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1. Introduction

The classification of small-dimensional Lie algebras is a classical problem. The history of the clas-
sification problem of six-dimensional nilpotent Lie algebras goes back to Umlauf [17]. In the 1950’s
Morozov [10] published a classification of six-dimensional nilpotent Lie algebras valid over fields of
characteristic 0. Recently several classifications have appeared, over various ground fields. We mention
[8] (over algebraically closed fields, and over the real field), [14] (over various finite fields) [5] (over
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fields of characteristic not 2). However, no classification that treats all ground fields, in particular fields
of characteristic 2, is known up to now. It is the purpose of this paper to complete the classification of
six-dimensional nilpotent Lie algebras over an arbitrary field.

Nilpotent Lie algebras up to dimension five are well-known. There is just one isomorphism type of
nilpotent Lie algebras with dimension 2, two isomorphism types in dimension 3, three isomorphism
type in dimension 4, and 9 isomorphism types in dimension 5. The classification of nilpotent Lie
algebras with dimension up to 5 is independent of the field in the sense that the isomorphism types
can be described by uniform structure constant tables with integer entries. This is not, however, the
case in dimension 6, as the number of isomorphism types of six-dimensional nilpotent Lie algebras
depends on the characteristic of the underlying field. There are 36 isomorphism types over [, but
only 34 isomorphism types over IF3; see [14]. Over fields I of characteristic not 2, the number of
isomorphism types is 26 + 4s where s is the (possibly infinite) index of (F*)? in the multiplicative
group IF* of F [5]. In the present paper we give a classification that covers all ground fields, in particular

also those of characteristic 2. For a field IF of characteristic 2, define an equivalence relation X onlF
as follows: o & Bifand only if = )/2,3 + 82 with some y € F*and § € FF. Let t be the (possibly
infinite) number of equivalence classes of t inF.

Theorem 1.1. The number of isomorphism types of nilpotent Lie algebras with dimension 6 over fields of
characteristic different from 2 is 26 + 4s, while this number is 30 4 2s + 4t over fields of characteristic 2.

In Section 3, a list of the isomorphism classes of the six-dimensional nilpotent Lie algebras over an
arbitrary field is given. The first part of this theorem concerning fields of characteristic different from 2
was already proved in the article [5] by the second author (see also [4] for more details).

As stressed above, our paper treats fields of characteristic 2, and, for the first time, gives a full
classification of six-dimensional nilpotent Lie algebras over an arbitrary field of characteristic 2. As
far as we are aware, in characteristic 2, the only existing classification of such Lie algebras was given
over algebraically closed fields by Gong’s Ph.D. dissertation [8]. Comparing Gong’s results to ours, we
found that Gong’s classification contains one mistake: namely, his Lie algebras Ne 3,10 and (E) are both
isomorphic to our Lie algebra Lg 24(0) defined in Section 3. Apart from this, our classification agrees
with Gong’s.

The original aim of the research presented in this paper was to extend the results of [5] to fields of
characteristic 2. As in the course of this work some proofs of [5] were revised, we decided, in this paper,
to present a full classification of six-dimensional nilpotent Lie algebras that is valid over all fields. In
addition, some results in [5] relied on computer calculations (specifically, computing a Grobner bases
for ideals in a polynomial rings), while the arguments of the present paper are all theoretical with no
computer calculations involved. Nevertheless, we should mention here that several of the theoretical
arguments in Section 5 were inspired by Grébner basis computations in the computational algebra
system Magma [1] and it would have been significantly more difficult, maybe even impossible, to
obtain the classification in Theorem 1.1 without performing such computations.

Our methodology, which is the same as in [5], is explained in Section 2. We construct the six-
dimensional nilpotent Lie algebras as certain central extensions, descendants in our terminology, of
lower-dimensional algebras. To separate the isomorphism classes of the descendants, we use the action
of the automorphism group on the subspaces of the second cohomology space. It is interesting to note
that, in some examples, the automorphism group preserves a non-degenerate quadratic form on the
second cohomology space and the isomorphism classes of the descendants can be characterized by
purely geometric means. An example of this situation is the abelian Lie algebra L with dimension 4,
whose automorphism group GL(4, IF), by the Klein correspondence, preserves a quadratic form on the
second cohomology space H*(L, F) = (F4) A (F*) with dimension 6. In characteristic different from 2,
the six-dimensional descendants of L can be completely determined using the Gram determinant of the
restriction of the quadratic form to the two-dimensional subspaces of H>(L, ). In characteristic 2, we
determined these descendants using the Arf invariant of the restriction of the quadratic form to these
two-dimensional subspaces. See Sections 4 and 5 for the details. The use of the Klein correspondence in
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the classification of nilpotent Lie algebras of nilpotency class 2 was also explored in [16]. An interesting
byproduct of our work is the determination of the GL(4, IF)-orbits on the two-dimensional subspaces
of (F*) A (F*) (Theorem 4.4).

Here is an outline of the paper. In Section 2 we describe the cohomological method that we use to
classify nilpotent Lie algebras, which also appeared in [5,15,8]. In Section 3 we present the main result
of this paper, that is the classification of the six-dimensional nilpotent Lie algebras. Section 4 has a
number of results on bilinear and quadratic forms that we need. Then in Section 5 the main work is
performed to prove the main result.

The main result of this paper can be accessed electronically using the LieAlgDB package [2] of the
computational algebra system GAP [7].

2. A summary of the method

The main idea that we use here is to obtain the nilpotent Lie algebras of dimension n as central
extensions of Lie algebras of smaller dimension. The central extensions are defined using the second
cohomology space, and the isomorphism classes of the central extensions correspond to the orbits
of the automorphism group on the set of the subspaces of this cohomology space. This method has
been described for Lie algebras by Skjelbred and Sund [15]. Similar ideas appear in the recent work
concerning the classification of p-groups; see, e.g., [6,11-13]. We summarize the method in this section
without giving proofs or explanations; the details can, for instance, be found in [5].

For a Lie algebra L, let L' denote the terms of the lower central series. If L is nilpotent then L'+ = 0
with some i and the smallest such i is called the nilpotency class of L. The second term L? of the lower
central series will usually be written as L. We denote the center of L by C(L). Adapting terminology
from [12] to our context, a Lie algebra K is said to be a descendant of the Lie algebra L if K/C(K) = L
and C(K) < K'.If dim C(K) = s then K is also referred to as a step-s descendant. A descendant of a
nilpotent Lie algebra is nilpotent. Conversely, if K is a finite-dimensional nilpotent Lie algebra over a
field IF, then K is either a descendant of a smaller-dimensional nilpotent Lie algebra, or K = K; @ F
where Kj is an ideal of K and [ is viewed as a one-dimensional Lie algebra. Hence determining the
isomorphism types of the descendants of the nilpotent Lie algebras with dimension at most 5 suffices
for the classification of the nilpotent Lie algebras with dimension 6.

The main idea of the method is that, for a nilpotent Lie algebra L over a field IF, the isomorphism
types of the descendants of L are in 1-1 correspondence with the Aut(L)-orbits of some of the subspaces
of the second cohomology space H?(L, IF). The second cohomology spaces for nilpotent Lie algebras
are defined as follows. For a vector space V, let Z2(L, V) denote the set of alternating bilinear maps
¥ : L x L — V with the property that

F([x1, x2], x3) + P ([x3, x1], X2) + P ([X2, x3],x1) =0 forall xq, x, x3 € L.

The set Z2(L, V) is viewed as a vector space over IF and the elements of Z2(L, V) are said to be cocycles.
We define, for a linear map v: L — V,amap n,: L X L — Vas n,(x,y) = v([x,y]). The set
{n, | v : L — Vislinear} is denoted by B?(L, V). It is routine to check that B>(L, V) is a subspace of
Z?(L, V), and the elements of B*(L, V) are called coboundaries. The second cohomology space H>(L, V)
is defined as the quotient Z%(L, V) /B?*(L, V).

The vector spaces defined in the previous paragraph can be viewed as Aut(L)-modules. Indeed, for
@ € Aut(L) and 9 € Z2(L, V) define ¢ € Z>(L, V) by the equation (¢9)(x,y) = ¥ (¢(x), @(¥)).
The action ¥ +— ¢© makes Z%(L, V) an Aut(L)-module and it is easy to see that B?(L, V) is an Aut(L)-
submodule. Hence the quotient H2(L, V) can also be viewed as an Aut(L)-module.

Let L be a Lie algebra and V a vector space over a field F. For & € Z2(L, V), define a Lie algebra
Ly as follows. The underlying space of Ly is L @ V. The product of two elements x + v, y + u € Ly,
is defined as [x + v,y + w] = [x, y]. + U (x, y) where [x, y]; denotes the product in L. Then Ly is
a Lie algebra and V is an ideal of Ly such that V < C(Ly). In addition, L = Ly /V, and hence Ly is a
central extension of L. Further, if 9, 095 € Z2(L, V) such that ¥; — ¥, € B*(L, V) then Ly, = Ly,,
and so the isomorphism type of Ly only depends on the element o + B> (L, V) of H>(L, V). Conversely
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let K be a Lie algebra such that C(K) # 0,and set V = C(K) and L = K/C(K).Let w: K — L be the
projection map. Choose an injective linear map o : L — K such that 7 (o (x)) = x for all x € L. Define
D:LxL— Vbyv(x,y) =[ok),oc®)] — o([x, y]). Then ¥ is a cocycle such that K = Ly. Though
¥ depends on the choice of o, the coset ¢ + B%(L, B) is independent of o. Hence the central extension
K of L determines a well-defined element of H(L, V).

Let us now fix a basis {eq, . .., es} of V. A cocycle ¢ € Z2(L, V) can be written as

D(x,y) = Z Ui(x, y)ei,
i=1

where ¥; € Z2(L, F). Furthermore, ¥ is a coboundary if and only if all &; are. For 9 € Z>(L, V), let o+
denote the radical of ¥; that is, the set of elements x € L such that 9 (x, y) = 0 forally € L. Then

ot= () nt=9in---not

N

Theorem 2.1 (Lemmas 2-4in[5]). LetL beaLie algebra, letV be avector space with fixed basis {e1, . . . , €5}
over a field F, and let ®, 1 be elements of Z>(L, V).

(i) The Lie algebra Ly is a step-s descendant of L if and only if 9+ N cL) = 0and the image of the

subspace (1, ..., Us) in H2(L, F) is s-dimensional .
(ii) Suppose that 1 is an other element of Z?(L, V) and that Ly, Ly are descendants of L. Then Ly = L,
if and only if images of the subspaces (91, ..., ¥s) and (i1, ..., ns) in H*(L, F) are in the same

orbit under the action of Aut(L).

A subspace U of H2(L, IF) is said to be allowable if ¢y ®+ N C(L) = 0.By Theorem 2.1, there
is a one-to-one correspondence between the set of isomorphism types of step-s descendants of L and
the Aut(L)-orbits on the s-dimensional allowable subspaces of H*(L, ). Hence the classification of
six-dimensional nilpotent Lie algebras requires that we determine these orbits for all nilpotent Lie
algebras of dimension at most 5. The determination of these orbits is achieved in Section 5.

3. The six-dimensional nilpotent Lie algebras

Let IF be an arbitrary field. In order to classify the six-dimensional nilpotent Lie algebras over [F, we
determine the isomorphism classes of the six-dimensional descendants of the nilpotent Lie algebras
with dimension at most 5. In this section we summarize the result by listing these isomorphism classes
for each of the Lie algebras with dimension at most 5, while in the Section 5 we provide with a detailed
proof. The notation we use to describe nilpotent Lie algebras of dimension at most 5 is the same as
in[5].

Unlike the five-dimensional algebras, nilpotent Lie algebras of dimension 6 cannot be described
uniformly over all fields. In some cases, the isomorphism types of descendants will depend on a
parameter. In order to describe these cases, we need some notation. First, for a field IF, let F* denote

the multiplicative group of non-zero elements of IF. If IF' is a field, then let ~ denote the equivalence
relation on F defined as @ ~ B if and only if « = y?B with some y € F*.If char F = 2 then define
the equivalence relation T asa B Bifand only ifa = y2B + 8% with some y € F*and § € F.

Using that char[F = 2, it is easy to show that N is indeed an equivalence relation. For a set X and
equivalence relation ~, let X /(~) denote a transversal of the equivalence relation ~; that is, X /(~) is
a set that contains precisely one element from each of the equivalence classes of ~. Now let IF be a field
of characteristic 2. View [F as a vector space over [y, the map ¥ : F — F defined by ¥ (x) = x* + x is
[F5-linear with kernel IF,. Hence the image v/ (I) is a subspace of codimension 1. Let @ denote a fixed
element of IF' \ v (IF). Then the set {0, w} is a set of coset representatives for ¢ (IF) in IF.
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Following and extending the notation in [5], the nilpotent Lie algebras in this paper are denoted by
Ly k, La.k(€), L((f,)(, or L((f,)((e) where d is the dimension of the algebra, k is its index among the nilpotent
Lie algebras with dimension d, ¢ is a possible parameter, and the superscript “(2)” refers to the fact that
the algebra is defined over a field of characteristic 2. The list of nilpotent Lie algebras with dimension

at most 5, described in the same notation, can be found in [5]. In particular, there are 9 isomorphism

types of nilpotent Lie algebras of dimension 5: Ls 1, . .., L5 o. Hence there are 9 isomorphism types of
nilpotent Lie algebras with dimension 6 that are not descendants of smaller-dimensional Lie algebras,
namely Lg 1, . .., Lg 9, where Lg ; = L5 ; ® IF.

Next we describe the six-dimensional descendants of nilpotent Lie algebras with dimension at
most 5. The Lie algebras in this section are given with multiplication tables with respect to fixed bases
with trivial products of the form [x;, ;] = 0 omitted. With respect to the list of [5] we have made a
few small changes. The multiplication table of Ls 19(¢), for & # 0, is different from (but isomorphic to)
the Lie algebra denoted with the same symbol in [5]. The Lie algebras Lg 19(0) and Lg 21 (0) from [5] are
denoted here by Lg 37 and Lg g, respectively. We have made these changes because the structure of
L k(e),k = 19, 21,isdifferentfore = 0and & # 0.Furthermore, in characteristic 2 a few new algebras

appear that are not contained in [5]. These Lie algebras are Lg,)( or Lg,){ (¢) (herek € {1,...,8}).

Step-1 descendants of five-dimensional Lie algebras
(5/1) The abelian Lie algebra Ls 1 has no step-1 descendants.

(5/2) The Lie algebra Ls ; = (x1,...,Xs5 | [x1, X2] = x3) has only one isomorphism class of step-1
descendants namely

Le 10 = (X1, ..., X6 | [x1, X2] = X3, [X1, X3] = X6, [X4, X5] = X6).

(5/3) The Lie algebralLs 3 = (X1, ..., X5 | [x1, X2] = X3, [X1, x3] = X4) has two isomorphism classes
of step-1 descendants namely

Le,i1 = (X1, ..., X6 | [X1, X2] = x3, [X1, X3] = X4, [x1, X4] = X6, [X2, X3] = X,

[x2, x5] = xg)

and

Loz = (X1, ..., %6 | [x1, X2] = X3, [X1, X3] = X4, [X1, Xa] = Xg, [X2, X5] = X6).
(5/4) The Lie algebra Ls 4 = (x1, ..., X5 | [X1, X2] = X5, [X3, X4] = X5) has no step-1 descendants.
(5/5) Let Ls 5 = (X1, ..., x5 | [x1,x2] = x3, [x1,x3] = Xs, [x2, X4] = xs). [f char[F # 2, then L5 5

has a unique isomorphism type of step-1 descendants, namely

Le 13 = (X1, ..., %6 | [x1, X2] = X3, [X1, X3] = X5, [X1, X5] = X6, [X2, X4] = X5, [X3, X4] = X).

If char F = 2 then L5 5 has two isomorphism classes of step-1 descendants, namely Lg, 13 above

and
2
L((;,% = {X1,..., %6 | [x1,X2] = X3, [X1, X3] = x5, [X1, X5] = X6, [X2, X4] = X5 + Xg,
[x3, xa] = xg).
(5/6) SetLsg = (x1,...,%s | [X1, X2] = x3, [x1, x3] = X4, [X1, X4] = x5, [X2, X3] = xs5). If char ' #

2, then Ls ¢ has two isomorphism classes of step-1 descendants, namely
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Lo 1a = (x1,..., %6 | [X1, x2] = X3, [x1, X3] = Xa, [X1, X4] = X5,
[x2, x3] = x5, [x2, X5] = X6, [X3, X4] = —Xg);
Lg1s = (x1, ..., %6 | [X1, x2] = x3, [x1, X3] = X4, [X1, X4] = X5,

[x1, X5] = X6, [X2, X3] = X5, [x2, Xa] = X6).

If char F = 2 then Lg 14, L6 15 and the Lie algebras

(2)
Lgy = (X1, ..., %6 | [X1, X2] = X3, [x1, X3] = x4, [x1, x4] = x5,
[x1, X5] = X6, [X2, X3] = X5 + X5, [X2, X4] = X6);
(2)
Lg3(e) = (x1, ..., X6 | [X1, X2] = x3, [x1, X3] = X4, [X1, X4] = X5,

. +
[X2, X3] = X5 + £X6, [X2, X5] = Xg, [X3, Xa] = X6) With e € F*/(~),

form a complete and irredundant list of representatives of the isomorphism classes of step-1
descendants of Ls .

(5/7) SetLs7 = (x1,...,Xs5 | [X1,X2] = X3, [X1, X3] = X4, [X1, Xa] = xs5). If char[F' 7 2, then the Lie
algebra Ls 7 has three isomorphism classes of step-1 descendants namely

Le,16 = (X1, - - -, X6 | [X1, X2] = X3, [X1, X3] = X4, [X1, X4] = X5, [X2, X5] = Xs,
[x3, Xa] = —x6);

Le17 = (X1, ..., X6 | [X1, 2] = X3, [X1, X3] = X4, [X1, X4] = X5, [x1, X5] = X6,
[x2, X3] = x6);

Ls1g8 = (X1, ..., X6 | [X1, X2] = X3, [X1, X3] = X4, [X1, X4] = X5, [X1, X5] = Xg).

If char F = 2 then Lg 16, L6, 17, Ls,1s and the Lie algebras

2
Lé’i(s) ={X1,...,%6 | [x1,X2] = X3, [X1, X3] = x4, [X1, x4] = x5,

[X2, x3] = X, [x2, X5] = X6, [X3, X4] = Xg),

+ .
where ¢ runs through the elements of F* /( B ), form a complete and irredundant set of repre-
sentatives of the isomorphism types of step-1 descendants of Ls 7.

(5/8) SetLs g = (X1, ..., X5 | [x1,X2] = X4, [X1, X3] = xs5). [f char[F # 2, then the Lie algebras
Ls 20 = (X1, ..., X6 | [X1, X2] = X4, [x1, X3] = X5, [X1, X5] = X6, [X2, X4] = X6):
Le19(e) = (X1, ..., %6 | [X1, X2] = X4, [X1, X3] = X5, [X1, X5] = X6, [X2, X4] = X6,

[x3, x5] = €xg),

where ¢ € F*/(i),

form a complete and irredundant set of representatives of the isomorphism classes of step-1
descendants of L g. If char ' = 2 then such a set of representatives is formed by the Lie algebras

Le.10(¢) with & € F*/(~), Lg 20 and the Lie algebra

(2)
Les = (x1,...,%6 | [x1, x2] = X4, [X1, X3] = X5, [x2, X5] = X6, [X3, X4] = X6).



S. Cicalo et al. / Linear Algebra and its Applications 436 (2012) 163-189 169

(5/9) SetLs g = (x1,...,Xs5 | [x1,X2] = X3, [X1, X3] = X4, [x2, x3] = xs5). [f char F # 2 then the Lie
algebras
Le21(e) = (x1, ..., X6 | [X1, x2] = X3, [X1, X3] = X4, [X1, X4] = X6,

[x2, Xx3] = x5, [X2, X5] = €X6),

where ¢ runs through the elements of F*/( X ) form a complete and irredundant set of repre-
sentatives of the isomorphism classes of step-1 descendants of Ls . If char F = 2 then such a

set of representatives is formed by the Lie algebras Lg 21 (¢) with ¢ € IF*/( :‘;) and by the Lie
algebra

(2)
Lo = (X1, ..., %6 | [x1, x2] = X3, [X1, X3] = X4, [x1, X5] = Xg, [X2, X3] = X5, [X2, X4] = X6).

Step-2 descendants of four-dimensional Lie algebras

(4/1) Let Ls 1 be the abelian Lie algebra of dimension 4. If char ' # 2 the following is a complete and
irredundant list of the representatives of the isomorphism classes of the step-2 descendants of

L4,1Z
Le22(e) = (X1, ..., X6 | [X1,X2] = X5, [X1, X3] = X6, [X2, X4] = &X6, [X3, X4] = Xs5)
where ¢ € F/( X ). If charF = 2, then such a list is formed by the Lie algebras Lg 22(v) as
above, where, in this case, v € F/( i ), and by the Lie algebras
Lf(f%(n) = (X1, ..., %6 | [x1, %] = X5, [X1, X3] = X6, [X2, X4] = 1X6, [X3, X4] = X5 + Xg)
where 1 € {0, w}.
(4/2) SetLyy = (x1,...,Xa | [x1,x%2] = x3).If char[F # 2, then the following Lie algebras form

a complete and irredundant set of representatives of the isomorphism classes of the step-2
descendants of L4 :

L2z = (%1, ..., X6 | [x1, X2] = X3, [X1, X3] = X5, [X2, X4] = X6);

Le3 = (X1, ..., %6 | [X1, X2] = X3, [x1, X3] = x5, [X1, X4] = X6, [x2, X4] = X5);
Le25 = (X1, ..., X6 | [X1, X2] = X3, [x1, x3] = X5, [X1, X4] = Xg);

Lg24(e) = (x1, ..., %6 | [x1,X2] = X3, [X1, X3] = X5, [X1, X4] = X6,

[x2, x3] = X6, [%2, X4] = x5) Where & € F/(~).
If char ' = 2 then such a set of representatives is formed by the Lie algebras Lg 27, Ls 23, Ls, 25,
Lg.24(v), where v € F/( = ), and by the Lie algebras
2
L((;,g)g(ﬂ) = (x1, ..., %6 | [x1, X2] = X3, [x1, x3] = X5, [X1, X4] = 76,
[x2, X3] = X6, [X2, X4] = X5 4 xg) where 1 € {0, w}.

(4/3) The Lie algebra Ly 3 = (x1, ..., Xa | [X1,X2] = X3, [X1, X3] = X4) has only one isomorphism
class of step-2 descendants namely

Le2g = (X1, ..., X6 | [X1, x2] = x3, [x1, X3] = X4, [X1, Xa] = X5, [x2, X3] = Xs).
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Step-3 descendants of three-dimensional Lie algebras

(3/1) The abelian Lie algebra L3 1 has a unique isomorphism type of step-3 descendants, namely

Lo 26 = (X1, ..., X6 | [x1, X2] = Xa, [x1,x3] = X5, [X2, X3] = X).
(3/2) The Lie algebra L3 » = (x1, X2, X3|[x1, x2] = x3) has no step-3 descendants.

By explicitly listing the isomorphism classes of six-dimensional nilpotent Lie algebras, the following
theorem gives a summary of the results stated in this section. Recall that in a field IF of characteristic 2,
w denotes a fixed element from IF \ {x* + x| x € F}.

Theorem 3.1.

(I) Over a field IF of characteristic different from 2, the list of the isomorphism types of six-dimensional
nilpotent Lie algebras is the following: Ls @ F withk € {1, ..., 9}; Lg x withk € {10, ..., 18, 20,

23,25,...,28)}; Lg k(e1) withk = {19,21} and &1 € F*/(i ); Lo k(e2) with k € {22, 24} and

*
& € F/(~).

(II) Over a field IF of characteristic 2, the isomorphism types of six-dimensional nilpotent Lie algebras are
Lsx @ Fwithk € {1,...,9}); Le withk € {10,...,13,..., 18,20, 23,25, ..., 28)}; L r(c1)

withk = {19,21} and &1 € F*/(i); L k(e2) withk = {22,24} and ¢, € F/(ﬁ); Lg,)< with

k = {1,2,5,6); LY)(e3) with k = (3,4} and e3 € F*/(); L) (ea) with k € {7,8) and
&4 € {0, a)}.

Theorem 3.1 follows from the statements concerning the descendants of this section. These state-

ments are proved in Section 5. Noting that [F/( i) = F*/( i) U {0}, the main Theorem 1.1 is a
consequence of Theorem 3.1. If IF is an algebraically closed field or a perfect field of characteristic 2,
thens = 1. If IF is a finite field of size q then s = gcd(q — 1, 2). Further, if IF is a perfect field of char-
acteristic 2 then t = 1. This gives that the number of isomorphism types of six-dimensional nilpotent
Lie algebras is 34 over a finite field of characteristic different from 2; is 30 over an algebraically closed
field of characteristic different from 2; and it is 36 over a perfect field (including finite fields and
algebraically closed fields) of characteristic 2.

4. Vector spaces with forms

As cocycles are alternating bilinear forms, and vector spaces with quadratic forms will play an im-
portant role in determining isomorphisms within certain descendants of L4 1 and L4 3, we summarize
in this section some basic facts concerning quadratic and bilinear forms. Suppose that V is a vector
space over a field IF and f is a function from V x V to IF. The function f is said to be a bilinear form if
f is linear in both of its variables. Further, f is said to be symmetric if f (u, v) = f(v, u), f is said to be
alternating if f (v, v) = 0, while f is said to be skew-symmetric if f (u, v) = —f (v, u) forallv, u € V.
An alternating form is always skew-symmetric, while the converse of this statement is only valid if
charF' # 2. In characteristic 2, there are skew-symmetric forms that are not alternating. For a map
Q:V — [Fdefinefy : VxV— Fas

fow,v) =Qu+v) — Q) — Q).

Then Q is said to be a quadratic form if Q (av) = «?Q(v) forallae € Fandv € V and fo is a bilinear
form. In this case the bilinear form f is called the associated bilinear form of Q. If f is a symmetric or
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skew-symmetric bilinear form on a vector space V and U C V then let UL denote the orthogonal
complement of U in V:

Ut ={veV|f(u,v) =0forallu € U}.

The radical of the form f is defined as V+ and f is said to be non-singular if V- = 0; otherwise f is said
to be singular. If U is a subspace of V then an orthogonal form Q or a bilinear form f can be restricted
to U and the restriction is a form with the same symmetrical properties as f. Such a space U is called
singular or non-singular, if the restriction of the form to U is singular or non-singular, respectively.

If V is avector space with basis {by, ..., by} then, fori, j € {1, ..., n} withi # j,let A; ; denote the
alternating bilinear form defined as A; j(b;, bj)) = —A; j(bj, b;j) = 1 and A, j(bk, bj) = 0 otherwise.
Then the set of forms A;; with i < j is a basis for the linear space of alternating bilinear forms on
V. Suppose that V is a vector space with a bilinear form f. If g € GL(V) then the form gf defined
by (gf)(u, v) = f(gu, gv) is also a bilinear form on V. Further, gf is alternating, skew-symmetric, or
symmetric if and only if f is alternating, skew-symmetric, or symmetric, respectively. This defines a
GL(V)-action on the set of bilinear forms on V. The following lemma is well-known, see for example [9,
Theorem 8.10.1].

Lemmad4.1. LetV be a vector space with a fixed basis {b1, . .., by} and setny = nifniseven,n; = n—1
ifnisodd.

(i) If A is a non-singular alternating bilinear form on V then n is even.
(ii) The group GL(V) has ny /2 orbits on the set of alternating bilinear forms on V with orbit represen-
tatives

A1, Ao+ A34,..., A2+ A3+ -+ Ay —1n-

Let f be a form of one of the types above on a vector space V over a field F. If {b1, ..., by} is a fixed
basis of V then the Gram matrix G is defined with respect to this basis as the matrix whose (i, j) entry
is f (b, bj). The Gram determinant will be crucial for separating isomorphism types within parametric
families of Lie algebras in characteristic different from 2. However, in characteristic 2, another invariant,
namely the Arf invariant, will be needed. Let Q be a quadratic form on a vector space V over a field of
characteristic 2 with associated bilinear form f. Note, in this case, that f is alternating. Assume that
f is non-singular, which implies by Lemma 4.1(i), that dim V is even. Let ey, ..., ek, fi,...,fx be a
symplectic basis of V; that is f(e;, e;) = f(f;, f;j) = 0 and f(e;, fj) = §;j where §; j is the Kronecker-
delta. Define the Arfinvariant q of Q with respect to the given basis as

k
q=2.Q)Q(f).

i=1

Of course, the Arf invariant of Q depends on the chosen symplectic basis of V. However, the following
is valid.

Lemma 4.2. Let V be a vector space over a field ' and let Q be a quadratic form with non-singular
associated bilinear form.

(i) Let G and G denote the Gram matrices of V with respect to two bases of V. Then det G1/ det G,
is an element of the multiplicative subgroup {x* | x € F*} of F*.

(ii) Assume that charlF = 2 and suppose that q; and q, are the values of the Arf invariant of Q with
respect to two symplectic bases. Then qq + qo is an element of the additive subgroup {x* + x | x € F}
of IF.

Proof. Statement (i) is well-known, see for instance Eq. (8.1.8) in [3]. Statement (ii) is proved in [3,
Theorem 8.11.12]. O
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Suppose that Q is a quadratic form on a vector space V with associated bilinear form f. A vector
v € V is said to be singular if Q (v) = 0, and it is isotropic if f(v, v) = 0. A subspace U of V is totally
singular if Q (u) = 0 for all u € U, while U is said to be totally isotropic if f(u, u) = O forallu € U.If
char IF # 2, then the notions of singular and isotropic, and those of totally singular and totally isotropic
can be freely interchanged. This, however, is no longer true if char IF = 2. Let V be a vector space with
a quadratic form Q and let G be a group acting on V. Then we say that G preserves Q modulo scalars if
for each g € G there is some oz € IF such that

Q(gv) = agQ(v).

Lemma 4.3. Suppose that V is a vector space over a field IF with a quadratic form Q whose associated
bilinear form is f, and let G be a subgroup of GL(V) preserving Q modulo scalars. Suppose that Sy and S,
are two-dimensional subspaces of V in the same G-orbit, and let {b1, by} and {cq, c;} be bases of S; and
S,, respectively.

(i) Suppose that S1 and S, are non-singular subspaces, and let Gy and G, be the Gram matrices of Sy
and S, with respect to the given bases. Then (det G1)/(det G,) € {a? | a € F*}.
(ii) Suppose that char ' = 2, that f is non-singular, that the given bases of S; are symplectic, and that
q1 and gy are the Arf invariants of S; and S, with respect to the given bases. Then q; + q €
{a + o |a e F).
(iii) Suppose that char ' = 2 and that f is identically zero on S;, fori = 1, 2, and set g1 = Q(b1)Q(b3)
and q; = Q(c1)Q(c2). Then there exist @ € F* and 8 € F such that g, = o*qq + B>.

Proof. Suppose that g € G such that g5; = S,. Since G preserves the form Q modulo scalars, there
is some @ € [F such that Q(gv) = «Q(v), and f(gu, gv) = af(u, v) for allu, v € V. Let us prove
statement (i) first. The elements gbhy and gb, form a basis for S; and the Gram matrix of S, with respect
to this basis is «G; with determinant o? det G;. By a remark above, there is some 8 € F* such that
a? det G, = B2 det Gy, and hence (det G;)/(det G,) = (B/«)? as claimed.

Let us now prove the second assertion. Since by, b, is a symplectic basis of S;, we obtain that
f(gb1, gb1) = f(ghy, gh2) = 0 and f(gh1, ghy) = f(gb2, gh1) = «. Hence the basis (1/a)gh1, gy is
a symplectic basis of S, and the Arf invariant with respect to this basis is

1 1,
o (Sebr) Qtehs) = Qe = ar.
o o

Thus Lemma 4.3 gives that q; + q2 € {o + o |« € F).

(iii) First we note that if f is identically zero, then Q(yby + 8by) = y2Q(b1) + 82Q(by). Since
g51 = Sy, there are vy, a3, B1, B2 € Fsuchthat c; = g(a1by + aaby) and ¢; = g(B1b1 + Ba2by).
As cq and c; are linearly independent, we obtain that a1 8, + o281 7# 0. Then

g2 = Q(c1)Q(c2)
= Q(g(a1b1 + a2b2))Q(g(B1b1 + B2b2))
=a?(@]Q(b1) + @3Q(b2)(B7Q(b1) + B3Q(b2))
= o2 (@2B7Qb1)? + (5 B3 + 2 BDQ(b1)Q(b2) + &2 B3Q(h2)?)
= (a1 1Q(b1) + a2 f2Q(b2))* + (a1 B2 + a2 B1)’qa.

Since & # 0and o182 + a2 B1 # 0, the assertion follows. [

We close this section with an interesting byproduct of our work. In the course of determining the
isomorphism classes of the descendants of the four-dimensional abelian Lie algebra, we determined,
for an arbitrary four-dimensional vector space V, the GL(V)-orbits on the two-dimensional subspaces
of V A V. As this result may have applications elsewhere, we state it separately.
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Theorem4.4. LetV be avector space of dimension 4 over a field IF with basis {v1, v, v3, v4}. Ifchar F # 2
then set

P ={(vi Ava,vi AV3)} U {(vi Avy+V3 Ava, v Avs+eva Avg) e € F/(~)).

If char F = 2 then let w € FF be a fixed element such that w & {x* + x | x € F} and set

P={{vi Ava,vi AV3), (V1 AVa + V3 AVg, Vi AV3+ V3 AVy),
<V1/\V2+V3/\V4,V1 A V3 —|—(1)V2/\V4—|—V3/\V4>}

U{{(vi Avy+Vv3 Avg, Vi Avs+evy Avy)|e E}F/(ﬁ:)}.

Then P is a complete and irredundant set of representatives of the GL(V)-orbits on the two-dimensional
subspaces of V A V.

The proof of Theorem 4.4 will be given in Section 5.

5. The calculation of six-dimensional descendants

In this section we prove the results stated in Section 3. In order to make the calculations more
compact, we introduce uniform notation. In each of the sections, L will denote a fixed nilpotent Lie
algebra with dimension d, where d < 6, for which the descendants will be computed. The algebra
L will be given by a multiplication table as in Section 3. Recall that the forms A;; withi < jform a
basis for the space of alternating bilinear forms on L, and the cohomology spaces Z%(L, ), B>(L, ),
and H?(L, F) will be determined in terms of this basis. These spaces will be described for each of the
Lie algebras without proof, as it is an easy exercise to compute them in these cases. If A is an element
of Z2(L, F), then A denotes its image in H(L, IF).

The automorphism group of L will be described as a group of (d x d)-matrices with respect to
the given basis of L. The automorphism groups will also be presented without proof as it is in general
easy to verify that the given matrices do indeed form the full automorphism group. We use column
notation to describe the automorphisms; that is, the ith column of the given matrix will contain the
image of the ith basis vector of L. By Theorem 2.1, we will need to compute the Aut(L)-orbits on the
(6 — d)-dimensional allowable subspaces of H2(L, IF). The set of these subspaces will be denoted by

S. The quotient H2(L, IF) will be given with a fixed basis 'y, . . ., [y. The element oy "1 + - - - + o g
of H%(L, F) will be written simply as (o1, . . ., «k). The action of Aut(L) on H>(L, F) will be computed
explicitly.

Now we can start determining the six-dimensional descendants of the nilpotent Lie algebras with
dimension at most 5.

Ls1,Ls4,La 3, L3 1, L3

First we compute the descendants in the easy cases. As there are no non-singular alternating bilinear
forms on an odd-dimensional space (Lemma 4.1(i)), the Lie algebra Ls 1 has no step-1 descendants.
IfL = L5,4 then Zz(L, F) = <A1,2’ A1,3, A174, Azyg, A2,4, A3’4), B2(L, F) = (Al,z + A3’4), and
H(L,F) = (A1,3, A1,4, A3, Ao 4, Az 4). Note that each element of H2(L, F) has xs in its radical.
Hence S = ¢, and so there are no step-1 descendants of L.

IfL = Ly 3 then H2(L, ) istwo-dimensional, spanned by A 4,and A; 3.Since H? (L, IF) isallowable,
S = H%(L, F) which gives that L has a single isomorphism type of step-2 descendants, as claimed in
Section 3. Similarly, if L = L3 1, we obtain that H?(L, IF) is three-dimensional spanned by A1 5, A 3,
and Aj 3. Since H?(L, F) is allowable, we have that S = H?(L, F), which shows that L has only one
isomorphism class of step-3 descendants. Finally, if L = L3 >, then H? is two-dimensional spanned by
A1 3 and Aj 3 which shows, in this case, that S = .
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Ls >

Set L = Ls . Itis routine to check that Aut(L) is the group of invertible matrices of the form

ap din 00 0
a1 dx2 00 0

A= |as a3 u as as (1)
ag1 a2 0 ag4 ags

as1 asy 0 asq ass

with u = anaxp — apd. As Z2(L,F) = (A12, A13, Ara, Ars, Aaz, Axa, Azs, Ass) and
B?(L,F) = (A1), we obtain that H*(L, F) = (A1 3, A1,4, A1,5, Aa3, Aoa, Ag5, Ags) and

S§={((a,b,c,d,e.f,2) g # 0and (a,d) # (0,0)}.

As the matrix A is invertible, u # 0.For ¢ = (a,b,c,d,e,f,g) € H?(L, F), we compute that
A9 = (a,b,c,d,e,f, g) where

a=u(apa+ axd);

b = 4110340 + G11044b + a11054C + 21034d + A21044€ + G21054f + (041054 — A44051);

€ =an1a3sa + ayagsb + apassc + ax1assd + azrasse + ax1assf + (a41as5 — a45051)g;

d = u(apa + axnd);

€ = a12a340 + a12044b + a12a54C + 2034d + az0a44€ + ax2a54f + (A42054 — (44052)g;
f = a12a35a + a12a45b + a12055¢ + a2035d + xas5€ + az2055f + (Aa2055 — A45052)g;

8 = (444055 — a45054)g.

Choose S = ((a, b,c,d, e, f,g)) € Sand let B be the first of the following matrices if a # 0, or the
second ifa = 0:

1 —dg 0 0 0 0—dg 0 0 0
0 ag 0 0 O 1 0 0 0 O
0 0 ag —b —c|, |0 0 dg —e —f
0—(af—cd) 0O a O 0 cd 0 d O
0 ae—bd 0 0 a 0—bd 0O 0 d

ThenBS = ((1, 0, 0, 0, 0, 0, 1)) and hence the group of matrices of the form (1) has only one orbit on
&.Thus L has only one step-1 descendant, namely Lg 10.
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Ls 3

Set L = Ls 3. The group Aut(L) consists of the invertible matrices of the form

an 0 0 0 0
azy dx2 0 0 0
A= a3 azz anaz 0 0 |. (2)
Q41 Q42 0411032 0%1022 a5
as; as; 0 0 ass

We have that Z2(L,F) = (A12, A13, A14, A1, Azs, Azs), B2(L,F) = (A1, Ar3), and so
H?(L,F) = (A1, A15, Ag 3, Ay ). Further,

§={{(a,b,c,d)) | a,d#0}.
If9 = (a, b, c,d) € H*(L, F), then A9 = (@, b, ¢, d) where
= a}a220, b= anasa+ anassh+ anassd, ©=ana,c, d=ayassd.

Choose S = ((a, b, ¢, d)) € S.Setc; = 1ifc = 0and set c; = c/(ad?) otherwise. Let B denote the
matrix

ct 00 00O dooo O

0co 00O 0100 O

00co0O0|loodo o

000c¢O0|[000d* —bd?

0000c)\00OO0O ad?
Easy computation shows that BS = ((1, 0, 0, 1)) if c = 0 while BS = ((1, 0, 1, 1)) otherwise. Hence
the group of matrices of the form (2) has two orbits on S, namely ((1, 0, 0, 1)) and ((1, 0, 1, 1)). The
corresponding Lie algebras are Lg 1 and Lg, 11.

The derived subalgebra (x3, X4, X6) of both Lg 11 and Lg 17 is three-dimensional. However, in Lg 1; the

centralizer (x3, X4, X5, Xg) of the derived subalgebra is four-dimensional, while in Lg 1, the centralizer
(x2, X3, X4, X5, Xg) Of Lg 12 is five-dimensional. Hence Lg 11 and Lg 12 are not isomorphic.

Ls s

Let L = L5 5. Invertible matrices of the form

an 0 0 0 0
az1 a2 0 0 0
A= la3 a3 anap —anay 0 (3)
as agp 0 e 0
sy as U as4 0%1022,

where u = a11a32 + 1042 — ax2a41, form the group Aut(L). We have, in addition, that Z2(L, F)
(A12, A1, Ava, Ars + Asa, Ao, Agyg), BE(LF) = (A1, Ars + Azg), and so H*(L, F)
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(A1.4, A5 + A3 4, Az 3, Ay 4). The set of allowable subspaces of H*(L, F) is
S ={((a,b,c,d)) | b #0}.
If9 = (a, b, c,d) € H*(L, F), then AY = (a, b, ¢, d) where

= 3 2 2 2 .

a = aj;a + (a11as4 + aj;a31 + a11021041)b — apyay,c + ajaxd;

= 3 - 2 pr 2

b= anazzb, C = —ayaxagb + an ayCc, d= 2a11a2041b — 2a11a21a22¢ + auazzd.

Choose S = ((a, b, c, d)) € S.1f charF # 2 then

20 00 0 0
0 b0 0 O
—2a 02> 0 0 |[S=((0,1,0,0)),
—d c 0 4b*> 0

0 0 bd 0 4b3

which shows that the group of matrices of the form (3) is transitive on S, and that L has only one
isomorphism type of step-1 descendants, namely Lg 13, as claimed.

qupose now that char F = 2. Set b; = d/b® if b # 0 and set b; = 1 otherwise. Let B denote the
matrix
by00 0 O booO OO
01000 0b0OO
00b; 0 0||la0b?> 0 O
000bB, 0||0oco0 b0
000 0b3)\000 0P

Then BS = ((0, 1,0, 1)) ifd # 0 and BS = ((0, 1, 0, 0)) otherwise. Hence, in this case, the group of
matrices of the form (3) has two orbits on S, namely ((0, 1, 0, 0)) and ((0, 1, 0, 1)). The corresponding

Lie algebras are Lg 13, and Lg%, respectively.

We claim, for char F = 2 that Lézg and Lg, 13 are not isomorphic. It suffices to show that the allowable
subspaces ((0, 1, 0, 0)) and ((0, 1, 0, 1)) are in different orbits under Aut(L). Suppose by contradiction
that A is of the form (3) such that A{(0, 1, 0, 1)) = {(0, 1, 0, 0)). Then, as char [F = 2, the expression

for d gives that 0 = a? ax,, which is impossible as A is invertible. Hence the two descendants are
non-isomorphic.

Ls 6

Set L = Ls g. The group Aut(L) consists of the invertible matrices of the form

an 0 0 0
2
a1 ayq 0 0
_ 3
A= a3 axn a; O
4
Q41 442 A11032 Agq

as51 dsp u vV a



S. Cicalo et al. / Linear Algebra and its Applications 436 (2012) 163-189 177

where u = —0%031 + ay1a4p + az1azz and v = 0?1(121 + a%lagz. As Zz(L, F) = (A12, A13, A1 g,
A15+2024, A3, Ay s—Asg)andBA(L, F) = (A1, A13, A1,4+A23), weobtainthat H* (L, F) =
(A15 + Az4, Az 3, Ay 5 — Az 4). Moreover,

S = {((a,b,0) | (a,c) # (0,0)}.

If9 = (a, b, ¢) € Z2(L, F), then A® = (@, b, ¢) where

@ = (ana+ayc), b= —2d}ana+a,b+ (2a} a1 — a5, — a1]a§2)c, ¢ = ajc.
Choose S = ((a, b, ¢)) € S. Suppose first that char[F' # 2. Let B denote the first of the following
matrix if ¢ # 0, or the second if c = 0:

2c 0 0 0 0 200 0 0 0
—2a 4c? 0 0 0 b4 0 0 0
0 0 8c3 0 0. o 08 0o o
0 —2(a* + bo) 0 16¢* 0 0 0 0 16a* ©
0 0 —4c(a® + bc) —16ac® 32¢° 0 0 0 8ab32a°

Then, if ¢ # 0, then BS = ((0, 0, 1)), while BS = ((1, 0, 0)) otherwise. This shows that Aut(L) has at
most two orbits on S, namely ((0, 0, 1)) and ((1, 0, 0)) and the corresponding Lie algebras are Lg, 14
and Lg 15, respectively. The Lie algebras Lg, 14 and Lg, 15 are clearly non-isomorphic, as (Lg, 15)’ is abelian,
while (L6’14)/ is not.

Assume now that charF = 2.1f b = ¢ = 0then S = ((1, 0, 0)), and so we may suppose that
(b, ) # (0, 0). Let B be the first of the following matrices if c = 0 and b # 0; while if c # 0 then let
B be the second matrix:

booOOO c0 0 00
0b>0 00 ac2 0 00
00b>00]|, |[0acc 00
00 00b O 00a?ct 0
000 00D 00 d* 0 ¢

Now, if c = 0 and b # 0 then BS = ((1, 1, 0)), while BS = ((0, b/c3, 1)) otherwise. Thus the set of
the subspaces ((1, 0, 0)), ((1, 1, 0)) and ((0, €, 1)) with ¢ € [F contains a representative of each of

the Aut(L)-orbits on S. The Lie algebras corresponding to these subspaces are Lg 15, Lg% and Lg; (e).
We note, since char F = 2, that Lg 14 = ng (0).

Let us now determine the possible isomorphisms among the algebras Lg 15, Lg; and Lg% (e). First
note that the derived subalgebras of Ls 15 and Lg% are abelian, while that of Lg% (&) isnot. Thus Lg; (e) #
Lg,15 and Lg% (e) # Lg;. If LéZ% = Lg,15, then there is some A € Aut(L) such that A((1,1,0)) =
((1, 0, 0)). However, the expression for b implies in this case that a;; = 0, which makes A non-
invertible. Thus Lg% Z Lg 15.

Therefore it remains to determine the isomorphisms among the algebras Lg% (¢) with different
values of £. We claim that Lg% (&) = Lg; (v)ifandonlyife X v where & is the equivalence relation

defined at the beginning of Section 3. To prove one direction of this claim, assume that Lg; (e) =
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Lé?%(v). Then there is A € Aut(L) such that A((0, &, 1)) = ((0, v, 1)). The equations for b and ¢ give
that a3, ¢ + a3,a3, + a11a%, = aj,v. Since ay; # 0, we may divide both sides of this equation by a3,

and obtain that € = v, as required. Now suppose, conversely, that & i v; that is, there are o € F*
and B € FF such that v = a?s + 2. Then

a’l 0 0 0

a? 0 0

a3 a2 0
0 Pfa* o

0 0 Ba>a

0
0
0 |{(,¢&, 1)) =(0,v,1)).
0

o O o o

This proves the claim about the isomorphisms among the algebras Lg% v).

Ls 7

The group Aut(L) consists of the invertible matrices of the form

a7 O 0 0 0
az1 a2 0 0 0
A= |as3 a3y apnaxp 0O 0

2
aq1 G4 apasy apazz 0

2 3
(s1 sy A11042 A77032 077022

We have Z2(L, F) = (A1, A13, A14, A15, Az, Aas — Asa) and B2(L, F) = (A1 2, A3, Ara),
and so H*(L, IF) = (A1s, Ay3, Ags — Az.4). Moreover,

S ={{(a,b,0)) | (a,c) # (0,0)}.
If9 = (a, b, ¢) € H(L, F), then A® = (a, b, ¢) where
a= a% axp(ana+ axc), b=an (a%zb + (2axagy — agz)c), = a% a%zc.
Choose S = ((a,b,c)) € S.If b = c = 0thenS = ((1, 0, 0)). Let B be the first, the second, or the

third of the following matrices, in the cases whenc = 0and b # 0; c # Oand charF # 2;0orc # 0
and char F' = 2; respectively:

booOOO c 0 0 0 O c000 0
0> 000 —a2 0 0 O a100 0
oobr*oo|, o o020 0], [00cOO
00 0b*o0 0 —b 0 23 0 000c®0
000 0D 0 0 —bc 0 2c¢* 0000 ¢

Then we obtain that BS = ((1, 1,0)) ifc = 0and b # 0; BS = ((0, 0, 1)) if c # 0 and charF # 2;
while BS = ((0, &, 1)) if c # 0 and char[F = 2. Hence if char F # 2 then Aut(L) has at most three
orbitson S, namely ((1, 0, 0)), ((1, 1, 0)),{(0, 0, 1)) and the corresponding Lie algebras are L¢ 13, Ls,17,
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and Lg 16, respectively. If char [ = 2 then the 1-spaces ((1, 0, 0)), ((1, 1, 0)), {((0, &, 1)) contain a set
of representatives for the Aut(L)-orbits on S with corresponding Lie algebras Lg 13, Ls 17 and Lg‘)l (e),
respectively. We note, since char F = 2, that Lg 16 = Léi)l(o).

Note that the derived subalgebras Lg 17 and Lg 1g are abelian, while those of Lg 16 and ngl(e) are
not. Hence Lg 16 Z Ls.17, Ls.16 Z Ls.18, ng)l(e) Z Lg 17 and ng)l(s) Z Lg 18. Further, the centralizer

(X3, X4, X5, Xg) of (Lg 17)’ is four-dimensional while the centralizer (x,, X3, X4, X5, Xg) Of (Lg 18)" is
five-dimensional, and hence Lg 17 # Lg,13. Thus we are left with having to determine the possible

isomorphisms between the algebras Lg‘)l (¢) with different values of . We claim that ng1 (&) = Lg‘)l (v)
ifand only if & b v. To show this claim, suppose first that Léi)l (&) = Lgl(v). Then thereis A € Aut(L)
such that A{(0, &, 1)) = ((0, v, 1)). The equations for b and ¢ and the fact that ay # 0 imply that

. . . x4 x4
a%,e + a3, = a?,a3,v, which, in turn, gives thate ~ v. Conversely, let us assume thate ~ v.Then
there is some o € F* and 8 € IF such that v = a?e + 2. Then

a0 0 0 0

0 a7 1871 0 0 0

0 a2 o281 0 0 ((0,&,1)) = {(0, v, 1)).
0 0 a a3t 0

0 0 0 o™t ot

This completes the proof of the claim concerning the isomorphism among the Lg‘)l (e).

Ls g

The group Aut(L) consists of the invertible matrices of the form

an 0 O 0 0

ay axp a3 O 0
A= a3 axp a3 0 0

Q41 Q42 Q43 dq1022 A11023

ds1 as2 053 A110d32 011033

We have Z2(L, F) = (A12, A1 3, A1, Avs, Aoz, Aza, Ao s + Asa, Ass) and B2 (L, F) = (Aq 5,
A13),and so H*(L, F) = (A14, A1 5, Az 3, Az s, Ay 5 + As g, Ass). Further,

ab
S = 1((a,b,c,d,e,f)) |rank |d e| =2

ef

If9 = (a,b, c,d, e f) € H thenAY = (a, b, ¢, d, e, f) where
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@ = a},a200 + a3, a32b + anaz1axd + an (421032 + a22031)e + a11031a32f;
b= % axa + a3, assb + ayjazaysd + a11 (21033 + az3a31)e + a41031a33f;
€= (ap0a33 — (23a32)C + (A22043 — a23042)d + (A22a53 — 23052 + A32043 — A33042)e€;
+(az2as3 — az3as2)f;
d = a1105,d + 2apaxazze + a1103,f;
e = ar1axax3d + a1 (a22a33 + az3asp)e + anaszassf;
f= 011a§3d + 2anax3asze + ana§3j.
Choose S = ((a, b, ¢, d, e, f)) € Sand set §; = ae — bd, 8, = af — be, 83 = df — e?. Suppose first

thatd # 0.1f §; # 0, then let B be the first of the following two automorphisms; if 51 = 0 (which
implies that 83 # 0), then let B be the second:

10000\/dO0O0O O 10000\/dO0oO0O O
086, 000]||-a1 e 0 0 083000]||-a1 e 0 0
0086 00|[00—-do 0|, |[108 00f]00—-d0 0
00068 0||0 0 c d de 00038 0|00 c d de
000068/)\00O0 0—d 000 068/)\00O0 0—d

ThenBS = ((0, 1, 0, 1, 0, §3)). Suppose now that d = 0 and consider the following two cases: e = 0
which implies that a, f # 0; and e # 0. In these cases, let B denote the first or the second of the
following transformations, respectively:

100 00 e’ 0000
0—-baf 0 O af —be100 O
0Oa 0 0 O}, —ae 0e 0O
00 0 —baf 0 c0e 0
0 0 ac a 0 0 000¢€

Then, in the first case, BS = ((0, 1, 0, 1, 0, 0)), while in the second case, BS = ((0, 0, 0, 0, 1, f)). Thus
if d = e = 0 then we obtain that S is in the orbit of ((0, 1, 0, 1, 0, 0)). Therefore we may assume that
d = 0and e # 0, and that S is in the orbit of ((0, 0, 0, 0, 1, f)). Iff # 0, then let B; denote the first of
the following transformations; if f = 0 and char IF' 7 2 then let By be the second:

1 00O00O 1 000O0
0 f0O0O 11-100
-1-11 0 0}, -11 100
0 00 fO 000 1-1
0 0 0-11 00O0T11

We obtain, in both cases, that B;((0, 0, 0,0, 1, f)) = ((0, 1,0, 1,0, —1)).

To summarize, in characteristic different from 2, the set of subspaces ((0, 1, 0, 1, 0, ¢)) contain
a representative from each of the Aut(L)-orbits on S. In characteristic 2, these orbits are covered
by the subspaces ((0, 1,0, 1,0, ¢)) and ((0, 0, 0, 0, 1, 0)). The Lie algebras corresponding to these
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subspaces are Lg 19(¢) and Lé?%. The Lie algebra Lg 19(0) is written as Lg 20 in Section 3, to minimize
the difference between our list and that in [5]. The expression for d shows, in characteristic 2, that the
vectors in the Aut(L)-orbit of (0, 0, 0, 0, 1, 0) all have 4th coordinate 0, and so ((0, 1,0, 1, 0, £)) and
((0,0,0,0, 1, 0)) are indeed in different orbits. Thus we only need to verify the isomorphisms among
the algebras Lg 19(¢) with different values of €. We claim that Lg 19(¢) = Lg 19(v) ifand only if & 2oy
To prove one direction of this claim assume that Lg 19(¢) = Lg 19(v). Then there is some A € Aut(L)
such that ((0, 1,0, 1,0, &)) = ((0, 1,0, 1, 0, v)). Considering the equations for a, b and f we obtain
that

a5, +ead, #0 (4)
and that
22023 + £a3zas3 = 0; (5)
2 222
a53 + €az3 — va;, — evaz, = 0. (6)

If ¢ = 0 then (4) implies that a;; # 0, and Eqgs. (5) and (6) give that a3 = 0 and that v = 0. Thus
Lg,19(0) is not isomorphic to Lg 19(v) with v # 0. Therefore we may assume without loss of generality
thate, v # 0.Set§ = a3, + £a,. Then routine computation shows that

2 2 2 2 2 2 2
(a23a22 —£a23072) (A22023 +£a3,033) +(£a5, — ) (ay3 +€a33 — Va5, —evaz,) = 5(vay, —eass).

Since § # 0, Egs. (5)and (6) imply that va%2 — sa§3. Thus either ayy = a33 = 0ore X v, as required.
Suppose that ay; = a3 = 0. Then a3; = &va?,. Since the matrix A is invertible, we obtain that
a3 # 0and a3y # 0and hence 1/¢ < V. Since 1/¢ X ¢, this gives that ¢ <oy,

Now we assume the converse; that is, let &, v € [ such that ¢ X v. Let A1 be the automor-
phism of Ls g represented by the diagonal matrix with the entries (1, 1, &, 1, &) in the diagonal. Then

A1((0,1,0,1,0,8)) = ((0,1,0,1,0, %)) = ((0,1,0, 1,0, v)). Hence Lg 19(g) = Lg 19(V).

Ls g

The group Aut(L) consists of the invertible matrices of the form

ay ag 0 0 0
az1 G2 0 0 ©0
A= as1 asp u 0 0 s

Q41 Q42 A11032 — A12031 AU dppu

ds1 a5 021032 — (22031 AU dxpU

where u = ajaz — agpaz1. Then Z*(L,F) = (A1, A13, A4, A1s + Azg, Azs, Ags) and
BZ(L, F) = <A],2, A1’3, Azﬁg), and hence HZ(L, F) = (A]A, A],s + A2,4, A2’5). Further,

S ={((a, b, c)) | ac — b* # 0}.

Let 9 = (a, b, ¢) € H*(L, F). Then A9 = (@, b, ¢) where
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- 2 2 N\

a = (aj;a + 2anaz1b + ay0)u;

b = (anapa + (an1ax + apax)b + axraxnc)u;
- 2 2

¢ = (aj,a + 2appab + a3, 0)u.

Choose S = ((a, b, ¢)) € S. Let us consider three cases: a # 0;a = 0andc # 0;a = 0,c = 0,
and charF # 2. Let, in these cases, B denote the first, the second, or the third of the following
transformations, respectively:

1-b00 0 0—c00 0 1-100 0
0 a 00 0 1b00 0 11000
00a0 0|, JOOoco o, |00200
0 0 0a—ab 00 00 —c? 00 02-2
0000 a 0 0 0c hc 00022

We obtain, in the first and the second case, that BS = ((1, 0, ac — b%)), while, in the third case, we
find that BS = ((1, 0, —1)).

To summarize, if char P # 2 then, as ac — b® # 0, the set formed by the subspaces ((1, 0, €)) with
& # 0 contain a representative in each of the Aut(L)-orbits on S. The Lie algebra corresponding to
((1,0, ¢)) is Lg 21 (¢). If char F = 2 then the set consisting of the subspaces ((1, 0, )) and ((0, 1, 0))
contain such a system of representatives. The Lie algebra corresponding to ((0, 1, 0)) is Lg%.

The expressions for @, b, ¢ give in characteristic 2 that ((0, 1, 0)) is fixed by Aut(L), and hence
Lgé Z L 21(e).Weclaim, fore, v € F*thatLg 51 (¢) = Lg 21 (v) ifandonlyife X v.Suppose first that
L 21(¢) = Lg 21(v). Then there is some automorphism A € Aut(L) such that A(1, 0, &) = (1,0, v).
Using the equations for a, b, and ¢ we obtain that

apagp + axaxpe = 0; (7)

2 2 2 2
aj, + aye —ajv —ayev =0. (8)

Simple computation shows that

2 2 2 2
(a1pax — vanaz)(anap + ax1axpe) — anaxp(ay, + a5,e — aj v — a3 Ev)

2 2
= (anax — appazy) (aj v — a5,8).

Since ay1a; — ajpay1 # 0, we obtain that Egs. (7) and (8) imply that a% v— a%ze. Then either& ~ v
oray; = apy; = 0.1fay;; = axy; = 0, then Eq. (8) becomes a%z = a%leu. Since A is invertible, we obtain,
in this case, that 1/¢ X ). Since g ~ 1/¢, this gives that € <oy,

Conversely, let us suppose that &, v € F* such that & X /. That is, there is some « € F*
such that v = «?e. Then let A; be the automorphism of L represented by the diagonal matrix with
(1, o, o, &, o?) as its diagonal. Then A1 ((1, 0, &)) = ((1, 0, &?v)) = ((1, 0, v)).

Lsq
The automorphism group of L is GL4(F) and H*(L, F) = Z?(L, IF) consists of all skew-symmetric

bilinear forms on L, and hence H2(L, F) = (A12, A1,3, A1,4, A2 3, Ap 4, Az 4). Note that H2(L, F)
is naturally isomorphic to the wedge product A?(F#) as GL4(F)-modules; therefore we do not write
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the explicit formulas for the action. The set of allowable subspaces S consists of the two-dimensional
subspaces S = (11, ;) such that 191l N 192L = 0. Let us compute the representatives of the Aut(L)-
orbits on H?(L, F). Let S € S and write

S = ((ay, by, c1,dy, e1, f1), (a2, by, 2, da, €2, f2)).

By Lemma 4.1(i), we may assume without loss of generality that a; = 1. Then

10 d] ]
01 —b1 —C1

S=1((1,0,0,0,0,f,), (0, b5, c5, d5, €., f5)),
00 1 0 1 20 Y22 %25J2
00 O 1

where f{, b}, ¢}, d5, €, f; € F.Thus no generality is lost by assuming that

S= ((15 07 O, 07 Osfl)a (Oa b27 C2, dZ’ 627f2)>'
We claim that there is B € Aut(L) such that
BS = ((1’ 0,0,0, O7f1)v (07 1,0,0, 52,f2)>-

Consider the following list of matrices:

1—d;0 0 1 -0 0 0-d, 0 0 0—e, 0 0
0 b, 00 0c, 00 1 b, 00 1 ¢ 00
00 1-c| |00 o0-—]| |00 1-e]| |00 0-e
0 0 0 b 0 0 1 by 0 0 0 d 00 1 dy

If (b, 2, d2, e2) # (0, 0, 0, 0), then the list above contains at least one invertible matrix, and let B
denote this matrix. On the other hand, if (b, ¢z, d2, e2) = (0, 0, 0, 0), then f, # 0 and set, in this
case,

1 —1fi0

1 0 00O
B=

0 0 10

10 0§

Having defined B as above, we obtain BS = ((1,0,0,0,0, f1), (0, 1,0, 0, 2, f)) with some e, as
claimed. Let us hence suppose without loss of generality that S = ((1,0,0,0,0, f1), (0,1,0,0,
e, f2)). Next consider the following three cases: f; # 0; f = 0 and e, # 0; f; = 0 and e, = 0. Note
thatin the last case f, # 0, as otherwise 15‘1L N z92l # 0.Define C € Aut(L) in these cases, respectively,
as follows:

fL,000 10 00 1000
0f00 0f —10 0f —10
0010| |o—e 00| |00 10

000f 0 0 01 00 0 1



184 S. Cicalo et al. / Linear Algebra and its Applications 436 (2012) 163-189

We obtain, in each of these cases, that CS = ((1,0,0,0,0, 1), (0, 1,0, 0, €}, f,)) where ¢, € F.If
fo = 0thenCs = ((1,0,0,0,0,1),(0,1,0,0, &, 0)) with some ¢ € . On the other hand, iff, # 0
then

ooo

0100 ) ,
((1,0,0,0,0,1),(0,1,0,0, e, f2)) = {(1,0,0,0,0, 1), (0,1, 0,0, &3, 1)),

00f 0

0001

where e € IF.Suppose now that char F # 2, and let D be the first of the following two automorphisms
if e} € {0, —1/4}, while we let D be the second otherwise:

2,00 0O 1001
020 O 0200
011 0 “lot11o0
—1004e) +1 0002

Then D((1, 0,0, 0,0, 1), (0,1,0,0, €y, 1)) = ((1,0,0,0,0, 1), (0, 1,0, 0, &, 0)).

To summarize, in characteristic different from two, the set of 2-spaces ((1,0,0,0,0, 1), (0, 1,
0,0, &,0)) where ¢ € FF contains at least one representative of each of the Aut(L)-orbits on S. In
characteristic 2, such a set of 2-spaces is formed by the spaces ((1, 0,0, 0,0, 1), (0, 1,0, 0, €, 0)) and
the spaces ((1, 0,0, 0,0, 1), (0,1, 0,0, v, 1)) where &, v € [F. The corresponding Lie algebras are
Lg.22(¢) and Lg% (&), respectively.

It remains to find the possible isomorphisms of the step-2 descendants of L. The group Aut(L) pre-
serves, modulo scalars, a quadratic form Q on H(L, IF), defined, for & = (a, b, c, d, e, f) € H*(L, F),
as

Q(¥) = af — be + cd. (9)

Let f denote the symmetric bilinear form associated with Q. It is easy to see that Q is indeed preserved
by the action of GL(V) modulo scalars; namely, for A € GL(V) and v € V we have that Q(Av) =
(detA)Q (v).

Assume first that char F # 2 and consider two subspaces S = ((1, 0,0, 0,0, 1), (0, 1, 0, 0, &, 0))
and S, = ((1,0,0,0,0, 1), (0,1, 0,0, v, 0)) such that S; and S, are in the same Aut(L)-orbit. Since
the determinants of the Gram matrices of the form f restricted to Sy and S, are 4¢ and 4v, respectively,
Lemma 4.2(2) implies that v = ¢ with some o € F*. Conversely if v = yzs with some y € F*
and A; is the automorphism of L4 ; represented by the diagonal matrix with the entries (1, y, 1, y)
in the diagonal, then A;S1 = S,.

Suppose now that the characteristic of I is 2. Set S = ((1,0,0, 0,0, 1), (0,1, 0,0, &, 0)) and
S, =1{((1,0,0,0,0,1),(0,1,0,0, v, 1)) where e, v € IF. Since the restriction of f is identically zero
onS; whileitis non-singular on S, we obtain that S; and S; cannot be in the same Aut(L)-orbit. Suppose
now that §; = ((1,0,0,0,0,1),(0,1,0,0,&1,0)) and S, = ((1,0,0,0,0, 1), (0,1,0,0, &, 0))
such thatS; and S; are in the same Aut(L)-orbit. Since f is identically zero on Sy and S, and, fori = 1, 2,
Q(1,0,0,0,0,1)Q(0,1,0,0, &, 0) = ¢&;, we obtain from Lemma 4.2(iii) that &, = ael + ﬂz with
some « € F* and B € F. Assume, conversely that e, = o?e; + 82 with some ¢ € F* and B € F.
Since there is nothing to prove if ¢; = £, = 1, we may assume without loss of generality that &; # 1.
Let A1 be the automorphism of Ly 1 represented by the matrix
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e1 B1ep
0 00 «o

181 8

00608106

Then det A; = o2 (8% + 1) which, by assumption, is non-zero, and so A; does define an isomorphism.
Further, A1((1, 0,0, 0,0, 1), (0,1,0,0, &1,0)) = ((1,0,0,0,0, 1), (0,1, 0,0, &5, 0)).

FinallyifS; = ((1, 0,0, 0,0, 1), (0,1, 0,0, v{, 1))andS, = ((1,0,0,0,0, 1), (0,1, 0, 0, vy, 1)),
then the restriction of f on S; and on S, is non-singular, and the given bases of S; and S, are symplectic.
Further, the Arf invariants of S; and S, with respect to these bases are v; and v, respectively. Thus
Lemma 4.2(iii) gives that v + 1 € {az +a |a € F*}. Assume, conversely, that a?4a+vi+v, =0
with some «. Let A1 denote the isomorphism of Ly ; represented by the matrix

100«
0100
Oax10
0001

ThenA;((1,0,0,0,0, 1), (0,1,0,0,v1, 1)) =((1,0,0,0,0, 1), (0, 1,0, 0, vp, 1)).
The argument presented in this section give rise to the proof of Theorem 4.4.

Proof of Theorem 4.4. Let V be the vector space as in the statement of the theorem and let L be
the four-dimensional abelian Lie algebra Ly 1. As noted before, there is an isomorphism between the
GL(4, F)-modules V A V and H2(L, F) realized by the mapping b; A bj = A, and so we will identify
V AV with H2(L, F). If S is a two-dimensional subspace of H?(L, IF), then the corresponding central
extension Lg of L is a six-dimensional nilpotent Lie algebra with 4 generators and central derived
subalgebra of dimension 2. In addition if S is not allowable then Ls = K & IF, which, using the
classification of five-dimensional nilpotent Lie algebras, gives that Ls = Ls g @ F. Hence GL(4, IF) has
a single orbit on the set of not allowable two-dimensional subspaces. Since the orbits on the allowable
two-dimensional subspaces were determined in this section, the theorem follows. [

Lyo

The group Aut(L) consists of the invertible matrices of the form

ap ain 00

ap1 dxp 00
A= ,

(31 as2 U dsq

aq1 a4 0 agqq

where u = ay1a2 — a12021. We have Z2(L, F) = (A1 2, A1 3, A1 4, Az 3, Az g), BA(LF) = (Aq2),
and so H?(L,F) = (A1.3, A1,4, Az 3, Az 4). The set of allowable subspaces S consists of the two-
dimensional subspaces S = (1}, 1) such that ﬁ%ﬂﬁ%ﬂ(x%x‘;) =0.If9 = (a, b, c,d) € H*(L,TF),
then A9 = (a, b, ¢, d) where
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a=(ana—+ axoju;
b = ay1az4a + ajasab + az10a34C + A21044d,
c= ((112(1 + azzC)u;
d = 120340 + A12044b + A22034C + axa44d.
Choose a two-dimensional subspace S = (¥, ¥);) of S where ¥y = (ai, by, ¢1,dy) and ¥, =

(ay, by, c,dy).Ifay = ¢y = 0anday = ¢c; = Othenxs € z?ll N 192{ and hence S is not allowable.
Thus, by possibly swapping ¢ and ¥, we may assume without loss of generality that (ay, ¢1) # (0, 0).
Let B be the first of the following automorphisms if a; # 0 and let B be the second if a; = 0 (which
implies that ¢; # 0):

1—c 0 0 010 0
0a 0 O -100 0
0 0 ap —athy | |0 01—d
00 0 a 000 ¢

Then the image BS is of the form ((1, 0, 0, d}), (0, b}, ¢}, d3)) which implies that we may assume
without loss of generality that S = ((1, 0, 0, dy), (0, by, c2, d2)). We note that such an S is allowable
if and only if (d1, by, d2) # (0, 0, 0).

Suppose first that c; = 0 and d, # 0. Then

dy 00 O
—b, 10 O
$=(1,0,0,0),(0,0,0,1)).
0 0dy diby
0 00 dy

Next, we assume thatc, = 0Oandd, = 0.Ifd; = OthenS = ((1, 0, 0, 0), (0, 1, 0, 0)), whileifd; # 0

then

d 00O
0100
00d O
000 d

§=(1,0,0,1),(0,1,0,0)).

Now suppose that c; # 0 and d, = 0 and let C be the first or the second of the following matrices,
depending on whether b, = 0 or not:

01 0 0 d 00 0
bbO O 0O 0100
00-b, 0 | |o0oo0d 0

OOO—szz 000d1
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Then CS = ((1, 0, 0, 1), (0, €, 1, 0)). Finally, assume that c; 7 0 and d, # 0 and let D be the first or
the second of the following matrices depending on whether by # 0:

dz —d2 0 0 (o) (d] - 1)C2 0 0
b, 0 0 0 0 d; 0 0
0 0 —bd, 0 | |o 0 cdy 0

0 0 0 —szz

o

0 0 c?
Then DS = ((1, 0,0, 1), (0, by, 1, 1)), with b, € F.1f charF # 2 then this gives no new orbit as

200 0
110

002 -2
000 4

((1,0,0,1), (0, by, 1, 1)) = ((1,0,0,1), (0, 4b, + 1, 1, 0)),

If char F = 2 then we obtain that S = {(1, 0, 0, 1), (0, v, 1, 1)).

To summarize, if char[F # 2 then the list of 2-spaces ((1, 0, 0, 0), (0, 0, 0, 1)), {((1, 0, 0, 0),
(0,1,0,0)), {((1,0,0,1), (0,1,0,0)), and ((1,0,0, 1), (0, &, 1,0)) with ¢ € [ contains at least
one representative for each of the Aut(L)-orbits on S. The corresponding Lie algebras are Lg 27, Lg 25,
Lg.23, and Lg 4(¢). In characteristic 2, such a set is formed by the subspaces above in addition to the
subspaces ((1, 0,0, 1), (0, v, 1, 1)) with v € F. The Lie algebra that corresponds to the subspace
((1,0,0,1), (0, v, 1, 1)) is LA ().

Finally, in this section we have to determine the possible isomorphisms of the Lie algebras in the
previous paragraph. Firstwe note, forL = Lg 24(¢) andL = Lézgg (v),that C(L) = L3, while this equation
is not valid for Lg 27, L6 23, or Lg 25. In order to separate the Lie algebras Lg 37, Lg 25, Ls,23 we use the
geometry of the Aut(L)-action on H2(L, ). The expressions for @, b, ¢, and d above give that the action
of the automorphism A on H2(L, IF) is represented, with respect to the basis {A13, A1.4, A2 3, Apa},
by the matrix

an i a1as4 Al dg2as4

0 apags 0 appagy ap ap U asg
= ® } (10)
ax1U a21034 AU (2034 az1 a2 0 agq
0 axags 0 axay

It is well-known that GL(2, ) ® GL(2, IF) preserves a quadratic form modulo scalars in its natural
action on 4. To exploit this fact in our situation, define a quadratic form Q on H2(L, IF) as

Q(V) = a4 — a3 where ¥ = (oq, o2, a3, Ag).
Let A € Aut(L) and decompose A as g ® g as in (10). Then we have, for all 9 € H?(L, ), that

Q(AY) = Q((g1 ® g2)V) = (detgy)(detg2)Q (D).

Now to show that the subspaces obtained above are in different Aut(L)-orbits, notice that the
subspace ((1, 0, 0, 0), (0, 1, 0, 0)) is totally singular. On the other hand, the singular vectors of the
subspace ((1, 0,0, 1), (0, 1, 0, 0)) are the elements of the 1-space ((0, 1, 0, 0)), and hence two sin-
gular vectors are linearly dependent. Moreover, the singular vectors of the subspace ((1, 0, 0, 0),
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(0, 0,0, 1)) are the elements of the 1-spaces ((1, 0, 0, 0)) and ((0, 0, 0, 1)), which shows that there
is a pair of linearly independent singular vectors. Thus these three subspaces are in different Aut(L)-
orbits. Let us consider now two subspaces of the form S; = ((1,0,0,1),(0,¢,1,0)) and S, =
((1,0,0, 1), (0, v, 1,0)) and assume that they are in the same Aut(L)-orbit; that is S, = AS; with
some A € Aut(L). If char[F' £ 2, then the Gram determinants of S; and S, with respect to the given
bases are ¢ and v, respectively. Lemma 4.2(i) gives that € o, Conversely, assume that char F £ 2

and thate ~ v; thatis v = ea® with some o € F*, Let A1 be the diagonal automorphism of L with
(o, 1, o, @?) in the diagonal. Then A1{(1,0,0,1),(0,¢,1,0)) = ((1,0,0,1), (0, v, 1,0)). Hence
the subspaces ((1, 0,0, 1), (0, &, 1, 0)) and ((1, 0, 0, 1), (0, v, 1, 0)) are in the same Aut(L)-orbit if

and only if & ~ ). This settles the isomorphisms among the possible step-2 descendants of Ly 3 in
the cases when char F # 2.
Suppose next that char F = 2 and let

S1=1{(1,0,0,1),(0,e1,1,0)) and S, = ((1,0,0, 1), (0, &3, 1, 0)),
as above. Since f is identically zero on S; and S, and, fori = 1, 2,Q(1,0,0,0,0,1)Q(0, 1,0, 0, &;, 0)

= &, we obtain from Lemma 4.2(iii) that &; = a?e; + B2 with some @ € F* and 8 € F. Suppose

conversely that char F = 2 and that &4 X &7 thatis &y = a?e; + B2 withsome € F* and 8 € F.
Let A1 be the automorphism of L represented by the matrix

00 0
B10 0
00«aaap
000 o?

Then A1S; = S,, which gives, when charF = 2, that ((1, 0, 0, 1), (0, &1, 1, 0)) and ((1, 0,0, 1),
(0, &3, 1, 0)) are in the same Aut(L)-orbit if and only if &1 b £9.

Suppose now that S = ((1,0,0,1), (0,vq,1,1)) and S = ((1,0,0, 1), (0, v2, 1, 1)) and as-
sume that S; and S, are in the same Aut(L)-orbit; that is, there is some A € Aut(L) such that S;A = S,.
The restriction of f on S; and on S, is non-singular, and the given bases of S; and S, are symplectic.
Further, the Arf invariants of S; and S, with respect to these bases are v; and v, respectively. Thus
Lemma 4.2(iii) gives that vy + v, € {a? + « | & € F}. Conversely, suppose that v1, v, € F such that
x*> + x + v + v, has a solution « in IF. Let A; denote the automorphism represented by the matrix

1000
a100
001«
0001

Then A1S; = S, and so two subspaces ((1, 0, 0, 1), (0, v1, 1, 1)) and ((1, 0, 0, 1), (0, vo, 1, 1)) are
in the same Aut(L)-orbit if and only if the polynomial x* 4+ x + v + v has a root in F.
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