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Euclidean special geometry has recently been investigated in the context of Euclidean supersymmetric
theories with vector multiplets. In the rigid case, the scalar manifold is described by affine special para-
Kéhler geometry while the target geometries of Euclidean vector multiplets coupled to supergravity are
given by projective special para-Kdhler manifolds. In this Letter, we derive the Killing spinor equations of

Euclidean N = 2 supergravity theories coupled to vector multiplets. These equations provide the starting
point for finding general supersymmetric instanton solutions.
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1. Introduction

Special geometry was first discovered in the study of the cou-
pling of N =2 supergravity to vector multiplets [1]. In recent
years, this geometry has provided an important ingredient in the
understanding of non-perturbative structure in field theory, su-
pergravity, string compactifications (see for example: [2]), as well
as in the study and analysis of black hole physics [3]. More re-
cently, the Euclidean version of special geometry has been inves-
tigated in the context of Euclidean supersymmetric theories [4-6].
The Euclidean versions of the special geometries can be obtained
from their standard counterparts by replacing i by the object e
with the properties e2 =1 and é = —e. In the context of find-
ing instanton solutions, this replacement was first done in [7]
in the study of D-instantons in type IIB supergravity. Geometri-
cally, this change of i into e, is effectively the replacement of the
complex structure by a para-complex structure. Details on para-
complex geometry, para-holomorphic bundles, para-Kihler mani-
folds and affine special para-Kdhler manifolds can be found in [4].
In the rigid case, the scalar manifold is described by affine special
para-Kdhler geometry. Starting from the general five dimensional
vector multiplet action, the dimensional reduction over a time-
like circle was considered in [4]. The Euclidean action, together
with the supersymmetry transformations when expressed in terms
of para-holomorphic coordinates, are of the same form as their
Minkowskian counterparts.

In [6] the results of the rigid case were generalised by con-
sidering the dimensional reduction of the five dimensional super-
gravity theory of [8]. The dimensional reduction with respect to a
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time-like and space-like direction, gives respectively the Euclidean
and Lorentzian theories in four dimensions. The bosonic action for
both types of reductions was obtained in [6]. The target geometries
of Euclidean vector multiplets coupled to supergravity are given by
projective special para-Kahler manifolds [6]. In this work, we com-
plete the analysis of [6] and determine the associated Killing spinor
equations. These will be a step in the direction of the classification
of instanton solutions with non-trivial gauge and scalar fields. We
organise this work as follows. We review the bosonic reduction [6]
in Section 2. This will fix our notation, as well as the relation be-
tween the five and four dimensional bosonic fields needed to study
the reduction of the Killing spinor equations from five to four di-
mensions. Section 3 contains the reduction of the Killing spinor
equations. Section 4 describes how these equations can be rewrit-
ten using an appropriate chiral decomposition, and recast into an
e-complex form, or into an adapted co-ordinate form. We conclude
in Section 5.

2. Bosonic reduction and special e-Kihler geometry
In this section we review the bosonic reduction of the five

dimensional supergravity theory [6]. The Lagrangian of the five di-
mensional theory is given by [8]"

JUEPIPN 1~ 1 O | . s
€75 = 3R = SGyoah'a™h! — 2Gy(F) (7)™
a1
e . _
g G (P, (P, (s 21

! This is related to the original Lagrangian via the following identifications:

. 6lUe . .
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Here é is the determinant of the fiinfbein and R the space-time
Ricci scalar, Cjj, are real constants, symmetric in i, j, k. All the
physical quantities of the theory are determined in terms of a
homogeneous cubic polynomial ¥ which defines very special ge-
ometry,

10 0 9 1 K
ij = —EW%(IHV) . = Ehlh] — ECl]kh (22)
where
1 i ivk _ pi 1 ik
V:ECijkhh h* =h'h; =1, hiEEC,-jkh h*. (2.3)
In particular we have the relation
3
Gijh! = Zh;. (2.4)
2
The reduction ansatz is given by [6]:
el=e "2 &0 =e?(dt— A°). (2.5)

Here é are the fiinfbeins, e® are the vielbeins, A? and ¢ are, respec-
tively, a gauge field and a scalar field. All fields are independent
of the coordinate t, and e =0, A? = 0. The five dimensional flat
metric is denoted by nz; = (—€, +, +, +, €) while the four dimen-
sional one is denoted by 14 = (4, +, +, €); Roman indices m,n
denote D =5 frame indices, whereas a, b, ... are D =4 frame in-
dices. Here € = —1 for reduction on a space-like direction and
€ =1 for reduction on a time-like direction.

Note that the non-vanishing components of the D =5 spin con-
nection @, written in the frame basis, are given by

. ¢

Wo 05 = —€€2 0P,

€ 9500

@oab = T3¢ (F°) s

€ 95000

wa,OB - _56’ (F )ab’

N ¢ 1 1

@ e =€ | @abe T 5NacOp = 5 Mapdep (2.6)

where indices on the LHS are D =5 frame indices, taken with re-
spect to the basis €, whereas the indices on the RHS are e® frame
indices, and FO = dA°. The spin connection associated with the
D =4 basis e? has components wq pc.

The D =5 gauge potentials A’ (F' =d.A!) are decomposed as

A =x(dt - A%+ A, Al=0 (2.7)

where Al are the D =4 gauge potentials; the scalar fields x' and
gauge potentials A' are also independent of t. So the components
of the D =5 gauge field strengths F' in the frame basis are given
by

Fog=—€ 290X,

i o(pi_ R0
Fp=e (F'=x'F%),, (2.8)
where Fi =dA!, and on the LHS, the indices are frame indices de-
fined with respect to (2.5), and on the RHS e? frame indices are

used.
Then, after performing the redefinitions:
hi = e_(byi7 Gij = —Zeg;je2¢, (2.9)

and rescaling the D =4 gauge fields FO and F! by a factor of v/2,
we obtain from (2.1)

1 o o
elc= ER — 8ij(0aX'9%% — €90y y7)

€
C —FO0.F0
+ yyy[24

1 o .
+es (gxxF®- FO + gijF' - F1 —2(gx);F' - FO)}

1 S S
+ 5 BCyF - F = 3(Cxx)iF' - FO
+ (Cxxx)F® - F?] (2.10)

where R is the Ricci scalar of the D =4 manifold with metric
dsfl = 8ape%P. We have used the notation

Chhh = Cijh' iRk,
(Cyij= Cijkhi

and F - F = Fgp F%. The dual field strength is Fq, = %eadeFCd, and
we remark that the relationship between the D =5 and D =4
volume forms is?

(Chh); = Cijch'h?,
(2.11)

dvols = —e—2#60 A dvol, (212)

where dvoly is the volume form of the D = 4 manifold with metric

ds3.
The explicit form of gj; is
3/(Cy)ii 3(Cyy)i(Cyy)i
U:e_(( Yij 3 (Cyyi( y2y)1> (213)
2\Cyyy 2 (Cyyy)

For both values of €, it was demonstrated in [6] that (2.10) can
be described by the Lagrangian of the four dimensional N =2 su-
pergravity theory coupled to vector multiplets [9-11]

1 i 1
elr= SR — 80,202 + ImN; F' - F/

1 -
+ ZReN;,F'-F’, (2.14)
with the cubic prepotential
1 Xixixk
F= & Ciik g — (2.15)

It should be mentioned that the dimensional reduction of (2.1)
on a space-like circle was considered before in [8]. The coupling
of N =2 vector multiplets to N =2 supergravity is encoded in
a holomorphic homogeneous prepotential F(X) of degree two.
To demonstrate the equivalence of the reduced theory with the
one given by (2.14), (2.15), the so-called e-complex coordinates
(X! =Re X! + i Im X") were introduced and F is taken to be e-
holomorphic, i.e. it depends on e-complex scalar fields. Here i,
satisfies ic = e, for € =1 and i =1, for € = —1. In the symplectic
formulation of the theory, one introduces the symplectic vectors

XI
V= <F, ) (2.16)
satisfying the symplectic constraint
ie(X"Fi = X'F)) = =N x'X! =1 (217)
where
Nyj = —ie(Fry — Fiy), (2.18)

2 This is the opposite sign convention to that used in [6].
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Fj = , and Fjj = axlaxl The constraint (2.17) can be solved by
settmg

X! =eK@D2x1 (7) (219)
where K(z, z) is the Kdhler potential. Then we have

e K@D — N X! (2)X! (2). (2.20)

The resulting geometry of the physical scalar fields z' of the vector
multiplets is then given by a special Kdhler manifold with Kahler
metric
_ 0%K(z.2)
i~ Taziazi
A convenient choice of inhomogeneous coordinates z' is the special
coordinates defined by

(2.21)

X'2=1, X@=7.
The gauge field coupling matrix is

(NX)1(NX),

Nij=Fij(X) +ice ——=——= 2.22
1] =Frj(X) +ie INK (2.22)
For theories with cubic prepotentials in (2.15), we obtain

3(Cy)ij 9 (Cyy)i(Cyy);
i,:e(—( Vij 9 (Cyyi( y2y)1> (2.23)

2Cyyy 4 (Cyyy)
and
M —lexx—i-eiC 2 xx—i—l
00—3 eLYyy 3g 6/

2
Noi = (Cxx), — 5€leCyyy(eni.
2 .

Nij = (Cx)ij + 3€1e8iCyyy- (2.24)

Therefore the kinetic term of the scalar fields agrees with the re-
duced theory where
Z=x—icy (2.25)

Using (2.24) the gauge part of the action (2.14) gives
—enyy( FO. FO 4 gxxF%. FO — 2(gx);F' - FO 4 g F' - Fj>

1 . o o
+ E(chxFO CFO —3(Cxx)iF'- FO + 3(Cx)yF - F/)  (2.26)

which agrees with the reduced Lagrangian.
3. Reduced Killing spinor equations

In this section we start with the supersymmetry variation of
the gravitini and gaugino in the five dimensional supergravity the-

ory and reduce them to four dimensions. The associated Killing
spinor equations are

(b,ﬁ + éhi(rmﬁlnz 45M r"z)f,’”nz)é =0 (31)
and
(32)

((F' = hihj]:j)ﬁ i riiz 4 2iVahi r™)e = 0.

Here D = 8 + 4a)mn iy '™ s the five dimensional covari-
ant derivative. Note that Ip squares to —e, and I'0 = —elp. We

first reduce (3.1) and (3.2) to D = 4; throughout what follows the
rescaling of the D =4 gauge field strengths by +/2 is taken into
account.

First consider the m =0 component of (3.1); this reduces from
D=5 to D=4 to give

i . .
<§e%h1~1"“(aax’ +iday' I'0)

i2¢ab_ i ,ip0 e A W
+me r®(hilo(F' —x'F°) , +iee Fab)>8_0. (33)

Consider also the reduction of the D =5 gaugino equation (3.2);
which gives

(—%ez To(5, — hiny) (F)

—xIF%) , r®

+ (30X — h'hjdex’ +iTHday" — ie¢hiaa¢ro))é =0. (34)
After some calculation, details of which are given in Appen-
dix A, the two conditions (3.3) and (3.4) can be combined into

the following expression:

S 2am A PP, [1m(g7D;X!) + ie Mo Re(g7D;X') ]2

+ M3[Rez' —ilpImz']e =0 (3.5)
where
D}-)_(' = a;.k’ + 331<)'<’. (3.6)

In particular, one finds that (3.3) is obtained from (3.5) by con-
tracting with h;, whereas one obtains (3.4) by considering the di-
rections of (3.5) which are orthogonal to h;.

Next consider the m = a component of (3.1); this reduces to
D =4 to give the following expression:

5 1T % . b(po 1ob i bo—gp o i
Da8+<ﬁ€2 Iol” (F )ab—:lra 3b¢—Z€F0Fa e %h;opx’

bce%(Fi

- XiFO)bc
—ih-e%(Ff—x"FO) rv)eé=o (3.7)
7 i ab =0. .
In order to rewrite this expression, we introduce the U(1) (para)-

Kihler potential®

i . =
Ag= —f(aikaaz' — %Kd,2'). (3.8)
This can be recast as

3 )
Ag= —ie"bhiaax’. (3.9)

Then, using the identities listed in Appendix A, (3.7) can be
rewritten as

L (1 i
Dg€ + <Zaa¢ — EAUEFO
i .
+ ZengCF,ﬁC(ImX] +iely ReX])([m/\/)”Fa>8
+ lerne ¥ Lewrbf(hiro(# —x'FO), +iee?F))
2 442 be ‘

+ %e%hil“b(abxi + iaby"ro)>é =0. (3.10)

3 To be distinguished from the gauge potentials A®, A'.
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Observe that the second and third lines of this expression can be
removed by using (3.3) and so on setting
A _®

E=e 4¢ (3.11)

it follows that (3.1) and (3.2) can be rewritten as
i
Dge — 5eAaI“os

i
+ Zegl"bCFéc(lmX] +ielpReX!)(ImN) i =0 (312)
and
N bl ijy. %! ; iy %l
€ PZAmN) 1 TP F g, [Im(gVD;XT) + ie Iy Re(gV D5 X ) |e
+ IM3g[Rez' —ilHImz']e = 0. (3.13)

4. Chiral decomposition

In this section we express the transformations (3.12) and (3.13)
in terms of chiral spinors. In order to define the various projec-
tions, it is convenient to note that*

Fﬁ1ﬁ2ﬁ3ﬁ4ﬁ5 = i(dVOIS)ﬁ1ﬁ2ﬁ3ﬁ4ﬁ5 (4])

which implies that

i
Tolay = Eeabfdrcd. (4.2)

In the Minkowski case (¢ = —1), we decompose the spinor ¢ in
terms of chiral spinors as € = &_ + ¢, where we set

L= %(1 + I0),

I'yey =ey,

I'tex =0 (4.3)
and we also define

Fi = %(Fab +iFgp). (44)
Also, (4.2) implies that

r-F=r-(F I +Fr.). (4.5)
We find that (3.12) and (3.13) can be rewritten as

i
Dot £ 5 Aak

1 x .
+ e r*eFF (Re X! £ilmX/) ImAj  Fuex =0 (4.6)
and
1 « - ‘ -
:tEeZ [m/\/’,]FabF;ZJ(Re(g”DEX') j:llm(g”D;-X'))si
+ IM9g(Rez' £ilmz')es = 0. (4.7)

This is in agreement with the Killing spinor equations given
by [11] (on making the identification ' =&, 8y =¢€_):

i 1
Dae® + EAas“ + Z([mN)l]X](Z)eK/ZF Fle*P e =0,
_1.% -5 (3)y . F~Jenneb + 95 zic. —
2e2 (ImAN); g D;X )y - Fl€ape” + I'042'€q = 0. (4.8)
4 We remark that the sign in (4.1) is fixed by requiring that the integrability con-

ditions of the Killing spinor equations (3.1) and (3.2) should be consistent with the
gauge field equations obtained from (2.1).

Next consider the Euclidean case (¢ = 1). There are two alter-
native chiral decompositions possible. For the first, we define

1
Fizi(liiro),

Fier =¢y,
ez =0 (4.9)
with
FE = %(Fab + Fap), (4.10)
and (4.2) implies that
r-F=rI-(F I +Ffr.). (411)
We find that (3.12) and (3.13) can be rewritten as
Dees+ F %Aa&

+ %engcF;CI(Re X/ £Im X)) ImN;The: =0 (412)
and
:I:%eg lm/\/}JF“bF;;] (Re(giij)_(’) + [m(gij'Dj)_(l))Ei

+ IM9q(Rez' £Imz')ex =0. (413)

This is the form of the Killing spinor equations expressed in terms
of the so-called adapted coordinates [6].

For the second chiral decomposition in the Euclidean case, we
define [4]

1
I's =-(1=ielp),

2
I'ier=ey,
e+ =0 (414)
and let

1 s
FE = > (Fab & eFap). (4.15)

With these conventions, (4.11) holds, and we find that (3.12)
and (3.13) can be rewritten as

e
Dot F EAagj:

ie k
+ e r*Fr (Rex! £elmX/)ImN; e =0 (4.16)
and
ie K o — = _
& MmN I PF}) (Re(gVD;X') £ elm(gD;X') e
+ IM9q(Rez' £ elmz')ex =0. (417)

5. Discussion

In this Letter we have derived the Killing spinor equations for
Euclidean supergravity theories coupled to Abelian vector multi-
plets (3.12) and (3.13). We have obtained the four dimensional
Killing spinor equations from the reduction of those in the five
dimensional theory. We explicitly show how this is achieved by
writing the reduced equations in an e-Kahler covariant formal-
ism. These equations were also rewritten, for the Euclidean case, in
terms of chiral spinors using both the adapted and para-complex
co-ordinates. €-special Kahler geometry in Euclidean theories is
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expected to play an important role in the analysis of instantons,
solitons and cosmological solutions in supergravity and M-theory.
The Killing spinor equations given in (3.12) and (3.13) provide the
starting point to find general instanton solutions of the effective
Euclidean N =2 supergravity action coupled to N =2 matter mul-
tiplets. As for the case of black holes, one also expects that the
rich geometric structure of the theory will lead to a simplified ap-
proach for finding new instanton solutions.

Spinorial geometry techniques [12] have proven to be a very
useful tool in finding all instanton solutions preserving various
fractions of supersymmetry. Those techniques were also used re-
cently in finding solutions of Einstein-Maxwell theory with [13]
or without [14] a cosmological constant, as well as the super-
symmetric solutions of the Euclidean N =4 super Yang-Mills the-
ory [15]; where interesting relations to integrable models [13] and
the Hitchin equations [15] were found. We will report on the in-
stanton solutions with vector multiplets in a separate publication.
Another direction which needs to be investigated is the construc-
tion of gauged Euclidean supergravity models.
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Appendix A. e-Kdhler special geometry identities

In this appendix, we summarize a number of useful identities.
First, consider rewriting the reduction of (3.3) and (3.4) in a special
€-Kdhler covariant fashion as (3.5).

This is done by making use of the following identities:

ImNjo[Im(g"D;X") + ie lo Re(gD;X)]
= (2€e* +2ie* Iphjx/)h' — 4ie>? Iy (x' — hjx/h') (A1)
and

ImAje[Im(g'7D;X') + ie Iy Re(g'/D;X")]

= —2ie3? Iph'hy + 4ie? Iy (8% — h'he) (A2)

where we have also used the identities
- 3
0 . —

DjX" = —€ice %hj,

_yi i 3h]h 3 . —¢h i
DjX =8j — ghhi— Eelee X (A.3)
and

y 2 )
g'hj = —§ee_¢h’nyy (A4)
and

4

Cyyy = 6e3, e K= §nyy = 8e3?, (A.5)

Another useful identity used to obtain (3.5) is

I3 (Rez' —ilpImz')
— I'(3a(x + iToy") — h'hjdex! — iMoh!dage?)
+ I (hj8ax’ + iTpdacpe?) (A.6)

where the expression on the first line of the RHS is projected or-
thogonal to the direction of h;, and the second line contains the
term parallel to h;.

A number of useful identities used to obtain (3.10) are

i
Ze§[1mx1 +ielHRe X! JImAG

i 3, . . ; -

= me 2 (—iepImNj — (i€ox! + y7) Im M) (A7)
and
—ielyIm Ny — (ieFoxj + yj) ImNp;

i 1 _ :

= 6€3¢ <—€F0 — ie ¢hl‘xl> (AS)
and
—ielpImNo — (ieTox’ + y!) ImN;j = 3e*%h; (A.9)
together with

3 ¢

(gy)i= —Zee h;. (A10)
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