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Abstract

Let M,,(Z) be the ring of n-by-n matrices with integral entries, and n > 2. This paper studies the set
G, (Z) of pairs (A, B) e My, (Z)2 generating M, (Z) as a ring. We use several presentations of M, (Z) with
generators X = Z?:l E;41,; and Y = E to obtain the following consequences.

(1) Letk > 1. The following rings have presentations with 2 generators and finitely many relations:
(a) EB',L] M (Q) for any my, ... mg >2.

(b) @];:1 Mnj (Z), where ny, ...,n; > 2, and the same n; is repeated no more than three times.

(2) Let D be a commutative domain of sufficiently large characteristic over which every finitely generated
projective module is free. We use 4 relations for X and Y to describe all representations of the ring
M, (D) into M,, (D) for m > n.

(3) We obtain information about the asymptotic density of G, (F) in M, (F )2 over different fields, and
over the integers.
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1. Introduction
1.1. Terminology and notation

All rings in this paper, often denoted by R, are assumed associative with a two-sided identity
element, unless stated otherwise. We denote by ¢/ (R) the unit group of R. We do not assume that
a subring of a ring necessarily contains the identity element of the ring. All ideals in rings are
assumed two-sided. The rank of a ring R, denoted by dimz R, is the rank of its additive group,
that is dimg R ®z Q.

An algebraic closure a finite field with g elements I, is denoted by IFq.

We denote by M,,(R) the ring of n-by-n matrices with entries in R. The subscripts in matrices
and in their entries will always be regarded modulo n. Let A, B € M, (R). We define R(A, B) to
be the R-subalgebra of M, (R) generated by A and B. We will study the collection of such pairs
(A, B), i.e. the set

Gn(R) = {(A, B) € M,(R)* | R(A, B) = M, (R)}.

We also need the free noncommutative associative ring R{x, y} whose elements we refer to
as noncommutative polynomials. The ring presentations studied in this paper are quotients of
Z{x, y}. We do not postulate that the identity is in R(A, B), while we postulate that 1 € R{x, y}.

Many of our considerations will be based on the following two matrices:

X=FEn+Exn+---+E;p-1+E1, and Y=FE;; forn=2.

Let FS(x, y) be a free semigroup on x and y. It has the lexicographic order as well as the
word length /(w) counting the total number of x and y in w € FS(x, y).
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The matrices Ty, n,r. Let R be aring, and let x;;, y;j, where 1 < i, j < n, be algebraically in-
dependent transcendental variables over R. We see that #{w € FS(x, y) | [(w) < m} = om+l 9.
Below, we define the matrix

Tnn,R € M(2m+l_2)><n2 (R[xija Yij])-

Let w =w(x,y) € FS(x, y). We substitute the matrices (x;;) and (y;;) for x and y, respectively.
The result is the n-by-n matrix (z;;) = wg((x;;), (¥ij)), which we write as a row vector as follows

(lev 2125 +++5 %105 %215 3225+« 22n5 + «+ 5 Znls Zn2; ---sZnn)- (1)

We call the operation of transforming the matrix (z;;) into the vector (1) flattening of (z;;). We
define T}, ,, g to be the matrix whose rows are the flattened matrices wg((x;;), (yij)) such that
[(w) < m, the words w being ordered lexicographically.

If A, B € M,(R), then T}, . r(A, B) is the matrix obtained from 7, , g by substituting the
entries of A and B for (x;;) and (y;;), respectively.

Let S € Z™ and By = {(x1, ..., %) € Z™: max g;i<q |xi| < k}. The asymptotic density of S
in Z™ is

#B, NS
m .
k—oo #By

1.2. Motivation and description of the main results

The properties of the ring M,,(Z) are based entirely on the presentation by the elementary
matrices E;; subject to the relations E;; Ex; = 61 E;;. This set of n? generators may be fur-
ther reduced. Moreover, the matrices X and Y generate M, (Z). These matrices will be used to
construct several presentations of M, (Z) with 2 generators and finitely many relations. We in-
vestigate the interdependence between the relations in these presentations. We also use them to
construct 2-generator presentations with finitely many relations of certain direct sums of matrix
rings. Burnside’s Theorem from [1] implies that the set G, (C) is infinite. This paper, in contrast,
studies the set G, (Z). In particular, we describe G,(Z) in the following

Theorem 2.10. Let A, B € M>(Z). Put I =1, and S =7Z(A, B). Then

(1) I €S ifand only if gcd(det A, det B, det(A + B)) = 1.
2) S=My(Z) ifand only if 1, A, B, AB generate M>(Z) as a Z-module.

If I, A, B generate My(Z) as a ring, then their Z-linear combinations produce I, A1, By also
generating M>(Z) such that

Alz(i é) and 31=<Z 8)

where gcd(a, b) = 1. Moreover, the matrices I, Ay, By generate My (Z) if and only if

a’® —abc — b*> = +1.
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The set of solutions of these equations is infinite, and when abc # 0, this set is effectively de-
scribed in terms of the unit group of the field Q(v/c2 + 4).

We show that M, (F)? — G,,(F) is “small” for many fields. Namely, if F is a normed field
having a sequence of nonzero elements whose norms tend to zero, then the set G, (F) is dense
in M, (F)2. We also prove that

i #G, (Fy)
m ——————= =1.
q—00 #M, (IF(])2

In contrast, the set M, (Z)2 — G (Z) is not algebraic, and G,(Z) has zero asymptotic density in
M>(Z)2.

The problem of minimality of presentations in ring theory admits a number of interpretations.
For example, one may search for a presentation with the smallest number of both generators
and relations. Unfortunately, no technique is available to solve this problem in general. More
modestly, one may ask whether the removal of any of the relations in a given presentation changes
the ring. We study this question and in many cases obtain information about the structure of the
resulting over-rings.

We use the following noncommutative polynomials:

ra=ria()=x"=1,  ry=r,x,y) =nzlx"_iyxi -1,
i=0
so=s0(») =y*—y, sj=sj(x,y)=yx/y forj>1.
Here are the presentations studied in our paper:

Mz(Z)§<x,y|x2=y—|—xyx=1, yxy:O), 2)
M3(Z)E(x,y|x3:y+x2yx+xyx2:l, yxy:O), 3)
My(Z) = (x,y |r1ia=rr4=s0=251=0), 4
Ms(Z) = (x,y | ris=r25=s0 =151 =0), Q)
My(Z)Z(x,y | rip=ran=5;=0, 1<j<n—1), 6)
My(Z)Z(x,y | rip=ran=s0=s =0, 1 <k < [n/2]). (7N

While we cannot completely answer the question of minimality in the presentations above,
some information is available in Theorems 3.3, 3.4, and 3.5 below. Theorems 3.3 and 3.4 inves-
tigate the effect of the removal of certain relations from (6).

Theorem 3.4.

(1) The ring R=(x,y | rin=5m =0, 0<m < n — 1) is isomorphic to a direct sum of the
rings M,(Z) and Z[x]/(x" — 1).

2) LetW#H g N={1,2,...,n—1}and H = N — H. Suppose that H satisfies the following
conditions modulo n:
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(a) {a+bla,be —HUH}CH'.
(b) Ifh,k,l,—-h+k+1€H, thenh=korh=I.
Thenthering S(H)y=(x,y |rip=1r,=5;=0, j€ H') has finite rank.

Theorem 3.5. The ring Z{x, y} has a quotient R = R, such that

(1) R is an over-ring of M, (Z).
(2) Under the natural epimorphism Z{x,y} — R, the images of the ideals generated by
Fln,S1, - - - » Sy form a direct sum.

In the proof of this theorem we introduce an analog of the Magnus Embedding (see lemma on
p. 764 of Magnus [12]).
We prove the following theorem about linear representations of matrix rings.

Theorem 3.7. Let D be a commutative domain of characteristic either zero or at least m + 1, over
which every finitely generated projective module is free. Let S be a subring of M,,,(D) generated
by some nonzero X1 and Yy such that

n—1
X =x, niXt=v, Y=, Y XX =X\
i=0

Then the trace k of Y1 is a positive integer, and there exist B € GL,,(D) such that, putting
r =m — kn, we have

Bxp=(k®X Oy gty p= (@Y Ooo)
Orxk Opxr Orxk Opxr

The rigidity of the embeddings in the above theorem also follows from more general results
in Azumaya algebras (see Faith [4, pp. 481-482]).

We investigate the matrices satisfying the relations of (7). Let x1, ..., x, be numbers. These
numbers determine the circulant matrix circ(xy, ..., x,) = Z?:l Xn—i+1X i Integral n-by-n cir-
culant matrices are exactly the elements of the group ring Z{X).

Theorem 3.10. The set Y ={Y, € M, (Z) | Y12 =Y, (X, Y1) =0} has the property that the
pair (X, Y1) satisfies all relations of (7) and all Y1 have trace 1. If n =2,3,4,6 then Y1 = Ej;
for some i. Otherwise, Y is infinite, and if Y| # Ej;; then it has both positive and negative entries.

Any Y1 is of the form (c;d ) for some integers c;, d; such that the matrices circ(cy, ..., ¢y) and
circ(dy, ..., d,) are mutually inverse. Any Y1 is conjugate to Y by an integral circulant matrix
with determinant £1.

This result depends on a classic theorem of G. Higman [8] about the structure of the unit
group of an integral group ring of a finite Abelian group.

In the final part of this paper, we obtain some 2-generator presentations with finitely many
relations for arbitrary finite direct sums @];:1 My, ; (Q) where mj > 2, and for the direct sums

@’;zl M, i (Z) where ny, ..., n; =2, and the same r; is repeated no more than three times.
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2. On the structure of G, (Z)

The starting point of this paper is the following theorem of W. Burnside (Burnside [1]). We
state it in the modern form, similar to Lam [10, p. 103].

Theorem 2.1 (Burnside’s Theorem). Let F be a field, V a finite-dimensional F -linear space, and
S an F-subalgebra of the algebra Endp V of linear operators. Suppose that V is a simple left
S-module such that Endg V consists exactly of scalar multiples of the identity operator on V.
Then S =Endp V.

The condition Endg V = F idy may not always be omitted if F is not algebraically closed—
counter-examples exist for any such a field. If F is algebraically closed, however, this condition
is superfluous by Schur’s Lemma (see Curtis and Reiner [3, 27.3]). Burnside has proved his result
in a different form from first principles by linear algebra: see Burnside [1, p. 433, theorem].

In this paper, Burnside’s Theorem is applied to 2-generator subalgebras of Endg V. Therefore,
below we restate the theorem for this case.

Theorem 2.2. F(A, B) =Endr V if and only if the following conditions are satisfied:

(1) The only subspaces of V, invariant under both A and B, are O and V.
(2) Only scalar multiples of idy commute with both A and B.

We need the following lemma that sometimes makes it unnecessary to verify Condition 2 of
Theorem 2.2.

Lemma 2.3. Let L/ F be a field extension, then G, (L) N M,,(F)2 =Gyu(F).

Proof. (1) The inclusion G,(L) N M, (F)*> € G,(F) holds because linear independence over L
implies linear independence over F.

(2) Conversely, let (A, B) € G,(F). Then there exist n? words wy, ..., w,2 in A, B that
form an F-basis of M, (F). It follows that wy,...,w,2> form an L-basis of M, (L). Indeed,
E;j form an L-basis of M, (L), and the two bases are related by an invertible matrix with entries
inFCL. 0O

David Saltman [14] has kindly communicated to us the following local-global principle. To
state it, we need the map p : M, (Z) — M, (F p) that reduces modulo p every entry of a matrix.

Theorem 2.4. G, (Z) =, prime D~ (Ga(F))).

Proof. We regard M = M,,(Z) as an additive Abelian group of rank n?. Consider the subgroup
G =Z(A, B). If G is generated by ¢ elements, then their p-images generate pG, so that ¢ >
dimp, pG = n?. Therefore t = n?, so that the index k = |M : G| is finite.

It remains to see that k = 1. Suppose that k > 2. We may choose a subgroup H of M such that
G C Hand h=|M: H| is prime. Then AM C H. Therefore |IFZ2 :sz| =|M/hM :H/hM|=
|M : H| = h, so that IF‘ZZ =hG C hH g IE‘ZZ, a contradiction. 0O
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Combining Schur’s Lemma, Lemma 2.3, Theorems 2.2 and 2.4 provides a simple method
of constructing infinitely many elements (A, B) in G,(Z) without finding the corresponding
fij € Z{x, y} such that E;; = f;; (A, B).

Theorem 2.5. (A, B) € G, (Z) if and only ifIF‘p(ﬁA, pB)x = IF‘; forany 0 # x € IF‘% and any
prime p.

Example 2.6. (X, E;) € G, (Z) for any s and ¢.

Proof. We apply Theorem 2.5. Let x = («1,...,q,) = Z?zl aje; € ]F‘; be a nonzero column

vector. By several applications of X to x, we may assume that o; # 0. Then y = o lyx = e,
and {X'y|1<i<n}={er,...,e,}. O

Example 2.7. Let A = (a;;), B = (b;j) € M,(Z) be such that

(D) g yy=1for2<I<nandag;; =0ifi > j;
(2) {e1} U {Ble; |2 <1< n) form a Z-basis of Z".

Then (A, B) € Gn(Z).

Proof. Let x € IF"I’) be nonzero, and k be the largest subscript corresponding to a nonzero com-
ponent of x.

Casel.If k=1, thene; € I_F,,(A, B)x, so that {e1} U{Ble; |2 <1 <n} forma I_Fp-basis of IF";,.

Case 2. If k > 2, then A¥~!x has the property that its first component is nonzero and all others
are zero, so that we returnto Case 1. O

These examples clearly imply that the set G,(Z) is infinite. This also follows from the fact
that the set {(U~'XU,U~'YU) | U € GL,(Z)} is infinite. Indeed, the centralizers of X and Y
have the following properties: Cy, z)(X) = Z(X) , and Cp, z)(Y) consists of the matrices (a;;)
such that aj; = a;; =0 for all 2 < j < n. Therefore, the intersection of the two centralizers with
GL,(Z) is {*1,}.

Let R be a commutative ring. Following Longstaff [11], we introduce the minimum span-
ning length mslg for every (A, B) € G,(R). Namely, if (A, B) € G,(R), then mslg(A, B)
is the smallest integer s with the property that there exist wi,...,w,2 € FS(x,y) with
max; ¢ j,? I(w;) <, such that M;,(R) = w1 (A, B)R+---+w,2(A, B)R. In the case of fields,
Proposition 1 of Longstaff [11] is easily generalized to

Lemma 2.8. Ler F be a field. Then

max mslp(A, B) <n®—1. (8)
(A,B)eG,(F)

Proof. Let W, be the F-linear span of all matrices that may be written as A, B-words of
length < k. We see that Wi € Wi1. Let m be the smallest value of the subscript stabilizing
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this chain. Then dimr W) = 2, and dimg W41 — dimpg W, > 1 for any [ < m — 1. Therefore
m<n?:-1. O

We extend this result to Z below.

Theorem 2.9. Let A, B € M,,(Z). Then (A, B) € G,(Z) if and only if the rows of the matrix
Tnz—l,nz,Z(As B) span M, (Z).

Proof. It suffices to prove that the condition is necessary. Let (A, B) € G, (Z). Then (A, B) €
G, (F)) for every prime p. Therefore by Lemma 2.8, there exists a nonzero n?-by-n? minor of
T2 1027, (pA, pB). Let wy, ..., w,2 € FS(x, y) be the words giving rise to this minor, and let

n
H,= ZZ; wk(A, B)Z. Then the group H =}, ... H), has the property that pH = M, (F))
for every prime p. At the same time, H is a subgroup of the group generated by all row-vectors
of T,2_y 2 7(A, B). It remains to apply Theorem 2.4 and Lemma 2.8. O

The inequality (8) is not sharp, even for n = 2, because Proposition 2 on p. 250 of
Longstaff [11] implies Max , gec, ) mslc (A, B) = 2. This is true over any field: to modify the
proof, in the last paragraph of Lemma 1 of Longstaff [11], we propose to replace taking adjoints
with taking transposes. The paper Longstaff [11] contains an intriguing and well substantiated
conjecture that max4, gyeG, ) mslc(A, B) < 2n — 2.

2.1. Description of G2(Z)
We relate below the elements of G»(Z) to the solutions of the Diophantine equation (9).
Theorem 2.10. Let A, B € My(Z). Put I =1, and S =7(A, B). Then

(1) I €S ifand only if gcd(det A, det B, det(A + B)) = 1.
2) S=My(Z) ifand only if 1, A, B, AB generate M>(Z) as a Z-module.

If I, A, B generate M>(Z) as a ring, then their Z-linear combinations produce I, Ay, By also
generating My (7)) such that

c 1 a 0
A]:(l 0) and B]:(b 0)

where gcd(a, b) = 1. Moreover, the matrices I, Ay, By generate My (Z) if and only if
a’? —abc — b* = +1. 9)

The set of solutions of these equations is infinite, and when abc # 0, this set is effectively de-
scribed in terms of the unit group of the field Q(v/c2 + 4).

Proof. The Cayley—Hamilton Theorem successively applied to the matrices A, B, A + B yields
det(A)I,det(B)I,det(A + B)I € S. Since in addition,
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BA=(A+B)>—A>—B’>— AB
=tr(A+ B)(A+ B) —det(A+ B)I —tr(A)A +det(A)] —tr(B)B +det(B)I — AB,
we conclude that
S=gZI +7ZA+7ZB+ZAB, whereg=gcd(detA,detB,det(A+ B)). (10)
If g > 2, then reducing (10) modulo g, we obtain a contradiction for reasons of cardinality.

Therefore g = 1, and S = M»(Z) if and only if Conditions 1 and 2 above are satisfied.
Now suppose that I, A, B generate the ring M>(Z). Let

A= (xij), B = (yij).

Since I, A, B generate M>(Z) modulo any integer m, we conclude that gcd(x12, y12) = 1. Let
a, b be integers such that axj> + by = 1. Then

x/ 1 ! 0
A’:aA—irbB:( oy ) B’ZB—)’le/:(y}l / )
X1 A Vo1 Y2
and therefore I, A’, B’ generate M>(Z). We use the identity matrix I to obtain
x// 1 1 O
A//ZA/—)C£212< }1 >’ B//ZB/—y52[:—<y}1 )
x 0 v 0

Again, I, A”, B” generate M,(7Z). We rewrite A” and B” as A and B, respectively; that is, we

may assume
xip 1 yiu 0
A = N B = .
(le 0) <y21 0>

Let ¢, d be integers such that cxz1 4+ dy2; = 1. We may replace A by

N—cavap=("T ©
1 0/

Therefore ¢ = 1. We will only treat the case ¢ = 1. Thus we may assume

_( xu 1 _ [y 0 _
A—<1 0), B—(y21 O)’ ged(yir, y21) =1.

We want to determine when the Z-span of I, A, B, AB is M>(Z). If Eq; is a linear combina-
tionof I, A, B, AB then E, + E»; € (I, A, B), and therefore (I, A, B) = M>(Z).
Let a, b, ¢, d be integers such that al +bA +cB +dAB = E1;. As
al +bA+cB+dAB = a-+bxiy+cyi +dxnym +y2z) b ’
b+ cyz +dyn a
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the above equation has a solution if and only if
a=b=0, dyir = —cya, eyt +dxnyn +y21) =1

If y;1 =0, then dy>; = 1; therefore y;1 =d = £1 and ¢ = 0. Similarly if y,; =0, then y;; =
c==xlandd =0.

We assume y11, y21 # 0. Therefore ¢, d # 0, and since ged(y11, y21) = 1, from dyj; = —cy2;
we conclude that there exists an integer ¢’ such that

/ /
c=cy, d=—cy.

The equation cy11 + d(x11y11 + y21) = 1 yields c’(ylzl — X11Y21)11 — y%l) =1 therefore y12l —
X1121Y11 — y%l = =£1. It remains to write a = y11, b = y21, ¢ = x11, and we obtain (9). Since it
is easy to analyze the solutions when one of a, b, c is zero, we will investigate the other solutions
only. Equation (9) is quadratic in a; therefore, a necessary condition for (9) to have integral
solutions is that the equation

d* = (bo)* +4(b* £ 1) (11)
should have integral solutions too. If this is so, then

bctd
= . 12
a > (12)

From (11) we observe that d = d? = (bc)? = be (mod 2). In other words, (11) implies (12). Now
(11) may be rewritten as

d* — (c* +4)b* = £4. (13)

Let s be the square-free part of the number ¢ +4. Then according to Frohlich and Taylor [5, 1.3],
the units of Q(+/c2 + 4) uniquely, under the map (d, b) — (1/2)(d + b~/c? + 4), correspond to
the integral solutions of (13). There are infinitely many of them by the Dirichlet’s Unit Theorem.
Algorithm 5.7.2 in Cohen [2] computes the fundamental unit of a rational quadratic number field
with positive discriminant.

Therefore, for a fixed ¢, we can produce units in Q(+/c2 + 4), thus determining b and d; then
a may found from (12). O

2.2. Asymptotic properties of G, (Z)

Lemma 2.11. Let 0 # f € Z[x1, ..., x,]. Then V(f) ={a € Z" | f(a) =0} has zero asymptotic
density in 7.

Proof. Put By = {(a1,...,a,) € Z" | —k < a; < k for all i}. The case n = 1 is clear because
#By < deg(f) for all k.

Letn=2,x=x1,y=x2 and d =deg(f). Then f(x,y) = Z?:l fj(x)yj for some f;(x) €
Zlx]. Let S ={—k <a <k| fj(a) =0 for all j}. Then #S < d. We may write V(f) =AU B,
where

A={(a.b)eV(f)|aeS} and B={(a.b)eV(f)|a¢S}
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Ifae{—k,...,k} — S, then #{b | (a, b) € B} < d. Hence,
#V(f) <#A+#B < (#S)(#{—k, . k}) +#({—k, .ok} — S)d = 0 (k).

Since #B, = 2k + 1)2, we conclude that the lemma is true when n = 2.
The case n > 3 is handled similarly by inductiononn. 0O

The exponent of k in the estimate #(By NV (f))/#By = O(k~) in the proof of Lemma 2.11
is the best possible in general, as exemplified by the polynomial f(x1,...,x;) = x1.

Corollary 2.12. The set M,,(Z)" — G, (Z) is not algebraic.

Proof. Suppose that the theorem is false. Then Lemma 2.11 implies that G, (Z) has asymptotic
density 1 in M, (Z)2. This is false, however, because M, (2Z)* € M, (Z)* — G, (Z), and M,,(2Z)?
has asymptotic density 272" in M,,(Z)2, implying that G, (Z) N M, (2Z)? is nonempty. O

In case n = 2, we obtain the following more precise result.
Theorem 2.13. The set Go(Z) has zero asymptotic density in Ma(Z)>.

Proof. Put I = . Let A, B € M»(Z) such that I, A, B generate M>(Z) as a ring. Put
S = Z(A, B). The Cayley—Hamilton Theorem applied to the matrices A, B, A + B yields
that A2, B2, (A + B)? are integral linear combinations of I, A, B. Since in addition, BA =
(A4 B)> — A2 — B2 — AB, we conclude that S = ZI + ZA + ZB + ZAB. Let T be a 4-by-4
matrix whose rows are the flattened matrices 7, A, B, and AB. Then S = M>(Z) if and only if
det7 = =£1. It remains to apply Lemma 2.11. O

This result sometimes clarifies the relationship between G,(Z) and the other subsets of
M, (Z)%. We will give an example. Let S be set of all (A, B) € M>(Z)* — G»(Z) such that all the
8 entries are relatively prime in pairs. We will see that asymptotically, almost all elements of S
lie outside of G»(Z). To formalize this statement, let my =[] p prime, p<k P and

D; = {(al,...,ag) €78 max la; | gmk}.
1<i<8
We claim that
#S N Dy, 7 _3
= -1 7 0. 14
T | I "
p prime

We give a heuristic argument first. For a fixed prime p, we consider the Bernoulli scheme of
choosing 8 integers independently and at random with the probability of success p~!. Then the
probability of at most 1 successis (1 — p~ )8+ (}) p~' (1 - p~)7 = (p— )7 (p+7)p~*. Taking
the product over all primes gives (14).

Next we prove (14). We thank Doug Hensley [7] for communicating the following argument
to us. It is convenient to decrease the sets S and Dy to retain only the 8-tuples with all positive
entries. For a prime p, let S, be the set of all 8-tuples (ay, ..., ag) whose entries are positive
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integers, and p { gcd(a;, a;) if i # j. Then S =) » Sp. The Chinese Remainder Theorem applied
to the ring Z/myZ implies

#S N Dy - #( <k Sp N D
#D, #D;,

=[[e-0"@+np™" (15)

p<k

For the primes p > k, we have #5, N Dy < (Ef)mk Lmk/pj7. Therefore

#S N Dy, #m <kS N Dy #S, N Dy _
T Z ip =1 =D @+ Dp " +o). (16)
p<k

Comparing (15) and (16) yields (14).
2.3. Asymptotic and topological properties of G, (F) for fields

Lemma 2.14. Let F be a field. Then M,,(F)?* — G, (F) is a nonempty algebraic set consisting of
all (A, B) € M,,(F)? such that the matrix T,2_4 2. p (A, B) does not have full rank.

Proof. The equality of the two sets above follows from Lemma 2.8. The set G, (F') is nonempty
because G,(Z) is nonempty. 0O

Next, we will apply Lemma 2.14 to normed fields satisfying the following

Property 2.15. F is a normed field (with the norm denoted by | - |) such that for any € > O there
exists 0 # a, € F with |ag| < e.

Among the fields having Property 2.15 are all the subfields of C or C,, with their respective
standard Euclidean or p-adic norms.

Lemma 2.16. Let F have Property 2.15, and let Z g F" be an algebraic set. Then F" — Z is
dense in F" in the norm topology.

Proof. Let z € Z. We show that there exists a sequence {z,} in F"" — Z with lim,— « ||z — zx |l
=0. Since Z ;Cé F", there exists a line L, passing though z and not contained in F”*. Substituting
the parametric equations for L, into the polynomial equations defining Z, we obtain a system
of equations in one variable, which has finitely many solutions, one of them being z. We may
choose ¢ > 0 sufficiently small to ensure that z is the only solution contained in the ball B, (z) of
radius & and centered at z. Then there exists a sequence {z,,} in B.(z) N L, such than z, # z and
lim, ||z — 2zl =0. In particular z, € F* — Z. O

Theorem 2.17. Let F have Property 2.15. Then G, (F) is open and dense in M,,(F)? in the norm
topology.

Proof. The result follows from Lemmas 2.14 and 2.16. 0O

Next we consider similar results for finite fields.
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Lemma 2.18. Let 0 # f e Fy[x, yland V (f) = {v EJF[ZI | f(v) =0}. Then #V (f) < 2q deg(f).

Proof. Let d = deg(f). Then f(x,y) = Z?:o fj(x)yj for some f;(x) € Fy[x]. Let § =
{acky| fola)=---= fa(a) =0}. Then #5 < d.

For every a € §, there are at most g values of b € F; such that (a,b) € V(f). Let
A={(a,b)eV(f)|aeS} Then#A < qd.

Next let B = {(a,b) € V(f) | a ¢ S}. Then there are at most d values of b € F; such that
(a,b) e V(f) for some a € F,. Then #B < qd.

Finally, V(f) = AU B, so that #V (f) < #A 4+ #B <2qd. O

Theorem 2.19. For a fixed n > 2, we have

#G,(F,)
im 1,
g—00 #M, (F,)>

Proof. By Lemma 2.14, the set M, (IE?q)2 — G, (Fy) is an intersection of finitely many hypersur-
faces, each of them having O (q2”2_1) points over IF, by Lemma 2.18. Each such a hypersurface
is defined by a polynomial equation in 2rn? variables with coefficients in Z, the equations being
independent of IF;. It follows that

#Gu(Fy) _ 1 #(My(Fy)*—G(Fy)) _ 0(g> 1)
i #Mn(]Fq)2 - 1 #Mn(Fq)z 2 1 q2nz q—00 1 a

However, we do not know whether the following limit exists:

#G,(F,)

, 17
n.gso0 #M, (Fy)2 17

Lemma 2.14 together with Theorems 2.2, 2.17, and 2.19 imply that the set of (A, B) €
M, (F)? having a proper common invariant subspace, is small in the appropriate sense. We note
that our arguments do not involve characteristic polynomials.

3. Presentations of M, (Z) and their applications

We begin by recalling the definitions of the matrices X = Z?: 1 Eit1,and Y = Eq for some
fixed n > 2, and the noncommutative polynomials

n—1

i,n =r1,n(x) =x"-1, 2.n =r2,n(x, y) = an_iyxi -1,
i=0

so=s0(y) =y —y, sj=sj(x,y)=yxly forj>1.
Theorem 3.1. The ring M,,(Z) has the following presentations:

(x,ylrin=rn,=sm=0, 1<m<n—-1), (18)
e,y |rin=ron=s0=sk =0, 1 <k<|n/2]). (19)

Both ring isomorphisms are obtained by mapping x to X and y to Y.
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Proof. We see that X and Y satisfy all the relations of (18) and (19).
Next we prove that (18) is a presentation of M), (Z). To fix the notation, let R be the ring
defined by (18). We observe that

n—1 n—1
ly= <ZX"_iyxi>y =y2+ ) " (ya'y) =%

i=0 i=1

Therefore, R is spanned as an Abelian group by the n” elements x’yx/ where 1 < i, j <
hence dimz R < n?. On the other hand, the map o glven bya(x)=Xanda(y) =Y extends to
the ring epimorphism « : R — M,,(Z) because E;; = xi-lyx'=J,

It remains to show that (19) is a presentation of M, (Z). Since all the relations of (19) hold
in (18), it remains to establish the converse. We propose to consider the cases of n even and odd
separately. The arguments involved in either of them are the same; therefore, we will do only the

n

case when i = 2s + 1 is odd. Multiplying the relation 1 = Y"/J x"~#yx' by y on the right yields

y:1y:y2+xﬂ*1(yxy)_i_xn*z(yxzy)+“'+xn*S+1(nyy)

+x" Sy ty eyl (20)
Since y2 =y and yxy = yx2y =--- = yx*y =0, and x is invertible, the formula (20) shortens:
yx" Ty 4 xyx" 2y 44 xSyt Ty =0, (21

Multiplying (21) on the left by y, as before, yields
yx"ly =0, (22)
which is partly what we need. Now substitute (22) in (21), cancel by x on the left, and then
multiply by y on the left. The result is yx"~2y = 0. In a similar fashion, it follows that all
si(x,y)=0forall j. O
The next theorem shows that Presentation 19 for n =4, 5 may be shortened.

Theorem 3.2.

My(Z) = (x,y | ria=rp4=s0=s51=0), (23)

Ms(Z) = (x,y | r1,5=r25=s0=s51=0). (24)
Proof. (1) To prove (23), observe that 0 = yrz 4 = s3x + s2x2, so that s3 = —sox and 53 = s3y =

—spxy = —yx2y(yxy) = 0. Therefore s, = s3 = 0, and the result follows from Theorem 3.1.
(2) We prove (24) in several steps.

O=yr15=y+s4x +S3x2 +S2x3 —|—s1x4 — Y =54X +S3x2 +szx3 +s1x4 =0
= 54 +S3x+ S2x2 =0. (25)



B.V. Petrenko, S.N. Sidki / Journal of Algebra 310 (2007) 15—40 29
Similarly, by expanding 0 = r, 5y we have
sS4+ x853 + x2sp = 0. (26)
Multiply (26) by y on the right:
s4+s3 =0. (27)

Equate (25) and (26): s3x + s2x2 = xs53 + xZsy, and then multiply the result by y on the right:
s% = x53 4 x2s7 implying

53 =x*s3 — xs. (28)
Multiply (28) by y on the left s3 = ys3 = yx*sy — yxs, = S4S§ and use (27):
53 = —s3. (29)
Substitute (29) in (29):
—sg = x4s% —X53. 30)
Multiply (30) by yx2 on the left and then use (29):

2.4 2.42 2 5 4 5
—YXTSy =YxXTxTSy; —yxTxsy = —8 =—s35 = —(—s2)sz =55

— 2=0. 31)

Multiply (30) by yx* on the left: —S4s§ = S3S22 — s2. Then by (27) and (29): sg = S3S% — 8§ =
(—s53)s3 — 52. Finally, by (31): 5o = =255 = —s5,(2s3), and the claim follows from Theo-
rem3.1. O

Next we record some properties of Presentations (18) and (19) in connection with their mini-
mality.

Theorem 3.3.

(1) Thering (x,y |ran=s5; =0, 1 < j <n— 1) has infinite rank.

(2) Thering (x,y |rin=s5; =0, 1 < j <n— 1) has infinite rank.

3) x,ylria= nn= 0) # M, (Z).

@) If 1 <k <n—1andk #n/2, then the relation s; = 0 follows from the other relations in (18).
In particular, this explains why (3) is a presentation of M3(Z).

(5) Removing from (18) any two relations s, = sy—j, = 0 results in a ring of an infinite rank.

(6) Removing from (18) any two relations sy, = sy, = 0, provided 1 < h <2h <n — 1, results in
a ring of an infinite rank.
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Proof. (1) Let Z(t) be the ring of rational functions in ¢ with integral coefficients. Consider the
matrices A =t Zz":()l Ei+1;and B=(1/t")E11. Let R be the subring of M,,(Z(t)) generated
by A and B. These matrices satisfy all the relations of R. At the same time, A" =¢"] € R, so
that R contains ) -, kI, an Abelian subgroup of infinite rank.

(2) Consider the matrices A = Z?;ol E;i1,;,and B=1tE|;. Let R be the subring of M, (Z[t])
generated by A and B. These matrices satisfy all the relations of R. At the same time,
Zz":()l A~'BA' =t1, € R, and as above, we conclude that R has infinite rank.

(3) Suppose the claim is false. Then by mapping y to zero, we have M,(Z) = (x,y | r1, =
ryp =0) = Z[x]/(x™ — 1), but the ring M, (Z) does not a have proper ideal of infinite index.

(4) We need to show that the relation yxk y = 0 follows from the other relations of (18). We
have

O=rny= y2 —l—x*kyxky —y and O=yr,= y2 + yxkyx*k —y.
Hence
y = y* = yxfy T =y, (32)
Next, we work with the expressions y(y — y?) and (y — y?)y with the help of (32). We see that
on the one hand, y(y — y2) = (yx ¥y)x¥y = 0, and on the other hand y(y — y?) = yZx*yx k.
Therefore yzxk VX —k — 0, and since x is invertible,
yzxky =0. (33)
Likewise, (y — y?)y = x % yxky? = yx¥(yx~*y) =0, so that
yxky? =0. (34)

Applying (32), (33), and (34) yields
yxky = yxf(y = y?) = yxf (x Fyaky) = y2xky =o0.

(5) It suffices to give an example of the ring of infinite rank, where all the relations of (18) are
satisfied except for yxy = yx" "y =0.

Let Z[¢] be a polynomial ring, X be the permutational matrix of oder n acting on columns,
and Y1 =tE11 + (1 — ) E14h,14n. We denote by R the subring of M, (Z[t]) generated by X
and Y. If 1 <i <n—1,then

X'ViX =tE it + (1= DE1 hiidshti (35)

implying Z;l:_()l XY X~ = I. Next, multiply (35) by ¥ on the left:
ViX'V X7 =1(1 = O(EnEvngirhsi + Evenen Evei ). (36)
We see that Y| XY X~ =0, and therefore Y X'Y| = 0, unless i = 4. In the latter cases we
have that Y1 X" Y1 X" =¢(1 —t)Ej; and Y1 X "Y1 X" =t(1 — t) E1 .15 Therefore, in R all

the relations of (18) are satisfied except for yx'y = yx"_h y = 0. Another consequence of (36) is
1t — 1), € R because Y 1= X' (1 X"V X M X =11 — ) Y12 X TEnX = t(t — V)1,
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Therefore, R contains an Abelian subgroup of infinite rank, implying that the rank of R is infinite
as well.

(6) As above, it suffices to give an example of the ring of infinite rank, where all the relations
of (18) are satisfied except for yx" = yx?*y =0, provided 1 <h <2h <n — 1.

Let Z[t] be a polynomial ring, X be the permutational matrix of order n acting on columns,
and Y1 = Ej1 +tE 140 —tE1-p,1.

The relation Z:l:_ol X'y, X~ = I, is satisfied because the subscripts (1, 1 +4) and (1 — A, 1)
are in the same orbit of X.

Next we investigate the monomial relations.

VX'V X ™ = (Ev +tE114n — tE1_pn)(E14i,14i + tEvpinehti — tE1giopati).  (37)
On multiplying out, we see that (37) is zero unless i = &, 2h. In the latter two cases, we have that
VX"V X" =12 (Ey 1son + Ercpagn)  and VXV X2 = —12Ey 4.

Finally, — Y=g X /(Y1 X?'y1 X2 X' = Y070 X'12Ey 141 X' = 2X' 7", Therefore, the
ring generated by X and Y; has infinite rank. 0O

The above theorem describes some situations (with the possible exception of part (3)) where
the removal of certain relations results in a ring of infinite rank. In contrast, the theorem below
gives two instances in which the removal of certain relations results in a ring of finite rank.

Theorem 3.4.

(1) The ring R={(x,y | rip=sn =0, 0 <m < n— 1) is isomorphic to a direct sum of the
rings M,(Z) and Z.C,,.

2) LetW#H g N={1,2,...,n—1}and H = N — H. Suppose that H satisfies the following
conditions modulo n:
(@) {a+bla,be —HUH}C H'.
®) Ifh,k,l,—h+k+1€ H,thenh=korh=1.
Then the ring S(H) = (x,y | ri,n =r2n =5; =0, j € H') has finite rank.

Proof. We prove the two claims of the theorem in the two respective parts below.

(1) Firstly, rpy = yra =0, rox = xry, (—}’2)2 = —ry. Therefore, r = —r; is a central idempo-
tent,and R=rR& (1 —r)R=rZ(x)® (1 —r)R where (1 —r)R = M, (Z), and r Z(x) = ZC,,.

(2) We construct a finite set, call it S, such that every element of S(H) may be written as an
integral linear combination of the elements of S.

Multiply the relation r , (x, y) =0 by y on the left:

n—1
y2+Zyx7"yx"—y=O = yz—yz—Zyxhyx*h. (38)
i=1 heH

Therefore, for k € H, we have

(y = yH)x*y = yalyx by = yaky?. (39)
heH
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Multiply the relation r ,(x, y) =0 by y on the right:

n—1
Y4 xThly—y=0 = y-y=-> x"Tyly. (40)
i=1 heH
It follows that
Y =yr=—yY xyxty=o0. (41)
heH

Therefore, multiplying (39) by y on the left yields
Yyt =—(y = y?)xfy =o. (42)
Let k € H, then equating the right-hand sides of (38) and (40) gives us

yxkyx*k =— Z yxhyxfh + inhyxhy. (43)
k#heH heH

Next, multiplying (43) by yx’ on the left and by x* on the right yields

yxlyxkyz— Z yxlyxhyx_h+k+Zyxlx_hyxhyxkzyleyxk. (44)
heH, h#k heH

We conclude that every word in x and y may be rewritten in such a way that the following
conditions are satisfied:

(1) x occurs finitely many times with exponent between O, ..., n — 1, because one of the relation
in (18)is x" = 1.

(2) Powers of y may occur as subwords at most twice because of (44).

(3) y occurs with exponent between 0, 1, 2 because y3 =y? by (41).

Stated another way, every element in S(H) may be written as Z-linear combination of the words
of the form x1yP1x®2yP2x% where a1, a0, 03 €{0,...,n — 1} and B1, B2 €{0,1,2}. O

3.1. Magnus-type ring extension of M,,(Z)

In the proof of Theorem 3.5 below, we introduce an analog of the Magnus Embedding from
Magnus [12] (see lemma on p. 764 of [12]).

Theorem 3.5. The ring Z{x, y} has a quotient R = R, such that
(1) R is an over-ring of M, (Z).

(2) Under the natural epimorphism Z{x,y} — R, the images of the ideals generated by
Fln,S1, - - - » Sy form a direct sum.
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Proof. The proof consists of finding a ring R such that

(1) R is generated by two elements X, y together with 1.
2) Let Ri =Rri nX)R, Si =Rsi(x,y)R for 1 <i <n—1, and So = Rso(y)R. Then R1 N
So={0r}and S =S P--- P S,—1.

Put M = M, (Z) and consider the ring M = (5 Mgn M %) where £ and 7 are independent
variables commuting with each other and with every matrix from M. Let R be the subring of M
generated by the matrices

I 0 X 0 Y 0
=00 1) x=(E0) =00 0)
Then the projection on the top left corner is a ring epimorphism R — M, by Theorem 3.1. Define
the polynomials go(#) =0and ¢; (1) =1+ +--- + t'=1,i > 1. Then

i X0 i ) N
X_(&MX)I)’ X ‘(—@mmXﬂ 1)
v X'y 0 iy X'y 0
XY_(MA@Y+n(J’ X Y‘(—mmmX'Y+n0>’

; 0 0
igli— .
(nX’Y 0)’

Xy x? 0>

—ivyi _ Fx- )
XTyx _(—fqi(X)X_lYX’—i—nXl 0

For the remainder of the proof, let r1 =r1 ,(X), s; =5;(X,Y),and 1 <i <n — 1. Then

(0 0 (0 0y [0 o0
"Z\eg,x) o) T \pw-1 o) T \nxiy o)

Therefore,

0 0 0 0 0 0
R‘=<sqn(X)M 0)’ S":(n(Y—l)M 0)’ Sf:(nxiYM o>'

We see that R| N Sp = {0}. The significance of this fact will become apparent from the fol-
lowing claim that will finally prove the theorem.

Claim. The sum Z;':_ll S; is direct and equals Sp.
We argue as follows. An element ug in Sp has the form
Mo,

ug = 0 0 where Ty = (Y — 1) M for some My = : eM.
nTo O :
Moy,
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Therefore,

Mo,
An element u#; in S; (1 <i <n — 1) has the form
M;

ui=< 0 0) where T; = X'Y M; for some M; = : eM.
nT; 0 :
Min

Then the (i + 1)st row of T; is M;1, the other rows being zero. Therefore,

M,_1,1

is of the same form as 7y, and hence Z;:ll T; € Sp. We conclude that Z;:ll T; =0 if and only
if M;y =0forallie{l,....,n—1}. O

3.2. M, (Z) as a quotient of rings without identity

To motivate this discussion, let R = Z{{ey1, ..., es,}} be a free nonassociative ring without
identity. Let 7 be the ideal of R generated by the elements e;ex; — 8 jxe;;. Then the quotient ring
R /Z is isomorphic to M, (Z).

Another way to present M,,(Z) as a quotient of a ring without identity is to modify Presenta-
tion (18) to obtain M, (Z) as a quotient of the integral semigroup ring Z[FS(x, y)]. This yields
the following

Theorem 3.6. Let X =Y ', E; ;41 and Y = E|1. Then the map
f:Z[FS(x,y)]—)M,,(Z), x = X, y—Y,

is a ring epimorphism with kernel generated by the n + 2 elements
n—1
X"y, yx" —y, —x" + Zx”_lyx’, yxly, 1<j<n—1. (45
i=0

Proof. Put R = Z[FS(x, y)]. All computations in this paragraph will be done modulo T =
Ker(f). We firstly observe that x"~!(x"*! — x) = 0 yields x?" = x". Therefore y? =
n—1

YOIy xtyx" ) = yx" =y, so that y = y> = (3774 x'yx""F)y = x"y. Therefore, z = x"
an identity element.



B.V. Petrenko, S.N. Sidki / Journal of Algebra 310 (2007) 15-40 35

It remains to show that ideal Z; generated by the elements (45) equals Z. Firstly, Zo € 7 be-
cause the corresponding relations are satisfied by X and Y. On the other hand, the computations
in the previous paragraph show that the ring R/Zy is generated by the n” elements x' + Zy,
xtyx] 4+ Ty, 1 <i, j < n. Since dimg M, (Z) = n?, it follows that T =Zy. O

3.3. Linear representations of matrix rings

We prove below that 4 relations in X and Y are sufficient to describe M,,(Z) in the context of
matrix rings.

Theorem 3.7. Let D be a commutative domain of characteristic either zero or at least m + 1, over
which every finitely generated projective module is free. Let S be a subring of M, (D) generated
by some nonzero X1 and Yy such that

n—1
Xt =xy, Yi1X" =71y, Y=y, doXITx =x1. (46)
i=0

Then the trace k of Y| is a positive integer, and there exist B € GL,,(D) such that, putting
r =m — kn, we have

B'X,B = L ®X Oy, and B~Y,B = L ®Y Oy, _
Orxk  Orxr Orxkc Opxr

An exposition of commutative domains over which every finitely generated projective module
is free can be found in Lam [9].

Proof of Theorem 3.7. Since X7 is an idempotent, we decompose D™ as the direct sum of the
image P and the kernel AV, i.e. D" =P @ Z where

(1) P and Z have D-ranks g and r, respectively.
(2) XJlp=1,and X7|7z=0,.

We observe from (46) that P and Z are S-invariant and S|z = 0,. Choose some free generating
sets for P and Z. Then with respect to these sets, X1 and Y] are represented by the matrices

(}62 8) and (162 8), respectively. Furthermore, the matrices X, and Y» satisfy the following rela-

tions
r.a(X2, Y2) =12, (X2, Y2) =59(Y2) =0. 47

Let k = tr(Y>). Then (47) yield

n—1 n—1
g =tr(ly) = tr(Z Xngxg—’) =Y w(¥2X57' X}) = nk. (48)

i=0 i=0
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‘P decomposes with respect to the idempotent Y> as a direct sum of the image ¢/ and the kernel V.
The restriction maps Y2|;; and Y|y are the identity and zero maps, respectively. Therefore

k =tr(Y2) =tr(Yalyy) + tr(Yaly) = tr(Y2yy) = tr(idyy). (49)

In particular, £ is an integer.
Let

n—1
U=y xju.

i=0

Then (46) implies that i is an S-module. In addition, Y|y =0 yields ¥2|p = 0. In turn,
(46) implies X»|p = 0, which amounts to the identity map acting as zero on P /Zj . Therefore

P =U{. The sum Zf:é X Q(Z/{) is direct because by passing to the field of fractions F of D, we

have F9 = Z;:ol Xé(}' ®p U). By (53), this sum is a sum of n linear spaces of dimension k,
and we know from (52) that dim# F9 = nk. Therefore

n—1
DI = @Xg(m.

i=0

Let B={s1,..., s} be a free D-basis of U. Then B= U;':_()l Xé(B) is a free D-basis of P.
Hence, X, may be represented with respect to B by an n-by-n block matrix (X;;) with k-by-k
blocks, where X;; =0 unless i = j +1,and X1 j = I for 1 < j <n — 1. Similarly, ¥, =
(Y;;) where Y11 = Iy and Y;; =0 for i # 1 because Y>|y is the identity map, and Ya|p s is the
zero map. Since [, = Xg’ = X1, ® I, we arrive at X , = I;. Therefore, X, is represented in
the basis B by the permutation matrix X ® I; in block form. It remains to observe that from
ran(Xa, YZ/)\ = 1, it follows that Y;; = 0 for 2 < j < n. Consequently Y> is represented with
respect to B by the matrix ¥ @ ly. O

Corollary 3.8. Let D be a commutative domain of characteristic either zero or at least n + 1.
Then the automorphism group of the ring M, (D) is generated by the automorphism group
Aut(D) of the ring D, and by the projective general linear group PGL,, (D), where

(1) Aut(D) acts on M, (D) by acting on each entry of a matrix.
(2) PGL,(D) acts on M, (D) by conjugation.

Proof. Any automorphism o of the ring M,, (D) leaves the center invariant. In other words, there
exist o € Aut(D) such that for every a € D, we have o (a ) ;_, E;;j) =a(a) Y ;_, Ej;.

Next we consider 8 = a~!o, which is a D-algebra automorphism of M,, (D). Then the pair
(BX, BY) satisfies the relations of (19). Therefore, by Theorem 3.7 there exists U € M, (D)
which conjugates X to X and BY to Y. The conjugations by U and —U produce identical
results, and there are no further such identifications. Therefore the automorphism group of the
D-algebra M,,(D) is isomorphic to PGL,(D). O
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The result of Corollary 3.8 is not new. More general results are contained Rosenberg and
Zelinsky [13]. In particular, that paper shows that Corollary 3.8 is false, for example, for
Dedekind domains with class number at least 2.

We will need the following theorem of G. Higman [8].

Theorem 3.9 (G. Higman’s Theorem). The unit group U of the integral group ring of a finite
Abelian group G is given by = £ G x F, where F is a free Abelian group of rank

1
5(#g+t2—21~|—1). (50)

Here t is the number of elements of G of order 2, and [ is the number of cyclic subgroups of G.
By analyzing some elementary inequalities, it follows that 7 = {0} if and only if n = 2, 3, 4, 6.

Theorem 3.10. The set Y = {Y|1 € M, (Z) | le =Y1, r.n(X, Y1) = 0} has the property that the
pair (X, Y1) satisfies all relations of (19), and all Y| have trace 1. Ifn =2,3,4,6 then Y| = Ej;
for some i. Otherwise, Y is infinite, and if Y| # Ej;; then it has both positive and negative entries.

Any Y1 is of the form (c;d) for some integers c;, d; such that the matrices circ(cy, ..., cp) and
circ(dy, ..., d,) are mutually inverse. Any Y1 is conjugate to Y by an integral circulant matrix
with determinant £1.

Proof. Let Y1 = (y;;). Then rz , (X, Y1) = 0 implies

n
Zyi+k,,/+k = 6ij. (5D
k=0

These formulas prove the claim about the possible signs of entries of Y.
Applying the trace to 1 , (X, Y1) = 0 implies

n—1 n—1
n=tr(l,) = tr< > XinX"i> =Y w(N X" X)) =nuw(y). (52)

i=0 i=0

Z" decomposes with respect to the idempotent Y; as a direct sum of the image Z and kernel K.
Therefore

I =t =ulr) + o) =tu1l7) =tr@idz). (53)

Therefore, Y| is a rank 1 projection. The image of Y; is an Abelian group is generated by some
(dy,...,d,) € Z". It follows that on the standard basis ¢; = (1,0, ...,0),...,e, =(0,...,0,1)
the action of Y; is described by Yie; = c;jd + - - - + cid, for some integer c;. Therefore Y| =
(cidj). Next, from r , (X, Y1) = 0 we conclude that ZZ;& Ci+kdjtk = &;j, which is the same as
saying that the matrices circ(cy, ..., ¢,) and circ(dy, ..., d,) are mutually inverse.

Now, going back to (51), we see that the relations Y1 X ky, = 0 follow from the
relations ry ,(X) = r2 (X, Y1) = 0. Indeed, (Xle)l-j = ¢j4kdj. Therefore (Y Xk Y1) =
ci (Zzzl dycyyix)dj = c¢;jdgndj = 0. It follows that (X, Y1) € G,(Z) by Theorem 3.1 and because
all proper quotients of the ring M,,(Z) are finite.

In the cases of n =2, 3, 4, 6 the group U (Z(X)) consists precisely of 2n matrices £E;;. O
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Theorem 3.10 may be strengthened as follows. If all entries of X; € M,,(Z) are nonnegative,
and X{ = I, then in each row of X there exactly one positive entry, and it equals 1. We will
prove this assertion in 2 steps.

(1) Suppose that in each row of X there is exactly one nonzero entry. Then from det X1 = %1
it follows that X is of the required form.

(2) Suppose that X; = (x;;) has a row with at least 2 positive entries x;; and x;;-. The ith
column of X contains a nonzero entry x,;. We conclude that the matrix X % = (t;7) has the
property that t,,;, t,,;; > 0. Similarly, any positive power of X has at least two positive entries
in some row. We obtain a contradiction, however, by considering X ’f =1,.

We remark that G. Higman’s Theorem 3.9, when applied to a cyclic group of order n, may be
restated in terms of solutions of the following Diophantine equations:

detcirc(xy, ..., x,) = 1. 54

Unfortunately, there appears to be no efficient algorithm to find solutions of (54). Computer
experiments with (54) eventually led us to Theorem 3.10.

3.4. Presentations of direct sums of matrix rings over Q and 7

Our next result gives infinitely many 2-generator presentations for the ring M, (Z). We obtain,
as a consequence, presentations for several types of direct sums of matrix rings. We do not write
down these presentations explicitly based on the following reason. If 7 and J are ideals of a
ring R such that 7+ J =R, then TN J =ZJ + JZ. Therefore, if the ideals Z and J are
generated by explicitly given i and j elements, respectively, then Z N J is generated by at most
2ij explicitly given elements.

Theorem 3.11. The ring Z{x, y} has an infinite family of ideals {Z,,(m)}c7 defined by
In(m) = (rl,n(-x7mx +y)7r2,n(xamx +y)»5j, 1 g ] gl’l - 1)7 In ZIn(O)
This family of ideals has the following properties:

(D) Z{x, y}/Z,(m) = M, (Z) for any integer m.
Q) If my,...,my =2 are integers, and the sets Sy, ..., Sy C Z are finite, then

2y o @) My @
ﬂﬁ;l ms,es, L, (8i) i=1 t

(3) If |k — 1| =2, then even though Z{x, v}/, (k) N T, (1) % M,(Z)?, it embeds as a subring of
finite index.

(4) Define the map ' : Z{x, y} — Z{x,y} by f(x,y) = f(y,x), then for any pairwise different
integers ny, ..., ny =2, we have

Zi{x,y} ~ 3
=P wm, (7).
N5_1 7t NIy, NIy, (1) EB i@

(5) Zix, y}/Ia NToNTr(1) NI (1) = Ma(Z) .
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Proof. We find it convenient to introduce a family of ring automorphisms {¢;, }mez of Z{x, y}
given by ¢, (x) = x and ¢, (y) = mx + y. Then Z,(m) = ¢, (Z,). Theorem 3.1 implies
Zix, y}/Ln(m) = My(Z).

We will show that all these ideals are different, i.e. Z,, (k) = Z,,(I) if and only if m = n and
k=1.

Let us consider the case m = n. Suppose that our claim is false, so that 7, (k) = Z, (/) for some
k #1. Then

Iy = ¢_k(Ln(k)) =T,(l — k) =T, (a), whereO#a=1—k.
Therefore,

o ra(x,ax+y)=a Z?:—Ol x4 ran(x,y) =nax (modZ,),
o ry(x,ax+y) el
e x is invertible modulo Z,,

imply that na € Z,,. Therefore, {0} = na(Z{x, y}/Z,) = M,,(Z), a contradiction.

Now suppose that m < n. Then Z,, = Z,,(I — k). Therefore modulo either of these ideals,
0=sp,(x,y)=yx"y=y?=y,yielding 0 = rp , (x, y) = —1.

Since the ring M, (Q) is simple, the arguments above together with Chinese Remainder The-
orem prove part (2).

Next we prove part (3). We observe that the restriction of the maps ¢, to Z is the identity
map. Therefore,

(T.() + L)) NZ S (T, + Tk — D) NZ=T,NZ=1{0} (modk—1),

so that (Z,, (k) + Z,(1)) N Z # Z and therefore 7, (k) + Z,,(I) # Z{x, y}.

We prove part (4) by showing that the sum of any two of the three ideals Z;, Z,,, Z, (1) is
Z{x, y}.

(1) We claim that J = Z,,, + Z,(1) = Z{x, y}. If m > n, then modulo J we have 0 =
sp(x,y) = yx"y =y% =y, so that 0 = ra.m(x,y) = —1. Suppose that m < n, then consider the
ideal 7' = ¢_1(J) = Zu(—1) + Z,,. Then modulo 7’ we have 0 = s, (x, y) = yx"'y = y> =y,
sothat 0 =rp ,(x,y) = —1.

(2) We claim that K =Z}, + Z,, = Z{x, y}. All computations here are done modulo K. From
x> =x and x" = 1 we conclude that x = 1, and therefore 0 = xyx = y, and consequently 0 =
0" =y"=1.

(3) The proof that £ =T}, + 7, (1) = Z{x, y} is exactly as above.

It remains to prove part (5) of the theorem.

(4) We claim that N = Z,(1) + Z»(1)! = Z{x, y}. The computations will be done modulo N.

x+y=@+y)?=x"+xy+yx+y*=2+xy+yx, (55)

0=(x+y)x(x +y)y= (x> +x"y+yx> + yxy)y =xy + 2+ yx. (56)

The right-hand sides of (55) and (56) are equal, hence x 4+ y = 0. Therefore, 0 =r22(x, x +y) =
ra2(x,0)=—-1.

(5) We claim that O = 7, + Z,(1)" = Z{x, y}. The computations will be done modulo O.
Multiplying both sides of (55) by y on the right yields y =0, so that 0 =2 2(x, y) = —1.
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(6) The equality Zé + Zr(1)! = Z{x, y} is proved similarly, by multiplying (55) by x on the
right. O

For all sufficiently large k, the ring M, (Z)* does not admit 2 generators, because the same
holds modulo any prime by a simple counting argument. Therefore, it should be of interest to
investigate the minimum number of generators for finite direct sums of integral matrix rings.
The situation is philosophically similar to the result of Philip Hall [6, p. 137], that “the direct
product of the nineteen icosahedrals can be generated by two elements, but not the direct product
of twenty.”
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