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1. Introduction

We consider the following Dirichlet problem for the divergence form elliptic equation

{ —(@ijux))x = —div(AVu@) =div f = (f'), in g2, )

u=~0 onds2

where §2 is an open and bounded subset of R". Throughout this paper we assume that the n x n
matrix A is defined on R" as follows:

K
i=0

where 21,..., 2K are disjoint open subsets of &2 with flat boundary (see Definition 12), 2° :=
22\ Ul-:f ', and A"s for i =0,..., K are uniformly bounded and uniformly elliptic with ellipticity

i=
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constant A and also they are in the John-Nirenberg space BMO of the functions of bounded mean
oscillation with small BMO seminorms, see [6].

This problem arises from the underground water flow through composite media with closely
spaced interfacial boundaries. In particular, the coefficient matrix A has discontinuity across the
boundaries of subdomains. There have been many results proving C1'* regularity for a weak solu-
tion, see [8,7,1]. In this paper, we prove WP regularity for Elliptic Dirichlet problem with singular
coefficient matrix A, under some necessary conditions. Our approach is influenced by [4] and [10].
However, additional difficulties are present due to the fact that we allow discontinuous coefficients,
these are handled in the following sections.

We assume A'’s are (8, R)-vanishing in 2! for i =0,..., K. Let us also recall the following, see
Section 2.2 for undefined notation.

Definition 1.1 (Small BMO seminorm assumption). We say that the matrix A of coefficients is (8, R) —
vanishing in §2 if

1 - 2
sup sup | — / |A(Y) — Ap,v| dy < 6.
0<r<R xeR" |Br|B 0

r(x

In our setting £2;,i=1,..., K, are (§, R)-Reifenberg Flat Domain defined as following:

Definition 1.2 (Reifenberg Flat Domain assumption). For R > 0, § > 0, we say that a domain 2 is (8, R)-
Reifenberg flat if for every x € 352 and every r € (0, R], there exists orthonormal coordinate system
(¥1, ..., yn) with origin at x so that in that coordinate system
Br(0) N{yn, > 18} C £2,
B:(0) N {yn, < —18} C L2°.
To deal with flat domains, this definition becomes meaningful when § > 0 is small and one can

see § depends on R. From this definition, we can see that if a domain £2 is (8, R)-Reifenberg flat, then
for any x € 0§2 and every r € (0, R], there exists an (n — 1) dimensional plane P(x,r) such that

%D[BQ N B (x), P(x,1) N Br(x)] <36,

where D denotes the Hausdorff distance.
We will get WI-P estimate for the classical weak solution of (1). As usual, the following is the
definition for a weak solution.

Definition 1.3. We say that u € H}J(SZ) is a weak solution of (1) if
/AVuv(pdx =— / fVpdx Yo e HL\(R).
Q 2

We are now ready to state the main result of this paper.

Theorem 14. Let 1 < p < oo be a real number. Then there is a small § = §(A, p,n, R) > 0 so that for all
f € LP(£2, R") the Dirichlet problem (1), with the above notation and conditions, has a unique weak solution
which satisfies the estimate
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/Wmhugc/uww. (2)
2

2

The constant C is independent of u and f.

Let us just mention here that the constant C above does not depend on the distance between the
subdomains, which allows the domains to touch each other.

Before our work, in the parabolic case, Fred Almgren and Lihe Wang proved the C1¢ estimates
for heat flows across an interface in [1] where the coefficient matrix has singularity along the Holder
continuous boundaries of subdomains.

In the elliptic case, in [8], Y. Li and M. Vogelius considered an elliptic equation

div(AVu) = h + div(g) 3)

on a bounded domain D which has a finite number of disjoint subdomains with 1'% boundary. They
also allow the matrix A to have discontinuity across the boundaries. They proved a C'® regularity
for the solution under reasonable Hélder continuity assumptions on A, h and g;. Later in [7], Y. Li
and L. Nirenberg extended the result in [8] to general second order elliptic systems with piecewise
smooth coefficients. It is worth mentioning that this extension has applications in problems arising in
elasticity.

Structure of the paper: in Section 2, we state preliminary notation, definitions and assumptions
throughout this paper. Mathematical background and main tools are given in Section 3. In the first
subsection of Section 4, we discuss the interior WP regularity for a weak solution of (1) and in the
second subsection, a global W 1P regularity is derived.

2. Definitions and notation
2.1. Geometric notation

(1) A typical point in R" is x = (X, xp). A typical point in R" x R is (x,t) = (X, X, t).

(2) R} ={xeR"; x; >0} and R? ={xeR"; x, <0}.

(3) By ={x € R" |x| <r} is an open ball in R" centered at 0 and radius r > 0, B-(x) = B, + x,
B} =BrN{xy; >0}, B (x) =B;f +x, Tr =B N{x; =0}, and Ty (x) = Ty + x.

(4) 2y =2 N By, 2:(x) = 2 N Br(x).

(5) 082, is the boundary of £2;, d,,£2, = 952 N B, is the wiggled part of 952, and 9.2, = 92\ 0w £2r
is the curved part of 9£2;. '

(6) 73{5 (y) is the (n — 1) dimensional plane which is translated hyperplane at y € 352" by § along the
normal direction toward £21.

(7) Hausdorff distance D is defined as

D[A, B] = sup{dist(a, B): a € A} + sup{dist(b, A): b € B}.
2.2. Matrix of coefficients

A is supposed to be A = Zszo Aly 21 where Al’s forany i =0, ..., K are (8, R) — vanishing on 221,
uniformly bounded and uniformly elliptic, i.e., there exists a positive constant A such that

ATNEP S A(0E £ < AEP ae.xeR", VEeR"
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and
[ Alloo = sup|A(y)| < C.
y

We also fix the following notation.

() Al=VA A = /Y]

(2) The average ({A over 2 is Ap = Iflz_l fQ |A(x)|dx.
(3) Ap, ==Y, AlgiXgi-

2.3. Notation for estimates

We employ the letter C to denote a universal constant usually depending on the dimension, ellip-
ticity and the geometric quantities of £2.

3. Preliminary tools and mathematical background

In this section we recall standard facts from measure theory and functional analysis which will be
needed in the sequel.

One of our main tools will be the Hardy-Littlewood maximal function since a function value at
a point in LP does not make a good sense. The maximal function controls the local behavior of a
function in an analytical way.
Definition 3.1. For a locally integrable function f on R". Let

1
WM& =sup—— [ [f(y)|dy
r>0 |Br(¥)]

Br(x)

be the Hardy-Littlewood maximal function of f. We also define

Mo f=M(xaf)
if f is not defined outside £2.
The basic theorem for the Hardy-Littlewood maximal function is the following:
Theorem 3.2. (Cf. [9].) We have
(a) If f € LP(R™) with p > 1, then M f € LP(R™). Moreover,
IMFlie@ny < CllfllLerny-

(b) If f € LY(R™), then

C
{xeR"™ (MfHx) > r}| < x”.f”Ll(R“)'

To show Vu € LP, we will use the following lemma:
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Lemma 3.3. (Cf. [3].) Suppose that f is a nonnegative measurable function in a bounded domain 2. Let 6 > 0
and m > 1 be constants. Then for 0 < p < oo,

felP(2) iff S=ka”|{xe9: fo >om*}| < oo
k>1

and

1
S SIS lDhg) <C(121+5),
where C > 0 is a constant depending only on 6, m and p.

Another main tool is the modified Vitali Covering Lemma:

Lemma 3.4. (Cf. [2].) Assume that C and D are measurable sets. C C D C §2 with §2 (8, 1)-Reifenberg flat,
and that there exists an & > 0 such that

IC| < &|Bq] (4)

and for all x € By and for all r € (0, 1] with |C N Br(x)| > €|B;(x)|,

B.(x) N2 C D. (5)

10 \"
IC| < 13 e|D|.

Then

4. Regularity for elliptic equations
4.1. Interior estimates

In this section we investigate the interior W 1P estimates for a solution of

—div(A(x)Vu) =divf in £, (6)

under the conditions as in Section 1.

WP estimate without discontinuity in A was done by S. Byun and L. Wang in [2]. Here we
consider the case that A has discontinuity along the boundary of subdomains £2's in £ for i =
1,...,K.

The main result of this section is the following:

Theorem 4.1. There is a constant Nq so that for any ¢ > 0, there exists a small § = §(¢) > 0 such that for
all f € L2(B4;R™) and for all A as in Section 2.2 with R = 4 and $2 are (8, 9)-flat, if u is a weak solution of
—div(AVu) =div f in 2 D B4 and if

[{x € 2: M(IVul*)(x) > N7} N B;| > ¢|B;| forallre (0,1],

then

B, C {x e £2: M(IVul?)x) > 1} U {x e 2: M(If*)(x) > 8%}
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Definition 4.2. We say that u € H'(Bg) (R > 0) is a weak solution of (6) if
/AVquodx: —/fV(pdx V¢ € H)(Bg).
Br Br
Lemma 4.3. (Cf. [2].) Assume that u is a weak solution of (6) in B. Then
2 2 2)£12 201,12 0
/go [Vul|©dx < C(/(p [ fl°dx + / [Vol|©lu| dx) forany ¢ € C5°(B2). (7)
B> B, By
We want to control the gradient of the weak solution of (6) using the gradient of the weak solution
of the related homogeneous equation. The following lemma shows that one can bound the gradient
of homogeneous solution by L?-norm. The following is well known, we include the proof for the sake

of completeness and using our notation here.

Lemma 44. [f v is a weak solution of div(AVv(x)) = 0 in By for a piecewise constant matrix A =
AlXBm{xn>a} + AOXB1ﬁ(xn <ay foranya e (—1,1), then

IVVilLeoB) < ClIVIIE28,)-
2

Proof. First assume a = 0. Let D?v(x) = w forh>0,i=1,...,n—1. Since the jump of the
coefficient matrix A occurs across {x, = 0},

div(AVDIv(x)) =0

for sufficiently small h > 0. Also

/\VD?v(x)yzdxgc / DI ()| dx (8)
"3+ gEn
<C / ]Vv(x)‘zdx 9)
Bpepeirh
gC/|v(x)\2dx (10)
By

for 0 <h < 11—6. Here we used Lemma 4.3 for the first and the third inequality. So vy, € H1(B%) for
i=1,...,n—1. Similarly, we can apply this method to vy,, i.e. using D?in (x) fori,j=1,...,n—1.So
Vxix; € Hl(B%Jr%) fori=1,...,n—1.Let S= [%]—1—3. For any tangential vector o = (&1, ..., 01, 0)
such that || < S, we can iterate || times and get

Dv(x) e H'(B1, 1 ).
2

25+1

Since div(AVD?v(x)) = 0, we can use the De Giorgi-Nash theorem to say that D%v is Hélder contin-
uous. So there is a constant C such that
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”DaVHLOC(Bl+ 1 )gcupw\,””(h+ . (11)
2 2

S ClIvligag,y)- (12)

Now consider the vertical direction. Define

g(X1.%2. ... xn) :=V(X1..... %-1,0) in B},
275+ T

We can see that gy, =0 and also by (11),

DYg=D%eH' (BT ).

2735

”Dag“LOO(Bl #)=”Dav||L°°(Bl ) SCIVI2e),)

273512 273512
for « = (a1, ...,an_1,0) such that |a| < S. Let
VX1, .., X)) = V(XL LX) — 8(XT, ., Xp).

Note that V € Hl(BL_ . ) and V|y,—o = 0. Since div(AV(V + g)) =0,

2735

div(AV?) = —div(AVg)

n n
z(z)
i=1\ j=1

Xj

n—-1 /n—-1
~- X ((Saum) ensis)
i=1 \ j=1 Xj :

= HIE ().
2

Furthermore, by Theorem 5 in Section 6.3 and the Trace Theorem, see Section 5.5 in [5], also by
Lemma 4.3,

I7ls-1a7) < CVHL2cgy) + 171208, ) < CHVIizgey (13)
2

we can combine (13) and Sobolev inequality to get

“‘7”(-57[%]—2,;/(34;) < C”D”HS—l(BJi) < C||V||L2(B1)'
3 2

Thus ¥ is C1'¥ Hélder continuous. Finally we can say that |V¥| is bounded in E Similarly |VV| is
2

also bounded in lf So |VV|=|Vv — Vg| is bounded in B%. Thus
2

Vi) < ClIVIE2e,)- (14)
2
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Assume |a| > %. Then A has no discontinuity in B3. So there is a constant C such that
3
||VV||L°°(Bl) C||V||L2(B3) Clivilz(g,)- (15)

Assume 0 < |a|] < 2 Say L:={xeR". x,=al.
For any x € B% ﬂ L, B‘l_1 (x) C B1. By above case for a =0, there exists a constant C such that

VYl - di 1y S sup [[VV|irees (16)
L ({xeB%.dlst(x,L)<8})\XEBgmL ( %(X))
2
S Clvilze, ) < ClvIizeg,)- (17)
4

For any x € {x € B1: dist(x, L) > %}, Bi(x) C By and A has no discontinuity in B1 (). So there exists
2 8 8
a constant C such that

sup ”VVHLOQ(B 1 x) X C”V”]_Z(B1 ®) X C”V||L2(B1) (18)
{xeB 1 : dist(x,[)> 1}
2

By taking the maximum C in (14)-(16) and (18), we are done. O

Lemma 4.5. For any € > 0, there is a small § = §(¢) > 0 such that for any weak solution u of (6) in B, where
foranyl,m=0,...,K and any |a| < 2,

By N {xy >a+38}C 2, cByN{xy>a—3s}, (19)
BoN{xy <a—38}C 2 CByN{xp <a+3§} (20)
and

[Vu2dx <1, (21)

|B2 I/
@/(m% |A— Ap,|*)dx < 82, (22)

B

where A32 = Z, Qx )(Q,, there exists a piecewise constant matrix AbB2 as Ab /?Qéxgzn{xpa} +

Am 20 XBaN{xn<a) and for a corresponding weak solution v of

—dlv( bg,Vv)=0 inB, (23)

such that

/lu—vlzdxgsz.

By
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Proof. If not, there exists &y > 0, {Ay} = {ZIKZO A;;Xgi,k}, {ug}, {fk},{.Qé’k} and {(£2™k);} for some
I,m=0,...,K and some |a| < 2 such that uj is a weak solution of

—div(AxVu) =div fi in By (24)

with
1 Lk 1
BN xn>a+E c (2"%),cB2n Xn>a— ot

1 1
Bzﬂ{xn <G—E}C(Qm’k)2CBzﬂ{Xn <a+—}

k
but
/luk—vklzdx>€§ (25)
By
for any weak solution vy of
— div(Ab 5, Vi) =0 inB; (26)

where AZBZ = A;{(Ql,k)z XBaNixy>a} + A_?(Qm-k)z XBaN{xn<a}-
By (21), {ux — tks,}pe, is bounded in H'(B>), and so {uy — ukB,} has a subsequence, which we
denote as {uy — uy}, such that

ug— g —uo inH'(By), up—ilx— up inL*(By). (27)

Since A~ij is bounded in L, there is a subsequence {A~Z} such that
2
HA;;—AOHOO—>O ask — oo, (28)

for some piecewise constant matrix Ag. Since AP — Ayp, — 0 in L?(B3) and Agp, — Ak — 0 in L(By).
Thus Ay — Ag in L%(By).
Next we will show that ug is a weak solution of

—div(AgVip) =0 in By. (29)
To do this, fix any ¢ € H}(B2). Then by (24),
/ AVurVodx = — / fiVodx. (30)
B, B,
Since Vuy — Vug and Ay — Ag in L?(B3), AxVug — AgVug in L?(B>). Then by letting k — oo,

/AOVUOVgodx:O. (31)
B,
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This shows (29). Note that
— div(APVug) = — div((Ab — Ao)Vuo) — div(AgVuo)
= — div((A? — Ag)Vuo)

in By. Let h, be the weak solution of

— div(ALVhy) = div((Ab — Ag)Vug) in By,
hk =0 on d0B;.

(32)

Then ug — hy is a weak solution of

div(ALV (ug — b)) =0 in By. (33)

Furthermore, by (32),

”hk”LZ(BZ) < C||th||1_2(32) < C” (IL;,’J< - AO)VUOHLz(BZ)
< CJ(AL = Ao) | IVt 2s,)
< C” (Aﬁ - AO) HLOQ(BZ)'
So now
luk — (uo + i — hy) ”Lz(Bz) < llug — g — uoll2(p,) + 1kl 2(p,)

< llug = i = uoll 2(s,) + C | (A = Ao) [ 1 5,)-
This estimate, (27) and (28) imply that
uk — (uo + e — hy) | 128y — 0 ask— oo.
But this is a contradiction to (25) by (32). O

Corollary 4.6. For any ¢ > 0, there is a small § = §(¢) > 0 such that for any weak solution u of (6) in B;
where forany,m=0, ..., K and any |a| < 2,

By N Xy >a+38) C 25 CByN{xy >a—8), (34)
BoN{xn <a—8} C 28 CByN{xys <a+ 38} (35)
and
1 2
— [ |Vul“dx <1, (36)
|B2]
By

1 .
@f(|f|2+|A—ABZ|2)dx<52, (37)
By
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where Ag, = Y, A @i Xoi» there exists a piecewise constant matrix Abg, as Abg, = Algéxgzn{xpa} +

/WQ;I XBaNixy<a) and for a corresponding weak solution v of

—dlv( bp,Vv) =0 inB; (38)

such that

/}V(u — v)|2dx <&

B

Wi

Proof By Lemma 4.5, for any n > 0, there exists § = §(n) > 0, a piecewise constant matrix A”B2 =
_Qz XBaN{xa>a) + Amgm XBaNixa<a) and a corresponding weak solution v of —dlv(AbBZVv) 0 in B,
such that

/|u—v|2dx<n2.

First we see that u — v € H'(B,) is a weak solution of

—div(AV(u — v)) = div(f + (A — Ab,)Vv) in B,. (39)
Now, by (7),
/|V(u—v)| c(/}f+ (A- AbBZ)VV| +lu—v| dx) (40)
</|f| dx+/| (A— AbBZ)Vv| dx+/|u—v| dx) (41)
B

N\w
N\w
Nlw

C< If2+ [ |A— APy, " dx+ |u—v|2dx>. (42)
Jute ]l ates]

Here we used the fact that v is Lipschitz, which we showed in Lemma 4.4, and (36). Also,

N 2 = ~ " 2
[ 152 1a= Aon,Pax<2 [(£7 418 = An?) + |Aa, - Ay (43)
B,
2(|B2|8% + C(A)8) (44)
< Cé forasmalls. (45)

So |[V(u — v)||L2(B2) C(8 + n?) = &2 by taking n and § satisfying the last identity. This completes

our proof. O

We can control the measure of the set where |Vu| is quite big as the following lemma.
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Lemma 4.7. (Cf. [2].) There is a constant N1 > 0 so that for any & > 0, there exists a small § = 5(¢) > 0
such that for all A as in Section 2.2 with R = 4 and for any I, m =0, ..., K and any |a| < 4 in appropriate

coordinate system

BaN{xy>a+8) C 2 CcBan{xy>a—35},
Ban{xy <a—38} C 24 CBsN{xy <a+ 35},
and if u is a weak solution of — div(AVu) =div f in 2 D B4 and if
{xeBi: M(IVu?) <1} n{xeBi: M(If1?) < 8%} #£0,
then
[{x € 2: M(IVul*)(x) > N}} N B1| <&|B1].

Proof. By (48), there is a point xo € By such that for all r > 0,

1 1
— |Vu|2 dx <1, —
| By | | By |
Br(x0)N$2 Br(xp)N$2

|f1%dx < 82.

Since By(0) C B3(xg), we have by (50),

_IBs| 1 2 5)”2
|Bz|f'f' S 1By B3l / Lf] d"g(z o

B3(x0)

Similarly, we see that

1 3\"
—/|Vu|2dx< (—) .
|B2| 2

By

(46)
(47)

(48)

(49)

(50)

(51)

(52)

In view of (51) and (52), and from the assumption on A, we can apply Corollary 4.6 with u replaced
by (%)”u and f replaced by (%)”f, respectively, to find that for any n > 0, there exists a small §()

and a corresponding weak solution v of
- div(A~bB2 Vv)=0

in By such that

/|V(u—v)] dx < n?,

wu;

provided that

1 -
@/(|f|2+|A—A32|2)dx<82.
B,

(53)

(54)

(55)
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By the interior W1-* regularity that we proved in Lemma 4.4, we can find a constant Ng such that
||VV||L°°(B%) < No. (56)
Now we will show that
{xeBi: MIVuP > N2} C {x e Bi: Mg, |V(u—v)|* > N} (57)
for N := max{5",4N3}. To do this, suppose that
xi € {xeBi: My, (|V—v)|)>x) <NZ}. (58)

For r < %, Br(x1) C B%, and by (56) and (58), we have

2
— f |Vu|2dx<—/(]V(u—v)\2+|Vv|2)<4N§. (59)
|Br| |Br|
B (x1) B

[N

For r > 1, By(x1) C Bs(xo), and by (50), we have

1 5
— / |Vu|? dx < / [Vul?dx < 5". (60)
|Br| | Bsr|

Br(x1) Bsr(x0)N$2
Then (59) and (60) show
x1 € {xe Bi: M(IVul)> < N2} (61)

Thus assertion (57) follows from (58) and (61).
By (57), weak 1-1 estimates and (54), we obtain

[{xe Bz M(1Vul)® > N2}| < [{x € Bi: My, (|Vu —v)|)* > N2}|

< N£33f|V(u—v)|2dx

[®RN

<Cn2 &|B1]
X 1o = 11
NO

by taking small 7 satisfying the last identity above. Now Corollary 4.6 gives the desired §. O

Corollary 4.8. There is a constant N; > 0 so that for any €,r € (0, 1], there exists a small § = §(¢) > 0
such that for all A as in Section 2.2 with R = 4 and for any ,m =0, ..., K and any |a| < 4r in appropriate
coordinate system

Bar N {Xn > a + 81} C 2}, C Bay N {xy > a — 1), (62)

Bar N{xy <a—38r} C 241 C Bar N{xn <a+5r} (63)
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and if u is a weak solution of — div(AVu) =div f in £2 D B4y and if

{xeBr: M(IVul®) <1} n{xeBr: M(IfI?) <82} #4, (64)

then

[{x € 2: M(|Vul*)(x) > N} N B;| < &|B;|. (65)
Proof. The proof is given by Lemma 4.7 and a scaling argument. O

To use the modified Vitali Covering Lemma, we need to show Theorem 4.1 holds for any ball B;(x)
for r € (0,1] and x € £2. If B,(x) intersects with only one subdomain £2! then the proof of Theorem 4.1
comes directly from Lemma 4.8 for | =m. If B;(x) intersects with two subdomains 2! and £2°, then
the proof of Theorem 4.1 also comes directly from Lemma 4.8 for m = 0.

Then next natural question would be how many subdomains can intersect with B, (x) for r € (0, 1]
and x € 2 when 9£2%s are flat enough. Next lemma will be used to show that a ball can intersect
with at most three subdomains.

Lemma4.9. H;’s fori =1, ..., K are half spaces. If {H; N By}; are disjoint. Then at most two half spaces can
intersect with B.

Proof. Assume there are three half spaces, say Hq, H, and Hs such that B; N H;'s are disjoint and
HiNBy#@ fori=1,2,3. Let p; € HiN By for i =1, 2, 3. Note that since half spaces are disjoint in B,
these points are not collinear. Let 7 be the two dimensional plane containing pq, p, p3. For j=1,2
let Dj =7 N B which are indeed two dimensional balls. Let rj = radius of D;j for j =1, 2. Note that
Ty > 2r1.

Let h; :==7T NH; and [; := T NdH; = dh;. We have

(1) pielinDg fori=1,2,3;
(2) hi N Dy’s are disjoint for i =1, 2, 3.

Pushing li's into h; by & > 0, we may assume that /;’s are tangent to the D; and p; € 9Dy for
i=1,2,3. Let also A; and B; be the points where I; intersects D, fori=1,2,3. Let hjNdD, = A;B;.
Note that A;B; for i =1, 2,3 are disjoint on dD5. Since r, > 2r; and [;’s are tangent to D1,

length of A{B; _ 1 .
—o s fori=1,2,3. (66)
lengthof 9Dy =~ 3

The above is a strict inequality if r, > 2r1, which is a contradiction to the fact that A;B;’s are disjoint
on dD;. If r; =2rq, (66) is an equality. In this case [;'s end points meet each other. So we cannot push
l; outward from h; which means §; =0 fori=1,2,3. O

So now we consider the case that a ball intersect with three subdomains 2!, £2° and £2™ for any
I,Lm=1,..., K. To prove Theorem 4.1 for this case, our goal is to show Lemma 4.7 holds for this case
as well. Roughly there can be two different cases; The first case is when £2! and £2™ are quite close
and the second case is when £2! and £2™ are not so close.

Lemma 4.10. There exists a constant N1 > 0 so that for any € > 0, there exists a small § = §(¢) > 0 and for

all 2 D B4 and subdomain 2! foralli=1,...,K and $2 are (8,9)-flat and for all A as in Section 2.2 with
R =9, and if u is a weak solution of — div(AVu) =div f in £2 D B4 and if

{xeBy: M(IVul®) <1} n{xeBi: M(If1*) <%} £0. (67)
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then

[{x e 2: M(IVul*)(x) > N}} N B1| <&|B1]. (68)

Proof. If B4 intersects with two subdomains, then we are done by Lemma 4.7.

Suppose B, intersects with three subdomains, say £2!,£2° and £™. First assume that
dist(£2!, 2™) < y in B; for some small y > 0. Since dist(£2!, 2™) < y in By, there exist p; € 32! N B,
and pp € 32™ N By such that dist(p;, pm) < Y. Also assume that 2!, 2™ are (§,9)-Reifenberg flat for
a § with y <8 « 1. So for each p;, i =1, m, there exist (n — 1) dimensional hyper plane P; such that

D[32" N Bg(pi), Pi N Bo(pi)] <98, fori=1Im (69)

where D denotes the Hausdorff distance. In other words, the boundary of 2! is squeezed between
P; and PP which is the translation of P; by 9 in the normal direction of P; inward £2' for i =1, m.
We can choose a coordinate system such that the normal direction of 79,9‘S is the x, axis. Let us say
yi is the intersection point between P and vertical line of P passing through p; for i =, m. Then
the distance between y, and P is less than y + 185 < 198 by (69). Since P° NPy’ N By =4,
on P

0Xn
0X;

Y +188 195
< <
3—y—185  3—198

<78 foranyy <§«1,andi=1,...,n—1.

So max, . pssng, dist(y, 73,95 N B4) < C§ + y where C depends on the dimension n.

The above is nothing but Harnack Inequality. Since distance function between P and P9’ in B4
is nonnegative harmonic, we can apply Harnack Inequality:

max dist(P?,y) <C; min dist(P’, y) < Cdist(y;, ym) = C(196 + ¥) (70)
yeP,?,‘SﬂBl yG'P,%EﬂBH

where C depends on the dimension n.
Since the Hausdorff distance between P,%, P,?f is less than C(8 + y), we can choose small 8o and
¥o such that C(8p + yo) is less than § in Lemma 4.7. By Lemma 4.7, we can conclude.

Now suppose dist(852!, 92™) > Yo in By for above yp. If ye S1={xe€Bq|x¢€ 32! N 92™y, then
By, (y) has only two subdomains. From (67), there exists xo € By such that

M(IVul) (o) <1 and  M(|f?)(x0) < 8.
For any y € S1, by weak 1-1 estimate in Theorem 3.2,
2 ¢ 2
|{xeBgT0(y): M(|Vul )(X)>M}|<A_ |Vul*dx
1
B2 (x0)

C 1
< E|Bz(xo)| < 5‘3%’(}’”

when A1 > 523:“. Similarly for this A1,
Yo
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C
fxe By w: MU0 = ) < 5 [ 1P dx

B2 (x0)

C 1
< oy [B200)] < 5B )]

From above two inequalities, one can find an x, € ByTO (y) such that
M(IVuP)(xy) <r1and M(1fP)(xy) < 8.
By Lemma 4.8, there is a constant N so that for any ¢ > 0
[{x e 2: M(IVul?)(®) > MNT} N By ()] < &[Byp (9. (71)

If y € Sy = {x € By | minj_y p dist(x, 02") > 2%}, By (y) C 2' for i =0,1,m. Similarly as above, there
20

is an xy € By (y) such that

80

M(IVulP)(xy) <22 and M(If1?)(xy) < 8%22,

5n+1 .
when Ay > 2 ;t il By Lemma 4.8, there is a constant Ny so that for any € > 0
0

[{xe 2: M(IVul?)(x) > 22N}} N By (1) <&[By (). (72)

So U={B:(y)|r=72%., yeS1}U{B:(y) |r=g%. y €Sz} covers By. Then by Vitali Covering
Lemma, there exist disjoint balls {By,(y)}i°; C U C By such that By C (J; Bs,(yi). Let N1 to be

max(v/A1N1, v/A2N1). Then by (71) and (72),

[{x € 2: M(IVul*)(x) > N} N B4]

< |{xe 2: M(1Vu)®) > N2} N Bsr, (v))|

1
<& |Bsy(yi)| <e5" ) "[Br (v
i i
< &5"By| < £(10)"|B;].

Since 22%'s for i =0,...,n are (8,9)-flat, B4 does not intersect more than three subdomains. To
see that, assume that B4 intersects with £2°, 21, 222, £23. For any p; € 92! N By, for i = 1,2, 3, there
exists a hyperplane P; such that 32" N By is between P; and P?° where P}° is translation of 7 into
£2' in the normal direction by 95 since £2!'s for i =0, ...,n are (8,9)-flat. Then for any § < 11—8, on the
plane 7 containing pq, p2, p3, H; for i =1, 2, 3 intersect with B% but they are disjoint in Bg, which

is a contradiction to Lemma 4.9. O
Proof of Theorem 4.1. The proof follows from Lemma 4.10 and scaling argument. 0O

The following is an interior regularity theorem.
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Theorem 411. let 1 < p <00 be a real number. There is a small § = §(\, p,n, R) so that for all 2 =
1!(:0 2" where 2"Vs fori=1,...,K and $2 are (8,9)-flat and A as in Section 2.2 with R = 9 and for all

f € LP(B4: RM), if u is a weak solution of the elliptic PDE (1) in Ba, then u belong to W-P(B1) with the
estimate

IVullre gy < C(llullp sy + I fllLeBay)-

where the constant C is independent of u and f.

Proof. The proof follows from the global regularity theory in the next section with u replaced by ¢u
for an appropriately chosen cutoff function ¢. O

Remark 4.12. We can change the ball B4 in Theorem 4.11 to any ball Bg for R > 1.
4.2. Global estimates
Definition 4.13. We say that u € H(l)(.Q) is a weak solution of (1) if

—/AVuV(pdx:/ngodx Vo € H)(£2). (73)
2 2

In this section our interest is the following case:
2r D Tg with D(£2g, Tg) small,
where D denotes the Hausdorff distance. We consider weak solution of

[ —div(A@)Vux) =div f in £, (74)

u=0 on dy §2R,
under the conditions as in Section 1.
Definition 4.14. u € H' (§2g) is a weak solution of (74) in 2y if
/ AVuVedx = — / fVedx foranyg e Hé(.QR)
2R 2r
and u’s O-extension is in H!(Bg).
In [2], the following lemmas were proven for A without discontinuity.
Lemma 4.15. (Cf. [2].) There is a constant N1 > 0 so that for any & > 0, there exists a small § = §(¢) > 0

with A uniformly elliptic and (8, 4)-vanishing, and if u € Hs)(.Q) is a weak solution of (74) with BI C 24 C
B4 N {xy > —8} and

[xe 21 M(IVul?) <1} n{xe 21 M(IfI?) <8%} #0. (75)

then

[{x € 2: M(IVul?)(x) > N}} N B1| <&|B1]. (76)
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Corollary 4.16. (Cf. [2].) There is a constant N1 > 0 so that for any €, r > 0, there exists a small § = 5(¢) > 0
with A uniformly elliptic and (8, 4r)-vanishing, and ifu € H(l)(Q) is a weak solution of (74) with BL C Q4 C
B4r N {xy > —dr} and

[xe 2 M(IVul?) <1} N {xe 2 M(IfI?) < 8%} #0, (77)

then

[{x € 2: M(IVul*)(x) > N} N B;| < &|B;|. (78)

Now we consider how to control the measure of the set where |Vu| is big for the case that A has
big discontinuity along the subdomains.

Lemma 4.17. There is a constant N1 > 0 so that for any & > 0, there exists a small § = §(¢) > 0 with A as in
Section 2.2 with R =9 and 2 and 2"’s are (§,9)-flat fori=1,...,K, and ifu H(l)(.Q) is a weak solution
of (74) with B} C £24 C B4 N {x, > —48} and

[xe 21: M(IVul?) <1} n{xe 2 M(IfI1?) <8%} #0, (79)

then
[{x € 2: M(IVul*)(x) > N{} N B1| <&|B1]. (80)

Proof. If B4 intersects with only §2°, then this lemma is nothing but what Lemma 4.15 says. Note
that B4 cannot intersect with more than two subdomains by the same argument in the proof of
Lemma 4.10 (considering £2¢ as (§,9)-flat for any sufficiently small §). Assume that B4 intersects
with £2° and 2! for any =1, ..., K.

First suppose dist(d$2!,82) <y in B4 for some y > 0. Then there exist p; € 322! N B4 and
p € 92 N By such that dist(p, p;) < y. Since 2! are (8, 9)-flat, Pf"g(pl) N B4 C 2! where Plﬁ(pl) is
the (n — 1) dimensional plane which is translated hyperplane at p; by § along the normal direc-
tion toward £2'. Let us say y; is the intersection point between Pp° and vertical line of P passing
through p;. Then the dist(y;, {x € B4: x, = —43}) <98 + y + 46 = 135 + y. Note that 7?19‘S NBycC 2.
Since distance function between 7?,9‘S N B4 and {x € B4: x, = —448} is nonnegative harmonic, we can
apply Harnack Inequality:

max dist(y, {x € B4: x, = —45})
yePP By

<C min dist(y, {x € B4: x, = —43})
yePPNBy,

< Cdist(yy, {x € Ba: xp = —48})

=C(138+vy)
where C depends on the dimension n. One can choose small yy and 8y so that C(138p + yo) < for §
in Lemma 4.15. We conclude by Lemma 4.15.

Now suppose dist(B.Q’,a.Q) > yp in By for the yp above. For any y € S1 ={x€ By |x€ 89’},
By, (¥) has two subdomains and By, (y) N 352 = . From (79), there exists Xo € £21 such that

M(IVul?)(xo) <1 and  M(IfI?)(xo) < 8.



K.W. Um/]. Differential Equations 253 (2012) 2993-3015 3011

As we showed in the proof of Lemma 4.10, there is a constant Ny so that for any ¢ > 0, there exists
8 >0 so that

[{xe 2: M(IVul*)x) > AN7}n By (y)| <&[Br ). (81)

C23n +1

where A > .Also forany y e S, ={x€ B | x€ 08}, BﬂL c0c By, N {Xn > —¥08} in appropri-

0
ate coordinate system. By applying Corollary 4.16, there is a constant N so that for any ¢ > 0, there
exists § > 0 so that

[{xe 2: M(IVu?)x) > ANT}n By ()| <&[By ()]- (82)

For any y € T = {x € By | min(dist(x, 3£2"), dist(x, 32)) > 2%}, By (y) C 2 for i =0,I. Then by
20
Lemma 4.7 there is a constant N so that for any & > 0, there exists § > 0 so that

|{xe 0 M(IVuP)®) > 22NT} N B 0 ()] <e[By ()] (83)

S5n+1gn
where A, > £ o Sk
0

Since BC U :={B:(y)|r < 4X5, yeS1USIU{B(y) |1 < 80><5’ y € T}, by Vitali Covering Lemma,
there are disjoint set {Br, (y;)}{°; CU C B s.t. By C Ui Bsr, (¥1)

[{x e 2: M(IVul*)(x) > N}} N B4|

<> {xe2: M(IVul?)®) > N3} N Bsy, ()|

i
<& |Bsy(yd| <&5" Y |Br ()|
i i
< &5"|By| < £(10)"|B1].

Here we used (81)-(83). O

Corollary 4.18. There is a constant N1 > 0 so that for any & > 0, there exists a small § = §(¢) > 0 with A as
in Section 2.2 with R =9 and £2, 2"’s are (§,9)-flat fori=1,...,K, and ifu € Ha(Q) is a weak solution
of (74) with B}, C 24r C Bar N {xy > —4ér} and

{xe 2 M(IVul?) <1} n{xe 2 M(If1?) <82} #9, (84)
then
l{xe 2: M(IVul?)(x) > N2} N B;| < ¢|B;|. (85)
Proof. Then proof is given by Lemma 4.17 and scaling argument. O

The following lemma shows that same result of Lemma 4.17 holds for any ball intersecting with £2.
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Lemma 4.19. There is a constant N1 > 0 so that forany € > 0and 0 <r < 1, there exists asmall § = §(¢) > 0
forall 2 = U, o $2! where 2 and 2’s for i =1,..., K are (8,45)-flat and for any A as in Section 2.2
with R = 45, and ifu € H} 0(82) is the weak solution of div(AVu) =div f in £2 D By and if the following
property holds:

{xe 2 M(IVul?) <1} n{xe 2 M(IF1?) <8} £, (86)

then

[{x € 2: M(IVul?)(x) > N} N B;| < &|B;|. (87)
Proof. If B4 N 0S2 = ¢, then by an interior estimate Theorem 4.1 we can conclude. Assume that
B4y N 352 # (. Note that B, C Bs.(y) for some y € 9£2. By (86), there exists xg € B; C Bs;(y) such that

M(Vul?)(x0) <1 and M(|f]?)(x0) < 82. Since §2 is (8, 45)-Reifenberg flat, we have, in appropriate
coordinate system,

B3y, C $220r C Boor N {Xp > —2057}.
Here we use Corollary 4.18 to the ball Bs,(y) with ¢ replaced by 5% Then
[{xe 2: M(IVul?)(x) > N}} N B;| < |{x € 2: M(IVul*)(x) > N} N Bs(y)]|
£
< o IBsrl=¢lBl. O

Corollary 4.20. (Cf. [2].) Suppose that u € Ha(.Q) is the weak solution of — div(AVu) =div f in £2. Assume

2 =K, 2" where 2, 2U'sfori=1,..., K are (8,45)-flat and A as in Section 2.2 with R = 45. Assume
that

l{x e 2: M(IVul?) > N2}| <&|B1|. (88)
Let k be a positive integer and set €1 = (1 )"¢. Then we have

[{x € 2: M(IVul?) > N3}| (89)

k
<Y el|{xe2: M(fP2) > NETV) |+ eb|{xe @2 M(1vul)’ ) > 1}]. (90)
i=1

Proof. We prove by induction on k. For the case k =1, set

C={xe2: M(VuP)0 > N3}

and

D=lxe2: M(If)® >8*}Ufxe 2: M(IVu?)(x > 1}.

Since £2 is (8, 45)-Reifenberg flat, 2 is (8, 1)-Reifenberg flat. Then in view of (88), Lemma 4.19 and
Theorem 3.4, we see |C| < &1|D|, and so our conclusion is valid for k = 1.

Assume that the conclusion is valid for some positive integer k > 2. Set u; = u/Ny and corre-
sponding f1 = f/N;p. Then u; is the weak solution of
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{ —diV(AVU]) =div f] in $2, (91)

u; =0 on 452

and the following inequality holds:

l{xe 2: M(IVu11?)(x) > N3}| < e[B1|.
By the induction assumption and from a simple calculation, we deduce the following estimates:

[{xe 2: M(IVuP?)(x) > N3*TD}|

= |{xe 2: M(Vu12) (0 > N3]

<Y el|{xe 2 M) > 2NV
i=1

+ef|{xe 2: M(IVur?) () > 1|

k+1
<Y el|fxe 2t M(fP) @) > 2N ETY
i=1

+ et fx e 2: M(1Vu?) (0 > 1.
This estimate in turn completes the induction on k. O
Finally we are ready to prove the main theorem.

Theorem 4.21. Let1<p<oo be a real number. Then there is a small § = §(A, p,n, R) > 0 so that for all
2= U}ié‘ 2! where 2, 2Vsfori=1,..., K are (8§, R)-Reifenberg flat, for all A as in Section 2.2, and for all
f € LP(£2,R"), the Dirichlet problem (1) has a unique weak solution with the estimate

/|Vu|pdx<C/|f|pdx, (92)
2 2

where the constant C is independent of u and f.

Proof. First we will consider the case p > 2. The case p =2 is classical and the case 1 < p <2 will
be proved using duality. Without loss of generality, we assume that

[ fllLr(2) issmall enough (93)

and

[{x e 2: M(IVul?) > N}}| < &|By]

by multiplying the PDE (1) by a small constant depending on | fll;2() and [|Vu|l;2(q). Since f €
LP(£2), M(|f]?) € LP/2(£2) by strong p-p estimates. In view of Lemma 3.3, there is a constant C
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depending only on §, p, and N; such that

S ONH|{xe 20 M(F1P)®) > 2N} | < M FR) PR oy
k=0

Then this estimate, strong p-p estimates, and (93) imply

Zkaer.Q: M(If1?) (%) > 82N} < 1. (95)
k=0

Now we will claim that M(|Vu|?) € LP/2 by using Lemma 3.3 when f = M(|Vu|?) and m = N2.
Let us compute

o0
Y N {x e 2t M(1Vul?) ) > N}
k=0

[} k
< Zka(ZSH{x € 2: M(If1P)® > 8N Y| 4 ek| {x € 2: M(IVu?)(0) > 1}|)
k=1 i=1

&

(vt (e v 5120 )

1 k=i

(NPer) |{x e 2: M(IVuP)(x) > 1}]

gk

+

—_

(Nf&‘])k < 400,

M2 7

<C
k

Il
-

where we used Corollary 4.20 and (95). Also we can choose &1 so that Nfal < 1 since Nq is a univer-
sal constant depending on the dimension and ellipticity. So we can take ¢, and find the corresponding
8 >0, also &1. By this estimate and Lemma 3.3, M(|Vu|?) € LP/2(2). Thus Vu € LP(£2).

Now suppose that 1 < p < 2. For any g € L1(£2, R") and AT, a transpose matrix of A, consider the
following equation:

{ —div(AT () Vv(x)) =divg in 2, (96)

v=20 onds2.

Then

/vadx:—/divadx:/div(AVu)vdx
2 2 2

=—/(AVu)(Vv)dx=—/Vu(ATVv)dx

2 2

:/udiv(ATVv)dx:fu(—divg)dx:/Vugdx.

2 2 2
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By above, note that |Vv||is < Cl/g]||La,

| [o Vug] o | [o VVf]
ozgeri2) gl — gl
< IVviiall fllee
llgllLa

IVullrr(2) =

<Clf e,

which completes the proof. O
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