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Abstract

In this paper we develop the upper and lower solution method and the monotone iterative technique for
a class of singular nonlinear second order three-point boundary value problems. A maximum principle is
established and some new existence results are obtained. (©) 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

It is well known that a powerful tool for proving existence results for nonlinear problems is the
method of upper and lower solutions. And in many cases it is possible to find a minimal and a
maximal solution between the lower and the upper solution by the monotone iterative technique (see
[8,10,12]). However, in the literature of ordinary differential equations is seldom seen the paper in
which the upper and lower solution method has been used to deal with second order three-point
boundary value problems, not to mention the monotone iterative technique. For this reason, we are
going to develop the upper and lower solution method and the monotone iterative technique for a
second order three-point boundary value problem of the form

{ —u""(t) = f(t,u(t)) a.e. on (0,1),

(1.1)
w(0)=2¢, u(l)— Au(d)=mn.
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Throughout this paper, we make the following assumptions:

(A1) 60€(0,1), A >0, and & n€R are given.

(A2) f(t,u) is real-valued function that is defined on (0,1) x R and satisfies
(i) f(t,u) is measurable on (0, 1) for each fixed u € R,

(i1) f(t,u) is continuous on R for almost all 7 € (0,1), and

(iii) for every given N > 0 there exists a function ky(¢) € E such that

| f(t,u)| < ky(t) for almost all 1€ (0,1) and all u€[ — N,N],
where E:={h(t) € L] .(0,1); ||h]|z < + oo} is the Banach space equipped with the norm

o 1
|yh||E::/0 s|h(s)]ds+/5 (1 — $)lA(s)| ds.

(A3) There exist two functions x(¢) and y(z) that are lower and upper solutions to (1.1), respectively.
Moreover, x(¢) < y(¢) on [0, 1].
Here a function x(¢) is said to be a lower solution to the three-point boundary value problem
(1.1), if it belongs to D[0, 1] and satisfies

{ —x"(t) < f(t,x(t)) ae. on (0,1), (12)
x(0) <& x(1)— x(d) < n, '

where D[o, 1]:= {u(t) € AC[o, 1]; u'(t) € L'[o, 11N ACoc(i, 1), u”(¢) €E} for any o €[0,0).

Similarly, we say that a function y(¢) is an upper solution to (1.1) if it belongs to D[0, 1] and
satisfies the reversed inequalities in (1.2). And a function u(¢) is called a solution to (1.1), provided
that it is a lower solution and an upper solution as well.

Remark. Assumption (A2) allows f(t,u) to be singular at £ =0 and 1. For example, the function
fluy=t"(1—t)""e"(u—8)’, abe(l,2)
satisfies (A2).

As far as second order m-point (m = 3) boundary value problems are concerned, a great deal of
existence and uniqueness results have been established up to now. For details, see, for example,
[1-7,9,11] and the references therein. However, among the existing results no one can be applied to
our problem. This is another reason why we study problem (1.1).

The main results of the present paper are as follows.

Theorem 1. Let (Al1)—(A3) be fulfilled. Then the three-point boundary value problem (1.1) has a
solution u(t) with x(¢t) < u(t) < y(¢t) on [0,1].

Theorem 2. Let (A1)—(A3) hold. Assume that there exists a function k(t) € E such that F(t,u):=
f(t,u)+ k(t)u is (strictly) increasing on [min{x(¢); 0 < ¢ < 1}, max{y(¢); 0 <t < 1}] for almost
all t€(0,1). Then there exist two sequences {x,(¢)}5% o N us(t) and {y,(t)}>2, ¢ u*(¢) uniformly
on [0, 1] with xo(t)=x(t) and yo(t) = y(t). Here u,(t) and u*(t) are the minimal and the maximal
solutions to (1.1), respectively, that is, if u(t) is a solution (1.1) with x(t) < u(t) < y(t) on [0,1],
then u,(t) < u(t) < u*(t) on [0,1].
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The proofs of our main results will be given in Section 3. And Section 2 will be devoted to some

preliminary propositions, including a maximum principle, which are indispensable to establishing our
main results.

2. Preliminaries

In this section, we present some propositions that will be frequently used later on.

Lemma 3. Assume h(t) € E. Then we have
ltilrr(}t/téh(s)ds =0= 1tiTr111(1 — t)/b_th(s)ds.
Proof. Let
g(t)::t/(sh(s)ds, 0<t<o.
t
Then we have

5
lg(t)] < / slh(s)|ds < + 00, 0<t<0,
0

s
Jgt) = / h(s)ds — th(t) a.e. on (0,0).

Integrating the above on [0, ] and then interchanging the order of integration, we get

) ) o o
! dr < d h d h d
/O|g(t)| t</0 t[ h(s) s+/0s| ()] ds

5
= 2/ slh(s)|ds < + oo
0

which shows that ¢/(z) € L'[0, 5] and hence g(t) € ACJ0, 5].
As a result, we integrate ¢'(¢) from 0 to » € (0,d] to obtain

/Org/(t)dt:/ordt/[&h(s)ds—/Orth(t)dtEg(r), 0<r<s,

which implies that g(0) =0, i.e., the first equation is valid.
In the same as above, we can deduce the second equation.

Lemma 4. Let k(t) € E with k(t) > 0 a.e on (0,1). Then initial value problems
{ () =k(Dut), 0<a<t<l,

2.1
u() =0, u'(x)=1 1)



44 Z. Zhang, J. Wang ! Journal of Computational and Applied Mathematics 147 (2002) 41-52

and
{ ") =k(u(t), 0<t<p<l, 22)
ulf)=0, u'(p)=-1

have unique positive solutions p,(t) € AC[a, 1)NC'[a, 1) and g4(t) € AC[0, BINC'(0, B], respectively.
Moreover, they are strictly convex on their intervals of definition. As a result, we have

{t—a<pa(t)ép“(a)(t—a)/(a—a), a<t<a<l, 23)
B—t<qpt) <qpb)B-0)/(B-b), 0<b<I<P '
for any a€a,1] and b€[0,f).
When 0 <o < f <1, we have
_|apt) pu(t)] _ _
VV[a,ﬁ](t) T q;g(t) p;(l) = Qﬁ(a) - poc(ﬁ) on [O(, ﬁ] (24)

Proof. We first prove that (2.1) has a unique positive solution. Define a mapping B:Z — Z by
1 t
(Bw)(o)=1, Bw)(it)=1+ PR / (t—s)s—a)k(s)w(s)ds, a<t<I,
where Z:={w(t) € C[a, 1]; ||w||. < + oo} is the Banach space endowed with the norm

max{|w(t)| exp <—2 /t r(1 — r)k(r)dr> ; 0<r<1} if =0,
Iwll- = p
max{|w(t)| exp (—2/ (1—- r)k(r)dr> ;a<t<1} ifa>0.

It is easy to see that the B is well defined. Furthermore, we can prove that B is a contraction
mapping. In fact, for any wy(¢), wo(¢) € Z, we have, if « =0

(B0 = B0 < [ (1=7) sk (s) = wa(o)] ds

< |lwi — w22 /Ot(l — s)sk(s)exp <2 /OS r(1— r)k(r)dr) ds

1 t
< 3 Wi — wal|. {exp(Z/ r(1 —r)k(r)dr) - 1}, 0<r<1,
0

ifa>0

[(Bw1)(1) — (Bw2)(1)] < / (1 = $)k(s)|wi(s) — wa(s)| ds

< |lwp — w2 /[(1 — 8)k(s)exp (2 /S(l — r)k(r)dr> ds

t
< %HWI—WzHZ {exp(Z/(l—r)k(r)dr) —1}, a<t <1
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and hence
|Bwy — Bws||. < 1|lwi — wa||.  for any wi,w; € Z.

The Banach contraction principle tells us that B has a unique fixed point in Z. Let w*(¢) be the
fixed point. Then

Pt —s)(s — a)k(s)w*(s)ds

wia)=1, w'(@®)=1+ v<t<l.
. t—o
Put
Pa(t) = (t —o)w*(2)
=(t—a)+ / (t —s)e(s)p,(s)ds, oa<t<l. (2.5)
Then

t
=1+ [ Kopods a<i<l,

po(t) =k(t)p,(t) ae.on (1),
p(0)=0, py(2)=1

This shows that p,(#) is a unique solution to (2.1), p,(t) € AC[a,1] and pl(t) € ACioc[a, 1).
We now claim that p,(t) > 0 for all 7€ (a,1]. If the claim were false, then there would be a
to € (o, 1] such that

(2.6)

pu(t) >0in (o, t9) and p,(a) = p,(ty) =0.

Since pl(x)=1 along with p,(x)=0 implies that p,(¢) is positive in a right neighborhood of ¢ =u.
By Roll’s theorem, we know that there exists a o € (o, 7y) such that p/(¢)=0. On the other hand,
from (2.6) we lead to

0= pi) =1+ [ Kp)ds > 1

o

a contradiction. Therefore, the claim is true.
In the same way as above, we can prove that (2.2) has a unique positive solution gg(¢) € AC[0, f]N
C'(0, B], which can be represented as

B
qp(t)=p —t —|—/ (s —k(s)gp(s)ds, 0<t<p. 2.7)
t
Moreover, we have
B
G0 =1~ [ Ko<t 0<i<p
t

q5(t) = k(t)qp(t) a.e. on (0,p),
as(B)=0, qy(p)=-1.

(2.8)
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Since p;(¢) >0 a.e. on (x,1) and gj(r) > 0 a.e. on (0, 8), pu(?) and gp(¢) are strictly convex on
their intervals of definition, which implies (2.3).

Finally, we show (2.4).

Differentiating Wi, p(¢) and then using (2.6) and (2.8), we obtain

qpt) Pt ‘ qp(t) pat) | _
a0 o) | T kDap) k@ypaey| =0 00 %P

Eq. (2.4) follows from (2.3), (2.5)—(2.8) and Lemma 3.
The proof is thus complete. [

Wi (1) =

Theorem 5. Let 5€(0,1), A >0, &, y*€R, and k(t), h(t) €E with k(t) > 31/(1 — 8)* a.e. on

(0,1). Then the linear three-point boundary value problem
—wW' () =k(tw(t)=h(t), 0<a<t<]l,
()*()() (t) * (2.9)
w(a) =< w(l) —Aw(d)=n

has a unique solution

Pa(1)

J
w(t) = / Gla.o)(t,$)h(s) ds + w(§)

| L9 )
([ Gtntwmsras + & 55 40 25) 1=

pat) | L. qs(1)
2 % ga)
qi(t) + ps(t)  , ps(t)

a <t <0, (2.10)

1
| Guontesynts)ds iy MOLAPAD e 200, s<i<l,
where
q/s(t)i“((;)), a<s<t<p
Grap(t:5) = (5) (Pa(B) = 4p(2)).
) I g <i<s<p
gp(ar)

Proof. Since k(¢) > 3//(1 — §)* a.e. on (0,1), from Lemma 4 we know that
Pa(1) = 4,(0) = q1(8) P(0) — q1(8) o) — 2ps(d)

1
> py(9) (1 +/ k(s)qi1(s)ds — l)

1 ;b
>pg(5) (/5' (lié)z(l—S)dS—;u>

> 0.

From Lemma 3, we know that

w(a) =& and w(l)— Iw(d)=n".
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Differentiating (2.10), we obtain

40 [ 2 wyas o [ 5D iy

P D)
26 TS gaa)”
/ ! p(;(S) / : 6II(S)
4(0) /5 LI hs) ds + i) / A ) ds
GO+ A0 PO
0@ T ey

which together with (2.10) implies that w/(6—) = w*(d+), that is to say
From (2.10) and (2.11), we know that

+w(d)
w(t) =

+w(d)

0 0
Wl < =g [ 2 wlds+ pice) [ B o)l

5 Pit) | ..
+ [w(d)| + ¢ (@)

Px(0)
o )
< —gi(0) / (s — )[(s)| ds + p(1) / Ih(s)] ds

—q5(?)
gs(o)

Pi(t)
Px(6)

+ |w(9)| + | &4 o <t<9,

t 1
W ()] < (1) /5 ()] ds + p(o) / (1 — )[h(s)] ds

O G) pi(1)’

0<t<l1
and hence

1 P 5 s
/ |w/(¢)| dt <q5(oc)/ (s—oc)|h(s)|ds+/ p;(t)dt/ |h(s)|ds

+ W) + [€7] + WD+ 1)+ [n]

147 (2002) 41-52 47

u<t<o,

(2.11)

o<t<l

D W,(t) 6ACloc(OCa 1)

1 t 1
+ / () dr / Ih(s)|ds + pa(1) / (1 — )[h(s)] ds

o 1
— 2p,(5) / (s — o)l(s)| ds + 241(5) /b (1= $)[h(s)

+ w2+ 2) + [+ |n7l,

ds
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L)
lw(o)| < (1) — p(0) (%(5)/ (s — a)|h(s)| ds
0 L0
i [0 morseric1 28 245)

which means that w'(¢) € L'[«, 1] and hence w(t) GAC [o,1]. Here we have used Lemma 4.
Differentiating (2.11) again, we obtain

w'(t) = k(t)w(t) — h(t) a.e.on (a1).

Summarizing the above discussion, we know that the function w(z) defined by (2.10) is a solution
to (2.9).

Finally, we prove the uniqueness of the solution. Let wy(¢) and w,(¢) be both solutions to (2.8)
and let w(t):=w(¢) — wy(¢). Then w(t) satisfies

—w'(t) + k(t)w(t)=0 a.e. on (a,1),
w(a) =0, w(l)—Iiw(o)=0.
Note that the homogeneous equation has a general solution
w(t) = Apy(t) + Bqi(2),
where A and B are arbitrary constants. It is easy to see that if and only if 4 = B =0 the function

w(t) satisfies the homogeneous boundary value conditions. This means that the solution to (2.9) is
unique. [J

Theorem 6. Let &*,n* € R and k(t),h(t) € E with k(t) > 0 a.e. on (0,1). Then the linear two-point
boundary value problem

W)+ k(W) =h(t), 0<a<t<f<I1
w(a) =<5 w()=n"
has a unique solution

B
w(t) = / Gru(t,5)h(s) ds + & qq[f((;))w 2 asisp

Proof. The proof is similar to that of Theorem 5 and hence omitted here. [

The following maximum principles are consequences of Theorems 5 and 6.

Theorem 7. Assume that k(t)€E with k(t) > 31/(1 — 8)* a.e. on (a,1), 0 <o <4, and w(t)€E
Dla, 1] satisfies

—w'@t)+k(t)w(t) =0 a.e. on (a,1),
w(a) =0, w(l)—Aw(0) =0
Then w(t) = 0 on [0,1].
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Theorem 8. Assume that k(t) € E with k(t) > 0 a.e. on (0,1) and w(t) € D[w, 5] satisfies
—w'@)+k(t)w(t) =0 a.e. on (),
w) =0, w(f)=0, 0<a<p<l.

Then w(t) = 0 on [a, f].

3. Proofs of main results

In the present section, we always assume that
k(t) > 34/(1 —6)* ae.on (0,1).
Otherwise, we can replace the k(¢) by
K*(t):=k(t) + 34/(1 — 6)%
To prove Theorem 1, we consider the modified three-point boundary value problem
{ —u" () + k(t)u(t) = F*(t,u(t)) a.e. on (0,1), 3.0)
u(0)=2¢, u(l) — Au(o) =n,

where
F(Lx(t)) if u < x(1),
F*(t,u):= { F(t,u) if x(2) <u < y(),
F(t, (1)) if u> (7).

F(tu):= f(t,u) 4+ k(t)u.
Let N :=max{|x(¢)| + |»(¢)]; 0 < ¢ < 1}. Then we have
|[F*(t,u)| < kn(t) + k(t)N=: h*(¢) for almost all (t,u) € (0,1) x R. (3.2)

We first prove that (3.1) has a solution. To this end, let us define a mapping @: C[0,1] — C[0, 1]
by

po(1) ! . q1(9) Po(5)>

2o(D) — Apo(®) </o Clon(@F (s u)ds + e iy +1,0))

/o Gro.s1(t, $)F* (s, u(s)) ds + (Pu)(3) Po(t)

0 P0(5)

@u)i=1{ 420 o<y (3.3)
qs(t)
1

/ Grony(t, $)F* (s, u(s)) ds + (Pu)(3) @i(1) + 2ps(t)

5 q1(0)
ps(t)
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From the proof of Theorem 5 and (3.2), we know that for each fixed u(¢) € C[0, 1]
(Pu)() €D[0,1], (Pu)(0)=¢&, (Pu)(1) — APu)(6) =1,
(Pu)'(t) = k(t)(Pu)(t) — F*(t,u(t)) a.e. on (0,1),

po(1) o 1 )
po(1) = 7 po(d) (q‘(é)/o sh*(s)ds + 190(5)/6 (1 —s)h*(s)ds

q1(9) P0(5)>
po(1) " po(1) )’

1 o 1
/ |(qsu)’(t)ydz<2p0(5)/ sh*(s)ds+2q1(5)/ (1 — s)h*(s)ds
0 0 0

|[(Pu)|(0)] <

+ ¢ + [n]

+(@u)(D)(2 + ) + [E] + [n],

which tells us that @(CJ[0,1]) is a uniformly bounded and equicontinuous subset of C[0, 1], i.e., a
compact subset of C[0, 1]. From the Schauder fixed point theorem, we know that @ has a fixed point
in C[0,1]. Let u(¢) € C[0,1] be a fixed point of @. Then the u(¢) is a solution to (3.1).

As far as the solution u(¢) is concerned, we now claim that x(z) < u(z) < y(¢) on [0,1]. If the
second inequality were false, then

2:=|te(0,1); w(t):=y(t) —u(t) <O0|
would be nonempty and open, and hence
W' () + k(tyw(t)=: h*(t) = F(t, y(t)) — F*(t,u(t)) =0 a.e.on X,
w(0)=: & =0, w(l)—iw(d)=: n* =0.

Let (o, f) be a connect component of . Then we can consider only four cases.

Case (i): 0 < o < f < 1. In this case, w(a) =0=w(f). From Theorem 7, we know that w(¢) = 0
on [a, ], which contradicts the fact that w(z) < 0 in (o, f3).

Case (ii): 0 <a<f=1and 0 € 2. In this case, w(a) =0 and w(l)=n* + iw(d) = 0. As Case
(i), we can lead to a contradiction.

Case (ili): 0 <a < f=1and d€ 2. Since €2 and o ¢ X, we can find (a*, f*), another connect
component of X, such that 0 < o* < * < a < 1. As Case (i), we lead to a contradiction again.

Case (iv): 0 < a < 6 < f=1. In this situation, from Theorem 6 we know that w(¢) = 0 on [a, ],
which contradicts the fact that w(z) < 0 in (o, ).

Up to now, we show that u(¢) < y(¢) on [0, 1].

In the same way as before, we can show that x(¢) < u(¢) on [a, f].

From the claim, we know that the solution w(¢) is also a solution to (1.1). The proof of
Theorem 1 is thus complete.

We are now in the position to prove Theorem 2. Let us define

[x, y]:={u(?) € D[, 1]; x(¢) < u(t) < y(¢) on [0, 1]}
and w = @u as the solution of the linear three-point boundary value problem

—w"(t) + k(t)w(t) = F(t,u(t)) a.e.on (0,1),
w(0)=2¢, w(l)—w(d)=n

(3.4)
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for each fixed u € [x, y]. Then the mapping @ is continuous and monotone increasing, since F(t,u)
is continuous and strictly increasing on [min{x(z); 0 < ¢ < 1}, max{y(¢); 0 <t < 1}] for almost
all 1€ (0,1).

We first prove that @ is well defined. Let u € [x, y] and w = @u. Set p(¢) = w(t) — x(¢). Then,

=" () + k(t)p(t) = F(t,w(t)) — F(t,x(t)) >0 a.. on (0,1),

p(0) =0, p(1)—71p(d) = 0.
By the maximum principle, we deduce p(z) = 0 on [0, 1], that is, x(z) < w(¢) on [0, 1]. Analo-
gously, we have w(¢) < y(¢) on [0, 1].
We now show that @ is monotone increasing, that is, if x(¢) < u1(¢) < ua(¢) < y(¢) on [0, 1], then
wi(t):=(Pup)(t) < (Puy)(t)=":wy(t) on [0,1].
Indeed, let p(t):=w,(¢) — wy(¢). Then
—p"(t) + k(t)p(t) = F(t,ux(2)) = F(t,u1(2)) = 0 ae. on (0,1),

p(0)=0, p(1)—2p(0)=0.

Hence p(¢) = 0 on [0, 1], in other words, wy(¢) < w,(¢) on [0, 1].
Let xo(¢) = x(¢) and define x,,.1(¢) = (Px,,)(¢) for m = 0. By the properties of @ we have that

x(1) = xo(t) < xi1(¢) < y(z) on [0,1].
Now, by induction it is easily seen that
x(1) < xp(t) < Xpia (1) < p(¢) on [0,1]

for every m = 0.
Therefore, {x,(¢)}°, is increasing and we have

u(t) =: lim x,41(7)
=: lim (@x,)(t)=(Pu,)(t) uniformly on [0, 1],

by the dominated convergence theorem. This means that u,(¢) is a solution to the problem (1.1).
Analogously, defining yo(¢) = y(¢) and y,,11(¢t) =(Py,)(¢) for m = 0. We have that the sequence
{ym(0)}5% 7 u*(¢) uniformly on [0, 1]. Also, u*(¢) is a solution to problem (1.1).
Finally, it follows from the maximum principle that u,(¢) and u*(¢) are the minimum and maximum
solutions to (1.1) in [x, y], respectively. [J
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