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Nonlinear boundary value problem

1. Introduction

It is well known that nonlinear boundary value problems (BVPs for short) arise in a variety of different areas of applied
mathematics, physics, chemistry and biology, which can be found in the theory of nonlinear diffusion generated by nonlinear
sources, in thermal ignition of gases, in the vibrations of a guy wire of a uniform cross-section and composed of N parts
of different densities, and in the theory of elastics stability, in chemical or biological problems (see, for instance, [20,37,38,
54,57,63]). Therefore, nonlinear BVPs have attracted much attention and have been widely studied, see [2-8,10-19,21-25,
28-36,41-45,47-53,55-62,64-66] for some references along this line. The results of these papers are based on the Leray-
Schauder continuation theorem, the nonlinear alternative of Leray-Schauder, the coincidence degree theory of Mawhin,
Krasnosel’skii’s fixed point theorem, Schauder fixed point theorem, fixed point theorems in cones and so on. Different from
these finite methods, in this article we first state and prove new fixed point theorems for mixed monotone operators.
And then we establish some criterions for the local existence-uniqueness of positive solutions to BVPs which include the
Neumann BVPs, three-point BVPs and nonlinear elliptic BVPs for the Lane-Emden-Fowler equations. Let R* = [0, c0), R* " =
(0, 00), J =1[0,1] and £2 be a bounded domain with smooth boundary in RN (N > 1). Our basic assumptions on a nonlinear
function f(t,u, v) here are:

(H1) f:] xRY x R* — R*;
(Hy) f:2 xRt xR = R,
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(H) f(t,u,v) is nondecreasing in u for each t € J and v € R™, nonincreasing in v for each t € J and u € R", and for any
y € (0, 1), there exists a constant ¢(y) € (¥, 1] such that

f(e,yu, vy~ W) = @) f(t,u,v) foranyu,veR";

(Hz)" f(x,u,v) is nondecreasing in u for each x € 2 and v e R T, nonincreasing in v for each x € 2 and u e R™*, and for
any y € (0, 1), there exists a constant ¢(y) € (y, 1] such that

fx yu,y™'v) > o) f(x,u,v) foranyu,veR"™,

In the next section, we state and prove a new existence-uniqueness result of positive fixed points for mixed monotone
operators. Moreover, we establish some pleasant properties of nonlinear eigenvalue problems for mixed monotone opera-
tors. In Section 3, using the main results obtained in Section 2, we give the local existence-uniqueness results of positive
solutions for nonlinear BVPs which include the Neumann BVPs, three-point BVPs and nonlinear elliptic BVPs for the Lane-
Emden-Fowler equations. It must be pointed out that the method used in this article can be applied to many nonlinear BVPs.

2. Fixed points and eigenvalue problems for mixed monotone operators

Mixed monotone operators were introduced by Guo and Lakshmikantham [27] in 1987. Thereafter many authors have
investigated these kinds of operators in Banach spaces and obtained a lot of interesting and important results (see [26,46,74]
and the references therein). They are used extensively in nonlinear differential and integral equations. In this section, we
modify the methods in [26,46] to obtain a new existence and uniqueness result of positive fixed point for mixed monotone
operators.

Suppose that (E, ||-||) is a real Banach space which is partially ordered by a cone P C E, i.e, x < y if and only if y—x € P.
If x<y and x# y, then we denote x < y or y > x. By 6 we denote the zero element of E. Recall that a nonempty closed
convex set P C E is a cone if it satisfies (i) x€ P, A >0=Axe P; (ii) xe P, —x€ P = x=0.

Putting P = {x € P | x is an interior point of P}, a cone P is said to be solid if its interior P is nonempty. Moreover, P is
called normal if there exists a constant M > 0 such that, for all x, y € E, § < x <y implies ||x|| < M| y||; in this case M is
called the normality constant of P. If x1,xy € E, the set [x1,x2] ={x € E | X1 < x < x3} is called the order interval between
x1 and x».

For all x,y € E, the notation x ~ y means that there exist A > 0 and @ > 0 such that Ax < y < ux. Clearly, ~ is an
equivalence relation. Given h > 6 (i.e.,, h > 6 and h #6), we denote by P, the set P, = {x € E | x ~ h}. It is easy to see that
P, C P is convex and AP, =Py, for all A >0.If P and h € P, it is clear that P, = P.

Definition 2.1. (See [26,27].) A: P x P — P is said to be a mixed monotone operator if A(x,y) is increasing in x and
decreasing in y, i.e., uj,v; (i=1,2) € P, u; <uy, vi > vy imply A(ui,vi) < A(uy, vy). Element x € P is called a fixed point
of A if A(x,x) =x.

2.1. Fixed point theorems

Now we consider the mixed monotone operator A: P x P — P. The following conditions will be assumed:

(A1) there exists h € P with h # 6 such that A(h, h) € Py,
(Ay) for any u,v e P and t € (0, 1), there exists ¢(t) € (t, 1] such that A(tu, t=1v) > @(t)Au, v).

Lemma 2.1. Assume (A1), (A2) hold. Then A : P, x P, — Pp; and there exist ug, vo € Py and r € (0, 1) such that rvg < ug < vo,
up < A(uo, vo) < A(vo, Ug) < Vo.

Proof. Firstly, from condition (Ay) we get

1
A(t™'x,ty) < mA(x, y), Vte(0,1), x,y€P. (21)
For any u, v € Py, there exist w1, w2 € (0, 1) such that

1 1
h<u< —n, Ssh<v<—h.
H "1 H 2%

Let 4 = min{u1, w2}. Then p € (0, 1). From (2.1) and the mixed monotone properties of operator A, we have

1 1 1
Au,v) < A<—h, Mzh) < A(—h, Mh) < ——A(h,h),
"1 M p(u)

1 1
A, v) > A(mh, —h) > A(uh, —h) > (WA, h).
w2 1%



596 C. Zhai, L. Zhang /J. Math. Anal. Appl. 382 (2011) 594-614

It follows from A(h, h) € P, that A(u,v) € P,. Hence we have A : P, x P, — Pj. Since A(h,h) € P,, we can choose a
sufficiently small number tg € (0, 1) such that

1
toh < A(h,h) < t—h. (2.2)
0
Noting that tg < ¢(tg) < 1, we can take a positive integer k such that
k
£ 1
<<p( o)) > 1 (2.3)
to to

Put ug = tokh, vo = toikh. Evidently, ug, vo € P, and ug = to®* vy < vo. Take any r € (0, tg2¥], then r € (0,1) and ug > rvp.

By the mixed monotone properties of A, we have A(ug, vo) < A(vg, ug). Further, combining condition (A) with (2.2), (2.3),
we have

1 1 1 1
— k _ k—1 k—1
A(up, vo) = A(l’o h, tok h) = A(to - to h, t . tok 1 h) > gl)(l’o)A(l’o h, tok ]h>

1 1 1
= @(to)Al to - to*2h, — - h) > e(to) - @to)Al tok2h, h)>--
@(to) <o 0 o 1k 2 ) @(to) - ¢(to) <0 =
k k
> (¢(t0)) Ah, h) > (¢(t0)) toh > to*h = uo.
From (2.1) we get

1 1 1
A(vo.ug) = A —h.t"h ) = A| — - ——h.to-t"h
(vo, uo) (tok 0 ) <t0 rf—1 o fo

1 1 1 1 1
< A< , ]h,to’Hh): A(—.ﬂh,to.tok*2h>
p(to) \to*~ @(to) \to to*~

1 1 1
< . A< I zh,tok_2h><---
@(to) @(to) \to*~

1
——— A, h) <
(o(to))
An application of (2.3) implies that

1 1
A(vo,ug) < ————h < —h=vo.

to(‘ﬂ(fo))k o

Thus we have ug < A(ug, vo) < A(vg,ug) <vg. O

N

— h.
to(¢(to))

Theorem 2.1. Suppose that P is a normal cone of E, and (A1), (Az) hold. Then operator A has a unique fixed point x* in Pj,. Moreover,
for any initial xo, yo € Py, constructing successively the sequences

Xnp = AXn-1, Yn-1), Yn=An-1,%-1), n=1,2,...,
we have ||x, — x*|| — 0 and ||y, — x*|| = 0 as n — oo.

Proof. From Lemma 2.1, there exist ug, vo € P, and r € (0, 1) such that rvg < ug < vo, ug < A(ug, vg) < A(vg, Ug) < vo.
Construct successively the sequences

Up = A(Un-1, Vn-1), Vp=A(Vp-1,Up-1), n=1,2,....

Evidently, u1 < v1. By the mixed monotone properties of A, we obtain u, < vy, n=1,2,.... It also follows from Lemma 2.1
and the mixed monotone properties of A that

UWpSUT S SU S-SV S-SV S Vo (2.4)
Noting that ug >rvg, we can get uy, >ug >rvg >rvy,n=1,2,.... Let

th=sup{t>0]|u, >tvy}, n=1,2,....
Thus we have u, > tyvy, n=1,2,..., and then up1q > uy > thvy > thvpyr, n=1,2,.... Therefore, t,41 > &y, ie, {ty} is

increasing with {t,} C (0, 1]. Suppose t;, — t* as n — oo, then t* = 1. Otherwise, 0 < t* < 1. Then from condition (A,) and
th < t*, we have
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1 th . t*1
Uny1 = A(unv Vn) = A thVn, t—un =A( —t*v Up
n

pe n,at—*

*

t 1 t t
> —”A<t*vn, t—un> > o)AV, un) = Z0(E) vnsa.

By the definition of t;, t,+1 > E—Z -@(t*). Let n — oo, we get t* > ¢ (t*) > t*, which is a contradiction. Thus, lim,_, t, = 1.
For any natural number p we have

Up <V —tavp = (1 =ty vp < (1 —ty) Vo,
< (1 —tp)vo.

Since the cone P is normal, we have

_un

lunsp — unll < M(1 —tn)[[voll — O, Vi = Vagpll S M(A = ta)|lvoll = 0 (n — o0),

where M is the normality constant of P. So we can claim that {u,} and {v,} are Cauchy sequences. Because E is complete,
there exist u*, v* such that u, — u*, v, - v* as n - oco. By (2.4), we know that u, <u* < v* < v, with u*, v* € P, and
0 <v*—u*<vy,—uy < —ty)vg. Further

|v* —u*| <M1 —to)llvol =0 (n— 00),

and thus u* = v*. Let x* :=u* = v* and then we obtain up+1 = A(un, vy) < AX*, x*) < A(vp, Up) = Vpe1. Let n — oo, then
we get x* = A(x*, x*). That is, x* is a fixed point of A in Pj.
In the following, we prove that x* is the unique fixed point of A in Pj,. In fact, suppose X is a fixed point of A in Pp.
Since x*, x € Py, there exist positive numbers i1, (2, A1, A2 > 0 such that
pgih <x* <ah,  h <X <igh

Then we obtain

Let e = sup{t > 0| tx* <X <t~ 1x*}. Evidently, 0 < e; <1, e1x* <X < %x*. Next we prove e; =1. If 0 <eq <1, then

1
= AR > A(elx*, Z"*> > p(enA(X', ) = plen)”.

Since @(e1) > eq, this contradicts the definition of e1. Hence e; =1, and we get x = x*. Therefore, A has a unique fixed
point x* in Pp. Note that [ug, vo] C Pp, then we know that x* is the unique fixed point of A in [ug, vo].

Now we construct successively the sequences x, = A(xp—1, ¥n—1), ¥n = A(¥n—1,%n—-1), n=1,2, ..., for any initial points
X0, Yo € Py. Since xg, yo € P, we can choose small numbers e;, e3 € (0, 1) such that

1 1
esh <xo < —h, esh <yo < —h.
€2 €3
Let e* = min{ey, e3}. Then e* € (0, 1) and

1
e*h<xo,  yo< —h
e

We can choose a sufficiently large positive integer m such that

[w(e*)} L
e* e*

Put iig = e*™h, Vo = Ixh. It is easy to see that ilg, Vo € Py, and ilg < X0, Yo < Vo. Let

Up = A(lin—1, Vp—1), Va=A(Vp_1,Up-1), n=1,2,....

Similarly, it follows that there exists y* € Py such that A(y*, y*) = y*, limp_ o Up = lim,_, o V4 = ¥y*. By the uniqueness of
fixed points of operator A in Py, we get x* = y*. And by induction, ti, <X,, Yn <Vp, n=1,2,.... Since cone P is normal,
we have limy_ 0 X = limp oo yp =x*. O
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Remark 2.1. Compared with the corresponding results in [46, Theorems 2.1, 2.2], we remove the conditions: there exist
Ug, Vo € Py, such that ug < A(ug, vo) < A(vg, Ug) < vo. If we suppose that operator A: Py x P, — Py or A: P x P — P
with P is a solid cone, then A(h,h) € Py is automatically satisfied. When ¢(t) =t¥ with « € (0,1) for t € (0, 1), the
following result in [26] turns out to be a special case of Theorem 2.1.

Corollary 2.2. (See [26].) Let P be a normal, solid cone of E, and let A : P x P — P be a mixed monotone operator; suppose that:
there exists o € (0, 1) such that

A(tu,t7'v) > tYA(u,v), Yu,veP, te(0,1).
Then operator A has a unique fixed point x* in P. Moreover, for any initial xo, yo € P, constructing successively the sequences x, =
AXn-1, Yn-1), Yn=A(Yn-1,X-1),n=1,2,..., we have |x, — x*|| = 0 and ||y, — x*|| = 0asn — oo.

2.2. Eigenvalue problems

Motivated by the idea of work [72, Theorem 2.4], we study the nonlinear eigenvalue problem A(x,x) = Ax. The next
theorem shows that the solution has some pleasant properties.

Theorem 2.3. Assume that operator A satisfies the conditions of Theorem 2.1. Let x; (A > 0) denote the unique solution of nonlinear
eigenvalue equation A(x, X) = Ax in Py. Then we have the following conclusions:

(R1) Ifo(t) > t3 fort € (0, 1), then x, is strictly decreasing in A, thatis, 0 < X1 < A implies X;,, > X,

(Ry) If there exists B € (0, 1) such that ¢(t) > tP for t € (0, 1), then x,, is continuous in A, that is, . — Xg (Ao > 0) implies ||x; —
X}»o ” - O;

(R3) If there exists 8 € (0, %) such that o(t) > t# fort € (0, 1), then limy_, o || X, ]| = 0, lim, _, g+ [|x, || = oo.

Proof. Fix A > 0 and by Lemma 2.1, %A : Pp x P, — Py is mixed monotone and satisfies

1 . 1 » 1 1
<XA> (tx,t71y) = XA(tx,t y) = X<p(t)A(x, y) = (p(t)(XA)(x, y), Vx,yePp te(0,1).

So it follows from Theorem 2.1 that 1A has a unique fixed point x; in Pj. That is, A(x;, X3) = Ax,.. For convenience of proof,

we let

Ing(t)
Int ’

Then «(t) € [0,1) and @(t) =t*®_ Thus A(tx,t~1y) > t*©A(x, y), Vx, y € Pp, t € (0, 1).
(1) Proof of (R1). Suppose 0 < A1 < Ay and let tg =sup{t > 0| x;, > tx;,, X, >tx,,}, then we have 0 <ty <1 and

a(t) =

vt € (0, 1).

X, = toXs,, X), = toXy, . (2.5)

By the mixed monotone properties of A,

A (toxkz i tO_lx)Lz ) toa(m) A (X)Lz > X2y ) = toa(tO) )‘Zxkz 5

MXpy = Aoy, X)) 2 >
)‘-Zxkz = A(X)xz B X)Lz) > A(tox)q ) toilx)q) > toa(tO)A(X)q ) X)\.]) = toa(tO))‘-lx}q .

Further

Xy =M Mte®@xe,, x> A At ® @y, (2.6)

Noting that A1~ 'A2tg*0) > ¢4, from the definition of to and (2.6), we know that A, 1x1tg®@ < to, which in turn yields

1
A T-a(ty)
to > (—1> . (2.7)
A2
Hence
a(tg) 1-2a(tg)
1 }\‘1 T—-a(tg) )\2 T-a(tg)
Xy =ZA A2 — Xo=\|— Xy (2.8)
Y M

. 1 .
Noting that ¢(tg) > to2, we have a(tp) < % and in consequence,
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1-2a(tg)

<)»2 > T—a(ty)
— > 1.
A

Thus, x;, > Xy,.
(2) Proof of (R2). Since ¢(t) > t# for t € (0, 1), we have a/(t) < g for t € (0,1). By (2.5), (2.7),

A ﬁ MM #“0) 1 A2 #“0) A2 ﬁ
(E) X, < (E) Xpy <Xy < P < (H) X, < (E) Xiy (2.9)
P | T 1 22\ T r2\ TP
(E) X < (E) X1 <X}\2 < axkl < <E> X < (E) Xpq- (210)
Further

1 1 1

A\ TP A\ T8 A\ P
0 <Xy — E Xny S E - E Xny-

Consequently, from the normality of cone P,

Y o\
Xn — E X, ||+ E Xn, — Xy
1 1 1
A\ TP a1\ TP a\ TP
<m[(2) () () -
A A2 A2

where M is the normality constant. Let A; — 2™, we have [|xy, — X3, || — 0. Similarly, let A; — A1, from (2.10) we can
also prove |x;, —x;, | = 0. So the conclusion (R3) holds.

(3) Proof of (R3). Since ¢(t) > t# for t € (0,1), we have a(t) < B < % for t € (0,1). Let Ay =1, A = A in (2.8), then we
have

%0, — X2, Il <

1% 1+

1-2a(tg) 1-28
X1 = A0 x, > A TR x,, VA>T1.

Thus we can easily obtain
M
%)l < —=7 Iall, YA > 1,
ATF
where M is the normality constant. Let A — oo, then | x; || — 0. Similarly, let A1 = A, A2 =1 in (2.8), then

_ 1-2a(tp) _1-28
X =>A T xy >4 TFx;, VO<Ai<l.

Thus
1,12
% 2 M~ "A =7 [x1]], V0<A<T,

where M is the normality constant. Let A — 01, then we have ||x; | — co. O

3. Local existence-uniqueness of positive solutions for nonlinear BVPs

In this section, we will apply Theorem 2.1 and Theorem 2.3 to study nonlinear BVPs which include the Neumann BVPs,
three-point BVPs and nonlinear elliptic BVPs for the Lane-Emden-Fowler equations. And then we will obtain new results on
the local existence-uniqueness of positive solutions for these problems, which are not the consequences of the correspond-
ing fixed point theorems in [26,46,74].

3.1. Two-point BVPs

First we are interested in the local existence-uniqueness of positive solutions for the following nonlinear Neumann
boundary value problems (NBVPs for short)

{—u”(t)+m2u(t):Af(t,u(t),u(t)), 0<t<1, 31)
u'(0)=u'(1) =0,
and
{u”(t)+m2u(r):,\f(t,u(t),u(r)), 0<t<l, (32)
u'(0) =u/(1) =0,

where m is a positive constant, A is a positive parameter, f(t,u, v) is continuous.
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It is well known that NBVPs for the ordinary differential equations and elliptic equations is an important kind of bound-
ary value problems. During the last two decades, NBVPs have deserved the attention of many researchers [8,10-12,35,43,
60-62,70]. By using fixed point theorems in cone, in [8,35,60-62], the authors discussed the existence of positive solutions
to ordinary differential equation NBVPs.

Recently, the authors [12] discussed second-order superlinear repulsive singular NBVPs by using a nonlinear alternative of
Leray-Schauder and Krasnosel’skii’s fixed point theorem on compression and expansion of cones, and obtained the existence
of at least two positive solutions under reasonable conditions. In [43], the authors established the existence of sign-changing
solutions and positive solutions for fourth-order NBVPs by using the fixed point index and the critical group. Besides the
above mentioned methods, the method of upper and lower solutions is also used in the literature [10,11,70]. However, to
the best of our knowledge, few papers can be found in the literature on the existence-uniqueness of positive solutions for
the NBVPs (3.1) and (3.2) by mixed monotone method. The objective here is to fill this gap.

By a positive solution of (3.1) (or (3.2)) we understand a function u(t) € C2[0, 1] which is positive on 0 <t < 1 and
satisfies the differential equation and the boundary conditions in (3.1) (or (3.2)).

In the following we will work in the Banach space C[0, 1] and only the sup-norm is used. Set P = {x € C[0, 1] | x(t) > 0,
t € [0, 1]}, the standard cone. It is easy to see that P is a normal cone of which the normality constant is 1. Let G(t,s) be
the Green function for the boundary value problem

7 2 _
{ v () +mut)=0, O<t<l, (33)
u'(0)=u'(1)=0.
Then
1 S 1—t), 0<s<t«<1,
G(t’s):_{lﬁ()lﬁ( )
ply®yd—s), 0<t<s<,
where p = Im(e™ —e™™), Y(t) = 3(e™ +e~™). It is obvious that ¥ (t) is increasing on [0, 1], and
0<G(t,s)<G(tt), 0<ts<1. (3.4)

Lemma 3.1. (See [62].) Let G (t, s) be the Green function for the NBVP (3.3). Then

G(t,s) = Cy )y (A —t)G(tg,S), t,to,s<]0,1],
where C = 1/y2(1).

Theorem 3.1. Assume that the function f (t, u, v) satisfies (Hy), (Hy) and
(H3) foranyt e [0,1], f(t,a,b) > 0, where

a:%(em+e’m+2), b:%(em—i—e’m).

Then the NBVP (3.1) has a unique positive solution uj in Py, where h(t) = ¥(6)y¥ (1 — t), t € [0, 1]. Moreover, if ¢(t) > t2 for
t € (0, 1), then uj is strictly decreasing in A, that is, 0 < A1 < Ay implies uj{1 > ”L' uil #* uj{z. If there exists 8 € (0, 1) such that

@(t) > tP fort € (0,1), then uj is continuous in A, that is, A — Ao (Ao > 0) implies |lu} — ”Ko || = 0. If there exists 8 € (0, %) such
that @(t) > tP fort € (0, 1), then lim; _, oo lufll =0, lim,_, o+ [[u} || = oo.

Remark 3.1. It is easy to check that a = min{h(t): t € [0, 1]}, b = max{h(t): t € [0, 1]}, where a, b are given as in (H3).

Proof of Theorem 3.1. It is well known that u is a solution of the NBVP (3.1) if and only if
1
u(t) =A/G(t,s)f(s, u(s), u(s)) ds,
0
where G(t, s) is the Green function for the NBVP (3.3). For any u, v € P, we define
1
A)\(u,v)(t):A/G(t,s)f(s,u(s),v(s))ds.
0

From (Hy), it is easy to check that A, : P x P — P. From (H3), we know that A, : P x P — P is a mixed monotone operator.
Next we show that A, satisfies the conditions in Theorem 2.1. From (H3), for any y € (0,1) and u, v € P, we obtain
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1

As(yu,y ) :A/G(t,s)f(s, yu(s), y 'v(s))ds
0
1

2A/G(t,s)w(y)f(s,u(s),V(s))ds
0
=@()Ar(u,v)(t), tel0,1].

That is, A, (Yu,y~1v) > @(y)Ax(u,v), Yu,v € P, y € (0,1). So the condition (A;) in Theorem 2.1 is satisfied. On the one
hand, it follows from (H>), (H3), Lemma 3.1 and Remark 3.1 that

1

A, (h,h)(t) = A / G(t,s)f(s,h(s), h(s)) ds
0
1

>A/Cw(t)w(1 —t)G(to,s) f(s,a,b)ds
0

1
:kCh(t)/G(to,s)f(s,a,b)ds, te[0,1].
0

On the other hand, from (3.4), (Hy) and Remark 3.1, we obtain

1

Ay (h, h)(t) = A / G(t,s)f(s,h(s), h(s)) ds
0
1

< A/G(t, t)f(s,b,a)ds

0
1
:k%h(t)/f(s,b,a)ds, te[0,1].
0

Let
r1= min f(t,a,b), rp = max f(t,b,a).
1 telo,”f( ) 2 te[o.’l]f( )

Then 0 < ry <. Consequently,

1
1
A, (h,h)(t) > rlkC/G(to,s) ds - h(t), A, (h,h)(t) <rA—h(), te]0,1].
5 P
Note that

1

to 1
1 1 1
[G(to,S)d5=;/W(s)w(1 —fo)dS-l-;/W(fo)lﬁﬂ —s)ds=—
0 to

m2’
0

then we have r{AC f01 G(tg,s)ds > 0. Hence A, (h,h) € P, the condition (A7) in Theorem 2.1 is satisfied. Therefore, by
Theorem 2.1, there exists a unique u} € Py such that A, (u},u}) =uj. It is easy to check that u} is a unique positive

solution of the NBVP (3.1) for given A > 0. Moreover, if ¢(t) > t for te (0,1), then Theorem 2.3(R1) means that uj is
strictly decreasing in A, that is, 0 < A1 < A, implies ujl > u;z. uj{1 #* uj{z. If there exists 8 € (0,1) such that ¢(t) > t# for
t € (0, 1), then Theorem 2.3(Rz) means that uj is continuous in A, that is, A — Ao (Ao > 0) implies ||u} — uio || = 0. If there

exists B € (0, %) such that ¢(t) > t# for t € (0, 1), then Theorem 2.3(R3) means lim;_, lujll =0, lim,_, o+ ujl =0c0. O
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Example 3.1. Consider the following NBVP

—u"(t) + In2)%u®) =A[us O +u"i ()], 0<t<1,
W(0)=u'(1)=0

(3.5)

where A is a posmve parameter. In this example, we let m=1In2, f(t,x,y):= f(x,y) = X3 +y’}l. After a simple calculation,

we geta_ b_— and

h(t)_—+ (21 242271, refo,1].

Evidently, f(x, y) is increasing in x for y > 0, decreasing in y for x > 0.

9\ 3 5\~
f(a,b)=(§) +(Z) > 0.

Moreover, set ¢(y) = y%, y €(0,1). Then

A=

1 1 1 1
flyx,yly)=yix3 +yay a2 () f(x,y), xy=0.

Hence, all the conditions of Theorem 3.1 are satisfied. An application of Theorem 3.1 implies that the NBVP (3.5) has
a unique positive solution u} in Py. Moreover, note that ¢(t) > t2 for t e (0,1), then from Theorem 3.1, uj is strictly
decreasing in A, that is, 0 < A1 < A, implies uj{] > uiz, uil #* ul Taking 8 € [12 2) and applying Theorem 3.1, we know

that uj is continuous in A and lim; . [u}|| =0, lim; o+ [[uj| =0c0. O

In the following, using the same technique, we study general NBVP (3.2) with m € (0, Z). Let G(t,s) be the Green

function for the boundary value problem
{ u'(t) + mPut) =0, O0<t<1,
u'0)=u'(1)=0
Then

G(t,s) =

1 {cosmscosm(l—t), 0<s

<1,
msinm s< 1.

<t
cosmtcosm(l —s), 0<t<s

It is obvious that cosmt is decreasing on [0, 1], and

G(t,s) >G(t,t), 0<ts<l1.

Lemma 3.2. Let G(t, s) be the Green function for the NBVP (3.6). Then
G(t,s) < C-cosmtcosm(1—t)-G(tg,s), ¢t,tg,se€l0,1],

where C =1/ cos®>m.

Proof. When t,ty <s,

G(t,s) _ cosm(1 — s) cosmt _ cosm(1 —t)cosmt
G(tg,s) cosm(1—s)cosmty cosm(1 —t)cosmtg

1
< — cosm(1 —t)cosmt = Ccosm(1 —t)cosmt.
cos“m

If t <s <o,

G(t,s) _ cosm(1 — s) cosmt _ cosm(l —t)cosmt cosm(1—s)

G(to,s) cosm(1—tg)cosms  cosm(1 —t)cosms cosm(1 — to)

1
S —5= cosm(1 —t)cosmt = Ccosm(1 —t)cosmt.
cos“m
If to <s <,
G(t,s) _ cosm(1 —t)cosms _ cosm(1 —t)cosmt cosms
G(tg,s) cosm(l —s)cosmty cosm(l —s)cosmt cosmtg

1
S —>= cosm(1 —t)cosmt = Ccosm(1 —t)cosmt.
cos*m

(3.6)
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For s <t, tg,

G(t,s) B cosm(1 —t)cosms cosm(1 —t)cosmt

G(tg,s) cosm(1—tg)cosms cosm(1— tg)cosmt

S —== cosm(1 —t)cosmt = Ccosm(1 —t) cosmt.
cos“m

Therefore,
G(t,s) < C-cosm(1 —t)cosmt - G(tg,s), ¢t,tg,s€][0,1].

This completes the proof. O

Theorem 3.2. Assume (H1), (H3) hold and f(t, cos?m, 1) > 0 for any t € [0, 1]. Then the NBVP (3.2) has a unique positive solution
uj in Py, where h(t) = cosm(1 — t) cosmt, t € [0, 1]. Moreover, if p(t) > t2 fort € (0, 1), then uj is strictly decreasing in A, that
is, 0 < A1 < Ay implies ui‘q > u}‘Q, uﬁl #* uiz. If there exists B € (0, 1) such that ¢(t) > t# fort € (0, 1), then uj is continuous in A,

thatis, A — Ao (Ao > 0) implies [[u} — ujo || — 0. If there exists 8 € (O, %) such that o(t) > tP fort € (0, 1), then lim; _, o lufll=0,
lim; _, o+ [luf|l = oo.

Remark 3.2. It is easy to check that cos?m < h(t) <1 for Vt € [0, 1].

Proof of Theorem 3.2. It is well known that u is a solution of the NBVP (3.2) if and only if
1
u(t) =A/ G(t,s)f(s, u(s), u(s))ds,
0
where G(t, s) is the Green function for the NBVP (3.6). For any u, v € P, we define
1
A)\(u,v)(t)=k/G(t,s)f(s,u(s),v(s))ds.
0

Similarly to the proof of Theorem 3.1, we know that A, : P x P — P is a mixed monotone operator and satisfies the
condition (Ay) in Theorem 2.1. That is,

An(yu,y V) = () Aiu,v), Yu,veP,ye(1).
It follows from condition (H,), Lemma 3.2 and Remark 3.2 that
1
A)\(h,h)(t):)\fc(t, s) f (s, h(s), h(s)) ds

0
1

< A/C'cosmtcosm(l —t)- G(to,s) f (s, 1,c052m)ds
0

1
=ACh(t)/G(t0,s)f(s,1,c052m)ds, telo0,1].
0
From (3.7), (H») and Remark 3.2, we obtain
1
A)\(h,h)(t)=A/G(t,s)f(s,h(s),h(s))ds

0
1

> A/G(t, O f (s, cos2m, 1)ds
0

1
1
. h(t)/f(s,coszm,l)ds, te[0,1].
inm

0

=A
ms
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Let

: 2 2
r1 = min f(t,cos“m,1), rp = max f(t,1,cos“m).
! te[O.lJf( ) 2 te[O,l]f( )

Then 0 < r; < rp. Consequently,
p 1
Ay (h,h)(®) < rsz/G(to,S) ds - h(t), A (h, h)(t) > riA———=h(t), te][0,1].

msinm
0

Note that
1 1 to
/G(to,s)ds = ,—/cosm(l — tg) cosmsds +
msinm
0 0

1
1
/cos m(1 —s)cosmtods = 2

msinm 27

to

then we have rAC fol G(to,s)ds > 0. Hence A, (h,h) € Py, the condition (Aq) in Theorem 2.1 is satisfied. Therefore, by
Theorem 2.1, there exists a unique uj € Py such that A, (uj,u}) =uj. It is easy to check that u} is a unique positive

solution of the NBVP (3.2) for given A > 0. Moreover, if ¢(t) > t2 for t € (0,1), then Theorem 2.3(R1) means that uj is
strictly decreasing in A, that is, 0 < A1 < A, implies uj{] > u;z. uj{1 #* ujz. If there exists 8 € (0,1) such that ¢(t) > t# for
t € (0, 1), then Theorem 2.3(Rz) means that uj is continuous in A, that is, A — Ao (Ao > 0) implies ||u} — u’;o || — 0. If there

exists B € (0, %) such that ¢(t) > t# for t € (0, 1), then Theorem 2.3(R3) means lim;_, lufll =0, lim, o+ [uj| =0c0. O

Example 3.2. Consider the following NBVP

2
" T 1 _1
u (t)+<§> u®) =rus@®+u4(@®)], 0<t<l, (38)
u'(0)=u'(1)=0,

where A is a positive parameter. In this example, we let m= %, f(t,x, y) = f(x, y) = X3 + y*zl’l. Then m € (0, ) and
4 T
h(t) = cos gtcos 3(1 —t), te[0,1].

Evidently, f(x, y) is increasing in x for y > 0, decreasing in y for x > 0.

1
1\ 3
f(coszg,l>=<‘—l> +1>0.

Moreover, set ¢(y) = y%, y €(0,1). Then

Flyxy™ ) =738 471y 1 2000 fx.y). xy>0.
Hence, all the conditions of Theorem 3.2 are satisfied. An application of Theorem 3.2 implies that the NBVP (3.8) has
a unique positive solution u} in Pj. Moreover, note that ¢(t) > t3 for t € (0,1), then from Theorem 3.2, uj is strictly
decreasing in A, that is, 0 < A1 < Ay implies u} > ”L’ u;‘:l #* u;“q. Taking B € [%, %) and applying Theorem 3.2, we know
that u} is continuous in A and lim; . [[uf|| =0, lim,_, o+ [[uf[| =0c0. O

Next we consider the following two-point BVPs:

u +Af(t,u,u)=0, te(0,1),

u(0) =u(1)=0, (1)
u"+Arf(t,u,u)=0, te(0,1),

u0)=u'(1)=0, (s2)
u"+Arf(t,u,u)=0, te(0,1),

u'(0)=u(1)=0, (s3)
u” +rf(t,u,u)=0, te(0,1), ()
u(0) =u'(0)=u"(1) =0, G4

where X is a positive parameter and f(t, u, v) is continuous.
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It is well known that u is the solution of the problem (¢;), i =1, 2, 3,4, if and only if
1
u(t) =A/G,~(t, s)f(s,u(s),u(s))ds, tel0,1],i=1,2,3,4,

0
where
t(1—s), 0<t<s<1, t, 0<t<s«<1,
Gi1(t,s) = Ga(t,s) =
s(1—t), 0<s<t«1, s, 0<s<t«<1,
o) {1—5, 0<t<s<1, Calto) 12, 0<t<s<1,
3(,S) = 4(t,s) =
I—t, 0<s<t<1, 12— 2(t—-s?% 0<s<t<1.

Theorem 3.3. Assume that the function f(t, u, v) satisfies (H1), (H2) and

(Hyg) foranyte[0,1], f(t,0,b;) >0,i=1,2, 3,4, where

1 1
b = -, b :b :b = -,
1 3 2 3 4 2

Then the BVP (g;), i =1, 2, 3, 4, has a unique positive solution u} in Py, where
1 1 1 2 1,
h1(t)=§t(1 -1, hz(t)=§t(2—t), h3(t)=§(1 —t), h4(t)=5t , tel0,1].

Moreover, if p(t) > t3 for t € (0, 1), then uf is strictly decreasing in A, that is, 0 < A < Ay implies uj{l > u;“Q, ujl #* u’;z. If there
exists B € (0, 1) such that ¢(t) > t# fort € (0, 1), then uj is continuous in A, that is, A — Ag (Ao > 0) implies |lu} — uﬁo | — 0.If
there exists 8 € (0, %) such that (t) >t fort € (0, 1), then lim; _, o0 luill =0, lim,_ o+ [[u} || = co.

Sketch of the proof. For any u, v € P, we define
1

Ak(u,v)(t):k/Gi(t,s)f(s,u(s),v(s))ds, i=1,2,3,4.
0

Similarly to the proof of Theorem 3.1, we know that A; : P x P — P is a mixed monotone operator and satisfies the
condition (A2) in Theorem 2.1. Using the same argument as in Lemma 3.2, we can easily prove that G4(t, s) > ha(t)G4(to, S),
t,s € [0,1], tg € (0, 1]. Moreover, note that h;(t) = fol Gi(t,s)ds, i =1,2,3, and Gqu(t,s) < ha(t), t,s €[0,1]; then we can
prove that the condition (A7) in Theorem 2.1 is satisfied. Therefore, the conclusion follows from Theorems 2.1 and 2.3. O

3.2. Three-point BVPs

Three-point BVPs for differential equations or difference equations arise in a variety of different areas of applied math-
ematics and physics. The study of multi-point BVPs for linear second-order ordinary differential equations was initiated
by II'in and Moiseev [33,34]. Motivated by the study of II'in and Moiseev, Gupta [28] studied certain three-point BVPs for
nonlinear ordinary differential equations. Since then, more general nonlinear three-point BVPs have been studied by many
authors with much of the attention given to positive solutions. For a small sample of such work, we refer the reader to
works by Ahmad and Nieto [6], Gupta and Trofimchuk [29], Karaca [36], Ma [51], Raffoul [56], Xu [68], Yang, Zhai and
Yan [69] and Zhai [71]. However, few papers have been reported on the existence-uniqueness for three-point BVPs. In this
subsection we consider the following two classes of three-point BVPs for second-order differential equation:

{u”—i—kf(t,u,u):O, te(0,1), (3.9)
u(0 =0, u(1)—pBu(n =0, ’
where n € (0,1), 8>0,1—8n>0;
{u”+kf(t,u,u):0, te(0,1), (310)
u'(0)=0, u(1)—pBu(m =0, '

where n € (0,1), 0 <8 <1; A is a positive parameter and f(t, u, v) is continuous.
Different from the above mentioned works, here we will use Theorems 2.1 and 2.3 to show the existence-uniqueness of
positive solutions for the problems (3.9) and (3.10).
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By a positive solution of (3.9) or (3.10) we understand a function u(t) which is positive on 0 <t < 1 and satisfies
differential equation and boundary conditions.
We also work in the space C[0,1]. P ={u € C[0,1]|u(t) >0, t €][0,1]}, the standard cone.

Theorem 3.4. Assume (H1), (H) hold and

(Hs) foranyt [0, 1], f(t,0,h(tg)) > 0, where

1—8n? 1 1—8n?
to=i h(t) = —=t> + pn

s —t, te]0,1].
21— pn) 2  taa gyt e

Then the three-point BVP (3.9) has a unique positive solution uj in Py. Moreover, if ¢(t) > t2 for t € (0,1), then uj is strictly
decreasing in A, that is, 0 < A1 < A, implies ujl > u;z, ujl #* uL. If there exists B € (0, 1) such that ¢(t) > t? fort € (0, 1), then uy

is continuous in A, that is, . — Ao (Ao > 0) implies ||u} — uj{o || = 0. If there exists B € (O, %) such that o(t) > t# fort € (0, 1), then
1m0 [l = 0, lim, g+ lu% | = oo.

Remark 3.3. Function h(t) satisfies h(0) =0, Bh(n) =h(1), h”(t) =—1 and for t € [0, 1],

t n 1
_ pt t
h(t)_—O/(t—s)ds—l_ﬂnO/(n—s)ds—i—l_ﬂnof(l—s)ds.

It is easy to prove that h(t) >0, h(t) 20 and 0 < h(t) < h(tp) for t € [0, 1].

Proof of Theorem 3.4. It is well known that u is the solution of the problem (3.9) if and only if u = A, (u, u), where
t
Ar(u, V() = —/(t—S)Af(s,u(S), v(s))ds
0

t
1—

Bt
1-8n

7 1
/(n —Af(s,u(s), v(s))ds + T /(1 — A f(s,u(s), v(s))ds.
0 0

Next we show that A; is mixed monotone and satisfies (A1), (A2). To illuminate this, we divide into two cases: (i) for any
t € [0, n], we have

t
Ay, v)(0) = —/(t—s)xf(s,u(s), v(s))ds
0

t
1-p87

Bt
1-p8n

7 1
/(17 —)Af(s,u(s), v(s))ds + /(1 —)Af (s, u(s), v(s))ds
0 0

1
= ] _tﬁn /(1 — S))\f(s, u(s)’ V(S)) ds
n
n
+ 1 _tﬂn f(l —s—pBn +ﬂS))»f(s, u(s), V(S)) ds
t
+ : _1,37; O/(s —ts+ Bts — BsmAf (s, u(s), v(s)) ds,

(ii) for any t € (n, 1], we have

t
As(u, v)(t) = —/(t—s)xf(s,u(s), v(s))ds
0
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/(n—s)/\f(s u(s), v(s))ds+ /(1 —)Af(s,u(s), v(s))ds

ﬂ
(s.u(s), v(s)) ds
1 t
T g /“‘S”ﬁm = BnS)f(5,u(s), v(s)) ds
n
1 n
T /(5_““ﬂf—Sﬂn)xf(s,u(s),v(s))ds
0

For case (i), we can easily get 1 —s — Bn+ Bs>0 for se[t,n] and s —ts+ Bts — Bsn > 0 for s € [0, t]. For case (ii), we can
easily get s—st+B8nt—Bns >0 for s € [n, t] and s—st+sBt—spBn > 0 for s € [0, n]. Note that 1—Bn > 0 and from (Hq), we
obtain A; (u, v)(t) >0, for u,v € P, t € [0, 1]. Further, also from the above two cases (i), (ii) and that f(t, x, y) is increasing
in x, decreasing in y, we can easily prove that A, : P x P — P is mixed monotone. For any y € (0, 1) and u, v € P, we have

t
An(yuy )0 = —/(t—s)kf(s,Vu(s),y‘lV(s))ds

n

- l_ﬁﬁn f(n—S)kf(s,)/u(S),J/”V(s))ds
0

g O/(l —Af (s, yus),y ' v(s))ds

It follows from the above two cases (i), (ii) and (Hy) that

t
Ai(yu,y~v)©) >(p(y)|:—/(t—s)xf(s,u(s), v(s))d —$)Af (s, u(s), v(s))ds
0

+

1
1-8n O/(l —Af (s, u(s), V(S))ds:| =@ (y) A, V)(D).

In the following we show that A, (h, h) € Pj. Let
r1 = min f(t,0,h(tg)), r, = max f(t, h(tg), 0),
1 te[O,]]f( (to)) 2 te[o,l]f( (to).0)

then 0 < ry <ry. From the above two cases (i), (ii), we have

t
Ax(h, h)(t) = —/(t —$)Af (s, h(s), h(s))ds

—$)Af (s, h(s), h(s))ds +

/(1 —$)Af (s, h(s), h(s))ds

/(l —5) ds] =ri h(t),

—s)ds+

>T1k|:—

and
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t
Ay (h, h)(t) = —/(t —$)Af (s, h(s), h(s))ds

1
—$)Af (s, h(s), h(s))ds + ] _t ; /(1 —$)Af(s, h(s), h(s))ds

<r2k|: /(t—s)ds—i/‘(n— )ds+ /(1—s)dsi|:r2)»h(t).

Hence Aj (h, h) € Py. Therefore, the conclusion follows from Theorems 2.1 and 2.3. O

Theorem 3.5. Assume (H1), (H2) hold and

(Hg) foranyt e[0, 1], f(t, h(1), h(0)) > 0, where

1, 1-pp

Then the three-point BVP (3.10) has a unique positive solution uj in Py. Moreover, if ¢(t) > t3 for t € (0,1), then uj is strictly
decreasing in A, that is, 0 < A1 < Ay implies ”x > uk2 uAl * uA2 If there exists B € (0, 1) such that ¢(t) > tP fort € (0, 1), then uy

is continuous in A, that is, . — Ag (Ao > 0) implies ||u} — uAO || = 0. If there exists B € (O, 2) such that o(t) > t# fort € (0, 1), then
lim; oo Ul | =0, limy _, o+ |[uf || = 00

Remark 3.4. Function h(t) satisfies h’'(0) =0, Bh(n) =h(1), h”(t) = —1 and for t € [0, 1],

1 n t
h(t)Zﬁ/U—S)dS—%/‘(n—s)ds—/(t—s)ds.
0 0 0

It is easy to prove that h(t) > 0, h(t) 20 and h(1) < h(t) <h(0) for t € [0, 1].
Proof of Theorem 3.5. It is easy to see that u is the solution of the problem (3.10) if and only if u is a solution of the
operator equation
1 : B /
Ap(u, v)(t) = -5 /(1 —S)Af(s, u(s), v(s))ds — -5 /(n —S)Af(s,u(s), v(s))ds
0

0
- /(t —S)Af(s, u(s), v(s))ds
0

Next we show that A, is mixed monotone and satisfies (A1), (A3). Firstly, we also divide into two cases: (i) for any t € [0, 1],
we have

1

1
AU, v)(t) = m/(1 —$)Af(s,u(s), v(s))ds —

0

L

7
ﬂ/ —)Af(s,u(s), v(s))ds
0

t
—/(t—s)kf(s,u(s),v(s))ds
t 7
= ﬁ[/(] —)Af(s,u(s), v(s))ds—i—/(l —$)Af(s,u(s), v(s))ds
0 t

1
+ /(1 —)Af(s,u(s), v(s))ds}
n
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t 7
_ %[/(ﬂ —OAf (s, u(s), v(s)) ds+/(77—s))»f(s,u(s),v(s))dsi|
0

— /(t —$)Af(s,u(s), v(s))ds
0

! 1
1
=173 [/(1 —t— BN+ BOLF(s,u(s), v(s)) ds+/(1 —s— B0 —)Af(s,u(s), v(s))ds

0 t
1
+/(1 — A f(s,u(s), v(s))ds],
n

(ii) for any t € (, 1], we have

1 n
Ak(u,v)(t)_—ﬁ/ (1= $)Af(s, u(s), v(s))ds — Lﬂ/ (M —)Af (s, u(s), v(s))ds
0 0
/(t—s)kf s, u(s), v(s))ds

= |:/(1 —$)Af(s, u(s), v(s) ds—l—/(l —S)Af(s,u(s), v(s))ds

1
/(1 —)Af(s,u(s), v(s) ds:| — L,B n—9s)Af(s,u(s),v(s))ds
0
n t
_ |:/(t—s)kf(s,u(s),v(s)) ds—i—/(t—s)kf(s,u(s),v(s)) ds:|
0 n
1 t
= ﬁ[/(l —f—l377+ﬁf))»f(5,U(S),v(s))ds—i—/(l —t+ Bt —9))Af(s, u(s), v(s))ds
0 n

1
+/(1 —s)Af(s,u(s),v(s))ds].
t

From 7 € (0,1), 0 < B8 < 1, the condition (H{) and the above two cases (i), (i), we have A,(u,v)(t) >0 for u,v € P,
t € [0, 1]. Secondly, from (H3), we know that A, : P x P — P is mixed monotone. Finally, using the same reasoning as in
Theorem 3.4, we have A, (h, h) € Py. The conclusion follows from Theorems 2.1 and 2.3. O

Example 3.3. Consider the following three-point BVP
u” +A[u¥ +u"T]=0, te(0,1),

1 /1 (3.11)
u(0) =0, u(l)—5u<2>:0,

where o, T € (0,1) and A is a positive parameter. ‘
In this example, n =}, B = 7. Evidently, 1 — g5 > 0. Set f(t,u,v) =u® +v~" and @(y) = ™7 then f(t,u,v)
satisfies (Hq) and (H>). In addition,

31 1 1-8n? 1 31
h(t)=——t2+¢t ——t24+—t>0, tel0,1].

to=—,
0= 56 20 T 2(1-pn) 2" 56
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For t € [0, 1], we have f(t,0, h(tg)) = [h(tp)]~® > 0. Hence, all the conditions of Theorem 3.4 are satisfied. An application of
Theorem 3.4 implies that the BVP (3.11) has a unique positive solution in Py. O

Example 3.4. Consider the following three-point BVP

u +Au¥+u"T]=0, te(0,1),
W©0)=0, u(1) (Y=o (312)
- 2 \4) 7
where o, T € (0,1) and A is a positive parameter. '
In this example, n = }1, B= % Set f(t,u,v) =u®+v~7 and @(y) = y™n®T} |n addition,

1 1-pn? 1 31
h(t) = —=t* + 1=p_ 1 + 5720, tel0,1]
2 21— p) 2 32
For t € [0, 1], we have f(t,h(1),h(0)) > 0. An application of Theorem 3.5 implies that the BVP (3.12) has a unique positive
solution in Pp,.

3.3. Nonlinear elliptic BVPs for the Lane-Emden-Fowler equations

Let £2 be a bounded domain with smooth boundary in RY (N > 1). Consider the following singular Dirichlet problem for
the Lane-Emden-Fowler equation:

—Au=Af(x,u,u), xe§2,
ux) >0, Xxe s, (3.13)
ux) =0, Xxe a2,

where A > 0 and the nonlinear term f(x, u, u) is allowed to be singular on 952.

The problem (3.13) arises in the study of non-Newtonian fluids, boundary layer phenomena for viscous fluids, chemical
heterogeneous catalysts, as well as in the theory of heat conduction in electrically materials (see [15,21,22,55,59]). The the-
ory of singular BVPs has become an important area of investigation in the past three decades, see [2-5,13,15-17,21-24,31,
32,40,41,48,52,55,58,64,67,73] and references therein. Among these singular elliptic boundary value problems for partial dif-
ferential equations, papers [13,15,16,22,24,31,32,41,52,58,73] established some existence and nonexistence results, a unique
positive solution by means of sub-supersolutions and various techniques related to the maximum principle for elliptic
equations. For one-dimensional case, the corresponding singular boundary problems for second-order ordinary differential
equations have been studied extensively in the literature (see for instance [2-5,48] and references therein). However, to our
knowledge, the results on the existence-uniqueness of positive solutions for the general singular elliptic equation are still
very few. The purpose here is to establish the existence-uniqueness of positive solutions to the singular Dirichlet problem
for the Lane-Emden-Fowler equation (3.13). Different from the works mentioned above, we will use Theorem 2.1 and 2.3
to show the existence-uniqueness of positive solutions for the problem (3.13).

Throughout this subsection, denote by W*.!(§2) the Sobolev space (see [1]), where [ > 1 and k is a nonnegative integer.
And denote by h; the first eigenfunction of the following eigenvalue problem —A@ =A@ in £2, and ¢|3 = 0. For con-
venience, we assume that hq(x) > 0 in £2. Moreover, it is well known that (see for instance [67]) there exist two positive
constants Cy, C3 such that the first eigenvalue function satisfies

0<C<hM[dw] ' <G, xee, (314)
where d(x) = dist(x, 952).

Lemma 3.3. (See [9].) Let 2 be a bounded domain with smooth boundary in RN (N > 1). If the operator —A + k is coercive and
uell (£2)satisfies

loc
{—Au+ku>0, Xes2,
u(x) >0, xXe,

then either u(x) = 0 or u(x) > Cod(X), x € £2, where d(x) = dist(x, 982) and Cy is a positive constant depending only upon N, 2
and k.

The above result is originally due to G. Stampacchia, which plays an important role in the proof of the following main
result.
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Lemma 3.4 (From the proof of Theorem 3.1 in [42]). Let §2 be a bounded domain with smooth boundary in RN (N > 1). If w € W2(2)
and w(x) = 0 for x € 352, then there exists a constant M1 > 0 such that

|lwx)| < Mih1(x), xe€,
where My depends only upon N and $2.

Theorem 3.6. Assume that (H1)', (H2)' hold and

(H7) f(x,u,v) is Holder continuous in the variable x with the Hélder exponent v € (0, 1) for each u, v € R** and is continuous in
the variables u, v foreach x € £2;
(Hg) f(x,u,v) satisfies the condition of integrability, i.e.,

/f(x, h1(x), h1(x))ldx < +oo forsomel> N.

Then the problem (3.13) has a unique positive solution u} € C1.A(£2) with respect to . > 0, where f =1 — # Moreover, if p(t) > t2
fort € (0, 1), then uj is strictly decreasing in A, that is, 0 < A1 < A, implies uj{] > uiz, uj{] #* uj{z. If there exists 8* € (0, 1) such that

o) > tF" fort € (0, 1), then uj is continuous in A, that is, A — Ao (Ao > 0) implies ||u} — uj{o || = 0. If there exists B* € (0, %) such
that (t) > tB* fort e (0, 1), then limy . [|uj || =0, lim,_, o+ Huj{“ =00

Remark 3.5. Compared with the corresponding result in [42, Theorem 3.1], the above result is very general. Some examples
of the functions which satisfy the conditions (H1)’, (H3)’, (H7), (Hg) are:

(1) f(x,u,v) = g®[r@) + ¢(v)], where r: R** — R** is increasing, ¢ : R** — R** is decreasing, g(x) > 0, and
g(x) € C7(2) with y € (0,1). r, ¢ satisfy fQ[r(h1(x)) + ¢(h1(x))]'dx < +o00 and for any t € (0, 1), there exist con-
stants @1 (t), @2(t) € (t, 1] such that r(tu) > @1 (t)r(u), ¢(tu) > @2(t)¢(u), u € RT. Here we take ¢(t) = min{g (t), ¢2(t)},
te(0,1).

(2) f(x,u,v) =aX)[uP +v~T], where p,t € (0,1) and a is a Holder continuous function in £ such that c;d(x)7 <
a(x) < cad(x)? in £2, here c1,c; > 0, g is a real number and d(x) = dist(x, 952). Moreover, if N(p + q) > —1, then
Jolhi?(01dx < 4o0; if 0 <7 < &, then [,[h1 " (x)]'dx < +oo, where | > N. Here we take @(t) = min{tP, 7},
te(0,1).

Proof of Theorem 3.6. For the sake of convenience, set E = C(£2), the Banach space of continuous functions on §2 with the
norm ||u|| = max{|u(x)|: x € £2}. Set P = {u e C(£2) | u(x) >0, x € £2}, the standard cone. It is clear that P is a normal cone
in E and the normality constant is 1.

Firstly, we show that, for any u, v € Py, the following linear elliptic boundary value problem

—Aw=Af(x,u,v), xc82,
w(x) > 0, X€ES2, (3.15)
w(x) =0, Xxe€0s2,

admits a unique strong solution. Since u, v € Py, we can choose sufficiently small numbers ry, 1y € (0, 1) such that

rehn (0 < U ) < rlrn(x), Fh 00 < V() < rlfn(x), xe .
u v

Let ro = min{ry, ry}. Then from (H;)’, there exists ¢(rg) € (ro, 1] such that
1
fxu®),vx) = f(X, roh1(x), ahl(x)) > @(ro) f(x. h1(x), 1 (x)), x€ 2,

1 1
fx u@),vx) < f(x, —h1(x), roh1(X)) <——f(x.m®), ), xe.
To @(ro)

Thus we get by applying the integrability condition (Hg) that

/[f(x, u(x). v(x)] dx < +oo,

Q
namely, f(x,u, v) € L'(£2). By the classical theory of linear elliptic equations (see [39]), the problem (3.15) admits a unique
strong solution wy y € w2l2)n WS"(Q). Recall that [ > N. Using the Sobolev imbedding theory, wy y € Cc1-A(§2) with
B=1-— ¥ Now we define an operator A; : Py, x Pp, — E by
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AU, v)(X) =wy y(X), u,vEePy,

where wyy is the unique strong solution of (3.15) for u € Pp,. Evidently, A; : Py, x Pp, — P. Next we prove that
Aj.(h1,h1) € Pp,. Suppose that ¢ is the solution of (3.15) with u =v = hy, then A,(hi,h)) =¢ € C1-A(£2). Then from
Lemma 3.4, there exists a positive constant C, such that

¢(x) < Coh1(x), xe%.

Note that f(x, h1(x), h1(x)) > 0. By the maximal principle, ¢ (x) > 0. Since ¢ (x) > 0 for x € £2, an application of Lemma 3.3
implies that

d(x) = Cod(x), xe£2. (3.16)

Combining (3.14) and (3.16), there exists a positive constant ¢, such that

d(x) = cphi(x), x€£.

XPh1—>PiS

Hence, ¢ = A, (hq,h1) € Pp,. From (Hz)" and the comparison principle, we can easily prove that Ay : Pp,

mixed monotone.
Secondly, we prove that A; satisfies (A2). For any u,v € Py, and t € (0, 1), we have

—AA,(tu, t’lv) =1 f(x tu, t’lv), xe R,
Ay (tu, t7v) () =0, Xe€o8,
and
—ApOA, (U, v)=rp@) f(x,u,v), xei2,

POALU, v)(x) =0, X€df.

From (Hy)" we get f(x, tu(x), t~1v(x)) — @(t) f (x, u(x), v(x)) > 0 for any x € £2. Therefore,
—A(An(tu, t7v) — (O AL, v)) =0, xe £,

A (tu, t71) (0 — (DAL (U, v)(x) =0, x€ds2.

Using the comparison principle again, we can obtain A; (tu,t~1v) > @(t)A; (u, v) immediately. Finally, using Theorem 2.1,
operator A, has a unique fixed point uj in Py, i.e., Ay (u},u}) =uj}. This implies that the problem (3.13) admits a unique
solution uj € Py,. By the theory of the linear elliptic equation, for fixed u = v =uj}, the problem (3.15) admits a unique

solution u_x e w2l(@2)n Wé’l((z), and hence u_j e C1A(£2). Recalling the uniqueness of the solution of (3.13), one can see
that u_’; =uj. Thus the problem (3.13) has a unique classical solution u} € C1.A(£2). Moreover, by using Theorem 2.3 and
the theory of the linear elliptic equation, if @(t) > t3 for t € (0,1), then uj is strictly decreasing in A, that is, 0 <1 < A2
implies u;] > u;z, uj{1 #+ uj{z. If there exists 8* € (0, 1) such that ¢(t) > t#" for t € (0, 1), then uj is continuous in 2, that is,

A— Ao (Ao > 0) implies ||u} —uio || = 0. If there exists g* € (0, %) such that ¢(t) > t#" for t € (0, 1), then lim;_ oo lujll=0,
lim, o+ lufll =00. O

Remark 3.6. The method used here is new to the literature and so is the existence-uniqueness result to the singular Dirichlet
problem for the Lane-Emden-Fowler equation. This is also the main motivation for the study of (3.13) in the present work.
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