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1. Introduction

Determining modular forms by central values of L-functions has been an interesting subject. In [9],
Luo and Ramakrishnan showed that if two cuspidal normalized newforms f and f’ have the property
that L(1/2, f, xq) = L(1/2, f', xq) for all quadratic characters x4, then f must equal f’. Chinta and
Diaconu [2] further generalized this result to forms on GL(3). Replacing twisting GL(1) objects x4 by
twisting GL(2) holomorphic cusp forms, Luo [8] proved the following. Let f and f’ be two normalized
new forms of weight 2k (resp. 2k’) and level N (resp. N’). Suppose there exists a positive integer [
and infinitely many primes p, such that for all forms h in the Hecke basis Hy(Ig(p)) of new forms

of weight 2I and level p,
1 1
Ll =, h)=L|=,f®h).
(z70%)=1(3791)

Then, k=k, N=N’, and f = f’. This is to determine modular forms by the central values of its
twisting families of L-functions varying in level. Recently, Ganguly, Hoffstein and Sengupta [3] studied
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the case of determining modular forms by the central values of its twisting families of L-functions
varying in weight. Precisely, let H(1) denote a Hecke basis of the space of holomorphic cusp forms
of weight k for SL(2, Z). Suppose that g € H;(1) and g’ € Hy(1). If

1 1
L{ =, =L =, !
(3708)=1(5 r0¢)
for all f € Hi(1) for infinitely many k with k sufficiently large, then [=1' and g =g’
In this paper, we are concerned with Maass cusp forms. It is proved that they can be uniquely

determined by the central values of its twisting families of L-functions varying in weight.

Theorem 1.1. Suppose g and g’ are fixed Hecke-Maass cusp forms for SL(2, Z) with Laplace eigenvalues % +12
and }l + v'2 respectively. Assume that g and g’ are normalized such that the first Fourier coefficients are 1. If

L(%,f@g):L(%,f@g’) (11)

forall f € H,(1) for infinitely many k with k sufficiently large, thenv =v" and g = g’

To prove Theorem 1.1, we use the ideas of Ganguly, Hoffstein and Sengupta [3]. By the multiplicity
one theorem (see [10]), it is enough to prove that for all but finitely many primes p,

Ag(p) =Ag(p).
Define

B (47.[)k—1
w5 = m(f’ 1,

where (,) denotes the Petersson norm. Then Theorem 1.1 follows from the following result.

Theorem 1.2. Let f and g be as in Theorem 1.1. Let h be a real valued function, which is smooth, compactly
supported on [1, 2], and satisfies h) « j 1. Then for K sufficiently large,

k—1 1, (1 Ag(p) 2
> h<T> > wf1L<i,f®g)kf(p):gWK(h(O)logK—i-C)—i-Ov,p(l),

k=0 (mod 2) feH(1)
(1.2)

with

C= /h(x) logxdx + coh(0),
R

where co = yo — log2 — % log4m2p, and h denotes the Fourier transform of h. Here yy is Euler’s constant.

The proof of Theorem 1.2 starts from the approximate functional equation and Petersson trace
formula. Subsequently, the diagonal term from the Petersson formula gives the main term and the
error term in (1.2). For the non-diagonal term, differently from [3], by dealing with an averaging of
J-Bessel functions, we can show that it is negligible.
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2. Preliminaries

Let Hi(1) denote a Hecke basis of the space of holomorphic cusp forms of weight k for SL(2, Z).
Any f € Hi(1) has a Fourier expansion

f@=Y hpmn'T enz), (21)

n>1

normalized such that A5 (1) = 1. For Re (s) > 1, the L-function associated to f is defined by

A
s H=Y" ’;(s")

n>1

which satisfies the functional equation
—s k—1 —k
A(s, fy=Qm)™° S+T L(s, f)=i“A( —s, f).

Let g be a Hecke-Maass cusp form for SL(2, Z) with Laplace eigenvalue % + 12, either even or odd.
g has a Fourier expansion

g2) =) hgm)yKiv(27nly)e(nx), (2.2)
n#0

normalized such that 14(1) = 1. The L-function associated to g is given by

L=y 2

s
n>1

which converges absolutely for Re(s) > 1. It satisfies the functional equation

S+i §—iv
A(s,g):yr*SF(H_ —|—w>r<s+

=(-1)%A01 -5, g),
5 2 ) (=1)°A( g)
where § =0 if g is even, and § =1 if g is odd.
For Re(s) large, the Rankin-Selberg L-function L(s, f ® g) for f in (2.1) and g in (2.2) is defined
by

b
Lis. f@g)=¢(29) ) Wi (mggg (m) _ 3 res®

S
m>1 n>1 n
with
brggm = > Ap(m)rg(m). (2.3)
n=mj2

It is known that L(s, f ® g) extends to an entire function on C and satisfies the functional equation
(see Section 4 in Kowalski, Michel and Vanderkam [7])
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A, f®g) = (4n2)’5r<s+ k%] +iv)F<s+ k%l - iv) =A(1-s,f®Rg. (24)

Let G(u) = e’ We have the following approximate functional equation for L(s, f ® g) (see p. 98,
Theorem 5.3 in Iwaniec and Kowalski [5]).

Lemma 2.1. We have

1 breg(m) 2
|-, f®g]|=2 ———~V(k,4m"n), 2.5
( > f g) 2~ Vikar) (25)
n>1
where
1 Fu+%+inrw+%—iv) Gu
V(k,y):_,/ T ,2 ,) (1 2 ) ()du. (2.6)
27 L +iv(s —iv) u
3) 2 2
V (k, y) has the following properties (see p. 100, Proposition 5.4 in Iwaniec and Kowalski [5]).
Lemma 2.2. For y > 0, we have
Vik,y)=1+0 Y
,Y) = v 2 )
y —A
Vik,y) <v.a (1 + —2) :
k
The following lemma appears in Baker [1] (see Propositions 6 and 8).
Lemma 2.3.
(i) For fixed c, and Re (z + ¢) > 8, we have
1
logl"(z+c):<z+c—5)logz—z+ Ocs(1). (2.7)
(ii) In |argz| < ™ — 6,
I'(2) 1 1
=logz— —+ 05| — |. 2.8
T  8FT 0 |z|2> (28)
We need the following Petersson trace formula (See Theorem 3.6 in Iwaniec [4]).
Lemma 2.4. We have
_ . _ 4 /mn
> @} hp(m)rgp(n) = 8(m, n) + 27 “> s, n; c)]k_1( : ) (2.9)

feH) c21

where J_q1(x) is the standard |-Bessel function and S(m, n; c) is the classical Kloosterman sum defined by
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d+nd
S(m,n;c) = Z e md+n )

_ c
dd=1 (mod ¢)

We also need the Poisson summation formula in arithmetic progressions (see p. 70, (4.24) in
Iwaniec and Kowalski [5]).

Lemma 2.5. Suppose that both f and its Fourier transform f are in L' (R) and have bounded variation. Then
> =2 (5)e(-5)
m=a (mod q) neZ
3. Proof of Theorem 1.2

Applying the approximate functional equation in (2.5) and Petersson trace formula in (2.9), we
have

Z h(k

k=0 (mod 2)

1 1
) > w;lL(E, f®g)xf(p)

feH(1)

( ) ]71 be‘g—\/gﬁ(n)v(k, 472n) A (p)

k= O(mod 2) feH() n>1

’1 Z Z Af(m)kg(m) V (k, 47*mj*)r s (p)

< ) feHi(1) m>1j>1

A V(k, 4 2
DRSO3 T S s o)
i>1 ] FEHR)

N

k=0 (mod 2)
=D+ ND,

m>1

where D is the contribution from the diagonal term

Aa(D) k—1 V (k, 4% pj?)
D=2"2"" h( ) : , (3.1)
N> < Z

p k=0 (mod 2) J

and N/D is the contribution from the non-diagonal term

B o (k=1 Ag(m) <— V (k, 4m>mj?) 1 . 4m /mp
ND=4r ) 1h( < )Z — > . D ismpiofia| —— )

J

k=0 (mod 2) m>1 j=>1 c1
(3.2)
Then Theorem 1.2 follows from the following two estimates:
rg(D)  »
D=—=—=—K(h()logK+C)+ 0, (1), (3.3)
«/ﬁ ( ) v.p

where C is defined in Theorem 1.2, and
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ND =0, ,(K"2). (34)
We will establish (3.3) and (3.4) in Sections 4 and 5, respectively.

4. Estimation of the diagonal term D

Recall that

rg(D) k—1
D=2-% > h(—)Mp(k, V), 4.1)
\/l_] k=0 (mod 2) Kk

where

V (k, 42 pj2
Mp(’<,v)=zw'
j>1 1

By the definition of V (k, y) in (2.6), we have

T kK i k_;
My (k U):Zli./@nzpjz) u+5+ivu+s—iv) G du

5 2mi r& +inré —iv) u
1 wTw+ +ivra+%—ivycu
:—/§(2u+1)(4ﬂ2p) ul( 2 .) (, 2~ 1Y) S (4.2)
27T1(3) (3 +iv)l(5 —iv) u
Moving the line of integration in (4.2) to Re(u) = f%, passing a double pole at u =0 with residue
L k-i-iv +F, k _w +2 log(472p)
2\T \2 r\2 Yo~ log\®rep
by [3] (see p. 852), we have
1/T [k I’ [k
Mpk,v) == —=( = +iv )+ =( = —iv ) + 2y — log(4n? R, 43
p(k, V) 2<r<2+ >+r<2 )+ Yo — log( p))+ (43)
where
1 wTw+ +ivra+%—ivyc
R=— / cu+1)(4n?p)™" ( z ,) (, 2 )6 4, (4.4)
27 (3 +iv)l(5 —iv) u
G2
The remainder term R in (4.4) is
17 e TS +ie+v) T(Y
R:—/((Zit)(4n2p)7_l - L
2 INC) L(5+iv)
—00
rst 4ie—v)) sty 61 +it
><(2 ( ) ') G(—3 )dt. (45)

rt) ré—iv) —L+ir



Q. Pi/ Journal of Number Theory 130 (2010) 2283-2292 2289

By (2.7), we have

b ex (lo I‘(E—l>—lo F<E+iv>)
rdriy U 27 2) Tz
1

I
]

»
o
/N
|

N |

|

=
N~
=)
o

N =
+

(@]

<

~

==

N—
N~

=0, (k™?). (4.6)
Similarly,
F(— - —) 1
—= == =0,(k"2). 47
ré —iv (=2 “7)

Note that |['(x +iy)| < |['(x)|. By (4.5), (4.6) and (4.7), we obtain

o0 2
Ry [ (i)’ L (48)
"k 14t Yk ‘
—00

Thus by (4.3) and (4.8),

k. ik . 2 1
Mp(k, v) = F SHv )+l - +2yo —log(4°p) | + 0, P
1 R 1
:logk—|—y0—log2—§10g47r p+0, ©) (4.9)

Here we have used (2.8). Denote co = o — log2 — %log47rzp. Then by (4.1) and (4.9),

A k—1
p—o’eP) 3 h<‘K )(logk—i—co)-i—OU(l).
ﬁ k=0 (mod 2)

By Lemma 2.5,

_ 2P Z/ ( )(logx+Co)6( )dx+ 0,(1)
Z
:)Lf/(ﬁp)R/hC(K )(logx—i—co)dx—i— g(p)Z/ (

n#0 p

)(IOgX+CO)€( )dx+ 0,(1)

_ rg(p)
P

Ag(D) n nkx
+ N KZe(E)/h(x)(log(Kx—i—1)+Co)e(7>dx+ 0,(1)
R

1
K h(x)(logK +logx+co + 10g<1 + H)) dx
R

n##0

A (P) r *
=gWK(h(O)logK+C)+R +0yp(1), (4.10)
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with
= / h(x) logxdx + coh(0), (411)
R
where
R* = kg(p)xz ( )/h(x) (log(Kx+ 1) + co)e ("';X)dx. (412)
n#0 R

By partial integration twice,

/h(x)(log(Kx +1)+ co)e(";ﬁ) dx
R

1 nkx
ﬂ h(x)(log(1<x+l)+co)de< 5 )

-1 nkx K
:an/e( 5 )(h (x)(log(1<x+1)+co)+h(x)Kx+1>dx
R

—1\? nkx\ (., K K2
:<m'n1<> fe( > )(h (x)(log(Kx + 1) 4 co) + 21’ (X)K T h(x)(Kx+1)2>dx
R

log K
_ O<n2K2>' (413)

By (4.12) and (4.13), R* = 0,(K~'log K) and thus by (4.10),

Ag(p)

D= K(h(0)logK + C) + 0, p(1),

where C is defined in (4.11). This proves (3.3).
5. Estimation the non-diagonal term N'D
In this section, we will estimate A'D in (3.2). We have

ND=gr 3 L5 PO 5 ikh<k%>v(k,4ﬂ2mj2)]k—1(4H\C/W>.

m>1 ]>l c1 k=0 (mod 2)

The J-Bessel functions satisfy (see p. 73, (5.16) in Iwaniec [4])

Jk—1(0 < min{xk~1 x~

Nl—

}.

Thus by Lemma 2.2, the contribution from 47 2mj? > K?>*¢ to N'D is
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<<p,AZj_1 Z Zc_uerg Z (ﬁ—;)Aminszz/m_p)k_l,(47T\C/m_p>_]/2}

j=1 mx»>K2+e j-2c21 K<k—1<2K
k—1
1 _ _ _ /m

Lp.A K2A ZJ 1-2A Z m A Z < Z cEm l/4+ Z c 1/2+€<_) )

: c

j>1 m>K2+e j=2 K<k—1<2K “cx/m o>ym

1+2A —1-2A —A+1/4
<<p,AK+ Z] Z m +1/4+¢e
j}] m>>K2+£j—2

Lp.Ae K7/2+£—£A

which is negligible by choosing A sufficiently large. Therefore, we only need to estimate

ND* = Z Ag(m) Z %ZMW("[’]"C)’ (5.1)

m<K2+e \/m mj2<<](2+s c1
where
. . k—1 . 47 ./mp
wm, j,c) =2 kn( —— )V (k, 4%mj?) Jiq [ —— ). 2
(m, j,0) Z lh( K)(< 7°mj*) Jr—1 ; (5.2)
k=0 (mod 2)

This kind of averaging of J-Bessel function has been studied in Iwaniec, Luo and Sarnak [6] (see
p. 102, Corollary 8.2).

Lemma 5.1. Fixed a real valued function w € Cg° (R*) and K > 1. Then
k—1 K oo (K2 P
2 ol —= ) 100 = ——Im( e* T 2 — ol — |,
Y to(e Jrw == Fa(y)) +o()
k=0 (mod 2)

where

satisfying
—A
W) <a(1+1v]) .

Applying Lemma 5.1 with w(u) =hu)V uK + 1, 47°mj?), we have that W(m, j, ¢) in (5.2) is

T /M) 2mi 2
W(m,J’C):_£Im<el4 P_TQ( Kee )) +Ouyp(ﬁ), (53)

Zﬁ(mp)% 8 /mp ck*
where
% 2,12
Q(v):/h(«/ﬁ)v(«/ﬂI;JrlAzr mj) iuv g,
Tu

0
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satisfying

—A

) <Law (1+1v]) (54)

Note that in (5.3), SHI% > % > cK1~¢ for any € > 0. By (5.4), the contribution to A’D* from the

first term in (5.3) is negligible. By Weil’s bound for Kloosterman sum,
|S(m,n; o) <2 (m,n,0)37(0),

the contribution from second term Ou(%) to N'D* in (5.1) is at most

A g(m) Y
<<l),p Z W Z ;ZC c2 m

m«K2+e . kl+e Y el
Jm
Kup K" [agm))|
m<<K2+‘
1 1
—4+te€ : 2\?
<vp K Yoo Y |rgm)
m<<K2+€ m<<K2+€
Ly.p K72F€

This finishes the proof of (3.4).
References

[1] R.C. Baker, Kloosterman Sums and Maass Forms, Volume I, Kendrick Press, 2003.

[2] G. Chinta, A. Diaconu, Determination of a GL3 cuspform by twists of central L-values, Int. Math. Res. Not. 2005 (2005)
2941-2967.

[3] S. Ganguly, J. Hoffstein, J. Sengupta, Determining modular forms on SL,(Z) by central values of convolution L-functions,
Math. Ann. 345 (2009) 843-857.

[4] H. Iwaniec, Topics in Classical Automorphic Forms, Grad. Stud. Math., vol. 17, American Mathematical Society, Providence,
RI, 1997.

[5] H. Iwaniec, E. Kowalski, Analytic Number Theory, Amer. Math. Soc. Colloq. Publ., vol. 53, American Mathematical Society,
Providence, RI, 2004.

[6] H. Iwaniec, W. Luo, P. Sarnak, Low lying zeros of families of L-functions, Publ. Math. Inst. Hautes Etudes Sci. 91 (2000)
55-131.

[7] E. Kowalski, P. Michel, J. Vanderkam, Rankin-Selberg L-functions in the level aspect, Duke Math. ]. 114 (2002) 123-191.

[8] W. Luo, Special L-values of Rankin-Selberg convolutions, Math. Ann. 314 (3) (1999) 591-600.

[9] W. Luo, D. Ramakrishnan, Determination of modular forms by twists of critical L-values, Invent. Math. 130 (2) (1997)
371-398.

[10] 1. Piatetski-Shapiro, Automorphic Forms, Representations and L-Functions, Proc. Sympos. Pure Math., vol. XXXIII, American

Mathematical Society, 1979.



	Determining cusp forms by central values  of Rankin-Selberg L-functions
	Introduction
	Preliminaries
	Proof of Theorem 1.2
	Estimation of the diagonal term D
	Estimation the non-diagonal term ND
	References


