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1. Introduction

We prove that a tensor product of strongly graded irreducible modules for a tensor product of strongly graded vertex
algebras is irreducible, and that conversely, such irreducible modules, up to equivalence, exhaust certain naturally defined
strongly graded irreducible modules for a tensor product of strongly graded vertex algebras. (These terms are defined below.)
As a consequence, we determine all the strongly graded irreducible modules for the tensor product of the moonshine module
vertex operator algebra V? with a vertex algebra associated with a self-dual even lattice, in particular, the two-dimensional
Lorentzian lattice.

The moonshine conjecture of Conway and Norton in [2] included the conjecture that there should exist an infinite-
dimensional representation V of the (not yet constructed) Fischer-Griess Monster sporadic finite simple group M such that
the McKay-Thompson series T, for g € M acting on V should have coefficients that are equal to the coefficients of the
g-series expansions of certain modular functions. In particular, this conjecture incorporated the McKay-Thompson
conjecture, which asserted that there should exist a (suitably nontrivial) Z-graded M-module V = [ [ _, V_; with graded

dimension equal to the elliptic modular function j(t) — 744 = Zizq c(i)q', where we write q for e¥*'*, T in the upper half-

plane. Such an M-module, the “moonshine module”, denoted by V¥, was constructed in [8], and in fact, the construction of
[8] gave a vertex operator algebra structure on V* equipped with an action of M. In [8], the authors also gave an explicit
formula for the McKay-Thompson series of any element of the centralizer of an involution of type 2B of M; the case of the
identity element of M proved the McKay-Thompson conjecture.

Borcherds then showed in [1] that the rest of the McKay-Thompson series for the elements of M acting on V? are the
expected modular functions. He obtained recursion formulas for the coefficients of McKay-Thompson series for V* from the
Euler-Poincaré identity for certain homology groups associated with a special Lie algebra, the “monster Lie algebra”, which
he constructed using the tensor product of the moonshine module vertex operator algebra V¥ and a natural vertex algebra
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associated with the two-dimensional Lorentzian lattice. The importance of this tensor product vertex algebra motivates the
present paper.

The difference between the terminology “vertex operator algebra”, as defined in [8], and “vertex algebra”, as defined
in [1], is that a vertex operator algebra amounts to a vertex algebra with a conformal vector such that the eigenspaces of
the operator L(0) are all finite dimensional with (integral) eigenvalues that are truncated from below (cf. [17]). In [14], the
authors use a notion of “conformal vertex algebra”, which is a vertex algebra with a conformal vector and with an L(0)-
eigenspace decomposition, and a notion of “strongly graded conformal vertex algebra”, which is a conformal vertex algebra
with a second, compatible grading by an abelian group satisfying certain grading restriction conditions.

In a series of papers [10-13,9], the authors developed a tensor product theory for modules for a vertex operator algebra
under suitable conditions. A structure called “vertex tensor category structure”, which is much richer than braided tensor
category structure, has thereby been established for many important categories of modules for classes of vertex operator
algebras (see [10]). It is expected that a vertex tensor category together with certain additional structures determines
uniquely (up to isomorphism) a vertex operator algebra such that the vertex tensor category constructed from a suitable
category of modules for it is equivalent (in the sense of vertex tensor categories) to the original vertex tensor category. In
[14], this tensor product theory is generalized to a larger family of categories of “strongly graded modules” for a conformal
vertex algebra, under suitably relaxed conditions. We want to investigate the vertex tensor category in the sense of [10],
but in the setting of [ 14], associated with the tensor product of the moonshine module vertex operator algebra V¢ and the
vertex algebra associated with the two-dimensional Lorentzian lattice. The first step in thinking about this is to determine
the irreducible modules for this algebra.

For the vertex operator algebra case, it is proved in [7] that a tensor product module W; ® - - - ® W), for a tensor product
vertex algebra V; ® - - - ® V,, (where W; is a Vi-module) is irreducible if and only if each W; is irreducible. The proof uses a
version of Schur’s Lemma and also the density theorem [15]. It is also proved in [7] that these irreducible modules W are (up
to equivalence) exactly all the irreducible modules for the tensor product algebra V; ® - - - ® V,,. The proof uses the fact that
each homogeneous subspace of W is finite dimensional. In this paper, we generalize the arguments in [7] to prove similar,
more general results for strongly graded modules for strongly graded conformal vertex algebras.

For the strongly graded conformal vertex algebra case, the homogeneous subspaces of a strongly graded module are no
longer finite dimensional. However, by using the fact that each doubly homogeneous subspace (homogeneous with respect
to both gradings) of a strongly graded conformal vertex algebra is finite dimensional, we prove a suitable version of Schur’s
Lemma for strongly graded modules under the assumption that the abelian group that gives the second grading of the
strongly graded algebra is countable.

To avoid unwanted flexibility in the second grading such as a shifting of the grading by an element of the abelian
group, we suppose that the grading abelian groups A for a strongly graded conformal vertex algebra and A (which includes
A as a subgroup) for its strongly graded modules are always determined by a vector space, which we typically call b,
consisting of operators induced by V. We call this kind of strongly graded conformal vertex algebra a “strongly (b, A)-
graded conformal vertex algebra” and its strongly graded modules “strongly (b, A)—graded modules.” Important examples of
strongly (b, A)-graded conformal vertex algebras and their strongly (b, A)-graded modules are the vertex algebras associated
with nondegenerate even lattices and their modules.

For strongly (b;, A,-)—graded modules W; for strongly (b;, A;)-graded conformal vertex algebras V;, we construct a tensor
product strongly (@f:] bi, eaf:]Ai)—graded module W; ® - - - ® W, for the tensor product strongly graded conformal vertex
algebra V; ® - - - ® V,,. Then we prove that this tensor product module W ® - - - ® W), is irreducible if and only if each W; is
irreducible, under the assumption that each grading abelian group A; for V; is a countable group.

To determine all the irreducible strongly graded modules (up to equivalence) for the tensor product strongly graded
conformal vertex algebra V; ® - - - ® V), the main difficulty is that we need to deal with the second grading by the abelian
groups. For the strongly (@f:]bi,;\)—graded modules W for the tensor product strongly (@lehi, EBf:IAi)—graded vertex
algebraV; ® - - - ® V},, we assume there is a decomposition;\ =A®D - GBA;, such that W is an (b;, A,-)—graded module (that
is, a strongly graded module except for the grading restriction conditions) when viewed as a V;-module. We call this kind of
strongly (@leh,-, ;\)—graded module a strongly ((h1, A, ..., (bp, A},))—graded module. In the main theorem, we prove that
if such a module is irreducible, then it is a tensor product of strongly graded irreducible modules. Then, as a corollary of the
main theorem, we classify the strongly graded modules for the tensor product strongly graded conformal vertex algebra
V! ® V;, where L is an even lattice, and in particular, where L is the (self-dual) two-dimensional Lorentzian lattice.

Itis proved in [6] that every module for the tensor product vertex operator algebra V; ® - - - ® V,, is completely reducible
if and only if every module for each vertex operator algebra V; is completely reducible. We also generalize the argument in
[6] to prove a similar result for tensor product strongly (h, A)-graded conformal vertex algebras.

This paper is organized as follows. In Section 2, we introduce the definitions and some basic properties of strongly graded
vertex algebras and their strongly graded modules. Then we construct a tensor product of strongly graded vertex algebras
and its tensor product strongly graded modules in Section 3. In Section 4, we introduce the definition of strongly (h, A)-
graded vertex algebra and strongly (h, A)-graded module. In Section 5, we prove the main theorem, which classifies the
irreducible strongly ((h1, A, ..., (bp, A},))—graded Vi® - - ® V,-modules. Then we use the main theorem to determine all
the strongly graded modules for V! ® V. In Section 6, we consider strongly graded conformal vertex algebras whose strongly
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graded modules are all completely reducible and prove that every strongly ((h1, A~1), ooy (bp, A,,))—graded module for the

tensor product strongly graded algebra V; ® --- ® V, is completely reducible if and only if every strongly (b;, A,-)—graded
module for each V; is completely reducible.

2. Strongly graded vertex algebras and their modules

We recall the following four definitions from [14].

Definition 2.1. A conformal vertex algebra is a Z-graded vector space

V=]V 2.1

nez

(for v € V), we say the weight of v is n and we write wtv = n) equipped with a linearmapV ® V. — V[[x, x~ 1], or
equivalently,

V — (End V)[[x,x ']
v o Y(u,x) = Zvnx‘”_] (where v, € End V), (2.2)

nez

Y (v, x) denoting the vertex operator associated with v, and equipped also with two distinguished vectors 1 € V(g (the vacuum
vector) and w € V() (the conformal vector), satisfying the following conditions for u, v € V: the lower truncation condition:

u,v = 0 for n sufficiently large (2.3)
(or equivalently, Y (u, x)v € V((x))); the vacuum property:

Y(1,%x) = 1y; (2.4)
the creation property:

Y(v,x)1 € V[[x]] and lin& Yv,x)1=v (2.5)

(that is, Y (v, x)1 involves only nonnegative integral powers of x and the constant term is v); the Jacobi identity (the main
axiom):

_1of X1 — X2 _1of X2 — X1 —1.f %1 — Xo
Xg 6| —— |Y(W, x))Y(v,%2) =Xy 6 ——— |Y (v, x)Y (U, %) =%, & Y(Y(u, xp)v, x2) (2.6)
Xo —Xo X2
(note that when each expression in (2.6) is applied to any element of V, the coefficient of each monomial in the formal
variables is a finite sum; on the right-hand side, the notation Y (-, x,) is understood to be extended in the obvious way to
VIlxo, xg 1]]); the Virasoro algebra relations:

1
[L(m), L(n)] = (m — n)L(m + n) + E(m3 — M)8p4m,0C (2.7)
for m, n € Z, where
L(n) = w1 fornez, e, Y(w,x) =Y Lmx "2 (2.8)
nez
ceC (2.9)

(the central charge or rank of V);
d
de(v, x) =Y(L(=Dv, x) (2.10)
X

(the L(—1)-derivative property); and
LO)v =nv=(wtv)v forneZ and v e Vy. (2.11)

This completes the definition of the notion of conformal vertex algebra. We will denote such a conformal vertex algebra
by (V,Y, 1, w).
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Definition 2.2. Given a conformal vertex algebra (V, Y, 1, w), a module for V is a C-graded vector space

W =[] Wa (2.12)

neC
(graded by weights) equipped with a linear map V ® W — W[[x, x~!]], or equivalently,
V — (End W)[[x, x ']
v = Y(u,x) = Z vax "1 (where v, € End W) (2.13)

nez

(note that the sum is over Z, not C), Y (v, x) denoting the vertex operator on W associated with v, such that all the defining
properties of a conformal vertex algebra that make sense hold. That is, the following conditions are satisfied: the lower
truncation condition: forv € Vand w € W,

vaw = 0 for n sufficiently large (2.14)
(or equivalently, Y (v, x)w € W((x))); the vacuum property:
Y(1,%) = 1w; (2.15)

the Jacobi identity for vertex operators on W: foru, v € V,

1. %1 — X2 1o X2 — X1 —1of X1 —Xo
Xy 8 ” Y(u, x1)Y(v,X2) — %, 6 _7)(0 Y(, %)Y, x1) =%, 6 Xz Y (Y (u, xo)v, x2) (2.16)

(note that on the right-hand side, Y (u, xo) is the operator on V associated with u); the Virasoro algebra relations on W with
scalar ¢ equal to the central charge of V:

1
[L(m),L(n)] = (m — n)L(m + n) + E(m3 — M)8n4m.0C (2.17)
for m, n € Z, where
L(n) = wyy1 fornez, ie., Y(w,x)= ZL(n)x‘"_Z; (2.18)
nez
iY(v,x) =Y({L(—1v, x) (2.19)
dx

(the L(—1)-derivative property); and
(LO)—mw =0 forneC and w e W), (2.20)
where n = wt w.
This completes the definition of the notion of module for a conformal vertex algebra.

Definition 2.3. Let A be an abelian group. A conformal vertex algebra
V=]]Vw
nez

is said to be strongly graded with respect to A (or strongly A-graded, or just strongly graded if the abelian group A is understood)
if it is equipped with a second gradation, by A,

v=|]v®,

such that the following conditions are satisfied: the two gradations are compatible, that is,

v = ]_[ V((n";) (where V((:)) =VmN V@) forany « € A;

nez

foranya, 8 € Aandn € Z,

V((,f;) =0 for n sufficiently negative; (2.21)
dim V(s < oo (2.22)
1eVy: (2.23)
weVy: (2.24)
uV® cveth foranyv e V@, 1€ 7. (2.25)
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This completes the definition of the notion of strongly A-graded conformal vertex algebra.

For modules for a strongly graded algebra we will also have a second grading by an abelian group, and it is natural to
allow this group to be larger than the second grading group A for the algebra. (Note that this already occurs for the first
grading group, which is Z for algebras and C for modules.)

Definition 2.4. Let A be an abelian group and V a strongly A-graded conformal vertex algebra. Let A be an abelian group
containing A as a subgroup. A V-module

W =[] Wa

is said to be strongly graded with respect to A (gr strongly ;\-gracled, or just strongly graded if the abelian group Ais understood)
if it is equipped with a second gradation, by A,

w=][]w®, (2.26)
BeA
such that the following conditions are satisfied: the two gradations are compatible, that is, for any g € A,

w® =Twg  (where Wi = W nw®)
neC

foranya € A, B cAandneC,

W((flk) =0 for k € Z sufficiently negative; (2.27)
dimwgh < oo (2.28)
ouW® c WP foranyv e V@, 1€ Z. (2.29)

This completes the definition of the notion of strongly;\—graded module for a strongly A-graded conformal vertex algebra.

Remark 2.5. Itis always possible that theNre are different gradings on W by;\, such as by shifting by an element in A. However,
in this paper, we shall fix one particular A-grading on W.

In order to study strongly graded V-modules for tensor product algebras, we shall need the following generalization:

Definition 2.6. In the setting of Definition 2.4 (the definitjon of “strongly graded module”), a V-module (not necessarily
strongly graded, of course) is doubly graded with respect to A if it satisfies all the conditions in Definition 2.4 except perhaps
for (2.27) and (2.28).

Example 2.7. Note that the notion of conformal vertex algebra strongly graded with respect to the trivial group is exactly
the notion of vertex operator algebra. Let V be a vertex operator algebra, viewed (equivalently) as a conformal vertex algebra
strongly graded with respect to the trivial group. Then the V-modules that are strongly graded with respect to the trivial
group (in the sense of Definition 2.4) are exactly the (C-graded) modules for V as a vertex operator algebra, with the grading
restrictions as follows: For n € C,

Wair =0 for k € Z sufficiently negative (2.30)
and
dim W, < oo. (2.31)

Example 2.8. An important source of examples of strongly graded conformal vertex algebras and modules comes from the
vertex algebras and modules associated with even lattices. We recall the following construction from [8]. Let L be an even
lattice, i.e., a finite-rank free abelian group equipped with a nondegenerate symmetric bilinear form (-, -), not necessarily
positive definite, such that (o, @) € 2Z foralla € L. Let h = L ®; C. Then b is a vector space with a nonsingular bilinear
form (-, -), extended from L. We form a Heisenberg algebra

= ]] verece

nez, n#0

Let (f,') be a central extension of L by a finite cyclic group («x | ¥* = 1). Fix a primitive sth root of unity, say w, and define
the faithful character

X : k) —> C*
by the condition
x ) = w.
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Denote by C,, the one-dimensional space C viewed as a {«)-module on which («) acts according to x:
Kk-1=w,

and denote by C{L} the induced I-module
ciL} = Ind:,, C, = CIT] ®cye Cy-

Then
v, = S(b;) ® CL)

has a natural structure of conformal vertex algebra; see [1] and Chapter 8 of [8]. For « € L, choose ana € Tsuch thata = a.
Define

Wa) =a®1eC{L
and
V\* = span {hy(—=ny) - - - (=) @ 1(a)},

where hy, ..., h, € h,nq, ..., n > 0,and where h(n) is the operator associated with h ® t" via the Gz—module structure of
Vi. Then V| is equipped with a natural second grading given by L itself. Also for n € Z, we have

k
_ 1
(VDG = span Yhi(=n) - (=) @ @ a =, Y mi+ J{a.a) =ny,
i=1

making V; a strongly L-graded conformal vertex algebra in the sense of Definition 2.3. When the form (-, -) on L is also
positive definite, then V| is a vertex operator algebra, that is, as in Example 2.7, V, is a strongly A-graded conformal vertex
algebra for A the trivial group. In general, a conformal vertex algebra may be strongly graded for several choices of A.

Any sublattice M of the “dual lattice” L° of L containing L gives rise to a strongly M-graded module for the strongly
L-graded conformal vertex algebra (see Chapter 8 of [8]; cf. [17]). In fact, any irreducible V;-module is equivalent to a
Vi-module of the form V44 C Vi for some 8 € L° and any V;-module W is equivalent to a direct sum of irreducible
Vi.-modules, i.e.,

W = ]_[ Vit

where y;’s are arbitrary elements of L°, and n € N (see [3,5]; cf. [17]). In general, a module for a strongly graded vertex
algebra may be strongly graded for several choices of A.

Notation 2.9. In the remainder of this section, without furthgr assumption, we will let A be an abelian group and V be a
strongly A-graded conform~al vertex algebra. Also, we will let A be an abelian group containing A and W be a doubly graded
V-module with respect to A. When we need W to be strongly graded, we will say it explicitly.

Definition 2.10. The subspaces V(Sf))

The elements in V((,f‘)) are called doubly homogeneous elements. Similar definitions can be used for W((f)) in the module W.

forn € Z, a € A in Definition 2.6 are called the doubly homogeneous subspaces of V.

Notation 2.11. Let v be a doubly homogeneous element of V. Let wt v,, n € Z, refer to the weight of v, as an operator acting
on W, and let A-wt v, refer to the A-weight of v, on W.

Lemma 2.12. Letv € V%

(n),forn €Z,a € A Thenform € Z, wtv, =n —m — 1and A-wt vy, = «.

Proof. The first equation is standard from the theory of graded conformal vertex algebras and the second follows easily
from the definitions. O

Definition 2.13. The algebra A(V; W) associated with V and W is defined to be the algebra of operators on W induced by V,
i.e., the algebra generated by the set

{fonlveV, neZ}.
For a subspace V' of V, we use A(V'; W) to denote the subalgebra of A(V; W) generated by the set
{vn|vev/, n e Z}.

For a subspace W' of W, we use A(V; W’) to denote the subalgebra of A(V; W) preserving w'. Similarly for V and W', we
use A(V’; W’) to denote the subalgebra of A(V; W) generated by the operators on W' induced by V.
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Remark 2.14. When W' is a submodule of W, there are two possible definitions for A(V; W’) in Definition 2.13. One is as
an algebra associated with V and W/, the other is as a subalgebra of A(V; W). But it does not matter because they are both
algebras of operators on W' generated by the set

{n|v eV, neZ}.
Similar comments hold for V' a subalgebra of V.
The following lemma follows easily from Lemma 2.12:

Lemma 2.15. The algebra A(V; W) is doubly graded by Z and A. Moreover forn € Z,

A(V; W)@ = span § (v1)j, -+ - (Um)j,
i1

m
Zwt(vi)ji=n,wheremeN, v eV, ji €7, fori=1,...,m}
and for a € A,

A(V; W)@ = span { (v1)j, - (Ui

m
ZA-wt(v,-)j,. =a,wheremeN, v;eV, ji€Z, fori:],...,m}.
i=1

Proposition 2.16. Let W be an irreducible doubly graded V-module with respect to A. Then we have the following results:

(a) Each weight subspace W, (h € C) s irreducible under the algebra A(V; W)).
(b) Each A-homogeneous subspace W® (B € A) is irreducible under the algebra A(V; W®).

(c) Each doubly homogeneous subspace W((f)) (heC pBe A) is irreducible under the algebra A(V; W((,f;)).

Proof. We only prove statement (a), the proofs of statements (b) and (c) being similar. If W, is not irreducible, we can find
a nontrivial proper submodule U of Wy under the algebra A(V; W,). This submodule cannot generate all W under the
action by the algebra A(V; W), since by Lemma 2.15,

Av:wmU =] Jav:iwymucue [ W
nez meZ,m#h

This contradicts the irreducibility of W. O

Remark 2.17. A V-module W decomposes into submodules corresponding to the congruence classes of its weights modulo
Z:For u € C/7,let

Wiy = [ [ W, (2.32)
n=p
where 1 denotes the equivalence class of n € C in C/Z. Then
W= ]_[ Wi (2.33)
neC/z

and each Wy, is a V-submodule of W. Thus if a module W is indecomposable (in particular, if it is irreducible), then all
complex numbers n for which W, # 0 are congruent modulo Z to each other.

Definition 2.18. Let W, and W, be doubly graded V-modules with respect to A. A module homomorphism from W, to W, is
a linear map v such that

Y Y, x)w) =YW, x)Y(w) forveV, weW,

and such that 4 preserves the grading by A. An isomorphism is a bijective homomorphism. An endomorphism is a
homomorphism from W to itself, we denote the endomorphism ring by End{‘, (W).

Remark 2.19. Suppose V, Wy, W5, ¥ are as in Definition 2.18. Then i is compatible with both gradings:
V(W) © Wa)(h, hec,
because i commutes with L(0) (see Section 4.5 of [17]), and because  preserves the grading by A.
Remark 2.20. The endomorphism ring End’ﬁ, (W) is a subring of the commuting ring
Endy (W) := {linear maps ¢ : W — W| ¥ (Y (v, x)w) = Y (v, X)¥ (w), forv e V, w € W}.

Proposition 2.21. Suppose W is an irreducible strongly /Z\—graded V-module. Then Endé(W) =C.
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Proof. Forany A € C, ¥ € End{‘, (W), let WAW be the A-eigenspace of . Then W,{/’ is a V-submodule of W. Because W is
irreducible, Wf = 0 or W. We still need to show W/{/' # 0, for some A € C.

Chooseh € C, 8 € A such that W<(h’3)) # 0. Then by Remark 2.19, ¢ preserves W((f)). Since dim Wé,? < oo and we are
working over C, i has an eigenvector in W((,f;) . Therefore Wf #0forsomei € C. O

Proposition 2.22. Suppose A is a countable abelian group. Then Endy (W) = C.

Proof. From Definition 2.3, Viny = [ [ 4 V((n“)), where each doubly homogeneous subspace V((no;) has finite dimension. Since
A is a countable group, there are countably many such doubly homogeneous subspaces V@ and hence V has countable

n)
dimension. Since W is irreducible, from Proposition 4.5.6 of [ 17], we know
W = span{v,w |v € V,n € Z},

for any nonzero element w in W. Since V has countable dimension, so does W. Then the result follows from Dixmier’s
Lemma, which says that if S is an irreducible set of operators on a vector space W of countable dimension over C, then the
commuting ring of S on W consists of the scalars (cf. Lemma 2.2 in [16], and [18], p. 11), where we take S to be A(V; W). O

3. Tensor product of strongly graded vertex algebras and their modules

In this section, we are going to introduce the notion of tensor product of finitely many strongly graded conformal vertex
algebras and their modules.

Let Ay, ..., A, be abelian groups, and let Vs, ..., V, be strongly A,, ..., A,-graded conformal vertex algebras with
conformal vectors !, . .., P, respectively.
Let

A=A @ - DA,
Then the vector space
V=V® ---®V,

becomes a strongly A-graded conformal vertex algebra, which we shall call the tensor product strongly A-graded conformal
vertex algebra, with the following structure:

YOO Q- @vP,x) =YV, x® - YP,x)
for v® e V; and the vacuum vector is
1=1Q---®1.
(Here we use the notation 1 for the vacuum vectors of V and each V;.) The conformal vector is

0=0'010 - 1+ +1R0 - Q 1Q".

Then
Lm=Li(m®1® - @1+ - +1Q---Q1®L,(n)
orn € Z.(Here we use the notation L;(n) for the operators on V; associated with ', i = 1, ..., p.) The A-grading of V is
given by
v=]]v®,
acA
with

V@ — V](O(I) R ® V;O‘p)’
whereo; € Aj,i =1, ..., p,aresuchthat oy + - - - + ap = «. The Z-grading of V is given by

v=]]Vw.

nez
where
V=[] Wan®:® V).
ny+---+np=n
(It follows that the Z-grading is given by L(0) defined above.)

Proposition 3.1. The tensor product of finitely many strongly graded conformal vertex algebras is a strongly graded conformal
vertex algebra whose central charge is the sum of the central charges of the tensor factors.
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Proof. The grading restrictions (2.21) and (2.22) clearly hold. The Jacobi identity follows from the weak commutativity and
weak associativity properties, as in Section 3.4 of [17]. O

Notation 3.2. Foreachi =1, ..., p, we identify V; with the subspace 1®---® 1 V;®1®- - - ® 1 of V. The strongly graded
conformal vertex algebra V; is a vertex subalgebra of V. However, it is not a conformal vertex subalgebra of V because the
conformal vector of V and V; do not match.

Remark 3.3. From the definition of tensor product strongly graded conformal vertex algebra, we see that
Y(1® - ®1817819 - ®@1L0=1,0 01, , Y0, 0 @1y, ® &1y,

for v® e V;. In particular, we have
[Y(Vi, x1), Y(V}, x2)] = 0,

fori,j=1,...,pandi #j.

Lemma 3.4. Foralln € Z, vV ® - - - ® v®), can be expressed as a linear combination, finite on any given vector, of operators
ofthe form WP @ 1@ - @, - (1®--- @ 1R vP),; .

Proof. We prove the resultas in [7] by induction. When p = 2, taking Res,, and the constant term in x, of the Jacobi identity,
we find that

Y0P @ v?@, %) = Resyx, 'Y (Y0P @ 1,%)(1® v?), xp)
= Res,, (1 — %) 'YV @ 1,x)Y(1®@ v?, xp)
—Resy, (=% + %) 'Y(1 ®v?, )Y (P ® 1, %),

so that for alln € Z, (vV ® v), can be expressed as a linear combination, finite on any given vector, of operators of
the form (v? ® 1), (1 ® v?),,. (Note that we do not need operators of the form (1 ® v@),,, vV ® 1),,, because of the
Remark 3.3.)

For general p, taking Resy, and the constant term in X, of the Jacobi identity, we have

YO ® - ®@ 0P, %) =Resy X ' YY"V @ @vP V@ 1,010 @ 1@1v%),x)
=Res,, (X1 — %) YOV ®--- @ P V@ 1L,x)Y(1® - ®130v?,x)
—Resy, (=% +x) 'YA® - ®10 1P, x)Y0"® - @v? P ®1,x).

It follows that (vP ® - - - ® v),, is a linear combination of the operators (V" ® - - - @ VPV ® 1), - (1®---® 1@ vP),,.
Thus the lemma holds by the induction hypothesis. O

Now we define the notion of tensor product module for tensor product strongly A = A; @ - - - @ A,-graded conformal

vertexalgebraV = V;®- - -®V,, with the notions above. LetA;, ..., A~p be abelian groups containing Ay, ..., A, as subgroups,
respectively, and let Wy, ..., W, be strongly A4, . .. ,A}—graded modules for Vi, ..., V,, respectively.
Let

A=A & - DA,
Then we can construct the tensor product strongly A-graded module
W=W® --QW,
for the tensor product strongly A-graded algebra V by means of the definition
YO R - @vP, =Y, »® - -YWw?,x) forv? eV, i=1,...,p,

LM=LinH®1® - @1+---+1Q®---®1®L,(n) forneZ

(Here we use the notation L;(n) for the operators associated with o' on W;,i =1, ..., p.) The ;\—grading of W is defined as
w=]]w®,
peh
with

W(/g) — W](ﬂl) ® . ® W[Eﬁp)7
where §; € Ai=1,..., p, are such that 81 + - - - 4+ B, = B. The C-grading of W is defined as

W= [Wa.

neC
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where

Wiy= Y Way®: - ® Wy,

ni+---+np=n

It follows that the C-grading is given by the operator L(0) on W defined above. It is clear that the algebra V is also a module
for itself.

Proposition 3.5. The structure W constructed above is a strongly ;\—graded module for the tensor product strongly A-graded
conformal vertex algebra V.

Assumption 3.6. In the remainder of this paper, we always assume that A, and that each A; (i = 1, ..., p) is a countable
abelian group.

Using Proposition 2.22, we now prove the following.

Theorem 3.7. LetW =W; ® - -- ® W, be a stronglyA =AM D ® A~p—graded V-module, with the notations as above. Then
W is irreducible if and only if each W; is irreducible.

Proof. The “only if” part is trivial. For the “if” part, for simplicity of notation, we take p = 2 without losing any essential

content. Take anonzero submodule W C W{®W,, letwgl), R w,ﬁl) € W;and wﬁz), e, wf,z) € W, belinearly independent

such that 21’1:111]-(11)1.“) ® wj(z)) € W, where each a; # 0.Take any w™ € W;, w® € W,. By Proposition 2.22, the commuting
ring consists of the scalars for W; and W5. Thus by the density theorem (see for example Section 5.8 of [15]), there are
b] (S A(V], Wi ® Wz), b2 (S} A(Vz, W: ® Wz) such that

b1~w§l):w“), bl-wi(l):O, fori=2,...,n.

b2~w§2):w(2), bz-wi(z):O, fori=2,...,n.
Then

(biby) - Ty g(w” @ w?) = a1 (w® @ w?) e W,

Hence w™® @ w® e W,andsoW = W; @ W,. O

4. Strongly (h, A)-graded vertex algebras and their strongly (p, ;l)-graded modules

For some strongly A-graded vertex algebras V, there is a vector space h consisting of mutually commuting operators
induced by V such that the A-grading of V is given by b in the following way: for @ € A, V@ is the weight space of § of
weight «. Here is an example:

Example 4.1. Consider the strongly L-graded conformal vertex algebra V; in Example 2.8. For h € b, there is an operator
h(0) on V| such that

h(©0) - V@ = (h,a)V\*.
We identify h with the set of operators
{h(0) = (h(=1)-1)o | h € b}

(see Chapter 8 of [8]). Since the symmetric bilinear form (-, -) is nondegenerate, Vf“) is characterized as the weight space of
h of weight .

Consider the tensor algebra T(V[t, t~']) over the vector space V[t, t~']. Then any V-module W, in particular, V itself,
can be regarded as a T(V[t, t~'])-module uniquely determined by the condition that forv € V,n € Z, v ® t" acts on W as
V. In the following definitions, we consider a particular subspace of T(V[t, t~']) acting on V and W.

Definition 4.2. A strongly A-graded vertex algebra equipped with a vector subspace
hC TVt 7'
is called strongly (b, A)-graded if there is a nondegenerate pairing
() :hbxA— C
(h, ) —> (h, @)
linear in the first variable and additive in the second variable, such that h acts commutatively on V and

V@ ={veV|h-v=(h a)v, forallh € p}.
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By Definition 4.2, the strongly graded conformal vertex algebra V; in Example 4.1 is strongly (b, L)-graded, where b is the
set of operators {(h(—1) - 1)g | h € L ®z C}.

For a strongly (b, A)-graded vertex algebra V, a natural module category is the category of strongly ;\—graded V-modules
W with an action of b, such that the A-grading on W is given by weight spaces of h. Here is an example:

Example 4.3. As in Example 2.8, any sublattice M of L° containing L gives rise to a strongly M-graded V;-module V. Take
h = L ®z C and identify b as the set of operators {(h(—1) - 1)o | h € b} as in Example 4.1. Then for 8 € M,

VP ={weVy|h-w=(h,B)w, forallh e b
so that we have examples of the following:

Definition 4.4. A strongly ;\—graded module for a strongly (h, A)-graded vertex algebra is said to be strongly (b, ;\)-graded if
there is a nondegenerate pairing

(,):hx A—C
(h, ) —> (h, B)
linear in the first variable and additive in the second variable, such that the operators in  act commutatively on W and

W® ={weW|h-w=(h, B)w, forallh e p}.

Remark 4.5. Submodules and quotient modules of strongly (f, A) graded conformal modules are also strongly (b, A)—
graded modules. Irreducible strongly (b, A)- graded modules are strongly (b, A)- graded modules without nontrivial

submodules. Strongly (), A) graded module homomorphisms are strongly A- graded module homomorphisms which
commute with the actions of .

The following propositions are natural analogues of Propositions 3.1 and 3.5.

Proposition 4.6. Let V;, ..., V, be strongly (h1,A1), ..., (bp, Ap)-graded conformal vertex algebras, respectively. Let A =
AD - - DALH = b1 D D by, and let (-, -); denote the pairing between b; and A;, fori = 1, ..., p. Then the tensor
product algebraV = V1 ® - - - ® V,, becomes a strongly (h, A)-graded conformal vertex algebra, where the nondegenerate pairing
is given by

(,):hxA — C
(h, ) — Zp:(hi,ai)i,
i=1
whereh=hy+ -+ hp,a =01+ +ap forh € h,a; €A, i=1,...,p, and
VO =y @ . @V ={veV;® - ®V, |h-v=(ha), forallh e ).

Proof. Itis easy to see that the pairing defined above is nondegenerate, and V@ is characterized uniquely as the eigenspace
ofh. O

Proposition 4.7. Let Wy, ..., W, be strongly (hl,A~1), (bp,A ) graded conformal modules for strongly (h1, A1), .

(bp, Ap)-graded conformal vertex algebras V1, ..., Vp, respectlvely LetA=A @ - & Ap, h="0b D - Dby and let (., )
denote the pairing between b; and A, fori=1, ..., p. Then the tensor product module W = W; ® - - - ® Wp becomes a strongly
(b, ;\)-graded module for the strongly graded vertex algebra V, where the nondegenerate pairing is given by

(,*):hx A—C
)4
(h, B) > > (hi, B
i=1

Whereh:h]+"'+hp'ﬂ:ﬂ‘l+"'+ﬂprf0rhiehirﬂieAiri:]7'~'5pvand

(Bp)

WO =wg...oW,” =(wew,®---@W, |h-w=(h, B)w, forallh € h}. O

The following proposition is an analogue and consequence of Theorem 3.7.

Theorem 4.8. Let W = W, ® - - - @ W, be a strongly (b, A)—graded module constructed in Proposition 4.7. Then W is irreducible
if and only if each W; is irreducible.
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5. Irreducible modules for tensor product strongly graded algebra

Our goal is to determine all the strongly (b, A) -graded irreducible modules for the tensor product strongly (), A)-graded

conformal vertex algebra constructed in Proposition 4.6. To do this, we need to define a more specific kind of strongly (b, A)-
graded modules as follows:

Definition 5.1. Let V4, ..., V,, V be strongly (b1, A1), ..., (hp, Ap), (h, A)-graded conformal vertex algebras, respectively,
as in the setting of Proposition 4.6. Let W be a strongly (b, ]\)—graded V-module, where A is an abelian group containing A
as a subgroup, so that in particular, for g € A,

WP ={weW|h-w= (h, B)w, forallh € p}.

Assume that there exists an abelian subgroup A;of A containing A; as a subgroup for eachi =1, ..., p such that
A=A o DA,
(bi, Aj) =0 ifi ]

and such that W is a doubly graded V;-module with respect to A; and the Ai—grading is given by b; in the following way: For
Bi € A

W = {weW|h-w= (h B)w, forall h; € b;}.

Then W is called a strongly ((b1, A~1), ooy (bp, A~p))—graded V-module.

Remark 5.2. Submodules and quotient modules of strongly ((bl,A~1), ooy (bp, Ap))—graded V-modules are also strongly
((h1, A~1), ooy (bp, A;,))—graded modules. [rreducible strongly ((h1, A~1), .., (bp, A},))—graded modules are strongly ((h1, A~1),
..., (b, Ay))-graded modules without nontrivial submodules. Strongly ((h1, A;), ..., (hp, Ay))-graded module homomor-

phisms are strongly (b, A)-graded V-module homomorphisms.

Example 5.3. The strongly (b, ;\)—graded tensor product module W; ® - - - ® W, constructed in Proposition 4.7 is a strongly
((61,A1), ..., (bp, Ap))-graded V; ® - - - ® V,-module.

From Example 2.8, we can see that any V;,-module is a strongly L°-graded module. Based on this fact, it is easy to show
that the following example satisfies the conditions in Definition 5.1.

Example 5.4. Let V! be the moonshine module constructed in [8], which is a strongly ({0}, (0))-graded conformal vertex
algebra as in Example 2.7; let V; be the conformal vertex algebra associated with the even two-dimensional unimodular
Lorentzian lattice L, which is a strongly (b, L)-graded conformal vertex algebra as constructed in Example 2.8. Then any
strongly (b, L)-graded module for V¥ ® V; is strongly (({0), (0)), (h, L))-graded (note that L is a self-dual lattice, i.e., L° = L).

Notation 5.5. For 1 € Ay, ..., B, € Ay, we let W1---£») denote the following common weight space of by, .. . , by, i.e.,
WP = e W | by - w = (hy, Byw, forallh; by, i=1,...,p}.

Next we assume W to be a strongly ((m,A}), ooy (bpy A},))—graded Vi ® .-+ ® Vp-module, with the notation as in
Definition 5.1.

Proposition 5.6. Suppose that W is irreducible. Then for 8, € A~1, o Bp € A~p, W18 is irreducible under the algebra of
operators A(V1 @ - - - ® Vp; W BBy

Proof. The proof is similar to the proof of Proposition 2.16. O
Lemma 5.7. For 8 € ;\, we have
W® = Wby
where B = 1+ -+ B,
Proof. This is a consequence of Definition 5.1. O

Theorem 5.8. Let W be a strongly ((h1,/‘f1), .oy (hp, A},))-graded irreducible V; ® - - - ® V,-module, with the notions as in
Definition 5.1. Then W is a tensor product of irreducible strongly (b;, A,-)-graded Vi-modules, fori=1,...,p.
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Proof. For simplicity of notation, we take p = 2, as above. Since W is irreducible, by Remark 2.17, W = ]_[ﬁ:# W, for

some u € C/Z, where fi denotes the equivalent class of n € C in C/Z. Choose g € A such that W® = 0. Then there exists
ng € Csuch that W((,f;)) is the lowest weight space of W, Since W((,ﬁ) >) is finite dimensional and we are working over C, there

exists a simultaneous eigenvector wg € W(Sﬁ, )) for the commuting operators L;(0) and the operators in b;, i = 1, 2. Denote

by ny, n, € Z the corresponding eigenvalues for L,(0), L,(0). Then we have ny = n; + n,. Denote by 8; € A~1, B € A~2 the
corresponding weights for §1, b,. By Lemma 5.7, we have W® = W#1.£2) and g = B; + B..
Now the L(—1)-derivative condition and the L(0)-bracket formula imply that

[L1(0), Y0P ® 1,%)] = Y(L1(0) 0" ® 1), %) + x%Y(v“) ®1,%)

for v e V;. Thus for doubly homogeneous vector vV and n € 7,
wt (0P @ 1), =wt P ® 1) —n —1,

where wt; refers to L, (0)-eigenvalue on both V; ® V, and the space of operators on W. In particular, (v¥ ® 1), permutes
L;(0)-eigenspaces. Moreover, since (1Q v®),, for v® e V,, commutes with L; (0), it preserves L; (0)-eigenspaces. Of course,
similar statements hold for L, (0), h1(0), b, (0).

By Lemma 5.6, W#1-82) is irreducible under the algebra of the operators A(V; ® Vo; W(#1:£2)) Then W 1-£2) is generated
by wy by the irreducibility, and is spanned by elements of the form

WY @ Dy -+ (0" @ D, 1@ 0Ny -+ (1® v wo

m @

where vi“) € Vyand vj(z) € V2, v; 7, v;” are doubly homogeneous, and the A-weights of > vi“) and Z}‘:I v].(z) are 0.

Hence W#1-£2) is the direct sum of its simultaneous eigenspaces for L;(0) and b;, for i = 1,2, and the L;(0), L,(0)-

eigenvalues are bounded below by ny, n,, respectively. It follows that the lowest weight space W((,f;‘)”g 2 s filled up by

the simultaneous eigenspace for the operators L;(0) with eigenvalues n;. To be more precise, we use W((nﬂ] 1 réz)) to denote

the subspace W((fo 1)"3 2 By a similar argument as in Proposition 5.6, W((f] 1_‘;; 2)) is irreducible under the algebra of operators
.y (B1.62)
A(Vy @ Vo; WET),

By the density theorem, the algebra A(V; ® V,; W(B"ﬁ”) fills up End Ww"ﬁZ).BecauseA(Vﬁ W(ﬁl’ﬂZ)) and A(V,; Ww"ﬁZ))

(ny,n2) (ny,n2) (ny,n2) (ny,n2)

are commuting algebras of operators and A(V; ® V»; W((fl ‘,’,fi 2))) is generated by A(V1; W((f1 {’,{i 2))) and A(Vy; W((zﬁl.,’ni 2))), we see
that

End W(ﬂLﬂZ) _— A(Vl, W(/SL/SZ))A(VZ’ W(ﬂ]vﬁZ))

(n,ng) — (nq,n2) (nq,n2)
Choose an irreducible A(V;; W((fl 13{; 2)) )-submodule M; of W((fl 1.31'2 2)) . Then A(Vy; W((,ﬁ 1,’ni 2)) ) acts faithfully on M, since any

element of A(V;; W12y which annihilates M; annihilates A(Vy; W2y My = Avy w2 acv; whrb2)y oy, =

(ny,n2) (ny,n2) (nq,n2) (ny,n2)

(End WP M = w2 Thys Avy; W P2)) restricts faithfully to End M; and hence is isomorphic to a full matrix

(n1,n3) (n1,n3) (n1,n3)
algebra. Similarly, A(V5; wPrF 2)) is isomorphic to a full matrix algebra. It follows that

(n1.n2)

End W(ﬁlyﬁz) _— A(V], W(ﬁl’ﬁz)) ®A(V2, W(ﬂl’ﬂz))'

(ny,np) (ny,n2) (ny,n2)

Then W12 has the structure
(n1.n2)

W(ﬂlvﬂZ) — M] ®M2

(n1,n3)

as an irreducible A(Vy; W((,fl‘_ﬁ 2))) ® A(Vy; W((fl 1””’2 2)) )-module. Here, as an irreducible A(V;; W((,f]‘,’ni 2)) )-submodule of W((,ﬁ {’rfi 2)) ,

M; has Ai—grading Bi induced by b;, and has C-grading n; induced by L;(0), respectively, fori = 1, 2.
Let

w’ =y ®y>

wherey; € M;, fori =1, e a nonzero decomposable tensor in 2. Let W; be the doubly graded V;-submodule o
(wh M; fori=1,2)b d bl in Wi*2_Let W; be the doubly graded V;-submodule of

W generated by w®. Then the module W; has a strongly (b, A])—graded Vi-module structure such that

)
Wi = ]_[ (Wh)
nec, yeA
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where

Wi = span{(W{” ® 1, - 0" @ Dgwllwtvf” —s; — 1+ +wtvl) —s, —1=n—ny,

A—wtv§1)+~--+A—wtv1§” =y — B, vﬁl),...,vlgl) eV, S1,...,5 € Z).

This module we constructed satisfies the grading restrictions (2.27) and (2.28) in Definition 2.4, which follows from
the fact that W is a strongly graded V; ® V,-module and each doubly homogeneous subspace of W, lies in the doubly
homogeneous subspace of W. Also, Wf” is the weight space of h; with weight y, hence by Definition 4.4, W is a strongly

(b1, A])—graded Vi{-module.
We claim that W, is V;-irreducible (and similarly for W5). In fact, consideration of the abelian group grading shows
that any nonzero V;-submodule of W not intersecting W#1-£2) will give rise to a nonzero V; ® V,-submodule of W not

intersecting W#1-£2)_ Thus any nonzero V;-submodule of W; must intersect W #1:f2), Then consideration of the weight
shows that the (8, B,)-subspace of any nonzero V;-submodule of W, not intersecting W((,fl 1 ’nﬁz 2)) would give rise to a nonzero

A(V; ® Vo; W1-82))_submodule of W #1-#2) not intersecting W *""#2 Thus any nonzero V;-submodule of W; must intersect

(ny,n3)

(B1.82) ; : .17 (B1.82) . (B1.62) 0; : : (B1.82)
W<n1"n22) . But the irreducible A(V7; W(n11,n22) )-module A(Vy; W(nll,nzz) ) - w? is the full intersection of W; and W(n11,n22) , so that

the V;-submodule must contain w® and hence be all of W;. This proves the V;-irreducibility of W;.
Finally, to shothhat W is isomorphic to Wy ® W5, consider the abstract tensor product V; ® V,-module W; ® W5, where
Wi is the strongly A;-graded V;-module defined above, for i = 1, 2. Define a linear map

§05W1®W2—>W
by - w’ @by - w’ > biby - WP,

where b; is any operator induced by V;. Then ¢ is well defined and is a V; ® V,-module homomorphism. Since W; ® W5 is
irreducible by Theorem 3.7, ¢ is a module isomorphism. O

Example 5.9. Let V;, be the conformal vertex algebra associated with an even lattice L; as in Example 2.8, wherei =1, ..., p.
Let V), ®---®V], be the tensor product strongly graded vertex algebraof V; , . .., Vy,. By the construction of a lattice vertex
algebra in Example 2.8, we have

Vi, ® - Q@ Vi, = V601,
and every irreducible Vi, g...¢1,-module is equivalent to a module of the form
Viine-elptrn = Vi ® - @ Vi iy,
for some y; € L?,i =1, ..., p. This example illustrates Theorem 5.8.
Now we can describe our main examples:

Corollary 5.10. The only irreducible strongly (b, L)-graded module of V® ® V;, where L is the unique even two-dimensional
unimodular Lorentzian lattice and h = {(h(—1) - 1) | h € L ® C}, up to equivalence, is itself.

Proof. Let W be an irreducible strongly (h, L)-graded module of V¢ ® V;. Then by Example 5.4, W is a strongly
(({0), (0Y), (p, L))-graded module of V¥ ® V,. By Theorem 5.8, it is a tensor product of an irreducible strongly ({0}, (0))-
graded VE-module with an irreducible strongly (f, L)-graded V;-module. By Dong [4], V7 is its only irreducible module, up
to equivalence. Also, by Dong [3] (cf. [17], Example 2.8), V| is its only irreducible module because L is self-dual. Therefore

w=Vvigy
as claimed. O
Remark 5.11. In Corollary 5.10, the two-dimensional self-dual Lorentzian lattice can of course be generalized to any self-

dual nondegenerate even lattice.

6. Complete reducibility

Definition 6.1. Let V be a strongly (h, A)-graded conformal vertex algebra. Then a strongly (b, A)-graded V-module is called
completely reducible if it is a direct sum of irreducible strongly (, A)-graded V-modules.

Notation 6.2. In the remainder of this section, we will alwaysletA = A1 ®- - - DA, h =1 D - Bhp,andV =V, ®---QV),.

Definition 6.3. Astrongly ((h1, A7), ..., (bp, A},))—graded module for the tensor product conformal vertex algebra V is called
completely reducible if it is a direct sum of irreducible strongly ((h1, A~1), cony (Bp, Ap))—graded V-modules.
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Theorem 6.4. Let V1, ..., V, bestrongly (b1, A1), ..., (hp, Ap)-graded conformal vertex algebras, respectively, and let V be their
tensor product strongly (§, A)-graded conformal vertex algebra. Then every strongly ((b1, A~1), ooy (bp, A},))—graded V-module
is completely reducible if and only if every strongly (b;, Ai)—graded Vi-module is completely reducible.

Proof. It suffices to prove the result for n = 2. Let W be a strongly ((h1, A~1), (b2, A}))-graded V = V; ® V,-module. Then

by Proposition 5.7, we can take w € W((f]] n’zz)) where 8 € A, n; € C, fori =1, 2.

Let M be the strongly ((h1, A1), (52, Ar))- graded V; ® V,-submodule of W generated by w, i.e., M is spanned by elements
of the form

@ ®@Ds, - (0 @ D, 1@ vy, - (1@ 1), w

(1) ( (

where v; D are doubly homogeneous elements in V; and v(z) .. ? are doubly homogeneous elements in V5,
respectrvely, and 51, ...y Sp, b1, ..., tg € Z. Let M; be the doubly graded Vl submodule of M generated by w. Then VM, is a
strongly (b;, A,»)—graded Vi—module, respectively, fori = 1, 2, in an obvious way as in the proof of Theorem 5.8.

By Proposition 4.7 and Example 5.3, M; ® M, is strongly ((bl,A~1), (hz,A}))—graded. Moreover, we have a strongly
((bl,f\~1), (hz,Az))—graded V1 ® Vo-module epimorphism from M; ® M, to M by sending byw ® b,w + bib,w, where
b; is an operator induced by V;, fori = 1, 2.If every strongly (b;, A;))-graded V;-module is completely reducible, then M; is a
direct sum of irreducible strongly (b;, A,-)—graded Vi-modules and therefore M; ® M, is a direct sum of irreducible strongly
((hl,A]), (b2, A}))—graded V1 ® V,-modules (see Theorem 4.8). Then as a quotient module of My ® M,, M is also a direct
sum of irreducible strongly ((b1, A~1), (b2, A}))-graded V1 ® V,-modules, and consequently, W is a direct sum of irreducible
strongly ((h1, A~1), (b2, A}))—graded Vi ® Vo-modules.

Conversely, assume that every strongly ((h, A ~1) (b2, A~2)) graded V; ® V2 module W is completely reducible. We first
observe that V; ® V> is strongly ((h1, A1), (h2, Ax))-graded, hence a ((K)],Al) (b2, Az)) graded Vi ® V,- -module itself by
Proposition 4.6 and Example 5.3, and hence is a direct sum of irreducible strongly ((h1, A1) (b2, Az)) graded modules. Let
W be anirreducible strongly ((f1, Al), (b2, Az)) graded V;®V,-module. Then W is a tensor product of an irreducible strongly
(h1,A ~1) -graded module for V1 and an irreducible strongly (b, A~2) -graded module for Vz by Theorem 5.8. In particular, V;
has irreducible strongly (b1, A )- graded modules and V; has irreducible strongly (b, Ay)- graded modules, respectively.

Let W, be a strongly (1, A1) graded V;-module and W, be an irreducible strongly (b, Az) graded V,-module. Since every
strongly ((b1, A~1), (b2, A~2))—graded V1 ® V,-module is completely reducible, W; ® W, is a direct sum of irreducible strongly
((b1,A~1), (b2, A}))—graded modules:

wiew: =] [M
i

where each M; is an irreducible strongly ((hq, A 1) (hz,Az)) graded V; ® V,-module. Fix i and let x(” .. x,({) e W,

and y?, ...,y € W, be linearly independent doubly homogeneous elements such that > c]x“) ® y(’> € M;, where

¢; € C, ¢; # 0. By the density theorem (as in the proof of Theorem 3.7), each xj(i) ® y;i) € M;. Let Wy, be the doubly graded
Vi-submodule of W, generated by x}i), for some jo € {1, 2, ..., n}. Then Wj; is a strongly (1, A~1)—graded Vi-submodule as
in the proof of Theorem 5.8. By the irreducibility of M;, we see that M; = W;; ® W, and that W;; is an irreducible strongly
(h1,A1)-graded V;-submodule of W;. Therefore, W; @ W, = ([ ]; Wi1) ® Ws. By the density theorem, for any nonzero

wy € Wy, Wi ® wy = ([]; Win) ® w,. Hence as a Vi-module, Wy = ([ [; Wir), and thus W, is completely reducible. Similarly
forV,. O

Example 6.5. Let V, be the conformal vertex algebra associated with an even lattice L; as in Example 2.8, wherei =1, ..., p.
Let Vi, ®---®V), be the tensor product strongly graded vertex algebraof V, , . .., Vy,. By the construction of a lattice vertex
algebra as in Example 2.8, we have

VL1 ® st ® V’-p = VLle}N@Lp.

As in Example 2.8, every module for Vi, g...gL,, hence for Vy; ® - -- ® V,, is completely reducible. This example illustrates
Theorem 6.4.

Corollary 6.6. Every strongly (b, L)-graded module for the strongly (b, L)-graded conformal vertex algebra V¥ @ V;, where L is
the unique even two-dimensional unimodular Lorentzian lattice and h = {(h(—1) - 1)¢ | h € L ®z C}, is completely reducible.
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