Journal of Computational and Applied Mathematics 230 (2009) 600-606

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

A new difference scheme with high accuracy and absolute stability for
solving convection-diffusion equations”

Hengfei Ding®*, Yuxin Zhang®

2School of Mathematics and Statistics, Tianshui Normal University, Tianshui 741001, PR China
b School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, PR China

ARTICLE INFO ABSTRACT

Article history: In this paper, we use a semi-discrete and a padé approximation method to propose a
Received 16 January 2008 new difference scheme for solving convection-diffusion problems. The truncation error
Received in revised form 3 September 2008 of the difference scheme is O(h* + 7). It is shown through analysis that the scheme is

unconditionally stable. Numerical experiments are conducted to test its high accuracy and

Msc: to compare it with Crank-Nicolson method.

65M06

65M12 © 2008 Elsevier B.V. All rights reserved.

Keywords:
Convection-diffusion equation
Difference scheme

High accuracy

Toeplitz matrix

Krylov subspace method

1. Introduction

Consider the convection-diffusion equation

ou ou_ ou 1,t>0 (1.1)
—de— =y —, <x<1,t> .
ot fax T Voxe

subject to the initial condition

u(x,0) =gkx), 0=<x=<1
and boundary conditions

u0,t) =0, t=>0.

u(1,t) =0, t=>0,
where the parameter y is the viscosity coefficient and ¢ is the phase speed, and both are assumed to be positive. g is a given
function of sufficient smoothness. This equation may be seen in computational hydraulics and fluid dynamics modeling
convection—diffusion of quantities such as mass, heat, energy, vorticity, etc [1].

There has been much work on computing a finite difference approximation solution of equation (1.1), see [2-4]. We
focus our attention on a method based on the high-order compact (HOC) finite difference discretization of equation (1.1)
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only with respect to the space variable. This type of discretization yields a system of ordinary differential equation. The
solution of this system requires the computation of e’A_]By for some vector y, where 7 is the time step-size, A and B are
large Toeplitz matrixes. There are various methods to compute an approximation of e”‘_lgy. In [5-7,12], some approaches
based on the Krylov subspace method were proposed. The restrictive Taylor’s approximation method has been presented
in [8,12]. In most of the cases, the accuracy of the difference schemes constructed by using the above methods is second
order in time direction and second or fourth order in space direction. In this paper,we use padé approximation method
to give an expression to compute the value of e™ "B, So we get a new difference scheme for solving convection-diffusion
equation (1.1) and the truncation error is O(z> + h*). Then the numerical results of our difference scheme for computing
the approximate solution of Eq. (1.1) at some given time levels are compared with that of Crank-Nicolson scheme.

The present paper is organized as follows. In Section 2, we define the difference scheme and discuss the accuracy. In
Section 3, we do stability analysis. Some numerical examples are presented in Section 4 and concluding remarks are given
in Section 5.

2. Proposition of the difference scheme

We subdivide the interval 0 < x < 1 into n equal subintervals by the grid points x; = ih, i = 0(1)n, where h = 1/n,(n is
a positive integer). The mesh function u(ih, kt) is written as uﬁ‘ at grid point (ih, kt).
We start by examining the one-dimensional steady convection equation

d?u du
f, (2.1)

where f is a function of x. Using the techniques outlined in [9,10], it is easy to derive a three-point fourth-order compact
scheme for Eq. (2.1) as

e2h?\ ., h ., e 4
—(y+ E Sui+edu; = | 1+ E(Sx — ;5,() fi+0(h™), (2.2)

where §2 and 8, are the second-order and first-order center difference operators.
For convenience, we define two difference operators as follows

h? , & e2h? 5
LX=1+E((SX—;6X), A= — V+E 8 + &bx.
Eq. (2.2) can then be formulated symbolically as
L, 'Aw; = f; + O(h*). (2.3)

A fourth-order semi-discrete approximation to the unsteady convection-diffusion equation in (1.1) can be obtained by
replacing f with —g—“ in (2.3)

t

-1 k _ _Luf 4
LA = === + 0. (2.4)
Let
uk
k i
vk = 2.5
! at (2.5)
Then we have
L7'Auf = —vf + 0(h*). (2.6)

Neglecting the high-order term O(h*) of (2.6) and then rewriting it as follows

1 n he Ko 5 n 1 he K
—_ —_ V; — V. —_—— — VU
12 24y ) 71 6 12 24y ) ™1

2 2 2
1% € £ X 2y £ K 1% £ € K
==4+—4+=)u - - — | u; =4+ — — — Ju,. 2.7
<h2 + 12y + Zh) =1 +< h2 6y> it (h2 + 12y 2h> a 27)
Along time level t, we denote w(x;, t) by w;(t), where w is u or v.
In matrix notation, (2.7) can be written as:

AV(t) = BU(t),
U(0) = Up.
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From (2.5) and (2.8), we have

a0 _ gy
o - PO 29)

U0) = Uy
where
V(t) = [U] (t)s U2(t), ey vnfz(t)v vnf‘l(t)]—rv
U(t) = [U] (t)s u2(t)s ey un72(t)’ unf‘l(t)]Tv
U(0) = [g(x1), 8(X2), ..., 8(Xn—2), E(xn—1)]".

And A, B are the trid-diagonal matrix of order n — 1 as below

5 1 eh
b - 0 0 0
6 12 24y
1 eh 5 1 ch
— b — 0 0
12 ' 24y 6 12 24y
1 eh 5 1 eh
0 — 4 — = _—— 0
12 24y 6 12 24y
A= .
1 eh 5 1 eh
0 —+— = ——— 0
12 ' 24y 6 12 24y
1 eh 5 1 ¢h
0 0 — = — -
12 24y 12 24y
1 eh 5
0 0 0 — + — -
12 ' 24y 6
2 2 2
A A 0 0 0
h2 6y 12y 12
1% g2 & 2y g2 % g2 & 0 0
h?2 12y 12 h?z 6y h?2 12y 12
0 y g2 & 2y & y g2 & 0
12y 12 R 6y 12y 12
B=
2 2 2 2
0 v, e e g2y & ¢ 0
212y 12 2 6y 12y 12
0 0 y + g2 + e 2y g2 y + g2 e
R 12y 12 h2 , v R 12y 12
0 0 e 0 l + 87 + i _zl — i
h?2 12y 12 hz 6y
From [3], we know that
i)When -+ — £L > 0, the eigenvalues of the matrix A are
127 24y
5+1 4 &2h? sn7£0 =12 D
=—-4 —,/4— ——cos — , (s=1,2,n—-1).
Bs=5T12 y2 Ty
ii en - — —— < 0, the eigenvalues of the matrix A are
When ¢ — 5 < 0, th lues of the matrix A
S_ L JEN s 20, s=1.2.n—1)
=—-——,/—— —4cos — , (5=1,2,n-1),
=67 12\ 52 n
where = 4/—1.
For |A| = ]_[?;11 us # 0, so A is nonsingular, we easily get the exact solution of (2.9):
-1
u(t) = e Pu,. (2.10)
Fort,=kt,k=0,1,...,5s0
-1 -1
U(tir) = eV By, Ut = e Pu,,.

Then we have

Ultipr) = e™ PU(t). (2.11)
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Now, the problem is how to approximate e By get the numerical solution. A good approximation to e is the (2, 2) padé
approximation which have the form [3,11]
o2 12+6Z+ z?
C12-6Z +22
Neglecting the high-order term 0(Z°) of (2.12), yield to

+ 0(Z%). (2.12)

,  12+6Z+27°
e .
12 —6Z+ 22

We use [12] — 67A1B + t2(A"'B)2]~'[12 + 6tA~'B + t2(A~'B)?] to approximate the matrix series e™ '8 successfully.
Then we get the following difference scheme for the numerical solution of Eq. (1.1)

(2.13)

U1 = [121 — 6TA7 B+ T2(A7'B)? 7 [121 4+ 6TA7 B+ 2 (A" 'B)2]U;, (2.14)
where Uy is the numerical approximation of U(ty).
From (2.4) and (2.12), we know the truncation error of the difference scheme (2.14) is O(h* + 7°).

3. Stability analysis

Lemma 3.1. If the real part of Z is nonpositive, then

12 +6Z + 22
12462427 (3.1)
12 —6Z + 272
Proof. We suppose that Z = a + bi, wherea € R,b € Randa < 0.
Since
12a(24 + 2a® + 2b%) < 0.
Then we have
(24 + 2a* — 2b*)(12a) + (4ab)(12b) < 0,
[(12 + 6a + a* — b*)? — (12 — 6a + @ — b*)?] < [(—6b + 2ab)? — (6b + 2ab)?],
[(12 4 6a + a* — b*)? + (6b + 2ab)?] < [(12 — 6a + a* — b*)% + (—6b + 2ab)?],
V(12 + 6a + a2 — b2)2 + (6b + 2ab)? < /(12 — 6a + a2 — b?)2 + (—6b + 2ab)?,
[(12 + 6a + a* — b?) + (6b + 2ab)i| < |(12 — 6a + a* — b?) + (—6b + 2ab)i,
|12 4 6(a + bi) + (a + bi)?| < |12 — 6(a + bi) + (a + bi)?|.
So
12 +6Z + 72
— | <1
12—-6Z+22%2|~
This finishes the proof of Lemma 3.1. O
Lemma 3.2. Assume that 1;(i = 1,2, ...,n — 1) are the eigenvalues of the matrix A"'B, and &(i = 1,2, ...,n — 1) the real
vectors of dimension (n — 1), are corresponding eigenvectors. Then A; are real and satisfy
i <0. (3.2)

Proof. Since A; and £; are eigenvalues and corresponding eigenvectors of matrix A~ !B, respectively, they satisfy the following
conditions

A& =AT'B&, or MEA& = & B (3.3)
Since
'B& = (&, &@» -0 Ea-n)B(E. &E@. - $i(n71))T
=—<2’/+82>(*§-2 — &kie) + £y — Gk + sy — -+ Ein sy — -1 + Edn_1)
h2 6y i(1) i(1)Si(2) i(2) i(2)Si(3) i(3) i(n—2) i(n—2)Si(n—1) i(n—1)
2y &2

< 2 1 2 2 2 1 2 2
=\t &) = 5 Gioy + &i) + i — 5 Gio) + &is)



604 H. Ding, Y. Zhang / Journal of Computational and Applied Mathematics 230 (2009) 600-606

Table 1
The absolute error for various values of the t (h = 0.005, r = 0.001).
t x=0.1 x=0.3 x=0.5 x=0.7 x=0.9
P.M C-N.M P.M C-N.M P.M C-N.M P.M C-N.M P.M C-N.M

02 6.54e—010 1.88e—005 1.61e—009 3.61e—005 2.09e—009 1.39e—005 2.71e—009 2.05e—004 2.61e—008 9.67e—004
04 1.13e—009 3.23e—005 3.02e—009 6.76e—005 3.92e—009 2.61e—005 5.06e—009  3.84e—004 4.38e—008 1.64e—003
06 147e—009 4.15e—005 4.22e—009 9.45e—005 5.49e—009 3.66e—005 7.06e—009 5.37e—004 5.53e—008  2.10e—003
08 1.71e—009 4.81e—005 5.24e—009 1.17e—004 6.83e—009 4.56e—005 8.67e—009 6.64e—004 6.26e—008  2.42e—003
1 1.89e—009  5.26e—005 6.08e—009 1.35e—004 7.96e—009 5.31e—005 9.89e—009 7.68e—004 6.71e—008  2.63e—003
10 337e—010 7.17e—006 1.71e—009 2.87e—005 3.46e—009 2.31e—005 2.61e—009 1.11e—004 2.60e—009  2.86e—004
20 1.50e—011 2.57e—007 8.48e—011 1.13e—006 2.12e—010 1.41e—006 3.04e—010 2.10e—006 1.48e—010 7.60e—006

1
+€i%3) —eet 5;’%;172) - 5(51%1172) + gi%nfl)) + %_i%nfl)]
2
Y e
= — (ﬁ + ]2)/) (Siz(l) + si%nfl)) =<0 (34)
And
T
£As = (5. & - EGaen)A(G0). E@- -0 EieD)
1
= 6(5%}%1) + Emé&i) + 565y + E&i) + 563y + - - - + 5E5,_a) + Eim—2Ein—1) + 5En_1))
3.2 1 2, 20 1 2
= 251(1) + E(Si(l) +éi)" + 55,-(2) + E(Si(l) +éi)
2. 2. 1 2, 3.0
+ 55,’(3) +...+ 551-(,.,,2) + E(éi(nfb +&in-1))" + Zfi(nq) >0 (35)

The above two results indicate that A; arerealand A; < 0. O

Theorem 3.1. Difference scheme (2.14) is unconditionally stable.

Proof. If A;(i = 1,2,...,n — 1) are the eigenvalues of A~!B, one can see that eigenvalues of [12] — 6TA"!'B +
t2(A7'B)2]7'[12] + 6TA'B+ t2(A"'B)?*] are (12 — 67A; + T2A2) " 1(12 + 6TA + T2AD) (= 1,2,...,n— 1).
From Lemmas 3.1 and 3.2, we have

(12 — 67 + 247112 + 67A; + 7222 < 1. (3.6)

Thus, the difference scheme (2.14) is unconditionally stable. O

4. Numerical examples

We present some numerical examples to compare the present method (denoted by P.M) with Crank-Nicolson method
(denoted by C-N.M). In Examples 4.1-4.3, we suppose that exact solution at the first level is known.

Example 4.1. To provide some indication of accuracy of the present method, we consider the convection-diffusion
equation [8]

ou ou 9%u
— +0.1— =001—, 0<x<1,t>0,
ot ox ox?2

where the exact solution is given by

ux, t) = e5x—(0425+0.01n2)t sin 7Tx.
The initial and boundary conditions are defined so as to agree with the exact solution. The accuracy of the present method
and Crank-Nicolson method is compared in Table 1 for various values of the t. Table 1 gives the absolute error along
x =0.1,0.3,0.5, 0.7 and 0.9 of the domain, where h = 0.005, t = 0.001.

Example 4.2. We consider the convection-diffusion equation

ou ou 9%u
— +0.22— =0.5

T P 92 0<x=<1,t>0,
X X
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Table 2
The absolute error for various values of the t (h = 0.002, T = 0.002).
t x=0.1 x=0.3 x=0.5 x=0.7 x=0.9
P.M C-N.M P.M C-N.M P.M C-N.M P.M C-N.M P.M C-N.M

02 137e—011 1.72e—007 4.01e—011 4.77e—007 5.08e—011 6.22e—007 4.25e—011 5.31e—007 1.69e—010  2.14e—007
04 1.69e—011 2.34e—007 5.33e—011 6.46e—007 6.82e—011 8.41e—007 5.74e—011 7.17e—007  2.29e—011  2.89e—007
06 1.89e—011 2.37e—007 5.34e—011 6.52e—007 6.87e—011 8.49e—007 5.80e—011 7.23e—007 2.32e—011 2.91e—007
0.8 1.70e—011 2.12e—007 4.77e—011 5.85e—007 6.15e—011 7.62e—007 5.20e—011 6.49e—007 2.08e—011 2.61e—007
1 1.43e—011  1.79e—007  3.99e—011 4.92e—007 5.16e—011 6.40e—007 4.37e—011 5.45e—007 1.75e—011  2.19e—007
10 248e—018 3.08e—014 6.29e—018 8.49e—014 8.87e—018 1.10e—013 7.54e—018 9.38e—014 3.02e—018 3.77e—014
20  1.17e—026  1.46e—022 3.22e—026 4.01e—022 4.19e—026 521e—022 3.56e—026 4.43e—022 143e—026 1.78e—022

Table 3
The absolute error for various values of the t (h = 0.01, T = 0.005).
t x=0.1 x=0.3 x=0.5 x=0.7 x=0.9
P.M C-N.M P.M C-N.M P.M C-N.M P.M C-N.M P.M C-N.M

0.2 534e—010 3.72e—006 1.46e—009 1.02e—005 1.89e—009 1.32e—005 1.60e—009 1.12e—005 6.40e—010 4.48e—006
04 4.02e—010 2.80e—006 1.10e—009 7.68e—006 1.42e—009 9.93e—006 1.20e—009 8.41e—006 4.38e—010 3.36e—006
0.6 2.25e—010 1.57e—006 6.15e—010 4.29e—006 7.95e—010 5.55e—006 6.72e—010 4.69e—006 2.68e—010  1.88e—006
08 1.11e—010 7.77e—007 3.05e—010 2.13e—006 3.94e—010 2.75e—006 3.33e—010 2.33e—006 1.33e—010  9.29e—007
1 5.17e—011 3.61e—007 1.42e—010 9.88e—007 1.83e—010 1.28e—006 1.55e—010 1.08e—006 6.17e—011  4.31e—007
10 2.15e—029 1.50e—025 5.89e—029 4.11e—025 7.60e—029 5.31e—025 6.43e—029 4.49e—025 2.57e—029 1.79e—025
20  1.25e—050 8.75e—047 3.42e—050 2.39e—046 4.42e—050 3.09e—046 3.74e—050 2.61e—046 1.49e—050 1.04e—046

where the exact solution is given by

0.22x—(0.024240.572)¢

u(x,t) =e sinTx.

The initial and boundary conditions are defined so as to agree with the exact solution. The accuracy of the present method
and Crank-Nicolson method is compared in Table 2 for various values of the t. Table 2 gives the absolute error along
x =0.1,0.3,0.5, 0.7 and 0.9 of the domain, where h = 0.01, T = 0.005.

Example 4.3. We consider the convection-diffusion equation

du du 9%u
=0. 0<x<1,t>0,

where the exact solution is given by

ux, t) = eO.25x7(040125+0.2n2)t sin 7Tx.
The initial and boundary conditions are defined as so to agree with the exact solution. The accuracy of the present method
and Crank-Nicolson method is compared in Table 3 for various values of the t. Table 3 gives the absolute error along
x =0.1,0.3, 0.5, 0.7 and 0.9 of the domain, where h = 0.002, T = 0.002.

Solving Examples 4.1-4.3, Tables 1-3 shows comparison between the absolute error of the present method and
Crank-Nicolson method. The results prove that the new method is more accurate than the Crank-Nicolson method.

5. Concluding remarks

In this work, we proposed a method to find the solution of the system of ordinary differential equations arising from
discretizing the convection-diffusion equation with respect to the space variable. The method is fourth order in space and
fifth order in time direction, respectively. It is shown through analysis that the difference scheme is unconditionally stable,
and numerical experiments are conducted to test its high accuracy and to show its reasonableness.

References

[1] P.J. Roach, Computational Fluid Dynamics, Hermosa, Albuquerque, NM, 1976.

[2] M.K. Jain, Numerical Solution of Differential Equations, Wiley Eastern Limited, 1991.

[3] G.D.Smith, Numerical Solution of Partial Differential Equations (Finite Difference Method), vol. 38, Oxford University Press, Oxford, 1998, 527-543.

[4] J.C. Strikwerda, Finite Difference Schemes and Partial Differential Equations, Wadsnoreth Brooks/Cole Advanced Books Software, 1989.

[5] E. Gallopoulos, Y. Sand, Efficient solution of parabolic equations by Krylov approximation method, SIAM J. Sci. Stat. Comput. 13 (1992) 1236-1264.

[6] H.A Var der Vorst, Solution of f(A)x = b with projection methods for the matrix A, in: A. Frommer, T. Lippert, B. Medeke, K. Schilling (Eds.),
in: Numerical Challenges in Lattice Quantum Chromodynamics, vol. 15, Springer-Verlag, Berlin, 2000.

[7] H.AVan der Vorst, An iterative solution method for solving f (A)x = b, using Krylov subspace information obtained for the symmetric positive definite
matrix A, J. Comput. Appl. Math. 18 (1997) 249-263.



606 H. Ding, Y. Zhang / Journal of Computational and Applied Mathematics 230 (2009) 600-606

[8] H.N.A. Ismail, E.M.E. Elbarbary, G.S.E. Salem, Restrictive Taylor’s approximation for solving convection-diffusion equation, Appl. Math. Comput. 147
(2004) 355-363.
[9] S.Karaa, ]. Zhang, High order ADI method for solving unsteady convection-diffusion problems, J. Comput. Phys. 198 (2004) 1-9.
[10] W.F. Spotz, High-order comput finite difference schemes f or computational mechanics, Ph.D. Thesis, University of Texas at Austin, Austin, TX, 1995.
[11] F. Gao, C.M. Chi, Unconditionally stable difference schemes for a one-space-dimensional linear hyperbolic equation, Appl. Math. Comput. 187 (2007)
1272-1276.

[12] D.K. Salkuyeh, On the finite difference approximation to the convection-diffusion equation, Appl. Math. Comput 179 (2006) 79-86.



	A new difference scheme with high accuracy and absolute stability for solving convection--diffusion equations
	Introduction
	Proposition of the difference scheme
	Stability analysis
	Numerical examples
	Concluding remarks
	References


