) + PrnalAg)]. (24)

Here®n anddya stand for hedgehog coherent states describing the pion cloud around the bare nucleon and bare
A, respectively. To match the third constraint, (15), the denominator of the pion state in the second term of (24)
should behave as; + wo With wp = (EA — En). In the above ansatz, only one profile for thdield is assumed.

The properties of the ground state are dominated by the first term in (24), and imposing the off-diagonal
constraint influences only slightly the results. For thethe inclusion of the decaying channel modifies the long-
range behaviour of the pion field, and yields the correct @#oehaviour of the transition amplitudes as explained
in the previous section. The calculatadN splitting is typically only (50-70)% of the experimental value. In order
to make a sensible comparison of the transition amplitudes with the experimental ones, it is necessary to have the
correct kinematical relations in the model. This can be achieved by including an additional phenomenological term
in the Hamiltonian mimicking either the chromo-magnetic or the instanton-induced interaction between quarks and
adjusting its strength such as to bring theN splitting to the experimental value.

5. Calculation of the amplitudes

We calculated the amplitudes in two models: in the lineanodel and in the cloudy bag model. In the cloudy
bag model we assume the usual perturbative form for the pion profiles [18] using the experimental masses for the
nucleon and\, which fulfills the virial constraints (13)—(15). Since the pion contribution to the axial current in the
cloudy bag model has the form of the pole term in (18), only the quarks contribute @;‘tlaedcg\ amplitudes.

The amplitudes (2)-(5) are defined between states with good 4-mompeatsl p, respectively, while in the
model calculations localised states are used. We can use such states in our calculation of amplitudes by interpreting
them as wave packets of states with good linear momentum. Extending the method explained in [14] we find for a
chosen component of the axial current evaluated between localised &idté&;)|N):

/dINﬂZ(P+k)<pN(P)<A(P+k)|A(0)|N(p))=/dreik'(AlA(r)lN)- (25)

Here the matrix element of (1) is taken on the LHS aRrdp) andga (p) are (normalised) functions describing
the center-of-mass motion of the localised solution for the nucleon and thiespectively. We assume that the
spread of the wave packet is of the order of the inverse baryon m&sY @nd use for simplicity the same spread
for the nucleon and the delta. The Adler form-factors (6)—(8) are then modified in such a w&}@tbadcsA are
multiplied by the factor 24, /(Ma + My), while

M2 3~n  kok Ma + My M2
ch=—"|_ /AL =2 " - k. 26
4T kMa [ 2° M2 2Mn  ° 5 (26)

3 Since thes-field is scalar its analog of (15) is identically zero.
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Fig. 1. The amplitudec£ (0?) in the linears-model. The experimental value of22 £ 0.06 atQ2 =0 [21] is based on data from ANL and
BNL [22,23]. The error ranges are given by the spread in the axial-mass paravetas determined from neutrino scattering experiments
(broader range) and from electro-production of pions (= (1.077 £ 0.039) GeV, narrower range). Full curves: wave-packet result;
dashed curves: calculation frof,; na (11).

We have neglected terms of the ord@yM?2. Similarly, the strongG,na form factor (19) acquires the same
correction factor. The essential property that the pole contribution cancels Gg}tmnd C5A still persists as well
as the relation (21) fo€%.

Fig. 1 shows theC5A amplitude in the linear-model with g = 4.3 and m; = 600 MeV compared to the
experimental weak axial form-factors given in the convention of Adler [19,20], with a phenomenological dipole
parameterisatiol€ (Q?) = CA(0)/(1 + Q?/M3)%. The C£(0) is 25% higher than the experimental estimate,
while the M from a dipole fit to our calculated values matches the experimafitaio within a few percent.

We note that for the nucleon we obtagy = 1.41 which is roughly the same amount higher than the
experimental value of .27. On the other hand, if we determimé*(QZ) from the calculated strongNA form-
factor using the Goldberger-Treiman relation (11) we obtain a better agreement, yet with a steeper fall-off
corresponding td/a ~ 0.80 GeV. The discrepancy between the two calculated values (17% at—mjzr where
(11) holds) is a measure for the quality of our approximate computational approach. It can be attributed to a too
large meson contribution originating from the last two terms in (17). Since in this model only the meson fields
bind the quarks it is reasonable that their strength is overestimated in the variational calculation. The effect of the
meson self-interaction (the second term in (16)) is relatively less pronounced in the strong coupling constant (only
~ 20%) than inC£ (0?). Both G na(0) and G ,nn(0) are over-estimated in the model by10%. Still, the ratio
GxNa(0)/ Gxnn(0) = 2.01 is considerably higher than either the familiar SU(6) predictjéi2,/25 or the mass-
corrected value of 85 [14], and compares reasonably well with the experimental valueofrhis improvement
is mostly a consequence of the renormalisation of the strong vertices due to pions.

The value ofC5A grows with ¢ andm, in contrast toG,na Which remains almost constant over a large
range of model parameters. In our calculation we cannot use much lower valyesifawe the solution becomes
numerically unstable.

In the cloudy bag model the picture is reversed. Here only the first term in (17) contributes to the amplitudes;
as a result the’:@ amplitude is less than/3 of the experimental value (see Fig. 2). The behaviouC@f
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Fig. 2. The amplitud«fsA(QZ) in the cloudy bag model for three values of the bag radius. Experimental uncertainties are as in caption to Fig. 1.

is similar as in the pure MIT bag model (to within 10%), with fittd¢h ~ 1.2 GeVfmy/R. The off-diagonal
Goldberger—Treiman relation is satisfied in the cloudy bag modelCQLﬂrom G Na has a steeper fall-off with
fitted Ma ~ 0.8 GeVfm/R. The ratioC5A (0)/ga is close to the model-independent prediction of [24].

The large discrepancy can be to some extent attributed to the fact that the cloudy bag model predicts a too low
value forG,nn, and consequentlgna. Taking a smaller value of;; in order to increase the strong coupling
constants does not improve the results sigigeon the RHS of (11) compensates for the changé& jma. We
have found that the pions increase thgna / G NN ratio by ~ 15% through vertex renormalisation. The effect is
further enhanced by the mass-correction factdng (M + My), yet suppressed in the kinematical extrapolation
of Gxna(Q?) to the SU6) limit. This suppression is weaker at small bag rakliithe ratio drops from 25 at
R =0.7 fm to 160 (below the SI#6) value) atR = 1.3 fm.

The determination of th€' is less reliable because the meson contribution to the scalar amplitude is very
sensitive to small variations of the profiles. However, the experimental value is very uncertain as well. Neglecting
the non-pole contribution t§* andCQ (the pole contribution cancels out) we see from (26) that the valrﬂfds
dominated by the term(M,ﬁ/ZMi)CsA, in agreement with the popular parameterisation of the amplitudes. In our
models, the non-pole contribution(tg is not negligible and tends to increa@@ at smallQ?, as seen in Fig. 3.

The CQ amplitude is governed by the pion pole for small valuegdfand hence by the value 6, Which
is well reproduced in the linear-model, and underestimated by35% in the cloudy bag model. Fig. 4 shows that
the non-pole contribution becomes relatively more important at larger valug$.of

6. Conclusions

To the best of our knowledge the present work is the first attempt to calculate the axiatdMisition amplitudes
in a quark model which consistently includes the chiral mesons already at the Lagrangian level. We have derived a
set of constraints which ensures the proper treatment of the pion pole dominating the transitio@at Tdvugh
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Fig. 3. The amplitudecj\(QZ) in the linearo-model, with model parameters and experimental uncertainties due to the spréfadas in
Fig. 1. ExperimentallyCﬁ‘(O) =—0.3+ 0.5 [4]. For orientation, the value fc(ff(O) is used without error-bars.
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Fig. 4. The non-pole part and the total amplitl(d@(QZ) in the linearo-model. Model parameters are as in Fig. 1.

there is a rather strong discrepancy between calculated amplitudes in the two models considered here, we are
nonetheless able to draw some general conclusions about the role of the chiral mesons.

The quark contribution alone strongly underestimates;@amplitude. Models in which only a linear coupling
of pions to quarks is added do not improve the situation since in such a case the pion term in the axial current does
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not contribute to the amplitude. On the other hand, the inclusion of meson self-interaction which allows for a
substantial deviation of the-field from its vacuum value inside the baryon considerably increﬁgeghe linear
o-model seemingly overestimates this contribution as it could have been anticipated from the overestixate of
obtained in this model.

Regarding the rati@na/G-nn We find that it is the pion cloud which enhances its value compared to the
SU(6) value of,/72/25; in the lineat-model as well as in the cloudy bag model for smaller bag radii the ratio is
greater than 2 and not far from the experimentally determined valugof 2

The Q?-behaviour of the axial amplitudes is well reproduced in the limearodel. We stress that the behaviour
of Gxna(0Q?) is considerably softer, with a cut-off parameter (corresponding to the axialMgssf ~ 0.8 GeV.

A similar trend is also seen in the cloudy bag model for bag radii abokém. The popular assumption in which
the same value for the strong and axial cut-offs is taken is, therefore, not supported by the two models.
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