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global stability of the Leslie-Gower model, which means that feedback control variables
only change the position of the unique interior equilibrium and retain its global stability.
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1. Introduction

Recently, much scholars studied the predator-prey system with the Leslie-Gower scheme [1-4]. Numerical studies for
a Leslie-Gower type tritrophic model were done in [1,2]. In [3], the authors obtained a set of sufficient conditions which
ensure the global stability of the positive equilibrium for a predator-prey model with modified Leslie-Gower and Holling
type Il schemes. Korobeinikov [4] considered the following Leslie-Gower predator-prey model:

Ny(t) = (r1 — a;Ny — biN1)Ny,

. N

Nz(f): <r2—022> Nz. (1)
Ny

By introducing the Lyapunov function

V(N Ny) M N el N N
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where N1 T ayrptazby’ 2 T ayrp+azby’

globally stable.

On the other hand, in some situations, one may wish to alter the positions of positive equilibrium, but to retain its
stability. This is of significance in the control procedure of ecology balance. One of the techniques used to achieve the aim
is to alter system (1) structurally by introducing “indirect control” variables. Though there are many works on the single-
species or multispecies competition systems with feedback controls [5-7], to the best of the authors’ knowledge, to this day,

he was able to show that the unique coexisting point E®(N?, Ng) of system (1) is
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still no scholars are investigating the stability property of the Leslie-Gower predator-prey model with feedback controls;
this motivates us to propose and study such a model. In this work, we introduce and study the following Leslie-Gower
predator-prey model with feedback controls:

Ni(t) = (r1 — aiNy — 1Ny — cqup)Ny,

. N,
Ny(t) = (12 — azN* — Cuy | N,

1

() = =frug + giN1,

() = —fruz + &2Na,
where Ni(t) and N;(t) denote the density of prey and predator populations at time t, respectively; uq(t) and u;(t)
are feedback control variables; the term GZ% describes the “carrying capacity” of the predator’s environment which is
proportional to the number of prey and a, is the maximum value which a per capita reduction rate of N;(t) can attain; r;
and r, describe the intrinsic growth rates of Ny (t) and N, (t), respectively; a; denotes the capturing rate of predator species
N;(t); by measures the strength of competition among individuals of Ny (t). r;, a;, ¢;, fi, 8,1 = 1, 2, and by are all positive
constants. For more detailed adjustment of the Leslie-Gower system and the meanings of coefficients of the system, one
could refer to [8-10] and the references cited therein.

With the restriction of their analysis technique, traditional works on the feedback control ecosystem (see [5,6] and the
references cited therein) showed that feedback control variables play important roles as regards the persistency and stability
properties of the system. Recently, by giving a detailed analysis of the right-hand side functional of the system, Hu, Teng and
Jiang [7] were able to show that feedback control variables have no influence on the persistence property of the competition
system that they considered. Their success motivated us to propose the following conjecture: Maybe the feedback control
variables have no influence on the stability property of the system (2), that is, we can show that feedback controls only
change the position of the unique interior equilibrium and retain its stability property.

The work is organized as follows. In the next section, we state and prove the global stability property of model (2). In
Section 3, numerical simulations are presented to illustrate the feasibility of our results. We end this work with a brief
discussion.

2. Global stability

For practical biological meaning, we simply study system (2) in RY = {(Ny, N, uq, u3) € R*N; > 0,u; > 0,i = 1,2} or
in Ri. From the first equation of system (2), it is easy to derive that lim sup,_, ., N1 (t) < r‘
Lemma 1. The solutions (N;(t), N2 (t), u1(t), ux(t))T of system (2) with initial values N;(0) > 0, u;(0) > 0,i = 1,2, are
positive and bounded for all t > 0.
Proof. Obviously, the solutions (N;(t), N5 (t), uq(t), uy(t))" of system (2) with initial values N;(0) > 0, u;(0) > 0,i =1, 2,
are positive for all t > 0. Given any € > 0, N{(t) < l;—l] + € for t sufficiently large, from the second equation of system (2),

it follows that Ny (t) < <r2 — ?12'126> N,, which implies that lim sup,_, ., N (t) < % For above € > 0, N;(t) < 1% +eand
by
Ny(t) < % + € for t sufficiently large, from the third and fourth equations of system (2), it follows that

uy(t) < —fiug + g (b ) )
1

i (t) < =fouy +g2( b + )
az b,

By a standard comparison argument and basic ODE theory, it follows that lim sup;_, o, u1(t) < f‘;l and lim sup,_, o, ux(t) <
8arr2.
azbify’

Define § = fi(airafy — r16282) + aafa (bifi + 181), A = 82 + 4rifiaafocaga(bifi + €181).

Lemma 2. Model (2) admits a unique interior equilibrium E*(NY, Ny, u}, u3), where N =

which completes the proof. O

_=sVA L N
20282 (b1f1+c181)” 2
(B+2fr1687)— fandu — ng* i=1,2

2a1f16282 fi
Proof. We now consider positive equilibria of model (2). By the third and the fourth equation of model (2), we have
u; = giN;j/fi, i = 1, 2. Substituting them into the right-hand side of the first and the second equations of model (2),

respectively, we obtain

N, = fi(r — Cl1N2), 3)
bifi + c1g1
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and

r2fasN1 — axfoaNy — 282NN, = 0. (4)
Substituting (3) into (4), we have

aific28N; — (8 + 2rif16282)Ns + rirafifo = 0. (5)

Since the discriminant of (5) satisfies
A= (8 +2r1f10282)° — AaiCa@anrinafof ! = 8% + Arifiaafacaga(bifi + c181) > 0,
it is easy to see that (5) has two positive roots
+_ (+2fincg) £ Va

= >0
5 .
2a1f16282
_ —aiN; . . S
Note that r; — alN = zﬁlcz\g < 0 and hence Ny = %72;1) < 0; then model (2) has a unique positive equilibrium
*ONE ONF * __ N~ (B+2f111028)—VA Apx fl(rl_alN;) — —5+/4 ¥ _ o N*/F i — :
E*(NT, N3, uj, u3), where Ny = N;» = ==/ 122 ==, N} oz = 5500 oz and uf = &N /fi. 1= 1,2, which

completes the proof. O
Before we state and prove the global stability of this work, we need to state a definition and a useful lemma.

Definition 3 (Chen, Song and Lu [11]). A matrix A = (a;j)nxn is said to be an M matrix ifa; < 0,i #j,i,j=1,2,...,n,and
any one of the following conditions holds:
(I) all of the eigenvalues of matrix A have positive real parts;
(I) the order principal minor of matrix A is positive;
(III) matrix A is nonsingular and A~! > 0;
(IV) there exists a vector x > 0 such that Ax > 0;
(V) there exists a vector y > 0 such that ATy > 0.

Lemma 4 (Arakiand Kondo [12]).If Aisan M matrix, then there exists a positive diagonal matrix D = diag(d, ds, ..., dy), di >
0, i=1,...,n, suchthat matrix B = %(DA + ATD) is positive definite.

Theorem 5. Assume that a;b; > air, holds; then the unique interior equilibrium E*(NT, N3, u}, u5) of model (2) is globally
stable.

Proof. Note that r; = a;NJ + b{Nj + cquj, r; = a;N3/NT + cous, fiuf = giN, i = 1, 2; then model (2) can be rewritten as
Ni(£) = [=bi(Ny = N}) — a;(Na — N3) — ¢, <u1 — u})INy,

Na(t) = [(—NT(Nz —N;) + N;(Ny = NY)) W — (U — uﬁ)} N,

6
iy (t) = [-N1(uy — u}) +u(Ny — Ni‘)]%, ©
1

i(6) = [—Na(tty — 13) + ty(Ny — )]‘3'2
2

Now let’s construct a Lyapunov function
V(t) = diVi(t) + d2Va(t) + e1d1(t) + eagha(t),

where Vi(t) = N;—N; —N;* In g, ¢;(t) = u;—uf —u In *,el =

coefficients. Obviously, V(t) is well defined and contmuous for all N;, u; > 0,i = 1, 2. The time derivative of the function
V (t) along the solutions of model (6) is

V(t) = di(Ny — N)[=bi(Ny — N}) — a; (N, — Nj) — ¢ (ul —ul)]

d’g" i=1,2,andd;, i = 1, 2, are positively undetermined

+dy(N, — N3) [(_NT(NZ — N3) + N3 (N; — NY)) —C(up — U;)]

Nq N*
gie1(u; —uy) N N 82e2(uy — uj) "
+———[-Ni(uy —u})) +uy(Ny = N)] + 7[ Ny(uy — u3) 4+ u(N; — N3]
uqu;g UZUZ
a,d, N>
= —dibi(N; — N))? + (L — aldl) (Ny — N)(Ny — N3)
NN
ayd, c1diN; C2d3N;

- —(Nz — Ny — ——(u —u})? — = (up —uj),
25} up
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Fig. 1. Dynamic behaviors diagram of model (2) for a;b; > ayr,.(a) E*(1.3, 0.848, 1.95, 1.696) is globally stable fora; = 0.5,a, = 1,b; = 2andr, = 1.5.
(b)E*(1.077, 1.037, 1.6155, 2.074) is globally stable fora; = a; = 1,by =1, = 2.

and
aydN5 ad
—diby(N; — Nj)? + ( oL a1d1> (N1 = N))(N2 — Nj) — == (N, — N3)?
Nl N] Nl
azdzN; a2d

< —diby(N; — N})? +< +ald1> [Nt =N |- | N —NJ | —TZ(NZ —N;)?
1

NIN;
1
2 5YT(DG +G'DyY,

where Y = (| Ny — N |, | Ny — N |)', D = diag(dy, dy), d; > 0,i = 1,2, and

—b1 aq
G=| @N; a;
NiN; Ny

To show that conclusion of Theorem 5 holds, for all N;, u; > 0,i = 1, 2, it is enough to prove that there exists a positive
diagonal matrix D = diag(d,, d»), d; > 0,1 = 1, 2, such that matrix (DG + G'D) is negative definite. Note first that both of
the off-diagonal elements of matrix G are positive and

p_ ON _ 20HQ2bifi +cig) — (VA+9)
= = .
Ny 2011

. . . . NE
Simple algebraic computations show that, under the assumption a,b; > a1y, b1 — a;\’*z
1

> 0, the two order principal minors

of matrix —G are by and ,‘3,—21 (bl — a,{,—,}) which are positive. From Definition 3, it follows that —G is an M matrix; according to
1

Lemma 4, there exists a positive diagonal matrix D = diag(d, d»), d; > 0, i = 1, 2, such that matrix (DG + G'D) is negative
definite. So, under the assumption a;b; > a;r;, V(t) < O strictly for all N;, u; > 0,1 = 1, 2, except the positive equilibrium
E*(N¥, Nj, u}, u3), where V(t) = 0. The above analysis shows that V(t) satisfies Lyapunov’s asymptotic stability theorem
and the unique interior equilibrium E* (N7, N3, u}, u3) of model (2) is globally stable, which completes the proof. O

3. Numerical examples

Letfi=f, =1,¢1 =c, =0.5,r1 =4,g; = 1.5 and g, = 2. For these values of parameters, we verify the existence and
stability properties of the positive equilibrium for model (2). In Fig. 1, we clearly observe that the unique interior equilibrium
of model (2) is globally stable under the assumption that a,b; > a;r; holds.

Since it is difficult to make further analytical studies, we invoke numerical calculations to find asymptotical behaviors of
model (2) for a,b; < aqry. Fig. 2 shows that the unique interior equilibrium of model (2) is globally stable also under the
condition that a,b; < a;r, holds.

4. Discussion

Figs. 1 and 2 and Theorem 5 show that the unique interior equilibrium is globally stable for the Leslie-Gower
predator—-prey model with feedback controls. Compared to the global stability of the unique interior equilibrium E° for model
(1)in [4], it is found that feedback controls have no influence on the existence and stability properties of the unique positive
equilibrium for the Leslie-Gower predator-prey model. Moreover, in the cases of Fig. 1(a), (b) and Fig. 2(a), (b), the unique
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Fig. 2. Dynamic behaviors diagram of model (2) for a;b; < a;ry.(a) E*(1.157, 1.397, 1.736, 2.794) is globally stable for a; = 1, a, = 0.5,b; = 1.5 and
r, = 2.(b)E*(1.101, 0.971, 1.6515, 1.942) is globally stable fora; = 1,a, = 0.6,b; =2andr, = 1.5.

interior equilibrium E° of model (1) is E®(1.455, 2.182), E°(1, 2), E®(0.727, 2.909) and E°(0.889, 2.222), respectively. Note
that N < Ng in the above four cases. Hence, for the Leslie-Gower predator-prey model, feedback controls only change the
position of the unique interior equilibrium and help the predator species to stability, while retaining global stability of the
unique interior equilibrium. This indicates that, in the realistic environment, predator species could extend their survival
space by introducing the feedback control variables and both predator species and prey species would finally reach a ‘good’
state, which is suitable for them to survive and develop in. This aids permanence of ecosystems.
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