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Abstract

In this paper, as a first step towards frame-like gauge invariant formulation for massive mixed symmetry
bosonic fields, we consider mixed tensors, corresponding to Young tableau with two rows with k > 2 boxes
in the first row and only one box in the second row. We construct complete Lagrangian and gauge trans-
formations describing massive particles in (anti) de Sitter space—time with arbitrary dimension d > 4 and
investigate all possible massless and partially massless limits.
© 2008 Elsevier B.V. All rights reserved.

0. Introduction

As is well known, in d = 4 dimensions for the description of arbitrary spin particles it is
enough to consider completely symmetric (spin-)tensor fields only. At the same time, in dimen-
sions greater than four in many cases like supergravity theories, superstrings and higher spin
theories, one has to deal with mixed symmetry (spin-)tensor fields [1-4]. There are different
approaches to investigation of such fields both light-cone [5,6], as well as explicitly Lorentz co-
variant ones (e.g. [7-13]). For the investigation of possible interacting theories for higher spin
particles as well as of gauge symmetry algebras behind them it is very convenient to use so-
called frame-like formulation [14-16] (see also [17-19]) which is a natural generalization of
well-known frame formulation of gravity in terms of veilbein e, * and Lorentz connection a)ﬂab .

Till now, most of the papers on frame-like formulation for mixed symmetry fields deal with
massless case [20-25] (see however [26]). The aim of this work is to start an extension of
frame-like formulation to the case of massive mixed symmetry fields. Namely, we will begin
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construction of gauge invariant formulation for such mixed symmetry massive fields in general
(A)dS; space—times with non-zero cosmological constant and arbitrary space—time dimension
d > 4. There are two general approaches to gauge invariant description of massive fields. One of
them uses powerful BRST approach [11,12,27-30]. Another one, which we will follow in this
work, [19,31-34] (see also [9,26,35-37]) is a generalization to higher spin fields of well-known
mechanism of spontaneous gauge symmetry breaking. In this, one starts with appropriate set of
massless fields with all their gauge symmetries and obtain gauge invariant description of massive
field as a smooth deformation.

One of the nice feature of gauge invariant formulation for massive fields is that it allows us
effectively use all known properties of massless fields serving as building blocks. There are two
different frame-like formulations for massless mixed symmetry bosonic fields. For simplicity,
let us restrict ourselves with mixed symmetry tensors corresponding to Young tableau with two
rows. In what follows we will denote Y (k,[) a tensor @U--a:br-br ywhich is symmetric both
on first k as well as last / indices, completely traceless on all indices and satisfies a constraint
@ (@1--ak.bba-bi — () where round brackets mean symmetrization. In the first approach [21-24]
for the description of Y (k,[) tensor (k 1) one use a one-form euy(k_l*l) as a main physical
field. In this, only one of two gauge symmetries is realized explicitly and such approach is very
well adapted for the (A)dS spaces. Another formulation [25] uses two-form ele k=LI=1) a5 a
main physical field in this, both gauge symmetries are realized explicitly. Such formalism works
in flat Minkowski space while deformations into (A)dS space requires introduction of additional
fields [38]. In this paper we will use the second formalism. As we have already seen in all cases
considered previously and we will see again in this paper, gauge invariant description of massive
fields always allows smooth deformation into (A)dS space without introduction of any additional
fields besides those that are necessary in flat Minkowski space so that restriction mentioned above
will not be essential for us.

Mixed symmetry tensor fields have more gauge symmetries compared with well-known case
of completely symmetric tensors and, as a result, gauge invariant formulation for them requires
more additional fields making construction much more involved. In this paper, as a first step
towards gauge invariant frame-like formulation of mixed symmetry bosonic fields, we consider
Y (k, 1) tensors for arbitrary & > 2. This case turns out to be special and anyway requires sep-
arate consideration. Indeed, in general case Y (k,[), [ > 1, auxiliary field analogous to Lorentz
connection has to be a two-form wwy(k_l*l_l'l), while for the Y (k, 1) case one has to intro-
duce one-form w, ¥ ®~1:1.1) instead. Thus this case turns out to be a natural generalization of the
simplest model for Y (2, 1) tensor constructed by us before [26]. The structure of the paper is
simple. In Section 1 we reproduce our results for simplest Y (2, 1) tensor. Then, in Section 2 we
consider more complicated case — Y (3, 1) which shows practically all general features. At last, in
Section 3 we construct massive theory for general Y (k, 1) tensor field. In all cases we construct
complete Lagrangian and gauge transformations describing massive particles in (A)dS, spaces
with arbitrary cosmological constant and arbitrary space—time dimension d > 4 and investigate
all possible massless and partially massless limits [17,33,39-41].

1. Tensor Y (2, 1)

In this case frame-like formulation requires two tensors [20]: two-form &,,,“ as a main phys-
ical field and one-form .Q,L“b“’ , antisymmetric on abc, as analogue of Lorentz connection. To
describe correct number of physical degrees of freedom, massless Lagrangian has to be invariant
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under the following gauge transformations:

qulu)ll — a[ﬂ&-v]a + nﬂua’ Sgﬂabc — 8ﬂ77abc» (1)

abc

where n9°¢ is completely antisymmetric. Note that £-transformations are reducible, i.e.

§.=0,x" = 8b,=0.

One of the advantages of frame-like formulation is the possibility to construct an object
(“torsion”) out of first derivatives of main physical field @, which is invariant under &-
transformations

Tive® =0, Pua” + 0Py + 0 Pay” = 3, Puay-

To find a correct form of massless Lagrangian one can use the following simple trick. Let us
consider an expression

U1 2u T, o) = 818}/028]

and make a substitution T,o% — £2[4,va]*. We obtain

b d b d d bed
Uped 192" Toap® = {12 200p” = (12,00 2,7

Thus we will look for massless Lagrangian in the form

Lo= al{gg}guaCd‘vaCd + QZ{ZZSf}QuubCTvaﬁd~

It is (by construction) invariant under the &-transformations, while invariance under n-transfor-

mations requires a; = —9a;. We choose a; = —3, ap = % and obtain finally
Lo=—3{1182,° 2,70 + {11P)02,,° 0, D )

All things are very simple in a flat Minkowski space, but if one tries to consider a deforma-
tion of this theory into (A)dS space then it turns out to be impossible [38]. Thus we turn to the
massive particle and consider the most general case — massive particle in (A)dS space with arbi-
trary cosmological constant. First of all, we have to determine which additional fields we need
to construct gauge invariant formulation of such massive particle. In general, for each gauge
transformation of main physical field we need appropriate Goldstone field but in most cases this
Goldstone field turns out to be gauge field by itself so we need Goldstone fields of second order
and so on. But for the mixed symmetry bosonic fields one has to take into account reducibility
of gauge transformations. Let us illustrate this procedure on our present (simplest) case [9]. Our
main physical field Y (2, 1) has two gauge transformations with parameters which are symmet-
ric Y (2, 0) and antisymmetric Y (1, 1) tensors respectively. Thus we need two primary Goldstone
fields corresponding to Y (2, 0) and Y (1, 1). Both have their own gauge transformations with vec-
tor parameter Y (1, 0), but due to reducibility of gauge transformations of the main field, we have
to introduce one secondary Goldstone field Y (1, 0) only. This field has its own gauge transforma-
tion with parameter Y (0, 0), but due to reducibility of gauge transformations of antisymmetric
second rank tensor Y (1, 1), the procedure stops here. It is natural to use frame-like formulation
for all fields, so we introduce four pairs of tensors: (.Qu“b", DY), (a)u“b, hy ), (.Q“b", D)
and (0, hy).
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‘We start with the sum of kinetic terms for all fields

Lo= _3{5}:}9'“416(19”170(1 + {Z};);xf}gﬂabch ¢aﬂd

+ {5g}wuucwvbc - {g;g}wuabDvhac

— Qupe” + {212 D Doy + wap” — 2{ 0" Dy, 3)

as well as appropriate set of initial gauge transformations

50‘15,wa = D[uéu]a + 77,uva» 80-Qu,abc = Dp.’]abc,
(SOh,ua — Dﬂ;a + X,uaa BOwﬂab — DMXabv
SOQD;W = D[Mév]’ 80hu = D[/Lé-v (4)

where all partial derivatives are replaced by (A)dS covariant ones. Here and in what follows, we
will use the following convention on covariant derivatives:

2A
K=—"—7""7—"™7.
(d—-1d-2)

Note, that due to non-commutativity of covariant derivatives such Lagrangian is not invariant
under the initial gauge transformations

[Dy, D,)E% = —«k (euaEv - evagu)’ (5

SoLo =k {"}}[3(d = 3) (22,7 £, + 1" D, ) — (d = 2) (0P80 — x“Phu) ],

so we have to take this non-invariance into account later on. Now to proceed with the construction
of gauge invariant formulation for massive particle, we have to add to the Lagrangian all possible
cross terms of order m (i.e. with the coefficients having dimension of mass). Moreover, as our
previous experience shows, we need to introduce cross terms for the nearest neighbours only, i.e.
main field with primary Goldstone fields, primary fields with secondary ones and so on. For the
case at hands all possible such terms could be written as follows:

L= {Mva}[alwuabq;uac + azgﬂabcgpua] + {gg}[a’jgﬂabchvc + a49abc¢#vc]

abc
+1{ [a5wﬂubhv + a6a)”b<1>w] + a7{g}wabhvb. (6)

Non-invariance of these terms under the initial gauge transformations could be compensated by
the following corrections to gauge transformations:

81®," = %emam - %em“évh 8192, = %eu[axbc]s

S1h, = pi1& " + d4f026,fl§, Slwuab=—%ﬂuab,

8190 = 1€ 015 8120 = —3aynte,

Sithy = pobu+ Pokus 10" ==2pox ", (7)
provided

a1=a3=ﬂ, ay = a4 = —3aq, as = a7 =4po, ag = Po.

2
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Fig. 1. General massive theory for Y (2, 1) tensor.

Thus we have 8oL +8; Lo = 0 and this leaves us with variations of order m? (taking into account
non-invariance of kinetic terms due to non-commutativity of covariant derivatives) §o Lo + 81 L.
In general, to compensate this non-invariance one has to introduce mass-like terms into the La-
grangian as well as appropriate corrections for gauge transformations. But in this case there are
no possible mass-like terms (the only possible term {g}‘; th ,f’hvb is forbidden by ¢-invariance).
Note that if we go from frame-like to metric-like formulation by solving algebraic equations for
auxiliary fields Qu’lb", a)M“b and £297¢ then we obtain mass-like terms exactly as in [9]. Never-
theless, it turns out to be possible to achieve complete invariance without any explicit mass-like
terms just by adjusting the values for our four main parameters o, 81, Bo and pg. We obtain

_ [3d=2) _ -2 S
P=aaone P gaoyfe Ao =—12ed =3,

Now we are ready to analyze results obtained. First of all, recall that there is no strict defini-
tion of what is mass in (A)dS space (see e.g. discussion in [42]). Working with gauge invariant
description of massive particles it is natural to define massless limit as a limit where all Gold-
stone fields decouple from the main gauge field. Such a limit, if it exists at all, leads to the
particle having exactly the same number of physical degrees of freedom as massless particle in
flat Minkowski space. To make analyze more transparent, let us give here a Fig. 1 showing the
roles played by our four parameters. One can easily see that massless limit is a limit where both
a1 — 0 and B; — 0 simultaneously. But from the last relation above it is immediately follows
that such a limit is possible in flat Minkowski space (x = 0) only. For non-zero values of cosmo-
logical constant one can obtain partially massless limits instead.' Indeed, in AdS space (k < 0)
one can put o1 = 0 (and this gives pg = 0). Then our system decomposes into two disconnected
subsystems. One of them with the fields ®,,,* and h,“ describe partially massless theory [38]
with the Lagrangian

Bi

Bi
_{lwa}wuab(pvac + ?{ah

£= L0(@u) + Lolh) + 2L 15 12 ®

which is invariant under the following gauge transformations:

8Py = Dipn)® +nw® + e,

Bi
12(d — 3)

50 abc‘:D abc+ 131 [a bc]’
8 W T e@ -3

! Here and in what follows we will call particle to be partially massless if its number of physical degrees of freedom
lies between that of massless and massive one. Such particles correspond to irreducible representations of (anti) de Sitter
group that have no analogue among irreducible representations of Poincaré group.
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B
—%mﬂ )

where 12 = —12«(d — 3). In this, two other fields @, and h, provide gauge invariant de-
scription of massive antisymmetric second rank tensor field. In turn, in dS space (¥ > 0) one
can put 81 = 0 (and this gives Bg = 0). In this case our system also decompose into two discon-

nected subsystems. One of them with the fields @, and @,,,, gives another example of partially
massless theory with the Lagrangian

Shﬂa — Dug.a + X}La +,31*§p,a’ Swuab — DMXab

L=Lo(Pun) + Lo(Ppv) — 3o {29192, By — 301 {112 D, °, (10)

which is invariant under the following gauge transformations:
30

d-3)

8Py = Dipbu) + Q1w 88290 = —3ayne, (11)

(S@p;wa — D[ugu]a + mwa _ e[,uaé:v]v &Qﬂabc — Dﬂnabc,

where 3a1% = «(d — 3). In this, two other fields A »® and h, provide gauge invariant description
of partially massless spin 2 particle [17,19,26].

2. Tensor Y(3,1)

As we have already mentioned in the Introduction, frame-like formulation for massless
Y (k, 1) tensors turns out to be special because it requires that auxiliary field be one form and not
two form field. The Lagrangian for such massless Y (k, 1) tensors could be, in principle, extracted
from the general formula (3.21) of [25], though the only explicit example given there deals with
Y (2, 1) case. Anyway, it can be easily constructed as a natural generalization of the simplest ex-
ample given above. Namely, we introduce two-form @ W“b which is symmetric and traceless on
ab as a main physical field as well as auxiliary one-form .Q,/‘bc’d which is completely antisym-
metric on abc, traceless and satisfies a constraint £2, labe.d] — (. To provide correct number of
physical degrees of freedom massless Lagrangian has to be invariant under the following gauge
transformations:

5¢/,Lvab — a[uéjv]ab + nuv(a,b)’ Sgﬂabc,d — aunabc,d. (12)

Here é,ﬂb is symmetric and traceless on ab, while n*¢? has the same properties on local indices
as .Q,/‘bc’d. Note, that these gauge transformations are also reducible

£,0=08,x" = 690,%"=0.

To construct appropriate massless Lagrangian we will use the same trick as before. We introduce
a “torsion” tensor T,wo,“b = 8[ﬂfbua]“b which is invariant under &-transformations, consider an

expression {ngj }.Qﬂabc'eTva,gde and make a substitution TMW"” = .Q[M,va](”'b). We obtain

{Zggj}guabc,eTvaﬂde = {5ggf}guabc,e(gv’aﬂd,e + Qv,aﬁe’d)

= {li}‘;}[:sgﬂacd,egvbcd,e + QMCde*anCde'b].
a
Thus we will look for the massless Lagrangian in the form

LO :al{gg}[?,guacd,egvbcd,e + ‘Qﬂcde,agvcde,b] _}_az{g;gf}guabc,ez—v‘)aﬂde.
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This Lagrangian is (by construction) invariant under E—transformations while invariance under
n-transformations requires a; = —3a,. We choose a1 = 1, ap = —3 1 and finally obtain

£0 (Cb;wab) — {5g}[39uacd,egvbcd,e + ‘Qucde,agvcde‘b] _ {g;gf}guabc,eav¢aﬁd6. (13)

As in the previous case, it is not possible to deform this massless Lagrangian into (A)dS space
without introduction of additional fields. Thus we turn to the general case — massive particle in
(A)dS space with arbitrary cosmological constant. First of all, we have to determine the set of
additional fields which is necessary for gauge invariant description of such massive particle. Our
main gauge field Y (3, 1) has two gauge transformations (combined into one & M“b transformation
in frame-like formalism) with parameters corresponding to Y (2, 1) and Y (3, 0). Recall that these
transformations are reducible with the reducibility parameter Y (2, 0). Thus we have to introduce
two primary Goldstone fields — Y (2, 1) and Y (3, 0). The first one also has two gauge transfor-
mations with parameters Y (1, 1) and Y (2, 0) with the reducibility Y (1, 0), while the second field
has one gauge transformation Y (2, 0) only. Taking into account reducibility of main field gauge
transformations it is enough to introduce two secondary fields Y (1, 1) and Y (2, 0) only. Both
have gauge transformations with parameters Y (1, 0), but due to reducibility of gauge transfor-
mations for Y (2, 1) field it is enough to introduce one additional field Y (1, 0). It has its own
gauge transformation Y (0, 0), but due to reducibility of gauge transformations for Y (1, 1) field,
the procedure stops here. Thus we need six fields— Y ([, 1), Y(,0), 1 <I < 3.

Again we will use frame-like formalism for the description of all fields and introduce six pairs:
(Quabc,d’ (p;wab)’ (a)uu,bc’ hﬂab)’ (Q#abc’ (puva)’ (wuab, hMa)’ (Qubc’ (p;w) and (a)ab’ hM)
Note, that here and in what follows we use the same conventions for the frame-like formulation
of Y (k, 0) fields as in [19]. We start with the sum of kinetic terms for all six fields

LO — {ZIIJJ}[:;‘QMacd,eQchd,e + Q,ucde,agvcde,b] _ {Z;éxf}gﬂabc,eDv(paﬂde

{ }|: b cd +w“c,adwvc,bdi| + Z{Mua} Ma,bdDuhacd

abc

— 3{ZZ}Qﬂachchd + {Zgaf}g abcD QD

b -
}wu a)v {ngt}wua Dyhy*

1
= Qape® + N2 0 Pra + S 0a” = (0 Dy (14)

as well as with appropriate set of initial gauge transformations

SOq)uuab — D[,usv]ab + qu(a'b)» 60_Qﬂabc,d — Dunabc,d’

S0Py = D[;,L%-U a mwa’ Sogﬂabc _ Dﬂnabc

Soh, ab _ Dyc° by Xu , 50wﬂa,bc _ DMXa,bc’

Sohu® = Dy + x,°, 80w, = D, 3

80Py = Diukvy, Sohy =Dy, (15)

where all derivatives are now (A)dS covariant ones. As usual, due to non-commutativity of co-
variant derivatives this Lagrangian is not invariant under the initial gauge transformations
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SO‘CO — —3K(d _ 2){[;;}(29Mabc,d§v6d _ nabc,d®uv6d)
+ 3K(d _ 1)(wﬂu,ab§ab _ Xu,abhﬂab)
+ 3 = 3) (22,76, + " D) — (d — 2)(@0u® ¢ — x )],

but we will take this non-invariance into account later on.

To construct gauge invariant description of massive particles we proceed by adding cross
terms of order m (i.e. terms with the coefficients with dimension of mass) to the Lagrangian.
As we have already noted, one has to introduce such cross terms for the nearest neighbours
only, i.e. main gauge field with primary ones, primary with secondary and so on. To simplify the
presentation we consider these terms step by step.

@, & @,,,9, h,®. Tn this case additional terms to the Lagrangian could be written in the
following form:

ﬁl — (uva [Cllguabc’d¢vad + a2¢;},uad~Qade + a3¢uvadwab,cd]

abc
+ {;‘;mmﬂad hyee. (16)

As usual, their non-invariance under the initial gauge transformations could be compensated by
appropriate corrections to gauge transformations

4o 2 B
b 2 b b 2 b
1™ = ——— 2[ 6" + 8 8, vl] + me[u("év] ),
[6%) 4
510 abc,dz__ 3 d. _abc [a, bcld _ dla, bc]
184y dl:ep.n +eun (d—2)g m u
ﬂZ [a,b.cld _ 1 dla bc]
4+ —
3d—3) "~ d— 2g X
81®/Lva = QZE[u,v]a7 (SIAQILabC = _405277
B2
h;},ab — /325;1,0}), Slwﬂa,bc — _777;;“(})’6)7 (17)
provided ay = 4wy, ap =30, az = as = —Ba.

D,,% h M“b & Dy, by Now additional terms to the Lagrangian have the form

A£1 — {lwot [GSwuab(pvaC +a6guabc(pva] + {ZZ}[(UQMabchuc +a89ab6¢uvc]

abc
+ {“YHagwu " hy + aroh,Cw,” ). (18)

To compensate their non-invariance under the initial gauge transformations we introduce the
following corrections to gauge transformations:

ﬂ 3a a abc
_A 5192,
=TT g 36“‘ vl !

01 2
51hﬂab _ dj[e;(tagb) _ ggabé.u:|’

B3 [a bc]

5@
1P Ted—3 L

o1 1
Do == [X“(beuc) + o (28" xu - g“(bxﬂc))},
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Bi
S1hy = Br&L" + p1g,”, 8160,4“[7:—7'7;1 + p1 x40,

$1Ppy = 1Eu)y 81029 = —3an? (19)

where as = a7 = B1/2, ag = ag = —3a1, ag = ajp = —2p01.
D, hy & Dy, by Finally, we add to the Lagrangian terms (we already familiar with)

ALy = {"Yanwu®hy + ano®™ @] + aize®ha (20)
and corresponding corrections to gauge transformations

2p0
T s = podu + Bof 8™ = —2pox“, 1)

where a1 = a3 =209, a1 = fo/2.
Collecting all pieces together, we obtain complete set of cross terms

Shy, " =

Ll — {Ml)a}[4a29#abc,d¢vad + 3a2¢uvad9ade

abc

B1

= B2y wa” ] = palf 12,7 + {W“}[ 5 Ou

abc

ab(puac _ SQIQﬂabc(pva]
+ ab}|::31 _Q abch c —3a4 Qahc‘@lwci| + {5;} [_zplwua,bchvc _ 2p1huacwvbc

+ 2powuubh + '320 ”b¢ﬂvi| +2p00 P hyp.

(22)

Now, as we have achieved cancellation of all variations of order m, i.e. §0L1 + 81 Ly =0, we
have to take care on variations of order m? (including contribution from kinetic terms due to
non-commutativity of covariant derivatives) oLy + 61 L. As in the previous case, there are no
any explicit mass-like terms allowed here, but complete invariance of the Lagrangian could be
achieved just by adjusting the values of remaining free parameters o 2, Bo.1.2 and pg 1

[6(d =1

ﬂz, Bo=— ¥,32,
_, [a=T 3d-2)

PL=S g 2% 2d -3

2403 — B3 =6(d -2k,  12(d + D)ed —3da} =d(d + k.

1=-2

The role that each of the parameters plays could be easily seen from Fig. 2. Now we are ready
to analyze the results obtained. First of all, note that the massless limit (i.e. decoupling of main
gauge fields from all others) requires ap = B> = 0. As the first of last two relations clearly shows
this is possible in flat Minkowski space (« = 0) only. In this, for non-zero values of cosmological
constant there exists a number of partially massless limits.

In dS space (x > 0) one can put $, = 0 (and this simultaneously gives 81 = o = 0). In this
complete system decompose into two disconnected subsystems, as shown on Fig. 3. One of them,
with the fields (b,w”b , @0 and @, gives new example of partially massless theory with the
Lagrangian
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p (6%} u (e5]
(I)“,,” g (I);w (I)/w

Ba B Bo

P1 L0
b a
R, hy h,

Fig. 2. General massive theory for Y (3, 1) tensor.

(e 5] (€3]
(I)Wﬂb Q" ®,

P1 Po
h“ ab h’ﬂ a hu

Fig. 3. Partially massless limit in dS space.

b @2 a
(I)“,,u g (I);w (I)}U/

Ba 5 Bo

P1
b a
h,® hy, hy,

Fig. 4. Non-unitary partially massless theory.

L= Lo(®?) + Lo(Ppv®) + Lo(Pv)

+ QZ{ZI‘;;X [49Mabc,d(pvad + 3(puvad‘9(bed]

=31 [{142) 2,7 By + {11247 D, ], (23)
where 4a5 = (d — 2)k, 3da? = 2(d + 1)(d — 3)k, which is invariant under the following gauge
transformations (for simplicity we reproduce here gauge transformations for physical fields
only):

4ot
(S@p.vab — D[p,gvlab + 77lw(a,h) _ i 2e[M(a%.v]b)’
a a a a 3 a
8q§/w =D[/L$U] + nuy +(¥2§[u,v] - me[u é;-v],
8P,y = Dby + o) (24)

At the same time, three other fields A ,L"b, h;® and h;, give gauge invariant description of partially
massless spin 3 particle [17,19].

One more example of partially massless theory appears if one put &y = 0 (and hence pg = 0).
In this, complete system also decompose into two disconnected subsystems as shown on Fig. 4.
Note, however that in this case we obtain 120;% =dk, ,822 = —4(d — 3)«, so that such theory (as
is often to be the case) “lives” inside unitary forbidden region.

From the other hand, in AdS space (x < 0) one can put oy = 0 (and hence p; = 0). In this,
decomposition into two subsystems looks as shown on Fig. 5. Thus we obtain one more example
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«
D ab o, @ 1 [0
y22 v nv

Ba B Bo

Po
hﬂab h“ a h/t

Fig. 5. Partially massless limit in AdS space.

of partially massless theory with two fields 45,“,"]’ and h M“b . The Lagrangian

L= Lo(Pun™) + Lo(hu) = Bollipey Py wa” ! — Bl } 2,4, (25)
where ﬁ% = —6(d — 2)«k, is invariant under the following gauge transformations:
b b b B2 b
8P = Diuén™ + nlw(a '+ me[u(a@] ),
8hu™ =Dyt + X, + Patu . (26)

In this, four remaining fields @,,,%, h,“, ®,, and h, just gives the same gauge invariant massive
theory as in the previous section.

3. Tensor Y (k, 1)

For the description of massless particles we introduce main physical field — two-form
@, 4%t = @, ®=1 (here and in what follows we will use the same condensed notations
for tensor objects as in [19]) which is completely symmetric and traceless on local indices and
auxiliary one-form £2,,%°¢:*=2) which is completely antisymmetric on abc, traceless on all local
indices and satisfies a constraint £2,, labe,d1tk=3) — 0. To have correct number of physical degrees
of freedom massless Lagrangian has to be invariant under the following gauge transformations:

deuv(k_l) — a[ugv] (k—l) + n/ﬂ)(],k—z)’ SQMabc,(k—Z) — aun(lbt‘,(k—z)’ (27)

where properties of parameters £ and »n correspond to that of @,, and £2,. To find appro-
priate Lagrangian, we introduce a tensor 7)o * ™1 = 8[,,®y0)* ", which is invariant under

&-transformations, consider an expression {g;ff }Quab"’("’z) T,,a,gd(k’z) and make a substitution

Twa(k’l) — Q[M,W](l’k’”. We obtain

{gggj}guabc, (k—2) Tvaﬂd(kiz)

be, (k-2 d,k—2
= a1 2u T2, 0 D

= {u;}[SQMacd(k—Z) Qubcd,(k—Z) + (k _ 2)Qﬂcde,a(k—3)chde,b(k—3)].
a
Thus we will look for massless Lagrangian in the form

»CO =a {Zg}[:sguacd,(ku) _vacd,(k72) + (k _ 2)Qucde,a(k73) chde,b(k73)]

+ az{gggf}gﬂabc,(l{—b Tvaﬂd(k_z) )
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It is by construction invariant under the &-transformations, while invariance under the n-
transformations requires a; = —3a;. We choose a; = (—1)"’1, a = —(—1)"’1/3 and obtain
finally

(_1)k71£0 — {5;}[3[2#(1('(1,(/{72) _vacd,(k72) + (k _ z)gﬂcd(ﬁ,a(/{*:ﬁ) Qucde,b(k73)]

_ {Zng}guahc,(k—b av®aﬂd(k_2)~ (28)

As in the previous cases, it is not possible to deform this massless theory into (A)dS space
without introduction of additional fields, so we will turn to the general case — massive particle
in (A)dS space with arbitrary cosmological constant. Our first task — to determine the set of
additional fields which are necessary for gauge invariant description of such massive particle.
Our main gauge field Y (k, 1) has two gauge transformations with parameters Y (k — 1, 1) and
Y (k, 0) with the reducibility Y (k — 1, 0), thus we need two primary Goldstone fields Y (k — 1, 1)
and Y (k, 0). The first one has two own gauge transformations with parameters Y (k — 2, 1) and
Y (k — 1,0) with reducibility Y (k — 2, 0), while the second one has one gauge transformation
with parameter Y (k — 1, 0) only. So we need two secondary fields Y (k —2,1) and Y (k — 1,0)
and so on. As in the previous cases, this procedure stops at vector field Y (1, 0), thus we totally
have to introduce fields Y ([, 1) and Y (/, 0) with 1 <[/ < k.

Let us start with the sum of kinetic terms for all these fields

EO = Z £0 (l 1) -Qabcz + {Zgg}gathu®va

k
+ > Lo(h,™ 1>)+;wa — {0 Dyihy,
=2

(_1)l£0(®;u)(l)) — {;al,};)}[SQﬂaCd,(l—l)vacd,(l—l) + (l _ I)Qﬂcde,a(l—Z)chde,b(l—Z)]

_ {gggf}guabc‘(lfl)Dv(paﬁd(lfl)’

1
(_1)1£0( (l)) {;/,\J} [wuc,a(ll)wvc,b(ll) + 7wua,(l)wvb,(l)]

+ 2{/Lva}wua,b(l—l)Dvhac(l—l), (29)

as well as appropriate set of initial gauge transformations
6¢;LU(I) — D[;Lgv](l) + rlﬂv(l,l—l)’ 89Mabc,(l—l) — Dﬂnabc,(l—l)’ (SQD,LL\) — D[[,LEI}]»
sh, P =D,c D +x,0, 80,2V =Dux*V,  8h, =Dy, (30)

where all derivatives are now (A)dS covariant ones. Due to non-commutativity of covariant
derivatives this Lagrangian is not invariant under the initial gauge transformations

60£0 _ Z( l)ll({ }|:3(d +l _ 4)( ZQuabC,([—l)EvC(l—l) + nabc,(l—l)gbluvc(l—l))
=2

+2(d+l—3)<wua’b(l_l)4v(l_l) Ll oy <l>>}
e

but we will take this non-invariance into account later on.
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To proceed with the construction of gauge invariant description of massive particle, we have
to add to the Lagrangian cross terms of order m (i.e. with the coefficients having dimension of
mass). As we have already noted above, one has to introduce such cross terms for the nearest
neighbours only (i.e. main field with primary ones, primary with secondary and so on). For
the case at hands, this means introduction cross terms between pairs Y (I + 1, 1), Y (I + 2,0)
and Y (I, 1), Y(I + 1, 0). Moreover, due to symmetry and tracelessness properties of the fields,
there exists such terms for three possible cases Y(I +1,1) < Y, 1), Y(+1,1) & Y({ +1,0),
Y(I+2,0) < Y(+1,0) only. We consider these three possibilities in turn.

2,000 @, O & @ 02 @ (=D Here additional terms to the Lagrangian could
be written as follows:

Ly =(— l)l{;woz [auguabc,(l—l)qava (-1 + az[guabd,(l—b (pvacd(l—Z)]' (31)

abc

Their non-invariance under the initial gauge transformations could be compensated by the fol-
lowing corrections to gauge transformations:

(I +2)ay

s D _
P (- Dd+1—4)

2
1 -1 -2 12
|:e[M( &) )+ ms[u,v]( 8 )i|,

(— o - (I— —
Slgﬂabc,(l 1) — _ (l — l)d [37,111[7(,(1 26;12 + eﬂ[anbc](l,l 2) _ Tl"],
_ _ g (I+2)ay o
(Sléﬂv(l 1) :als[/.t,v](l 1)’ Blgﬂllbc,(l 2) — _?nabb,(l Z)Mv (32)
provided
ay = @+ 2)05 ay =3«
ll—(l_l) 1> 21 = l-

2,00 @, O & ©,4D h, O This time additional terms to the Lagrangian have the
form

‘Cl — (_1)l [a3l{gg}guabc,(l—l)hvc(l—l) +a4l{g}\))§[}wﬂa,b(l—l)®vac(1—l)] (33)

and their non-invariance under the initial gauge transformations could be compensated by

o _ ,31

51D _ (g =D
V= Sy
5.0, abe.(=1) _ Bi la,b.cd=1) _ T, ’
13 3d —3) [enx 1
Bi _
(Slhu(l) — ﬁlgﬂ(l)’ 510)#&’([) — __n#a(l,l 1)’ (34)

2
provided a3 = a4y = — ;.
0, @D h, D o, @@ p O This case (that has already been considered in [19]) re-
quires additional terms to the Lagrangian in the form

L1 = (D' asw, " On, O + agw,»On,PO] (35)

as well as the following corrections to gauge transformations

I+ Dp I+ Do
Sih +1) — ( (1gD) Tr], S a,(l+1) _ a,(l, 1) _ Tr],
p l(d+l_2)[eﬂ é: I'] 10y l(d+l_1)[77 €u I']
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Pl
S1h, V=g, 0, 810, = T[nﬂ’) +d+ DD, —Tr], (36)

where as; = ag; = w 01

Collecting all pieces together, we obtain finally

abc

Z( D |:/wa |: Q abce,(I— l)¢ (B 1)—}-3_(2 abd,(I— 2)® cd(l— 2)i|

— lgl[{gg}guabc,(lfl)hvc(lfl) + {Zggt}wua,b(lfl)vaac([f])]

2(1+1
n (1 )

PI{MZ}[wua’b(l)hv(l) + a’ua’(l)h”b(l)]}

a

+ {Zg}[_?’algabcéuvc + Zpowu“bhu + ﬂOwabéuv]

— 301 {47192, " Dy + 2000 hap. (37)

As for the corrections to gauge transformations, we once again restrict ourselves with the trans-
formations for physical fields only

510" = a1 - (- (ll)?;zi‘);l_ 4) [er "'~ = Ti]
e

$1Puy = @b — ;a et 6(dﬂi e b B P =i,

Slhﬂ(l) = ﬂlgu(l) + Pl{u(l) + = 1)12_—11—1 3 [eu(lél_l) — Tr],

Bihy " = Biéu + P16, + e, e iy = o+ pot (38)

Now, having achieved cancellation of all variations of order m 8oL + 81 L9 = 0, we have
to take care on variations of order m? (including contribution of kinetic terms due to non-
commutativity of covariant derivatives) §oLo + 81 L. As in the previous cases, complete invari-
ance of the Lagrangian could be achieved without introduction of any explicit mass-like terms
into the Lagrangian (and appropriate corrections to gauge transformations). Indeed, rather long
calculations give four relations

afi—1=—-Bipi-1,

(+Dd+1-3)ipr=—U~+3)d~+1—-2o41B1+1,
6(1+3)(d+1—4)(d+2]) , 6(l+2)
TTId+1=3)d+2-2) @i+ I—1 — B =6cd+1-4),
d+1-3 , 20+D@d+1-3)@d+2) , 2

2
- =—-2k(d+1-3).
To solve these relations we proceed as follows. From the first one we get
_ B
Pl =—Z——0+].

Bi+1
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Fig. 6. General massive Y (k, 1) theory.

Putting this relation into the second one, we obtain recurrent relation on parameters 8

s (A+3)d+1-2) ,
P70+ Dd+1-3)""

This allows us to express all parameters 8; in terms of S_1

s kk+1D)(d+k—4)
T+ DU +)d+1-3)

In this, one can show that fourth equation is equivalent to third one. When all parameters 8
are known, the third equation becomes recurrent relation on parameters « and this allows us
(taking into account that oy = 0) to express all o; in terms of o _1. Let us introduce a notation

M2=k S(kal) oe,%_l, then the expression for «; could be written as follows:

B

2
Bi-1-

B

o - DUEt+k+I-3)
P70+ D) +2)d+20-2)
Thus we are managed to express all parameters in terms of two main ones B¢—1 and M (or oj_1),
in this the following relation must hold:

[M? — (k—1—1)(d+k+1—4)x].

6M? — kB}_| = 6k(d +k — S)«.

Now we are ready to analyze the results obtained. In complete theory we have three sets of
parameters «, B and p and the roles they play could be easily seen from Fig. 6.

First of all note, that massless limit (that requires M — 0 and B¢_; — 0 simultaneously) is
indeed possible in flat Minkowski space only, while for non-zero values of cosmological constant
we can obtain a number of partially massless theories. In AdS space (k < 0) one can put o1 =0
(and this gives px—p = 0), in this two fields @Mu(k_l) and h M(k_l) decouple and describe partially
massless theory with the Lagrangian (Fig. 7)

£= Lo(, %) + Lo, )
+ (_ 1)]([3]{71 [ ZZ}QMabc,(k—Z)hvc(k—D + {Zgg}wua’b(k_Z)¢Ua0(k_2)] , (39)

which is invariant under the following gauge transformations:

k-1 k-1 1,k—2 Bi—1 1, k-2
8¢;w( ) = D[/Lév]( ) + n;w( ) + me[ﬂ( &vl ),
8hy 7D = Dt Y 4y, ED 4 B8, N0, (40)

Such particle corresponds to irreducible representation of anti-de Sitter group in complete agree-
ment with general discussion in [38]. Indeed, a pair of representations Y (k, 1) and Y (k, 0) of the
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Fig. 7. Partially massless limit in AdS space.
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Fig. 8. Partially massless limit in dS space.
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Fig. 9. Example of non-unitary partially massless theory.

Lorentz group perfectly combine into one Y (k, 1) representation of anti-de Sitter group (com-
pare with Eq. (43) of [38]). As we have already mentioned, massless Y (k, 1) particle in flat
Minkowski space has two gauge transformations with parameters corresponding to Y (k — 1, 1)
and Y (k, 0). If one goes to metric-like formulation by solving algebraic equations for auxiliary
fields, then one can see that in the absence of & field only gauge symmetry with the parameter
Y(k — 1, 1) survives. At the same time, all other fields besides (D,w(k_l) and h M(k_l) just give
gauge invariant description of massive @ ,w(k_z) tensor.

On the other hand, in dS space (¢ > 0) one can put Bx—1 = 0 (and this results in g; = 0 for
all 7). In this case complete system decompose into two disconnected subsystems (Fig. 8). One
subsystem with the fields ‘puv(l)’ 0 < <k —1 gives new example of partially massless theory.
Again if one goes to metric-like formulation one can see that in this case only gauge symmetry
with the parameter Y (k, 0) survives. At the same time partially massless theory described by the
second subsystem # M(k), 0 <! <k —1is already known [17,19]. Besides, a number of (non-
unitary) partially massless theories appears then one put one of the o; = 0 (and hence p;—; = 0).
In this, complete system also decompose into two disconnected subsystems. One of them gives
partially massless theory with the fields <15,w(”), h M("), I <n<k—1(Fig. 9), while the rest of
fields just give massive theory for the ®,,, /=1 tensor.
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4. Conclusion

In this paper, using the simplest mixed symmetry tensors Y (k, 1) as an example, we have
shown that frame-like gauge invariant formulation of massive higher spin particles [19] could
be extended to the case of mixed symmetry fields. All that one needs for that is to determine
proper collection of massless fields to start with taking into account all gauge symmetries and
their reducibility. It is clear that for general mixed symmetry tensors such construction will re-
quire a lot of fields so that calculations become very lengthy and involved. Thus we need some
more powerful methods, for example, some kind of oscillator formalism adapted to frame-like
formulation with its separation of world and local indices. Let us also note here an interesting
method of dimensional digression proposed recently [43].
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