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Abstract

In this work we describe the Chen–Ruan cohomology of the moduli stack of smooth and stable genus 2
curves with marked points. In the first half of the paper we compute the additive structure of the Chen–Ruan
cohomology ring for the moduli stack of stable n-pointed genus 2 curves, describing it as a rationally graded
vector space. In the second part we give generators for the even Chen–Ruan cohomology ring as an algebra
on the ordinary cohomology.
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1. Introduction

Chen–Ruan cohomology, also known as orbifold cohomology, was recently developed as part
of the project of extending Gromov–Witten theory to orbifolds. The first definition was given in
the language of differential geometry in the seminal paper [9], making precise some ideas from
theoretical and mathematical physics that appeared in the nineties. In the algebraic category, it
was introduced by Abramovich–Graber–Vistoli in the papers [3] and [4], and it is called stringy
Chow ring. This cohomology ring recovers as a subalgebra the ordinary rational cohomology
ring of the topological space that underlies the orbifold. As a vector space, the Chen–Ruan co-
homology of X is the cohomology of the inertia stack of X. If X is an orbifold, its inertia stack
I (X) is constructed as the disjoint union, for g in the stabilizer of some point x of X, of the
locus stabilized by g in X (see Definition 2.1). For example, the orbifold X itself appears as
a connected component of I (X): indeed it is the locus fixed by the identity, which is trivially
contained in the stabilizer group of every point. All the other connected components of the in-
ertia I (X) are usually called twisted sectors. In this paper we work in the algebraic category,
and whenever the word “orbifold” is mentioned, it stands for smooth Deligne–Mumford stack.
Moreover we only deal with cohomology and Chow groups with coefficients in the field Q of
rational numbers.

The moduli spaces Mg,n and their Deligne–Mumford compactifications Mg,n are among the
very first orbifolds studied in algebraic geometry. In particular, the study of their cohomology
rings has been pursued with techniques coming from algebraic geometry and algebraic topology,
starting from the eighties with the works of Harer [20], and Mumford [25]. In the last twenty
years, our knowledge about the structure of such rings has tremendously increased.

The Chen–Ruan cohomology of the moduli spaces of curves with marked points has been
studied so far for the case of genus 1 in [26]. The stringy Chow ring of M2 has been studied
by Spencer [32], although the result is slightly incomplete as two twisted sectors are missing
from his picture. Some computations in the stringy Chow ring of M2 have been also approached
in [33]. The Chen–Ruan cohomology of moduli of smooth hyperelliptic curves is additively
known after [28].
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In this paper, we investigate the Chen–Ruan cohomology ring of the moduli space of smooth
genus 2 curves with marked points, and of the moduli space of stable genus 2 curves with marked
points. The problem splits naturally into two parts. The first part is the study of the inertia
I (M2,n): we work this out in Sections 2, 3 and 4. The second part is the investigation of the
Chen–Ruan cohomology of M2,n as a ring, which consists of computing a virtual fundamental
class and then computing pull-back of classes among moduli spaces: this is studied in Sections 5
and 6. In this picture, it is not more difficult to state and prove some of the intermediate results
more generally for all g and n. A very convenient step is usually to find results for Mrt

g,n, the
partial compactification of Mg,n made of stable curves with a smooth irreducible component of
genus g (and, possibly, rational tails).

The main results of this paper are the following. In Sections 2.2 and 2.3 we solve the problem
of identifying the connected components of the inertia stack of M2, and of Mg,n and Mrt

g,n for
n � 1 or g = 2: see Definition 2.8 and Propositions 2.13, 2.32. The twisted sectors of Mg,n,
n � 1, or g = 2 are given a modular interpretation in terms of moduli of smooth pointed curves
with lower genus g′, see Definition 2.10.2 In Theorem 3.10, we compute the dimensions of the
Chen–Ruan cohomologies of M2,n in terms of the dimensions of the ordinary cohomologies of

Mg,n for g � 2. In Theorem 4.15 we write down explicitly the orbifold Poincaré polynomial for
M2. In Theorem 6.15 we see how the algebra H ∗

CR(M2,n) can be generated as an algebra on
H ∗(M2,n) by the fundamental classes of the twisted sectors and suitably defined classes S I1,I2 ,
for I1, I2 that vary among all the non-empty partitions of [n]. Finally, in Definition 6.18 we
advance a proposal for an orbifold tautological ring, a well-behaved subring of the even Chen–
Ruan cohomology, for stable genus 2 curves (for stable genus 1 curves, this was done in [26]).

The main techniques used in this paper are: abelian cyclic coverings of curves (see [30,10]),
their moduli spaces and their compactifications by means of admissible coverings, and some
elementary deformation theory of nodal curves. In the last section we take advantage of the
existing technology of intersection theory in the tautological ring of moduli spaces of curves.

To conclude this introduction, we make a couple of observations that relate the paper to the
general project of studying the Chen–Ruan cohomology of Mg,n for general g and n. The case
of genus 2 can be seen as the simplest case for which non-trivial phenomena occur. The issues
that make the description more difficult than in genus 1 are: the automorphism groups of genus 2
curves can be non-abelian, the twisted sectors of moduli of genus 2 curves are not necessarily
closed substacks of the original moduli stack, not all twisted sectors can be constructed by adding
rational tails to the compactification of the twisted sectors of M2,n, the cohomology of a twisted
sector is not always generated by its divisor classes and finally, the Chen–Ruan cohomology ring
is not generated as an H ∗-algebra by the fundamental classes of the twisted sectors.

We believe that the solutions that we propose to overcome these difficulties in genus 2 can
potentially be used for general genus g, once an explicit stratification of the moduli space by
automorphism groups is given (the latter task seems to be very hard for higher genus). Finally,
we expect that the simple description of multiplicative generation that we can give for genera 1
and 2 would become far too complicated for higher genus.

1.1. Summary of the results

Here we provide more specific details on the results that we obtain in this paper.

2 The case of the twisted sectors of Mg , g � 3 is more delicate and requires a further analysis.
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In Section 2, we study the inertia stack of M2,n. In Section 2.2 we deal with the inertia stack
of Mg,n and its compactification by means of admissible coverings. For n � 1 or g = 2, we prove
that the twisted sectors of Mg,n correspond to moduli of cyclic coverings in Proposition 2.13,
and in Corollary 2.20 that the compactifications of the latter correspond to the twisted sectors
of Mg,n that do not come from the boundary (see [29, Section 2.b] for an extension of this
description to the case of Mg , g � 3).

The cohomology of the cyclic coverings that cover curves of genus 0 is known, as observed
in Corollary 2.24, so we focus on studying the geometry of the moduli space II of bielliptic
genus 2 curves with a distinguished bielliptic involution (we call II1 the same moduli space
with an ordering of the ramification points). In Propositions 2.25, 2.27 and in Corollary 2.26
we compute the cohomology groups of these moduli spaces of bielliptic curves and of their
compactifications. We conclude the section by proving, in Theorem 2.28, that the cohomology
of the twisted sectors of M2,n that do not come from the boundary coincides with the Chow
group, and that it is multiplicatively generated by the divisors.

In Section 2.3, we study what happens when rational tails are added to the twisted sectors of
Mg,n. In particular, in Proposition 2.32, I (Mrt

g,n) is explicitly described in terms of I (Mg,k) for
k � min(2g + 2, n).

In Section 2.4, we solve the combinatorial problem of identifying the twisted sectors coming
from the boundary of M2,n. We give pictures of these twisted sectors using stable graphs, and
some twisted sectors of moduli of curves of genus lower than 2.

In Section 3 we are then able, as a consequence of the computations of the previous section,
to give the generating series of the dimensions of the Chen–Ruan cohomology of Mrt

2,n in Theo-

rem 3.4 and of M2,n in Theorem 3.9. These generating series are given in terms of the generating
series for the dimensions of the respective ordinary cohomologies.

In Section 4 we investigate the Chen–Ruan cohomology of Mg,n, Mrt
g,n and M2,n as a graded

vector space. Assuming knowledge of the age of the twisted sectors of Mg (which we know for
g = 2), in Lemma 4.6 (resp. Corollary 4.10), we give a formula to compute the age of the twisted
sectors of Mg,n (resp. Mrt

g,n). We explicitly write the orbifold Poincaré polynomial for M2,n in

Theorem 4.13 and for M2 in Theorem 4.15.
In Section 5 we study the Chen–Ruan cohomology as a ring. This amounts to computing the

virtual fundamental class for the moduli space of stable maps of degree 0 having target M2,n,
from a source curve of genus 0 with 3 marked points. This virtual class can be expressed as the
top Chern class of a certain orbifold excess intersection bundle.

In Section 5.2 we study, in Propositions 5.16, 5.17, and in Corollaries 5.18, 5.19, some of the
components of the second inertia stack of M2,n. It will be clear in the subsequent section that
these components are all those where the virtual class is not 1 nor 0.

In Section 5.3 we compute all these virtual classes and we express them in terms of ψ -classes
on moduli stacks of stable genus 0 or genus 1 pointed curves. To pursue this, we first study,
in Lemma 5.21, the normal bundle of the double twisted sectors of Mg,n to Mg,n itself, as a
representation of the group that defines the twisted sector. In Corollary 5.22 we prove that the
virtual classes over the double twisted sectors that are obtained from zero-dimensional twisted
sectors of Mg by adding marked points are always 0 or 1. The virtual class is computed in
the remaining cases in Propositions 5.24, 5.26, and Corollary 5.25 for the double twisted sec-
tors with smooth general element, and in Proposition 5.28 by reduction to lower genus for the
double twisted sectors whose general element does not contain a smooth irreducible genus 2
curve.
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Finally, in Section 6 we see how the Chen–Ruan cohomology ring H ev
CR(M2,n) can be gener-

ated as an algebra on H ev(M2,n). To obtain this, we have to analyze the pull-back in cohomology
of the natural map from the twisted sectors to M2,n. In Proposition 6.6 we prove that this pull-
back is surjective for all the twisted sectors with smooth general element apart from the moduli
of bielliptic curves, and for all the twisted sectors coming from the boundary, apart from those
whose general element has an irreducible component of genus 1. The surjectivity of the pull-
back map in the latter case is obtained in Corollary 6.10 for the even cohomology. The proof of
Corollary 6.10 is conditional to Getzler’s conjecture 6.3.

So it remains to study a little more of the geometry of the compactified moduli spaces of biel-
liptic curves. In Proposition 6.12, we identify three geometric generators for the Picard groups of
these moduli spaces, and then in Proposition 6.13 we see that one of these three classes, which
we call S , can be chosen as a generator for the one-dimensional cokernel of the pull-back map.
We can thus conclude, conditionally Getzler’s conjecture 6.3, the main Theorem 6.15 on the gen-
eration of H ev

CR(M2,n) as an H ev(M2,n)-algebra, by marking the ramification points of S and
gluing rational tails. Then in Definition 6.18 we construct a subring of the even cohomology,
which we call orbifold tautological ring.

In Appendix A, we collect some useful facts on the inertia stacks of [M0,n/S2] and [M1,n/S2]
that are used in Section 2.4.

2. The inertia stacks

2.1. Definition of the inertia stack

In this section we recollect some basic notions concerning the inertia stack. For a more de-
tailed study of this topic, we address the reader to [4, Section 3]. We introduce the following
natural stack associated to a stack X, which points to where X fails to be an algebraic space.

Definition 2.1. (See [3, 4.4], [4, Definition 3.1.1].) Let X be an algebraic stack. The inertia stack
I (X) of X is defined as:

I (X) :=
∐
N∈N

IN(X),

where IN(X)(S) is the following groupoid.

1. The objects are pairs (ξ,α), where ξ is an object of X over S, and α : μN → Aut(ξ) is an
injective homomorphism,

2. The morphisms are the morphisms g : ξ → ξ ′ of the groupoid X(S), such that g · α(1) =
α′(1) · g.

We also define ITW(X) := ∐
N∈N,N �=1 IN(X), in such a way that:

I (X) = I1(X)
∐

ITW(X).

The connected components of ITW(X) are called twisted sectors of the inertia stack of X, or also
twisted sectors of X. The inertia stack comes with a natural forgetful map f : I (X) → X.
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The Chen–Ruan cohomology group, and respectively the stringy Chow group of a stack X

(as first defined in [9] and [3]) are simply the ordinary rational cohomology group, resp. the
rational Chow group of the inertia stack I (X). The Chen–Ruan cohomology is then given an
unconventional grading over the rational numbers, as we shall see in Section 4. For this section,
we give a preliminary definition.

Definition 2.2. Let X be a Deligne–Mumford stack. The Chen–Ruan cohomology of X is defined
as a vector space as:

H ∗
CR(X) := H ∗(I (X),Q

)
.

The stringy Chow group of X is defined as a vector space as:

A∗
st (X) := A∗

Q

(
I (X)

)
.

We observe that, by our very definition, IN(X) is an open and closed substack of I (X),
but it rarely happens that it is connected. One special case is when N is equal to 1: in this
case the map f restricted to I1(X) induces an isomorphism of the latter with X. The connected
component I1(X) will be referred to as the untwisted sector.

We also observe that given a choice of a primitive generator of μN , we obtain an isomorphism
of I (X) with I ′(X), where the latter is defined as the (2-)fiber product X ×X×X X where both
morphisms X → X × X are the diagonals.

Remark 2.3. There is an involution ι : IN(X) → IN(X), which is induced by the map ι′ :
μN → μN , that is ι′(ζ ) := ζ−1.

Proposition 2.4. (See [4, Corollary 3.1.4].) Let X be a smooth algebraic stack. Then the stacks
IN(X) (and therefore I (X)) are smooth.

Now we study the behaviour of the inertia stack under arbitrary morphisms of stacks.

Definition 2.5. Let f : X → Y be a morphism of stacks. We define f ∗(I (Y )) as the stack that
makes the following diagram 2-Cartesian

f ∗(I (Y ))
I (f )

�

I (Y )

X
f

Y

and I (f ) as the map that lifts f in the diagram.

There is an induced map that we call I ′(f ), which maps I (X) → f ∗(I (Y )). There is a nec-
essary and sufficient condition for I (X) to coincide with f ∗(I (Y )).

Proposition 2.6 (folklore). Let f : X → Y be a morphism of stacks. Then I (X) coincides with
f ∗(I (Y )) if and only if the map f induces an isomorphism on the automorphism groups of the
objects.
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We now present our strategy to describe the twisted sectors of M2,n, the moduli stack of
stable curves of genus 2. We consider the filtration:

Mg,n ⊂ Mrt
g,n ⊂ Mg,n,

where Mrt
g,n is the moduli stack of stable curves of genus g and n marked points with rational

tails whose objects are stable genus g, n-pointed curves with one irreducible component that is
smooth of genus g. As we showed in [26, Theorem 1.1] (cf. also [27, Corollary 5.19]), the inertia
stack of Mrt

1,n is dense in the inertia stack of M1,n. This is no longer true in the genus 2 case.

As we shall see in Section 2.4, there are several twisted sectors of M2,n whose canonical image
in M2,n is strictly contained in M2,n \ Mrt

2,n.

2.2. The inertia stack of moduli of smooth curves of genus 2

In this section, we study the geometry of the connected components of the inertia stack of
Mg,n, focusing in particular on the case g = 2.

The approach we follow is inspired by Fantechi [14]. This approach gives a technology to
identify the twisted sectors of the inertia stack of Mg,n, by means of some discrete numerical
data. The enumeration of the twisted sectors is thus reduced to the combinatorial problem of
finding all the admissible (g,n)-data. This approach also gives a modular-theoretic interpretation
of the twisted sectors of Mg,n, in terms of moduli spaces of smooth pointed curves of lower
genus g′. We are able to accomplish this program in the cases when n � 1 or g = 2; our approach
can be extended to Mg for g > 2 as soon as one can prove the irreducibility of the moduli spaces
of cyclic covers with given numerical data and total space a connected curve of genus g.

We study the moduli stacks of ramified cyclic ZN -coverings of curves of a given genus g′ with
fixed branching datum. We use for this the description due to Pardini of cyclic abelian coverings,
and in particular [30, Proposition 2.1]. A key role in her description is played by the set of pairs
(H,ψ), where H is a subgroup of ZN and ψ is an injective character of H . Since we work
over the complex numbers, we can identify this set with the set {1, . . . ,N − 1}, via the following
bijection:

μ : {1, . . . ,N − 1} → {
(H,ψ)

∣∣ {id} �= H < G, ψ ∈ H∨ is an injective character
}

(2.7)

given by μ(m) = (〈m〉 < ZN, m → e2πi
gcd(m,N)

N ).

Definition 2.8. A (g,n)-admissible datum will be a tuple A = (g′,N,d1, . . . , dN−1, a1, . . . ,

aN−1) of non-negative integers with N � 2 and g′ � 0, satisfying the following conditions:

1. the Riemann–Hurwitz formula holds:

2g − 2 = N
(
2g′ − 2

) +
(∑

di gcd(i,N)

(
N

gcd(i,N)
− 1

))
;

2.
∑

idi = 0 modN , this is formula [30, 2.14] written in the case of cyclic coverings, after the
identification (2.7);

3.
∑

ai = n;
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4. for all i, ai � di ;
5. if gcd(i,N) �= 1, then ai = 0.

The points 3,4,5 correspond to the choice of n marked points among the points of total branching
(or, equivalently, of total ramification) for the covering. Note that the set of (g,n)-admissible
data A is finite, thanks to conditions 1 and 3.

To each (g,n)-admissible datum, we associate the integer d = ∑
di , a disjoint union decom-

position {1, . . . , d} = ∐N−1
i=1 Ji , where:

Ji :=
{
j

∣∣∣ ∑
l<i

dl < j �
∑
l�i

dl

}

and subsets Ai consisting of the first ai elements of each Ji . Moreover, we define SA to be the
subgroup of Sd (the symmetric group on d elements):

SA :=
{
σ

∣∣ ∀i σ (Ji) = (Ji), ∀a ∈
⊔

Ai, σ (a) = a
}
. (2.9)

We now come to the central object of our construction.

Definition 2.10. (See also [27, Definitions 4.22, 4.35] for an expanded version of this definition.)
Let A be a (g,n)-admissible datum. We define the stack MA to be the stack parametrizing tu-
ples (C′,D1, . . . ,DN−1,p1, . . . , pn,L,φ), where C′ is a smooth genus g′ curve, Di are disjoint
smooth effective divisors in C′ of degree di , L is a line bundle on C′, φ : L⊗N → OC′(

∑
iDi)

is an isomorphism, and the pj are pairwise distinct points of C′. The point pj belongs to Di for
the unique i such that

∑
l<i al < j �

∑
l�i al and gcd(i,N) = 1.

Let Mg′,d (BμN) be the moduli stack of stable maps with value in BμN defined in [1] (see
also [2], where Mg′,d (BμN) is called Bg′,d (μN)). Let moreover Mg′,d (BμN) be the open sub-
stack consisting of smooth source curves. The stack MA we have just defined, is an open and
closed substack of [Mg′,d (BμN)/SA] prescribed by the assignment of di points of ramification
type i (under convention (2.7)).

Example 2.11. Let us consider the (2,1)-admissible datum (0,6;d1 = 2, d4 = 1;a1 = 1). This
corresponds to the moduli space of Z6-coverings f : C → C′ with g(C′) = 0 and three branch
points s1, s2, s3. The first two points are of total branching and s1, or equivalently f −1(s1),
is marked: thus p1 := s1. The generator 1̄ ∈ Z6 acts on the cotangent spaces T ∨f −1(s1,2) by

multiplication by e
2πi

6 . There are two fibers in f −1(s3), and 4 ∈ Z6 acts on each of the two

cotangent spaces over s3 as the multiplication by e
2πi

3 . According to the notation that will be
established in Notation 2.16, this moduli space corresponds to the twisted sector called V.11.

Proposition 2.12. Let A be a (g,n)-admissible datum with n � 1 or g = 2, then the stack MA

is connected.

Proof. Cornalba has proved this in [10, p. 3] when the order N of the cyclic group is a prime
number. His proof extends to the case of general N , provided that there is a point of total ram-
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ification. In terms of a (g,n)-admissible datum A this translates into the fact that there exists i

such that gcd(i,N) = 1 and di > 0. Another set of cases where the connectedness of MA is easy
to prove is when g′ equals 0: in this case MA

∼= [M0,d/SA].
Now if n � 1, by the very definition of a (g,n)-admissible datum, we are ruling out all the

moduli spaces that do not have a point of total ramification. If g equals 2, then g′ can be equal
to 0 or 1. In the second case, the Riemann–Hurwitz formula forces N to equal 2, and so this case
is covered by Cornalba’s proof. �
Proposition 2.13. Let A be a (g,n)-admissible datum such that n � 1 or g = 2. Then, any
assignment α : {1, . . . , n} → Z∗

N such that |α−1(i)| = ai induces an isomorphism of MA

with a connected component of IN(Mg,n). Conversely, to any connected component X of
IN(Mg,n) such that n � 1 or g = 2, one can associate a (g,n)-admissible datum A such that
X ∼= MA.

Proof. Using the result [30, Proposition 2.1], to any object of the stack MA, we associate a
ZN -covering π : C → C′, branched at the divisors Di . The marked points x1, . . . , xn are chosen
as the fibers of p1, . . . , pn under the covering map in such a way that xα(i) ∈ Di .

Proposition 2.1 of [30] does not guarantee that the resulting covering space is connected,
therefore we need to prove that C is connected. If n � 1, then the covering π must have a point
of total ramification, which indeed implies that C is connected. So let n = 0. If g′ is equal to 1,
one can see that the only possibility if g = 2 is that N = 2 and d1 = 2, thus there is a point of total
ramification. If g′ is equal to 0, the connectedness of C is equivalent to the following numerical
condition on the (g,0)-admissible datum:

gcd
(
N, {i | di �= 0}) = 1.

This condition happens to be satisfied by all (2,0)-admissible data.
In the cases n � 1 or g = 2, the stack MA is connected due to Proposition 2.12; therefore its

image under this correspondence is a connected component of I (Mg,n).
Conversely, if X is a connected component of IN(Mg,n), after quotienting by the group gen-

erated by the automorphism, the objects of X are families of ZN -coverings. By invoking [30,
Proposition 2.1] again in the opposite direction, we find the discrete datum A and then the con-
nected moduli space MA. �
Remark 2.14. The map ι on the inertia stack, which we described in Remark 2.3, corresponds
to the map of admissible data (g′,N,d1, . . . , dN−1, a1, . . . , aN−1) → (g′,N,dN−1, . . . , d1, . . . ,

aN−1, . . . , a1).

There are seventeen (2,0)-admissible data, twenty-four data with n = 1, twenty-six data with
n = 2, twenty-one with n = 3, seven with n = 4, and only one for n = 5,6. We now list the (2,0)-
admissible data, and we propose a name for each of them. Our names coincide with those given
by Spencer [33] in the overlapping cases, we have only invented a new notation for V.1 and V.2.
We do not list the admissible data with n > 0, since they can easily be determined starting from
the ones with n = 0. The complete list of them (and therefore, of the twisted sectors of M2,n)
can be found in [27, 5.2].
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g′ N (d1, . . . , dN−1) Coarse moduli space Name in [33]

0 2 (6) M0,6/S6 (τ )

0 3 (2,2) M0,4/(S2 × S2) (III)
0 4 (1,2,1) M0,4/S2 (IV)

0 5 (2,0,1,0) M0,3/S2 (X.4)

0 5 (0,1,0,2) M0,3/S2 (X.6)

0 5 (1,2,0,0) M0,3/S2 (X.2)

0 5 (0,0,2,1) M0,3/S2 (X.8)

0 6 (2,0,0,1,0) M0,3/S2 (V .1)

0 6 (0,1,0,0,2) M0,3/S2 (V .2)

0 6 (0,1,2,1,0) M0,4/S2 (VI)
0 8 (1,0,1,1,0,0,0) M0,3 (VIII.1)

0 8 (0,0,0,1,1,0,1) M0,3 (VIII.2)

0 10 (0,1,1,0,1,0,0,0,0) M0,3 (X.7)

0 10 (0,0,0,0,1,0,1,1,0) M0,3 (X.3)

0 10 (1,0,0,1,1,0,0,0,0) M0,3 (X.1)

0 10 (0,0,0,0,1,1,0,0,1) M0,3 (X.9)

1 2 (2) 4 : 1 covering on M1,2/S2 (II)

(2.15)

Notation 2.16. In view of Proposition 2.13, if A is a (2,0)-admissible datum, it determines a
twisted sector X(A) of M2. Now if α : {1, . . . , n} → Z∗

N is a function such that |α−1(i)| = ai

(as in Proposition 2.13), we call X(A)α(1),...,α(n) the corresponding twisted sector of M2,n. So
for instance III1122 and III1212 are two distinct twisted sectors of I (M2,4).

2.2.1. The compactification of the inertia stack of smooth genus 2 curves
Let X be a twisted sector of Mg,n. As we have already seen in Proposition 2.13, X ∼= MA

for a certain (g,n)-admissible datum A when g equals 2 or n � 1. In this section, we construct
a compactification MA. We follow the approach of the compactification of the moduli stack
of stable maps to an orbifold, developed in [1] (see also [4] and [2]). After that, we study the
geometry of MA, and in particular we study its cohomology and Chow groups.

Let A = (g′,N,d1, . . . , dN−1, a1, . . . , aN−1) be (g,n)-admissible datum, and d := ∑
di and

n = ∑
ai as usual.

Definition 2.17. Let Mg′,d (BμN) be the moduli stack of stable maps to BμN (see [1,2]). We
define MA as the Zariski closure of MA inside [Mg′,d (BμN)/SA] (SA defined in (2.9)).

As MA is connected by Proposition 2.12, it follows that MA is also connected.

Definition 2.18. Let X be a twisted sector of the inertia stack of Mg,n. We define ∂X as the fiber
product illustrated below:

∂X

�

X

∂Mg,n Mg,n.
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We say that the twisted sector X comes from the boundary if ∂X is equal to X or, equivalently,
if the image of X under the canonical projection of the inertia stack is contained in the boundary
of the moduli stack Mg,n, or, again equivalently, if its general element is not smooth.

If X is a twisted sector of I (∂Mg,n), we will need later in this paper a simple criterium to
determine whether it comes from the boundary.

Remark 2.19. Let X be a twisted sector of I (∂Mg,n), whose general element is a couple (C,φ),
where C is a (family of) genus g, n-pointed, stable curves, and φ is an automorphism of C. Then
φ induces a linear endomorphism φ′ on the first order deformation vector space:

Ext1
(
ΩC

(∑
xi

)
, OC

)

= H 1
(
C, Hom

(
ΩC

(∑
xi

)
, OC

))
⊕ H 0

(
C, E xt1

(
ΩC

(∑
xi

)
, OC

))
,

which respects the direct sum. Then the twisted sector X comes from the boundary if and only
if the invariant part of H 0(C, E xt1(ΩC(

∑
xi), OC)) under the action of φ′ is zero. If this is the

case, we can also say that the twisted sector X is non-smoothable, or that its general element is
singular.

Let us now go back to the compactification of the twisted sectors of I (M2,n). As a conse-
quence of Proposition 2.13, we have:

Corollary 2.20. Let A be a (g,n)-admissible datum, in the range n � 1 or g = 2. Then, any
assignment α : {1, . . . , n} → Z∗

N such that |α−1(i)| = ai induces an isomorphism of MA with
a connected component of IN(Mg,n). Conversely, to any connected component X of IN(Mg,n)

that does not come from the boundary (Definition 2.18), one can associate a (g,n)-admissible
datum A, such that X ∼= MA.

Proof. The proof of the corollary follows by adapting the proof of Proposition 2.13. In the
case when the covering curve C turns out to be unstable, one applies the usual stabilization
procedure. �

In other words, the MA of Definition 2.17, are all the twisted sectors that do not come from
the boundary.

Notation 2.21. Following Notation 2.16, we shall call the latters compactified twisted sectors
III, II11, . . . .

We need to investigate the moduli stack MA a little more, in order to determine its coho-
mology groups. In particular, in the following, we will reduce the problem of computing the
cohomology groups of the twisted sectors to the problem of computing the equivariant cohomol-
ogy of M0,n under the action of the symmetric group Sn, which is then known (see [16, 5.8]).
For this purpose, note that the twisted sectors of Mg,n that do not come from the boundary split
into two different classes: those whose general object is a covering of a genus 0 curve, and those
whose general object covers genus g′ curves with g′ > 0. The large majority of cases fall into the
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first class, and their cohomology is easily determined. On the contrary, the latter cases are fewer,
but they require more work.

Theorem 2.22. (Cf. [5, p. 2].) Let A be a (g,n)-admissible datum (see Definition 2.8), with g′
equal to 0. The space MA is then a μN -gerbe over the quotient stack [X/SA], where X is the
stack constructed starting from M0,

∑
di

by successively applying the root construction (see [5,
Section 2]).

The stack XD,r , called the root of a line bundle with a section, where X is a scheme, D is an
effective Cartier divisor, and r is a natural number, was introduced first in [8] and [4]. The only
thing we shall need in the context of our computations is the following result:

Proposition 2.23. (See [8, Corollary 2.3.7].) Let X be a scheme. If XD,r is obtained from X by
applying the root construction, the canonical map XD,r → X exhibits X as the coarse moduli
space of XD,r .

Corollary 2.24. If A is a (g,n)-admissible datum with g′ = 0, then the stack MA has the same
rational Chow groups and rational cohomology groups as [M0,

∑
di

/SA].

There are only three twisted sectors in M2,n whose general object is a covering of a genus 1
curve. They are the space that we called II in (2.15), and the spaces obtained from it by marking
the two points of total ramification of its general element. We call II1 the space obtained by
marking one point of total ramification and II11 the space obtained by marking both the points
of total ramification. They are moduli stacks of bielliptic curves, together with a choice of a
bielliptic involution, and possibly marked points. The remainder of this section is devoted to
investigate their geometry, in order to compute their rational cohomology and Chow groups. The
following construction was discovered independently by Dan Petersen (see [31, Section 2.3]).

Proposition 2.25. The stack II has the same coarse moduli space as [M0,5/S3]. In the same way,
II has the same coarse space as [M0,5/S3].

Proof. We exhibit a morphism from II to [M0,5/S3], which induces a bijection on objects. Let
C be a genus 2 curve with an automorphism φ of order 2 such that E := C/〈φ〉 is an elliptic
curve and C → E is ramified at two points. Let πC : C → P1 be the double covering that induces
the hyperelliptic structure on C. Since the hyperelliptic involution commutes with all automor-
phisms, there exists exactly one elliptic structure πE : E → P1, and a double covering P1 → P1,
branched in two points, such that the following diagram commutes:

C

πC

E

πE

P1 P1.

If we call 0,1,∞, λ the branching points of E on P1, and p1,p2 the branching points of the pro-
jection C → E, then one between πE(p1) and πE(p2) must coincide with one among 0,1,∞, λ.
Without loss of generality, we assume λ = πE(p1). Therefore, we obtain the datum of 5 points
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on P1: 0,1,∞, λ, q . The map just defined from II to M0,5 induces a map on [M0,5/S3] by
composition with the quotient map.

Let us now assume that S3 acts on the first three points of M0,5. The inverse morphism from
[M0,5/S3] to II is obtained as follows. We can construct first a double covering γ branched at
the last two points and then a genus 2 curve as a double covering whose branching points are the
fibers of the three undistinguished marked points under γ . The genus 2 curve thus constructed is
bielliptic in two ways: an elliptic curve can be constructed by taking the double covering of the
original genus 0 curve, branched at the three undistinguished points and at one of the remaining
2 points. The branch points of the bielliptic quotient are the two fibers in the elliptic curve of the
remaining fifth point.

Finally, this construction extends to the boundary. �
Corollary 2.26. The dimension of A1(II) = H 2(II) is three, and trivial otherwise. The cohomol-
ogy of II is one-dimensional in degrees 0,1,2 and zero otherwise.

We now deal with the two remaining twisted sectors we are interested in, which are II1 and
II11. They are compactified moduli stacks of bielliptic curves, with a choice of a bielliptic invo-
lution and an ordering of the points of ramification.

Proposition 2.27. The stacks II1 and II11 are isomorphic, and the natural forgetful maps II1 → II
and II1 → II induce isomorphisms in the rational Chow groups and in rational cohomology.

Proof. A preliminary step is to construct a map II1 → M1,2 that is an open embedding at the
level of coarse moduli spaces, with complement X0(2): the locus where the second point is of
two-torsion for the group structure on the genus 1 having the first point as origin (see [11, Chap-
ter 3] for X0(2) and other modular curves). In particular, II1 is affine. We sketch the construction
of this map. The space II1 parametrizes smooth genus 1 curves C, two distinct points x1, x2 on
it, and a line bundle L such that 2L ≡ x1 + x2. Choosing x1 as origin, L corresponds to a point x

on C, such that x �= x1, x �= x2, and the three points satisfy the linear equivalence 2x ≡ x1 + x2.
The point x2 can be reconstructed from x1 and x: the points x1 and x2 are distinct exactly when
2x �≡ 2x1.

We start by proving the statement for the forgetful map II1 → II. The first step is to show
that H 1(II1) = H 3(II11) = 0 and h2(II1) = 3. The stack II1 is isomorphic to the complement in
M1,2 of the locus where the second point x2 is of two-torsion. The space X0(2) is isomorphic
to P1 minus 2 points, while it is well known that M1,2 has trivial rational cohomology groups.
From this, by the preliminary step, Poincaré duality, and the exact sequence of cohomology with
compact support, we deduce that the cohomology of II1 is one-dimensional in degrees 0,1 and 2.
There are four irreducible divisors added to II1 in its compactification II1 (Definition 2.17): by
using again the exact sequence of compactly supported cohomology and the fact that II1 is a
proper smooth stack, one gets the desired results on the Betti numbers of II1.

The second step is to observe that II1 → II describes the latter as the stack quotient of II1 by
S2 via the action that symmetrizes the two points of ramification. So the map H 2(II) → H 2(II1)

is the injection of the S2-invariant part, and as the two vector spaces have the same dimension
(by the first step and Corollary 2.26), it is an isomorphism.

In the last step, we show that the map II1 → II is an isomorphism also at the level of the Chow
groups. Consider the two localization sequences for the inclusion of the boundary ∂II in II (and
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resp. the same for II1). By using the fact that II1 and II have trivial rational Chow groups, they
become:

A0(∂II)

∂t

A1(II)

t

0

A0(∂II1) A1(II1) 0.

The map t is the inclusion of the S2-invariant part. Since the map ∂t is an isomorphism, the map
t must be an isomorphism too. As we already know that the cycle map A1(II) → H 2(II) (Corol-
lary 2.26), and that the map H 2(II) → H 2(II1) (second step of this proof) are isomorphisms, we
conclude that the cycle map A1(II1) → H 2(II1) is also an isomorphism.

Let us now study the maps induced in cohomology and Chow groups by the forgetful map
on the open parts: II1 → II. On the level of rational Chow groups, the map is trivial as both
the two stacks have affine coarse moduli space. To see that the map induces an isomorphism in
rational cohomology, by Poincaré duality, is the same as proving that it induces isomorphisms in
compactly supported rational cohomology. This follows then by using the 5-lemma on the two
exact sequences of compactly supported cohomology involving respectively II1, II1, ∂II1 and
II, II, ∂II. �

The following result is then a consequence of Corollaries 2.24, 2.26 and Proposition 2.27.

Theorem 2.28. Let X be a twisted sector of M2,k , and X its compactification according to
Definition 2.17. Then the cycle map A∗(X) → H 2∗(X) is an isomorphism of graded vector
spaces. Moreover, the Chow ring A∗(X) is generated by the divisor classes.

2.3. The inertia stack of moduli of curves with rational tails

In this section, we reduce the study of the inertia stack of moduli of n-pointed curves with
rational tails to the study of the inertia stack of moduli of smooth, k-pointed curves (∀k � n).
The latter were identified in the previous section. Then we exploit the same trick used in [26]
of “forgetting the rational tails” to study the inertia stack of the whole moduli stack of stable,
n-pointed curves.

Definition 2.29. If (C,x1, . . . , xn) is a stable curve, a rational tail is a proper genus 0 subcurve,
which meets the closure of the complement at exactly 1 point. A stable curve will be said to
be without rational tails if it does not contain any rational tail. We will call the moduli stack of
stable curves without rational tails MNR

g,n. The moduli space of curves with rational tails Mrt
g,n

is the moduli space of stable curves that have an irreducible smooth component of genus g (and
therefore the other components must be rational tails).

Let I1 � · · · � Ik be a partition of [n] made of non-empty subsets. On the set of indices

Ak,n :=
{
(I1, . . . , Ik)

∣∣ Ii �= ∅,
⊔

Ii = [n]
}
,
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Fig. 1. Adding rational tails to ITW (Mg,4) to obtain ITW (Mrt
g,15) with decomposition [15] = I1 � I2 � I3 � I4.

there is a natural action of the symmetric group: if σ ∈ Sk , σ(I1, . . . , Ik) := (Iσ(1), . . . , Iσ (k)).
Then we let Ak,n/Sk be the quotient set, whose elements are a choice of a representative for
every equivalence class. We define the map jg :

jg :
n∐

k=1

∐
(I1,...,Ik)∈Ak,n/Sk

Mg,k × M0,I1+1 × · · · × M0,Ik+1 → Mrt
g,n. (2.30)

This map simply glues the genus 0 curves (at the +1 points) together with the genus g curves (at
the points 1, . . . , k): see Fig. 1.

The map jg describes Mrt
g,n as a disjoint union of locally closed substacks. Moreover, jg in-

duces an isomorphism on the automorphism groups of the objects. Thanks to Proposition 2.6, we
have:

j∗
g

(
I
(

Mrt
g,n

)) ∼=
n∐

k=1

∐
(I1,...,Ik)∈Ak,n/Sk

I (Mg,k) × M0,I1+1 × · · · × M0,Ik+1. (2.31)

We now compare I (Mrt
g,n) and its pull-back j∗

g (I (Mrt
g,n)) (see Definition 2.5). If Y is a

connected component of I (Mrt
g,n), j∗

g (Y ) could potentially be a partition in locally closed sub-
stacks of Mrt

g,n. But this is not the case if Y is a twisted sector, by the following argument.
Let f : I (Mrt

g,n) → Mrt
g,n be the canonical map from the inertia stack to the original Stack.

Then f (Y ) is all contained in the image under jg of exactly one element in the disjoint union
of (2.30). This last argument does not apply when Y is the untwisted sector, I1(Mrt

g,n). Indeed,
j∗
g (I1(Mrt

g,n)) is a disjoint union of connected components, while I1(Mrt
g,n) is connected. We

also observe that whenever k > 2g + 2, ITW(Mg,k) = ∅. We have thus proved the following
formula for the inertia stack of Mrt

g,n.

Proposition 2.32. If n > 1, the inertia stack of Mrt
g,n is isomorphic to:

I
(

Mrt
g,n

) = (
Mrt

g,n,1
) �

min(n,2g+2)∐
k=1

ITW(Mg,k) ×
∐

(I1,...,Ik)∈Ak,n/Sk

M0,I1+1 × · · · × M0,Ik+1,

where we make the convention that M0,2 is a point.
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To complete this section, we make the analogous arguments for Mg,n. We then define the
map jg that glues the genus 0 curves and the genus g curves as above:

jg :
n∐

k=1

∐
(I1,...,Ik)∈Ak,n/Sk

MNR
g,k × M0,I1+1 × · · · × M0,Ik+1 → Mg,n.

Remark 2.33. Here we want to point out that the process of gluing rational tails at marked
points of twisted sectors produces new twisted sectors only for those marked points where the
action of the automorphism is non-trivial. Let us be more precise. Let X be a twisted sector of

MNR
g,k , whose general element is a couple ((C,x1, . . . , xk),φ), where (C,x1, . . . , xk) is a (family

of) pointed curve(s), and φ is an automorphism of it. Then φ induces an action on Txl
C, for

1 � l � k. Suppose that • is a marked point on C such that the induced action of φ on T•C is
trivial. Then gluing a genus 0, marked curve at • produces a pointed curve C′ and an automor-
phism φ′ on it, which is certainly not the general element of a twisted sector of Mg,n. Indeed, φ

induces an action on H 0(C′, E xt1(Ω ′
C(

∑
xi), O′

C)) whose invariant part is one-dimensional (cf.
Remark 2.19), and therefore the corresponding node can be smoothed preserving the automor-
phism φ. This produces a more general element of the same twisted sector.

An automorphism φ of a smooth curve C with g(C) � 2 has only finitely many fixed points.
Therefore, if X is a twisted sector of MNR

g,k whose general element is a smooth curve, the auto-
morphism acts non-trivially on all the fixed points x1, . . . , xk .

Let then S(X) = S ⊂ [k] be the subset of the marked points where the action of φ is non-
trivial. We define the generalization of Ak,n/Sk :

AS,n :=
{
{Is}s∈S

∣∣∣ ⊔
s∈S

Is = [n], Is �= ∅
}
.

Let also Tg,k be the set of twisted sectors of I (MNR
g,k) (Definition 2.29). As a consequence of the

analysis made in this section, we have:

Proposition 2.34. If n > 1, the inertia stack of Mg,n is isomorphic to:

I (Mg,n) = (Mg,n,1) �
n∐

k=1

∐
X∈Tg,k

X ×
∐

{Is }∈AS(X),n

∏
s∈S(X)

M0,Is+1.

Notation 2.35. Following Notations 2.16 and 2.21, if Xα(1),...,α(k) is a twisted sector of M2,k , and
I1, . . . , Ik is a partition of [n] in non-empty subsets, we shall call X

I1,...,Ik

α(1),...,α(k) the corresponding
twisted sector of Mrt

2,n obtained by gluing the rational tails with marked points in I1, . . . , Ik .

Similarly if Xα(1),...,α(k) is a twisted sector of M2,k .

While we have a description of the inertia stack I (M2,k) and its compactification from the
previous sections, we have not studied the whole inertia stack I (MNR

2,k) yet. We will complete
the study of the latter in the following section.
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2.4. The inertia stack of moduli of stable curves of genus 2

In this section, we complete the description of the inertia stack of M2,n. Using Proposi-
tion 2.34, to describe I (M2,n) it is enough to provide all the twisted sectors of MNR

2,k (Defini-
tion 2.29), and to show which marked points among the k are suitable for attaching rational tails
i.e. to describe which are the marked points where the automorphism under consideration acts
non-trivially (cf. Remark 2.33). As we have already described the twisted sectors of I (MNR

2,k)

whose general element is smooth, we have to study the twisted sectors of I (∂MNR
2,k) that come

from the boundary, according to Definition 2.18 (cf. Remark 2.19).
We start with the case k = 0. Let us consider the following two stable genus 2 unmarked

graphs:

(2.36)

These two graphs correspond to two divisors in M2. We call the two graphs respectively Γ0

and Γ1, and the closed substacks they correspond to are usually referred to as �0 and �1 (see
[25, Part III]).

We begin by studying the case when C is a curve whose corresponding dual graph is Γ1. Then
suppose that the automorphism φ does not exchange the two irreducible components of the curve.
The twisted sectors of ∂M2 that correspond to this case are in bijection with the twisted sectors
of M1,1 × M1,1, or, in other words, to couples of connected components (X1, φ1), (X2, φ2) of
I (M1,1) (see [26, Section 3] for I (M1,1)). To find out if this is a new twisted sector of M2 (i.e.,
if it comes from the boundary, see Definition 2.18), it is enough to check if the resulting node is
smoothable (cf. Remark 2.19).

One can check that there are 31 twisted sectors of M2 that correspond to the latter description.
One is two-dimensional and its moduli space is P1 ×P1, 12 have moduli space isomorphic to P1,
and then there are 18 stacky points (see the first set of figures of [27, Construction 5.25] for more
details).

Next, if C is a curve corresponding to the graph Γ1, we consider the case when the automor-
phism φ exchanges the two irreducible components. In this case, the twisted sectors correspond
simply to the twisted sectors of M1,1 (1 has moduli space isomorphic to P1, and then there are
6 stacky points). See the last two sets of figures of [27, Construction 5.25].

Finally, we deal with those twisted sectors of M2 whose general element is a curve whose
dual graph is Γ0. Along the same lines, one can see that there are 8 twisted sectors, and that they
are all stacky points. We refer again to [27, Construction 5.27] for more details.

We now study the twisted sectors of MNR
2,k that are contained in the boundary (k � 1). If X is

such a twisted sector, its general element is a marked curve with a distinguished automorphism
(C,x1, . . . , xk,φ). The resulting couple (C̃, φ̃), obtained by forgetting the marked points and
then stabilizing, can be of four different types (as we have just seen in the paragraphs above):

1. C̃ has dual graph Γ1 and φ̃ acts fixing the two components of genus 1;
2. C̃ has dual graph Γ1 and φ̃ acts exchanging the two components of genus 1;
3. C̃ has dual graph Γ0 and φ̃ acts fixing the two branches of the node;
4. C̃ has dual graph Γ0 and φ̃ acts exchanging the two branches of the node.
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We are now going to list in detail all the twisted sectors of ∂MNR
2,k that are non-smoothable

(Definition 2.18, Remark 2.19), dividing them according to the four cases above. The marked
points p such that the induced action of the automorphism is non-trivial on the tangent space3 to
the curve in p are displayed with a dot • in their end points.

We will use the notation Ti, T
′
i , T̃i , T̃

′
i , T

ρ
i for certain subsets of the sets of compactified

twisted sectors of quotients of the kind [M1,i/S] that are briefly introduced in the next few
lines, and thoroughly discussed in Appendix A. We will plug these compactified twisted sectors
in stable n-pointed graphs of genus 2 (these graphs and their pictures come from [24]).

Example 2.37 (Case 1). The automorphism of every twisted sector induces the identity automor-
phism on the corresponding dual graph:

Here Ti is the set of compactified twisted sectors of M1,i (a list of those is in [26, Section 3]).
Note that all these sectors are automatically non-smoothable (Remark 2.19) if the number of
marked points n on the genus 0 component is greater than 0. When this number is zero, the
genus 0 component contracts, and some of the elements in the list might be smoothable. These
cases are therefore quite special and must be described separately. See the first set of figures in
[27, Construction 5.25].

Example 2.38 (Case 2). The automorphism induced on the stable graph associated to every curve
exchanges the two components of genus 1:

The twisted sectors in the same graph must be the same, in order to preserve the automorphism ρ.
Here T ′

1 is the set of compactified twisted sectors of M1,1 (see again [26, Section 3]), whose
corresponding automorphism is not −1 (because having the involutive twisted sector repeated

3 And therefore, those suitable for gluing rational tails in such a way that the resulting operation is non-smoothable,
see Proposition 2.34 and Remark 2.33.
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twice produces a smoothable twisted sector). The vertices 0∗
1 and 0∗

2 correspond to the twisted
sectors of [M0,3/S2] and [M0,4/S2] (see Definition A.3).

Example 2.39 (Case 3). The automorphism induced on the graph by the automorphism of the
twisted sector is the identity:

Here T̃i is the set of compactified twisted sectors (Definition 2.17) of [M1,i/S2] such that the dis-
tinguished automorphism fixes the two marked points symmetrized by the S2 action. The set T̃ ′

i

is the set of twisted sectors in T̃i where the automorphism is not an involution. See Appendix A,
and especially its last paragraph.

Example 2.40 (Case 4). The automorphism induced on the associated stable graph by the au-
tomorphism of the twisted sector exchanges the two edges (or the two branches of the same
edge):

See Definition A.3 for the notation on the twisted sectors 0∗
1 and 0∗

2. The set T
ρ
i has as elements

the twisted sectors of I ([M1,i/S2]) such that the distinguished automorphism of the twisted sec-
tors exchanges two of the marked points, and such that the result is non-smoothable (so that they
do actually come from the boundary, see Definition 2.18). See the last paragraph of Appendix A
for a list of them.

Remark 2.41. Note that, as a consequence of this analysis, it is clear that in general if X is a
twisted sector of M2,n, its Chow group is not necessarily isomorphic to its cohomology group,
and moreover neither its Chow ring nor its cohomology ring are generated by the divisor classes.
In other words, the analogue of Theorem 2.28 is not true for the twisted sectors that come from
the boundary. An example of this is the first graph in Example 2.37. Some of these twisted
sectors have M1,n as moduli space, and it is well known that the latter contains odd cohomology
if n � 11.

3. The cohomology of the inertia stacks of moduli of curves of genus 2

In the previous section we have studied enough geometry of the inertia stacks of M2,n, Mrt
2,n,

and M2,n to compute the dimensions of the Chen–Ruan cohomology and stringy Chow vector
spaces (Definition 2.2). The remainder of the section is devoted to writing down this information
in a convenient, compact way.
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3.1. The dimension of the cohomology H ∗
CR(M2,n) and H ∗

CR(Mrt
2,n)

The rational Chow groups of the twisted sectors of M2,n are all trivial. Indeed, we have
proved in Section 2.2 that coarse space of each twisted sector of M2,n is a quotient of a certain
M0,k by the action of a subgroup of the symmetric group Sk .

Thus we have the following formula:

dimA∗
st (M2,n,Q) = dimA∗(M2,n,Q) + number of twisted sectors of I (M2,n).

The number on the right is equal to zero whenever n � 7, as we have already seen, and is equal
to (17,24,26,21,7,1,1) in the remaining seven cases.

The correction factor

h̃2(n) := dimH ∗
CR(M2,n,Q) − dimH ∗(M2,n,Q)

corresponds to computing the invariant cohomology H ∗(M0,k)
S for some S < Sk . Here we have

the first seven values of h̃2(n) (they are zero afterwards): (22,30,39,43,51,60,60).
Following [26, Section 3], we define the generating series of the dimensions of the cohomol-

ogy vector spaces:

P0(s) :=
∞∑

n=0

Q0(n)

n! sn, (3.1)

P2,rt(s) :=
∞∑

n=0

Q2,rt(n)

n! sn, (3.2)

P CR
2,rt(s) :=

∞∑
n=0

QCR
2,rt(n)

n! sn, (3.3)

where:

Q0(n) := dimH ∗(M0,n+1) = h(n),

Q2,rt(n) := dimH ∗(Mrt
2,n

)
,

QCR
2,rt(n) := dimH ∗

CR

(
Mrt

2,n

)
,

with the convention that Q0(0) = 0 and Q0(1) = 1.
Our Proposition 2.32, together with the computation of the cohomology of the twisted sectors

that we outlined in Section 2.2, gives the result below.

Theorem 3.4. The following equality between power series relates the dimensions of the coho-
mology groups of M0,n and Mrt

2,n with the dimensions of the Chen–Ruan cohomology groups of
Mrt .
2,n
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P CR
2,rt(s) = P2,rt(s) + 22 + 30P0(s) + 39

2! P0(s)
2 + 43

3! P0(s)
3 + 51

4! P0(s)
4

+ 60

5! P0(s)
5 + 60

6! P0(s)
6. (3.5)

Remark 3.6. A similar formula, with coefficients (17,24,26,21,7,1,1), holds for the case of
the stringy Chow group.

3.2. The dimension of the cohomology H ∗
CR(M2,n)

Here we want to write a formula similar to the one obtained in Eq. (3.5) for the case of stable
genus 2 curves. Let us define the generating series of the dimensions of the cohomology groups:

Q1(n) := dimH ∗(M1,n),

Q2(n) := dimH ∗(M2,n),

QCR
2 (n) := dimH ∗

CR(M2,n),

and then:

P ′
0(s) :=

∞∑
n=0

Q0(n + 1)

n! sn, P ′
1(s) :=

∞∑
n=0

Q1(n + 1)

n! sn, (3.7)

P2(s) :=
∞∑

n=0

Q2(n)

n! sn, P CR
2 (s) :=

∞∑
n=0

QCR
2 (n)

n! sn. (3.8)

Note that, with our convention, the degree zero term of P ′
0 is 1. The degree zero term of P ′

1 is 2.
The power series P ′

0 and P ′
1 are just the total derivatives of P0 and P1.

Theorem 3.9. The following equality between power series relates the dimensions of the coho-
mology groups of M0,n, M1,n, M2,n with the dimensions of the Chen–Ruan cohomology groups
of M2,n

P CR
2 = P2 + 32 + 43P0 + 47

P 2
0

2! + 38
P 3

0

3! + 30
P 4

0

4! + 30
P 5

0

5! + 30
P 6

0

6!
+ P ′

0

(
43 + 52P0 + 72

P 2
0

2! + 40
P 3

0

3! + 28
P 4

0

4! + 8
P 5

0

5! + 4
P 6

0

6!
)

+ P ′
1

(
8 + 6P0 + 4

P 2
0

2! + 2
P 3

0

3!
)

. (3.10)

Proof. The result is a sum of two contributions. The first one has the same form as Eq. (3.5). It
is the cohomology of the compactification (see Definition 2.17) of the twisted sectors of Mrt

2,n:

P CR
2,rt := P2 + 29 + 39P0 + 47

P 2
0 + 42

P 3
0 + 38

P 4
0 + 34

P 5
0 + 34

P 6
0 . (3.11)
2! 3! 4! 5! 6!
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The second term is the cohomology of the twisted sectors of M2,n that come from the boundary
(see Definition 2.18). We divide this second term into four terms, each one corresponding to
the cohomology of the twisted sectors of one among Examples 2.37, 2.38, 2.39 and 2.40. The
cohomology corresponding to the twisted sectors of Example 2.37 is given by:

U1 := P ′
0

(
37 + 48P0 + 68

P 2
0

2! + 40
P 3

0

3! + 28
P 4

0

4! + 8
P 5

0

5! + 4
P 6

0

6!
)

+ P ′
1

(
8 + 6P0 + 4

P 2
0

2! + 2
P 3

0

3!
)

−
(

7 + 8P0 + 14
P 2

0

2! + 10
P 3

0

3! + 10
P 4

0

4! + 4
P 5

0

5! + 4
P 6

0

6!
)

. (3.12)

The cohomology corresponding to the twisted sectors of Example 2.38 is:

U2 := 8 + 6P0 + 6
P 2

0

2! . (3.13)

The cohomology corresponding to the twisted sectors of Example 2.39 is:

U3 := −2 − 2P0 − 2
P 2

0

2! + P ′
0

(
6 + 4P0 + 4

P 2
0

2!
)

. (3.14)

And, finally, the cohomology corresponding to the twisted sectors of Example 2.40 is:

U4 := 4 + 8P0 + 10
P 2

0

2! + 6
P 3

0

3! + 2
P 4

0

4! . (3.15)

Summing everything, one obtains the desired result

P CR
2 = P CR

2,rt + U1 + U2 + U3 + U4. �
Remark 3.16. Eq. (3.10) holds true after substituting P CR

2 with the generating series of the
dimensions of the rational stringy Chow groups, then modifying P CR

1 in the same way, and
replacing P2 with the generating series of the dimensions of the rational Chow groups of M2,n.

4. The age grading

In this section we define the grading on the Chen–Ruan cohomology groups. The Chen–Ruan
cohomology turns out to be a Poincaré duality ring if the ordinary grading on the cohomology
of the twisted sectors of the inertia stack is shifted by a suitable rational number (one for each
twisted sector). This number is called degree shifting number, or fermionic shift, or age. In this
section we define the age, and study it for the twisted sectors of Mg,n and Mrt

g,n, assuming that
it is known for the twisted sectors of Mg . Then we write some explicit results for the case of
genus 2, pointed curves.
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4.1. Definition of Chen–Ruan degree

We define the degree shifting number for the twisted sectors of the inertia stack of a smooth
stack X. We denote the representation ring of μN by RμN , and ζN is a choice of a generator for
the group of the N -th roots of 1.

Definition 4.1. (See [4, Section 7.1].) A group homomorphism ρ : μN → C∗ is determined by
an integer 0 � k � N − 1 as ρ(ζN) = ζ k

N . We define a function age:

age(ρ) = k/N.

This function extends to a unique group homomorphism:

age : RμN → Q.

We now define the age of a twisted sector Y .

Definition 4.2. (See [9, Section 3.2], [4, Definition 7.1.1].) Let Y be a twisted sector and p a
point of Y . It induces a morphism p → I (X), which is, according to Definition 2.1, a repre-
sentable morphism g : BμN → X. Then the pull-back via g of the tangent sheaf, g∗(TX), is a
representation of μN . We define:

a(Y ) := age
(
g∗(TX)

)
.

We can then define the orbifold, or Chen–Ruan, degree.

Definition 4.3. (See [9, Definition 3.2.2].) We define the d-th degree Chen–Ruan cohomology
group as follows:

Hd
CR(X,Q) :=

⊕
i

Hd−2a(Xi ,gi )(Xi,Q),

where the sum is over all twisted sectors. Analogously, the same shift is introduced in the stringy
Chow ring (Definition 2.2).

Proposition 4.4. (See [9, Lemma 3.2.1], [4, Theorem 7.4.1].) Let X(g), X(g−1) be two connected
components of the inertia stack of X that are exchanged by the involution (Remark 2.3) of the
inertia stack. Then if c = codim(X(g),X), the following holds:

a(X(g)) + a(X(g−1)) = c.

Remark 4.5. If Y is a twisted sector of the inertia stack of X, and f : Y → X is the restriction
to Y of the natural map I (X) → X, then we have the following exact sequence:

0 → TY → f ∗(TX) → NY (X) → 0

that defines the normal bundle NY (X). It follows from the definition of twisted sector that a(Y )

as defined in Definition 4.2 is equal to the age of the representation of μN on NY (X).
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4.2. Age of twisted sectors of Mg,n and Mrt
g,n

The age for the twisted sectors of M2 can be computed using the fact that there is an explicit
description of the fibers of the tangent bundle to the moduli stack of hyperelliptic curves. This
is written down explicitly in [32] and [33], see also [28] for the two missing twisted sectors V.1
and V.2.

We now establish two simple lemmas that allow the computation of the age for all the twisted
sectors of Mrt

g,n, assuming knowledge of the age of the twisted sectors of Mg . A formula for the
age of the twisted sectors of Mg is given in [29].

Lemma 4.6. Let Y be a twisted sector of Mg . If Y(a1, . . . , aN−1) is a twisted sector of Mg,n,
obtained by adding marked points to Y (cf. Definition 2.8), then the following relation holds
between the ages of the two sectors:

a
(
Y(a1, . . . , aN−1)

) = a(Y ) + 1

N

N−1∑
i=1

λ(i)ai, (4.7)

where λ(i) is the inverse of i in the group Z∗
N .

Proof. Let (C,x1, . . . , xn) be a pointed curve in Y(a1, . . . , aN−1). The difference of the two
ages in the statement is the age of the representation of μN on the tangent spaces Txk

C. The
computation then follows by our very construction (Definition 2.10, Proposition 2.13). With our
convention (2.7), the action of the distinguished automorphism on the tangent space to a point of
total ramification of the kind i has weight the inverse of i in the group Z∗

N . �
Definition 4.8. (See [23] for more details.) Let Li be the line bundle s∗

i (ωπ) on Mg,k , where ωπ

is the relative dualizing sheaf of the universal curve π : Cg,k → Mg,k and si is the i-th section of
the map π . These Li are called line bundles of points or cotangent line bundles. We also define:

ψi := c1(Li ).

Proposition 4.9. (See [25] or [17, Proposition 1.6] for the formulation given here.) Let G be a
stable graph of genus g and valence n, and let:

p :
∏

v∈V (G)

Mg(v),n(v) → Mg,n

be the ramified covering of the stratum M(G) of Mg,n. Each edge of the graph determines two
half-edges s(e) and t (e), and hence two line bundles Ls(e) and Lt (e) on

∏
v∈V (G) Mg(v),n(v). The

normal bundle Np is given by the formula:

Np =
⊕

L∨
s(e) ⊗ L∨

t (e).

Corollary 4.10. Let Y(a1, . . . , aN−1) be a twisted sector of Mg,k , and suppose that I1, . . . , Ik

is a partition of [n] in k non-empty subsets. The data of Y , I1, . . . , Ik single out a twisted sector
X ∼= Y × M0,I +1 × · · · × M0,I +1 of Mrt according to Proposition 2.32. Let us call δ(ai)
1 k g,n
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the number of sets among I1+∑
l<i al

, . . . , I∑
l�i al

that contain exactly one element. Then the
following equality holds:

a(X) = a
(
Y(a1, . . . , aN−1)

) + 1

N

N−1∑
i=1

λ(i)
(
ai − δ(ai)

)
,

where λ(i) is the multiplicative inverse of i in Z∗
N .

With the definitions given in this section, we can compute the orbifold Poincaré polynomials
for M2,n. If we define Q2,sm(n,m) := dimH 2m(M2,n), we can write:

P2,sm(s, t) :=
∑

n,m�0

Q2,sm(n,m)

n! sntm (4.11)

and then, in analogy QCR
2,sm(n,m) := dimH 2m

CR (M2,n)

P CR
2,sm(s, t) :=

∑
n,m�0

QCR
2,sm(n,m)

n! sntm. (4.12)

When the degree of the variable s is greater than or equal to 6, the power series P CR
2,sm coincides

with P2,sm. So we compute the seven non-trivial coefficients where the degree of s is at most six,
as polynomials in t :

P
CR,(0)
2,sm (t), P

CR,(1)
2,sm (t), P

CR,(2)
2,sm (t), P

CR,(3)
2,sm (t), P

CR,(4)
2,sm (t), P

CR,(5)
2,sm (t), P

CR,(6)
2,sm (t).

Theorem 4.13. We compute the power series P CR
2,sm assuming knowledge of P2,sm:

P
CR,(0)
2,sm (t) = P

(0)
2,sm + 1 + 5t

1
2 + 3t + 2t

6
5 + 2t

7
5 + t

3
2 + 2t

8
5 + 2t

9
5 + 3t2 + t

5
2 ,

P
CR,(1)
2,sm (t) = P

(1)
2,sm + t

1
2 + t + t

9
8 + 2t

6
5 + t

5
4 + t

4
3 + t

11
8 + t

7
5 + 2t

8
5 + t

13
8 + t

5
3 + t

7
4

+ t
9
5 + t

15
8 + 5t2 + +t

7
3 + t

12
5 + t

8
3 + t

14
5 + 5t3,

P
CR,(2)
2,sm (t) = P

(2)
2,sm + t + t

3
2 + t

8
5 + t

11
6 + 9t2 + 2t

11
5 + t

7
3 + t

12
5 + t

5
2 + t

13
5 + t

8
3

+ 2t
14
5 + 11t3 + t

19
6 + t

10
3 + t

17
5 + t

7
2 + t

11
3 + t4,

P
CR,(3)
2,sm (t) = P

(3)
2,sm + t

1
2 + 5t

3
2 + 3t

11
5 + 3t

7
3 + 3t

5
2 + 3t

13
5 + 3t

8
3 + 6t

10
3 + 3t

17
5

+ 4t
7
2 + 6t

11
3 + 3t

19
5 ,

P
CR,(4)
2,sm (t) = P

(4)
2,sm + t2 + 12t3 + 26t4 + 12t5,

P
CR,(5)
2,sm (t) = P

(5)
2,sm + t

5
2 + 9t

7
2 + 26t

9
2 + 24t

11
2 ,

P
CR,(6)
2,sm (t) = P

(6)
2,sm + t3 + 9t4 + 26t5 + 24t6. (4.14)



1668 N. Pagani / Advances in Mathematics 229 (2012) 1643–1687
4.3. Age of twisted sectors of M2,n

As for the twisted sectors of M2,n, those that are compactifications of twisted sectors of Mrt
2,n

have degree shifting number that is simply equal to the open part that they compactify. Those
coming from the boundary have been classified in four cases: see Examples 2.37, 2.38, 2.39
and 2.40. From this, one can determine the orbifold Poincaré polynomials of M2,n defined as:

P CR
2,n(t) :=

∑
m

dimH 2m
CR (M2,n)t

m.

We write here the result for n = 0.

Theorem 4.15. The orbifold Poincaré polynomial P CR
2 of M2 equals:

2 + 4t
1
2 + 2t

3
4 + 16t + t

7
6 + 2t

6
5 + 7t

5
4 + t

4
3 + 2t

7
5 + 23t

3
2 + 2t

8
5 + t

5
3

+ 7t
7
4 + 2t

9
5 + t

11
6 + 16t2 + 2t

9
4 + 4t

5
2 + 2t3.

We could not find a compact way of writing the power series for general n.

5. The stringy cup product

In this section we study the orbifold intersection theory on M2,n. On the Chen–Ruan coho-
mology, defined in Definitions 2.2, 4.3 as a graded vector space, there is a product that gives it a
ring structure, which was first described in [9, 4.1]. This is also called stringy cup product. We
review here the theory in the case of cohomology, but one can work in complete analogy with the
Chow ring, as for example explained in [3] and [4]. In the first section we review the definition
of Chen–Ruan cohomology as a graded algebra. Our main result of the last two sections is the
computation of the top Chern class of the orbifold excess intersection bundle (a special instance
of the virtual fundamental class in the case of Chen–Ruan cohomology), for the moduli stack of
stable genus 2 curves. This is a bundle on a disconnected stack, and in Theorem 2, we prove that
either its top Chern class is 0 or 1, or it is possible to describe it in terms of first Chern classes of
the line bundles of points Li (see Definition 4.8).

5.1. Definition

The definition of the Chen–Ruan product involves the second inertia stack.

Definition 5.1. Let X be an algebraic stack. The second inertia stack I2(X) is defined as:

I2(X) = I (X) ×X I (X).

We will speak of the double untwisted sector and of the double twisted sectors of the second
inertia stack (cf. Definition 2.1).

Remark 5.2. An object in I2(X) is a triplet (x, g,h) where x is an object of X and g,h ∈
Aut(x). It can equivalently be given as (x, g,h, (gh)−1). We observe that there is an isomorphism
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M0,3(X,0) ∼= I2(X) (cf. the proof of [4, Lemma 6.2.1]). Therefore, being the first space smooth,
the second inertia stack is also smooth (cf. Proposition 2.4).

Remark 5.3. The stack I2(X) comes with three natural morphisms to I (X): p1 and p2, the
two projections of the fiber product, and p3 which acts on objects sending (x, g,h) to (x, gh).
This gives the following diagram, where (Y, g,h, (gh)−1) is a double twisted sector and (X1, g),
(X2, h), (X3, (gh)) are twisted sectors:

(X1, g)

(Y, g,h)

p1

p2

p3

(X2, h)

(X3, gh).

(5.4)

We review the definition of the excess intersection bundle over I2(X), for X an algebraic
smooth stack. Let (Y, g,h, (gh)−1) be a twisted sector of I2(X). Let H := 〈g,h〉 be the group
generated by g and h inside the automorphism group of a general object of Y .

Construction 5.5. Let γ0, γ1, γ∞ be three small loops around 0,1,∞ ⊂ P1. Any map π1(P
1 \

{0,1,∞}) → H corresponds to an H -principal bundle on P1 \ {0,1,∞}. Let π0 : C0 →
P1 \ {0,1,∞} be the H -principal bundle which corresponds to the map γ0 → g, γ1 → h,
γ∞ → (gh)−1. It can uniquely be extended to a ramified H -Galois covering C → P1 (see [15,
Appendix]), where C is a smooth compact curve. Note that by definition H acts on C , and hence
on H 1(C, OC).

Let f : Y → X be the restriction of the canonical map I2(X) → X to the twisted sector Y ;
then H acts on f ∗(TX), and acts trivially on Y .

Definition 5.6. (See [9].) With the same notation as in the previous paragraph, the excess inter-
section bundle over Y is defined as:

EY := (
H 1(C, OC) ⊗C f ∗(TX)

)H
,

i.e. the H -invariant subbundle of the expression between brackets.4

Remark 5.7. The excess intersection bundle has different ranks on different connected compo-
nents of I2(X). Moreover, since H 1(C, OC)H = 0, it is the same to define EY as:

EY = (
H 1(C, OC) ⊗ NY X

)H
,

where NY X is the coker of the canonical inclusion: TY → f ∗(TX) (cf. Remark 4.5).

4 There is also a purely algebraic definition of this excess intersection bundle, which avoids Construction 5.5, see [21,
Section 4].
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We now review the definition of the Chen–Ruan product.

Definition 5.8. Let α ∈ H ∗
CR(X), β ∈ H ∗

CR(X). We define:

α ∗CR β = p3∗
(
p∗

1(α) ∪ p∗
2(β) ∪ ctop(E)

)
.

As announced, with this product, the Chen–Ruan cohomology becomes a graded algebra:

Theorem 5.9. (See [9].) With the grading defined in Definition 4.3, (H ∗
CR(X,Q),∗CR) is a graded

(H ∗(X,Q),∪)-algebra.

This theorem implies that one can compute the rank of the excess intersection bundle in terms
of the already computed age grading. If (Y, (g,h, (gh)−1)) is a sector of the second inertia stack,
the rank of the excess intersection bundle (here we stick to the notation introduced in Remark 5.3)
is:

rk(E(Y,g,h)) = a(X1, g) + a(X2, h) + a
(
X3, (gh)−1) − codimY X, (5.10)

where codimY X is dimX − dimY .

Corollary 5.11. The excess intersection bundle over double twisted sectors when either g,h, or
(gh)−1 is the identity, is the zero bundle.

Another formula that follows from Proposition 4.4 relates the rank of the excess bundle over
a double twisted sector and the rank of the excess bundle over the double twisted sector obtained
by inverting the automorphisms that label the sector:

rk(E(Y,g−1,h−1)) = codimX1 X + codimX2 X + codimX3 X − 2 codimY X − rk(E(Y,g,h)).

(5.12)

5.2. The second inertia stack

The study of the second inertia stack I2(M2,n) in principle is similar to the study of the
(first) inertia stack, which we carried out in Section 2.2. There is one important difference: the
general element of a connected component of I2(Mg) is a Galois covering with Galois group
generated by two elements of finite order. Therefore in particular it need not be abelian, and
the classification of [30] cannot be used to give a modular description of these twisted sectors.
However the only point where we need I2(M2,n) is in the definition of the stringy cup product
(Definition 5.8), we will thus determine exactly what is essential for that formula.

Let us denote by T 2
g,k the set of twisted sectors of the second inertia stack I2(MNR

g,k) (see

Definition 2.29 for the definition of MNR
2,n). If X is a double twisted sector of I2(MNR

g,k), whose
general element corresponds to a curve (C,x1, . . . , xk) and two automorphisms φ1 and φ2 of
it, let S(X) be the subset of [k] of the marked points where either φ1 or φ2 acts non-trivially
(cf. Remark 2.33 and Proposition 2.34). Along the same lines that yielded to Propositions 2.32
and 2.34 in Section 2.3, it is not difficult to prove the following result.
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Proposition 5.13. If n > 1, the second inertia stack of Mg,n is isomorphic to:

I2(Mg,n) = (Mg,n,1)

n∐
k=1

∐
X∈T 2

g,k

X ×
∐

{Is }∈AS(X),n

∏
s∈S(X)

M0,Is+1.

Now I2(MNR
g,k) contains some connected components whose general element is a smooth

genus 2 curve, and others whose general element is singular. The first ones are compactifications
of connected components of I2(M2,n), for n � 6.

Notation 5.14. Let X1 and X2 be two twisted sectors of Mg,k . We shall denote by (X1,X2,X3)

the open and closed substack of the fiber product X1 ×Mg,n
X2 that maps onto the twisted sector

X3 under the third projection map ι ◦ p3, where ι is the involution of Remark 2.3, and p3 is
the third projection of Definition 5.3. If Xi is the twisted sector whose distinguished automor-
phism is gi , this convention is made ad hoc to have the relation g1g2g3 = 1. This makes the
computations of (5.10) and (5.12) more convenient.

If I1, . . . , Ik is a partition of [n] made of non-empty subsets, following Notation 2.35, we
denote by (X1,X2,X3)

I1,...,Ik a double twisted sector isomorphic to:

(X1,X2,X3) × M0,I1+1 × · · · × M0,Ik+1,

under the isomorphism of Proposition 5.13.

For later use, we shall need a few results on the double twisted sectors of the second inertia
stack I2(M2). We use the notation introduced in (2.15) and Notation 2.21 for the twisted sectors
of M2 whose general element is a smooth curve. It is easy to study the fiber product of each
twisted sector with τ (we refer the interested reader to [32]), over M2. For future reference, we
report a few cases that will be of interests:

τ ×M2
III = VI, τ ×M2

VI = III, τ ×M2
IV = IV, τ ×M2

II = II.

(5.15)

We then study the fiber product of III with itself:

Proposition 5.16. The fiber product III ×M2
III contains two one-dimensional connected com-

ponents: (III, III, III) and (III, III, e). The projection map from both the two components onto
the factor III induces an isomorphism.

Proof. An object of III is a couple (C,α), where C is a (family of) stable genus 2 curves and
α is an automorphism of order 3 of C, such that the quotient C/〈α〉 is a genus 0 curve with
four points of ramification (see (2.15) and Definition 2.17). So there are two one-dimensional
connected components of the double twisted sector I2(M2) that are isomorphic to (III, α,α)

and (III, α,α2). �
Next, we can study the fiber product of IV with itself in complete analogy:
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Proposition 5.17. The fiber product IV ×M2
IV contains two one-dimensional connected com-

ponents: (IV, IV, τ ) and (IV, IV, e). The projection map from both the two components onto the
factor IV induces an isomorphism.

The proof of this proposition is analogous to that of Proposition 5.16. We shall also need a
few consequences of these results, concerning the second inertia stacks I2(M2,1) and I2(M2,2).

Corollary 5.18. The fiber product III1 ×M2,1
III1 contains one one-dimensional connected com-

ponent: (III1, III1, III1). The projection map from it onto the factor III1 induces an isomorphism.
The same result holds substituting III1 with III11, and M2,1 with M2,2.

Corollary 5.19. The fiber product IV3 ×M2,1
IV3 contains one one-dimensional connected com-

ponent: (IV3, IV3, τ 1). The projection map from it onto the factor IV3 induces an isomorphism.
The same result holds substituting IV3 with IV13 or IV31, and M2,1 with M2,2.

For later use, we remark that the one-dimensional stacks mentioned in Propositions 5.16, 5.17
and Corollaries 5.18, 5.19 have coarse moduli space isomorphic to P1.

5.3. The excess intersection bundle

We want to describe the excess intersection bundle E2,n on I2(M2,n). Assume that (Y,H) is
a connected component of I2(X), where H is a group generated by two elements. We observe
that there are two special cases:

1. The bundle E on Y has rank 0. In this case, the top Chern class of E on Y is (by definition)
equals 1. If this is the case, we can say that on this component there is no orbifold excess
intersection.

2. The bundle E can have 0 top Chern class. This occurs for instance when rk(E) > dim(Y ),
or whenever E contains a trivial subbundle. In this case we say that the orbifold excess
intersection is trivial.

For many double twisted sectors Y , formulas (5.10), (5.11) and (5.12) can be used to show
that the top Chern class of E2,n on Y must be 0 or 1. We do not present here all these elementary
computations. In this section we study the top Chern class of the excess intersection bundle on
I2(M2,n), focusing on all the cases in which it is not 0 or 1. In this case we describe the excess
intersection bundle in terms of the line bundles Li (Definition 4.8). We make strong use of the
notation that we introduced for the twisted sectors and double twisted sectors, see Notations 2.35
and 5.14.

Let us give a preview of the main results that are obtained in this section. If E2,n has top Chern
class that is not 0 or 1 on a certain connected component of I2(M2,n), then on that component it
splits as a direct sum of line bundles. Here we list the only non-trivial cases:

1. If n = 0, on one connected component in each fiber product III ×M2
III, III ×M2

VI

and VI ×M2
VI. The excess bundle has rank 1 and its first Chern class is described in

Lemma 5.24;
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2. If n > 0, on one connected component in the fiber products of each one of III[n]
1 and IIII1,I2

11
with themselves. The excess bundle has rank 1 and its first Chern class is described in Corol-
lary 5.25;

3. If n > 0, on one connected component in the fiber product of each of IV[n]
3 , IVI1,I2

13 and

IVI1,I2
31 with themselves. The excess bundle has rank 2 (resp. 3) and can be written as a sum

of line bundles. Its top Chern class is described in Proposition 5.26;
4. If n > 0, on certain connected components in the fiber product of twisted sectors whose gen-

eral element does not contain an irreducible curve of genus 2. The description of the excess
bundle E2,n on these components reduces to the description of E1,n (the excess intersection
bundle for the Chen–Ruan cohomology of M1,n), which was worked out in [26, Section 6]
(see Proposition 5.28).

In these cases, we describe the top Chern classes in terms of ψ -classes on moduli spaces of stable
genus 0 or genus 1 curves. The top Chern classes that are not of the kind (1), (2), (3), (4) can be
proved to be zero or one by a combined use of (5.10), (5.11), (5.12), and Corollary 5.22 below.
We use Lemma 5.21 to prove that the excess bundle always splits as a sum of line bundles.

We start by studying how the normal bundle NI2(X)X behaves under forgetting rational tails,
for general genus g � 2. Let (Y,H) be a connected component of I2(Mg), and suppose that
(Yα(1),...,α(k),H) is the connected component of I2(Mg,k) that maps naturally into π∗(Y ):

Yα(1),...,α(k)
i

π∗(Y )

�

Mg,k

π

Y Mg.

If I1, . . . , Ik is a partition of [n], we can consider the component of the second inertia stack
of Mg,n obtained by gluing genus 0 components to the marked points α(1), . . . , α(k), as in

Proposition 5.13. We call it Z := (Y
I1,...,Ik

α(1),...,α(k),H), it is defined by the upper Cartesian diagram:

Y
I1,...,Ik

α(1),...,α(k)

�

φ

p

Mg,k × M0,I1�•1 × · · · × M0,Ik�•k

jg,k

Mg,n

Yα(1),...,α(k)
i

π∗(Y )
f

�

Mg,k

π

Y
f

Mg.

(5.20)

We call L•i
the line bundle corresponding to the point •i on M0,Ii�•i

(see Definition 4.8).

Lemma 5.21. With the notation introduced above, the normal bundle NZ Mg,n splits as a repre-
sentation of H :
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NZ Mg,n = (π ◦ i ◦ p)∗
(
(NY Mg),χ

) ⊕ (f ◦ i ◦ p)∗
((

L∨
1 , χ1

) ⊕ · · · ⊕ (
L∨

k ,χk

))
⊕ (φ)∗

((
L∨•1

, χ1
) ⊕ · · · ⊕ (

L∨•k
, χk

))
,

for certain χ1, . . . , χk , one-dimensional characters of H (see Definition 4.8 for the line bun-
dles Li ).

Proof. The proof of this lemma follows from the fact that diagram (5.20) is Cartesian, the vertical
arrows are flat morphisms, and Proposition 4.9. �

This lemma reduces the computation of the top Chern class of Eg,n to the corresponding
computation for fiber products of twisted sectors of MNR

g,n. We state now this important straight-
forward consequence:

Corollary 5.22. Let g > 1, and (Y,H) be a connected component of I2(Mg) of dimension 0.

Then, let (Y
I1,...,Ik

α(1),...,α(k),H) be a corresponding component of I2(Mg,n). The top Chern class of
the excess intersection bundle Eg,n restricted to the latter connected component is either 0 or 1.

Proof. Indeed, if any of the L∨•k
is in the excess intersection bundle, then i∗f ∗L∨

k , because
H acts on L∨•k

and i∗f ∗L∨
k with the same character. Then the statement follows by observing

that i∗f ∗L∨
i is the trivial line bundle. �

Remark 5.23. The difference of the genus 1 from the genus g > 1 case is that in the base case
of genus 1, M1,1 has one marked point. While if g > 2 the line bundles constituting the normal
bundle of the twisted sectors of Mg,n come in pairs having the same character induced by the
action of H , and one of the two in the couple is always trivial when the corresponding twisted
sector in Mg has dimension 0, the case of a rational tail added to a twisted sector of M1,1

of dimension 0 does not fit into this picture. In fact, as follows from the main theorem in [26,
Section 6], all the non-trivial orbifold excess intersections on M1,n are supported on double
twisted sectors obtained by adding a single rational tail to a zero-dimensional twisted sector of

M1,1.

We can now go back to the case g = 2 and study the cases when the top Chern class is
neither 0 nor 1. After Lemma 5.21 and Corollary 5.22, all we have to do is to study the ex-
cess intersection bundle on the double twisted sectors mentioned in Propositions 5.16, 5.17 and
Corollaries 5.18, 5.19 and those whose general element is not a smooth curve. If p is the class of
a point in P1, H 2(P1) is the one-dimensional rational vector space generated by p.

Lemma 5.24. With the previous identification, the excess intersection E2 restricted to (III,
III, III) and (III,VI,VI) is a line bundle whose first Chern class is 1

9p.

Proof. Using (5.10) we can compute the rank of the excess intersection bundle restricted to these
three components, and deduce that it is a line bundle in all three cases.

Using (5.15), we reduce the computation of (III,VI,VI) to the computation of the first Chern
class of a line bundle on the double twisted sector (III, III, III).
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Let f : III → M2 be the natural forgetful map. On III there is an exact sequence (that defines
the vector bundle Coker):

0 → TIII → f ∗TM2
→ Coker → 0.

By construction, TIII is equal to (f ∗(TM2
))μ3 , the μ3-invariant part of the pull-back. Symmetry

arguments lead to the fact that Coker splits as a sum of isomorphic line bundles, each one carrying
one of the two non-trivial representations of μ3. We want to show that the first Chern class of the
rank 3 bundle f ∗TM2

is 1
3 , and that the first Chern class of the line bundle TIII is 1

9 . From this
we can deduce that the degree of each line bundle in the decomposition of f ∗TM2

on the family

III is equal to 1
9 .

To compute the first Chern class of f ∗TM2
on III is equivalent to computing the degree of

−KM2
, the anti-canonical class. Using the relations established in [25, Part III] (we also refer to

that paper for the definition of the classes δ1 and λ):

KM2
= −7λ + 2δ1.

Now one can see that the degree of λ on III is equal to 1
18 and the degree of δ1 is 1

36 . This gives
c1(f

∗TM2
) = 1

3 .

We now compute the degree of the tangent line bundle TIII . We have seen that III is a stacky
P1 with generic stabilizer μ6. A more detailed analysis shows that there are two stacky points,
with stabilizer of order 12 and 36. It is well known that the degree of the tangent line bundle to
such stacky P1 is equal to 1

12 + 1
36 = 1

9 . �
Let us identify the rational cohomologies of (III1, III1, III1)

[n] and (III11, III11, III11)
I1,I2

with H ∗(P1) ⊗ H ∗(M0,I1+1) ⊗ H ∗(M0,I2+1) under the Künneth decomposition (and similarly
with the other double twisted sectors obtained by adding rational tails).

Corollary 5.25. The top Chern class of E2,n is 1
9p ⊗ 1 on (III1, III1, III1)

[n] and 1
9p ⊗ 1 ⊗ 1 on

(III11, III11, III11)
I1,I2 .

Let us now describe the top Chern class on the double twisted sectors of Corollary 5.19.

Proposition 5.26. The top Chern class of E2,1 on (IV3, IV3, τ1) is − 1
8p. The top Chern class of

E2,n is − 1
8p ⊗ −ψ• on (IV3, IV3, τ1)

[n] and − 1
8p ⊗ −ψ•1 ⊗ −ψ•2 on (IV13, IV13, τ 11)

I1,I2 and
(IV31, IV31, τ 11)

I1,I2 .

Proof. The first statement follows from the fact that the degree of ψ classes on the moduli stack
(IV, IV, τ ) is equal to 1

8 . The second is a consequence of Lemma 5.21. �
Finally, we study the top Chern classes of E2,n on (Y,H), where the general element of Y

is a genus 2 curve whose general element does not contain an irreducible genus 2 component.
These twisted sectors are described in Examples 2.37, 2.38, 2.39 and 2.40. Consider X1 and X2
two such twisted sectors, and apply (5.10) and (5.12). Then one sees that the top Chern class of
E2,n is always 0 or 1 on the component X1 × X2, unless X1 and X2 are twisted sectors of
M2,n
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I (M1,1)× I (M1,n+1) obtained by gluing the last two marked points. Moreover, in this case, the
results from [26, Section 6], lead to the fact that the top Chern classes of E2,n can be different
from 0 or 1 only on products of twisted sectors whose associated graph is among the following:

(5.27)

Proposition 5.28. (See [26, Section 6].) Let (Y,H) be a connected component of I2(M2,n),
whose general element does not contain an irreducible genus 2 component. Then the top Chern
class of E2,n on (Y,H) can be different from 0 or 1 only if (Y,H) is a connected component of
I2(M1,1) × I2(M1,n+1). In this case the top Chern class is different from 0 or 1 exactly when
the first coordinate is among: (C4, 〈i, i〉), (C6, 〈ε2, ε2〉), (C6, 〈ε, ε2〉) or the second coordinate is
among: (C

[n]
4 , 〈i, i〉), (C[n]

6 , 〈ε2, ε2〉), (C[n]
6 , 〈ε, ε2〉).

In this last case, the top Chern class is a −ψ class on the gluing point(s), as shown in [26,
Section 6].

6. The Chen–Ruan cohomology as an algebra on the ordinary cohomology

In this last section we study the generators of the Chen–Ruan cohomology as an algebra on the
ordinary cohomology ring. We accomplish this task for the even part of the orbifold cohomology.

Definition 6.1. Let X be a Deligne–Mumford stack. We define the even and odd parts of the
Chen–Ruan cohomology of X as:

H ev
CR(X) := H ev(I (X)

)
, H odd

CR (X) := H odd(I (X)
)

where the grading is the usual one, i.e. the grading is not shifted by the (age) degree shifting
number.

The even Chen–Ruan cohomology H ev
CR(X) is then naturally an H ev(X)-algebra (Defini-

tion 5.9). The main purpose of this last section will be to study the generators of the algebra
H ev

CR(M2,n) over the ring H ev(M2,n). The main result is Theorem 6.15, where we show that the
even Chen–Ruan cohomology ring of the moduli stack of stable pointed genus 2 curves is gen-
erated multiplicatively by the fundamental classes of the twisted sectors and some classes that
we are going to define in Notation 6.14. This theorem depends upon Conjecture 6.3 by Getzler,
which we now review.

We start with a brief survey on the tautological ring, as defined by Faber–Pandharipande in
their paper [12]:

Definition 6.2. (See [12, 0.1].) The system of tautological rings is defined to be the set of smallest
Q-subalgebras of the Chow rings,

R∗(Mg,n) ⊂ A∗(Mg,n)

satisfying the following two properties:
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1. The system is closed under push-forward via all maps forgetting markings;
2. The system is closed under push-forward via all gluing maps.

We here report the part of Getzler’s conjectures that will be used to prove some of the results
in the following sections:

Conjecture 6.3. (See [19, p. 2], [17, p. 1].) The cycle map R∗(M1,n) → H ev(M1,n) is surjec-
tive.

We use in this paper the content of this conjecture in the proof of Corollary 6.10. We will
mark with the symbol ∗ the results that depend upon Conjecture 6.3.

The injectivity of the cycle map is the other part of Getzler’s conjecture. The injectivity of
this map follows from a more general conjecture, which goes under the name of Gorenstein
conjecture, and is due to Faber and Hain–Looijenga.

Conjecture 6.4. (See [13].) The tautological ring R∗(Mg,n) is a Poincaré duality ring, with
socle in top degree 3g − 3 + n.

6.1. Pull-backs of classes to the twisted sectors

In this section, if X is a twisted sector of the inertia stack of Mg,n, we call f : X → Mg,n

the natural forgetful map, and f ∗ the morphism induced in cohomology. If α ∈ H ∗(Mg,n), it
follows from Definition 5.9 that:

α ∗CR 1X = f ∗(α),

if 1X is the fundamental class of the twisted sector X inside the Chen–Ruan cohomology of
Mg,n. From this, the importance of studying the surjectivity of the map f ∗.

If X is such a twisted sector and f the natural forgetful map, in the spirit of Notation 2.35, we
call XI1,...,Ik the twisted sector obtained by adding rational tails, and f I1,...,Ik the corresponding
forgetful map to Mg,n.

Lemma 6.5. Suppose that X is a twisted sector of MNR
g,k , and I1, . . . , Ik is a partition of [n].

Then the pull-back in cohomology f ∗
I1,...,Ik

is surjective iff the pull-back f ∗ is surjective. The
pull-back f ∗

I1,...,Ik
surjects onto the even cohomology iff the pull-back f ∗ surjects onto the even

cohomology.

Proof. (This fact was recognized in the genus 1 case in [26, Section 7].) One applies the Künneth
decomposition to the cohomology of XI1,...,Ik . The surjectivity over the cohomology of the l-th
rational tail is obtained by observing that given any partition Pl of Il + 1 in two subsets, there is
a divisor on Mg,n, whose inverse image on XI1,...,Ik corresponds to separating the points of the
l-th rational tail according to Pl . �
Proposition 6.6. The pull-back map f ∗ is surjective onto the cohomology of all the twisted
sectors X of MNR

2,k , with the exception of the twisted sectors of Example 2.37 whose dual graph

contains a vertex of genus 1, and of the twisted sectors II, II1, II11.
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Proof. The result is trivial when the dimension dim(X) is 0. When dim(X) = 1 the coarse space
of X is P1, and the result follows from the fact that all such X intersect the boundary at a finite
number of points.

Let X be one of the twisted sectors τ , τ 1, . . . , τ 111111. According to Theorem 2.28, it is
enough to show that f ∗ is surjective on the divisor classes. Each divisor DI , for I ⊂ [n], pulls-
back to a multiple of a divisor class in X, and all of the divisor classes of X are possibly multiples
of such pull-backs.

So we are left with the classes that come from the boundary, discussed in Examples 2.37,
2.38, 2.39 and 2.40. The twisted sectors of dimension > 1 that are not in the first line of the first
set of figures in Example 2.37 have cohomology generated by the divisor classes, and one can
prove surjectivity in analogy with Lemma 6.5. �

The twisted sectors whose dual graph contains a vertex of genus 1 are those pictured in the
first line of the first set of figures in Example 2.37. To prove the surjectivity claim onto the even
part, we use a result of Belorousski. First we recall a definition.

Definition 6.7. (See [18, p. 2].) Let G be a stable graph; we will say it is a necklace, if it has a
single circuit, all of whose vertices have genus 0. A necklace cycle is the class of the locus whose
general element is a curve with a necklace G as its dual graph.

Proposition 6.8. (See [6].) Two sets of generators for R∗(M1,n) are:

1. The boundary strata classes.
2. All products of divisor classes, and the necklace cycles.

Moreover the cycle map R∗(M1,n) → H ∗(M1,n) is an isomorphism when n � 10.

Let us now consider the two substacks Cn+1 and Dn+1 of M2,n whose dual graphs correspond
respectively to the graphs:

which we call Gn+1 and Hn+1.

Lemma 6.9. The inclusion map i : Dn+1 → M2,n induces a surjective pull-back i∗ on the divisor
and necklace cycle classes of Dn+1. The same result holds for Cn+1.

Proof. We have to show that any divisor and any necklace can be obtained by intersecting
Dn+1 with certain boundary strata cycles in M2,n. For the combinatorics of the intersection
of boundary strata classes we refer to [19, Appendix] and to [34]. This involves the terminology
of (G,H)-structure on a given graph, which we are about to use.
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Let us consider an arbitrary divisor in Dn+1. A divisor in Dn+1 corresponds to a partition
I1 � I2 of [n]:

This is the only graph that admits a generic (Gn+1,GI1,I2)-structure, where GI1,I2 is the graph:

Analogously, if BI1 is a necklace with marked points in I1, the dual graph of a necklace cycle in
Dn+1 looks like:

and this is the only graph that admits a generic (Gn+1,NI1,I2)-structure, where NI1,I2 is the graph
obtained from the latter graph by contracting the only edge that is represented in the picture. �

After this lemma and Proposition 6.8, we see that the statement of Proposition 6.6 extends to
the twisted sectors of Example 2.37 whose dual graph contains a vertex of genus 1 and less than
11 marked points. By assuming Conjecture 6.3, we can extend the statement to the case of even
cohomology.

Corollary∗ 6.10. (See Conjecture 6.3.) The pull-back map in cohomology f ∗ is surjective onto
the even cohomology of all the twisted sectors of MR

2,k , apart from II, II1, II11.

Now we study the cases of the pull-back via f to the twisted sectors II, II1 and II11. We
study in detail the case of II, as the others follow similarly. We follow the analysis of [32,
Lemma 3.7.0.2]. Note that by Lemma 2.25, the rational Chow group and the rational coho-
mology agree for this stack. Let us consider the quotient map π : M0,5 → [M0,5/S3]. There are
four cycle classes in the latter stack, which we call A, B, C, D (following Spencer’s notation),
defined by:

π∗A := 2D1,2 + 2D1,3 + 2D2,3, π∗B := D1,4 + D2,4 + D3,4,

π∗C := D1,5 + D2,5 + D3,5, π∗D := D4,5,

where Di,j is the divisor in M0,5 whose general element is a reducible genus 0 curve with
two smooth components, one with marked points i, j . As the relations in M0,5 are all known
from [22], one obtains with some linear algebra the relation:

6D + A = 2(B + C). (6.11)
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Thus, we have:

Proposition 6.12. The rational Picard group of II is freely generated by the three classes, A, D
and B − C .

We observe that the two classes B and C are exchanged by the action of S2 on [M0,5/S3], which
exchanges the last two marked points. This fact will play a role in Proposition 6.13. So let now
f : II → M2 be the restriction of the map from the inertia stack.

Proposition 6.13. The class B − C is not in the image of f ∗ : A1(M2) → A1(II), moreover it
generates the cokernel of the latter map.

Proof. We start by showing that the class B − C is not in the image of f ∗. Let B2 ⊂ M2 be
the moduli stack of bielliptic curves of genus 2. Then the map f : II → M2 factors via the
inclusion i : B2 → M2: f = i ◦g. The resulting map g : II → B2 forgets the bielliptic involution.
A proof analogous to that of Proposition 2.25 shows that B2 has the same coarse moduli space
as [M0,5/S3 × S2]. So we have a commutative diagram:

II
g

B2
i

M2

[M0,5/S3]
g̃ [M0,5/S3 × S2]

where the vertical arrows induce isomorphisms in the rational Chow ring and rational cohomol-
ogy, g̃ : [M0,5/S3] → [M0,5/S3 × S2] is the quotient map, and the action of S2 symmetrizes the
last two marked points. The classes A and D are invariant under the action of S2, while the class
B − C is alternating. This shows in particular that the class B − C cannot be in the image of i∗
and in particular it cannot be in the image of f ∗.

So the Proposition is proved if we show that the linear map f ∗ has rank 2. Let p : II →
[M1,2/S2] be the map that associates to each bielliptic curve of genus 2 the corresponding
genus 1 curve with the two branch points. The Chow group of both [M1,2/S2] and M2 is freely
generated by two boundary strata classes, and it is easy to see that the linear map

p∗ ◦ f ∗ : A1(M2) → A1([M1,2/S2]
)

is surjective (hence an isomorphism), and in particular this shows that f ∗ has rank 2. �
The class B − C plays an important role. For this reason it deserves a special name.

Notation 6.14. We call S the class of B − C in A1(II) = H 2(II). We call S1, S11 the classes in
A1(II1) and A1(II11) obtained with the isomorphism of Proposition 2.27. Let now I1, I2 be a
partition of [n] in non-empty subsets. After identifying the vector spaces:

A∗(III1,I2
) = A∗(II11) ⊗ A∗(M0,I +1) ⊗ A∗(M0,I +1)
11 1 2
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we call S I1,I2 := (S ⊗ 1 ⊗ 1). Analogously we will refer to S [n] as the class obtained by “adding
a rational tail onto S1”.

We can then prove the main result of this section, which depends upon Conjecture 6.3 via
Corollary 6.10.

Theorem∗ 6.15. (See Conjecture 6.3.) The even Chen–Ruan cohomology ring H ev
CR(M2,n) is

generated, as an algebra over H ev(M2,n), by the fundamental classes of the twisted sectors and
by the classes S, S [n], S I1,I2 (defined in Notation 6.14) for all the possible partitions {I1, I2}
of [n] in non-empty subsets.

Proof. We have proved in Corollary 6.10, that for any twisted sector X of M2,n, the pull-back
map:

f ∗ : H ev(M2,n) → H ev(X)

is surjective, unless X is one among II, II[n], III1,I2 . In these cases, we proved in this section, in
particular in Proposition 6.13, that f ∗ is surjective onto the quotient H ev(X)/〈S I1,I2〉I1�I2=[n]. As
we are adding all the classes S, S [n], S I1,I2 as further generators, the theorem is then proved. �

We comment on the optimality of this result:

Remark 6.16. The Chen–Ruan cohomology ring H ∗
CR(M2,n) strictly contains the algebra over

H ∗(M2,n) generated by the fundamental classes of the twisted sectors. Also, the even part of the
Chen–Ruan cohomology H ev

CR(M2,n) strictly contains the algebra over H ev(M2,n) generated
by the fundamental classes of the twisted sectors. The classes S I1,I2 cannot be obtained as the
Chen–Ruan product of a fundamental class of a twisted sector and a cycle in M2,n. It is possible
to show by means of lengthy computations that these classes actually do not belong to the algebra
generated by the fundamental classes of the twisted sectors.

We conclude with a couple of considerations. First, the relations among the generators of
H ev

CR(M2,n) are explicitly computable as a consequence of the results of this section and the
previous one. However it seems to be very hard to find a concise description of them.

We believe that some of the odd classes are not in the algebra generated over H ∗(M2,n) by
the fundamental classes. This should follow from the fact that the pull-back does not surject
onto the odd cohomology of all the twisted sectors. This in turn would be a consequence of the
vanishing of H 11(M2,10). A proof of this vanishing is not known so far.

6.2. The orbifold tautological ring

In this section we give a proposal for an orbifold tautological ring of stable genus 2 curves,
in analogy with what we have proposed in [26, Section 7] for genus 1. We develop the theory
in the context of Chen–Ruan cohomology. Let the cohomological tautological ring RH ∗(Mg,n)

be defined as the image of R∗(Mg,n) in even cohomology under the cycle map.
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Proposition∗ 6.17. (See Conjecture 6.3.) Let X be a twisted sector of I (M2,n), and f : X →
M2,n. Then the push-forward map in even cohomology factors through the cohomological tau-
tological ring.

H ev(X)
f∗

H ∗(M2,n)

RH ∗(M2,n)

Proof. Using Theorem 6.15, we reduce the claim to proving that the push-forward of the fun-
damental classes of the twisted sectors, and of the special classes S I1,I2 , are tautological. The
cohomology of M2,n is completely tautological when n � 4. Indeed, this follows by comparing
the Betti numbers of M2,n (see [7, pp. 20, 21]) with the ranks of the intersection pairings (see
[34, p. 11]). So the push-forwards of S, S1, S11 are tautological. Moreover, the push-forwards of
the special classes S [n] and S I1,I2 (see Notation 6.14 for their definition) are tautological by the
defining property of the tautological ring of being closed under push-forward via natural maps.
Thus we are left to show that the push-forwards of the fundamental classes of all the twisted
sectors of M2,n are tautological classes. Moreover, again by the closure under push-forward via
natural maps, this reduces to showing that the push-forwards of the fundamental classes of the
twisted sectors of MNR

2,n are tautological. For the twisted sectors that come from the boundary,

this follows from the fact that they are constructed by gluing classes in M1,n, n � 4, classes in
[M1,n/S2], n � 6, and classes in M0,n or [M0,n/S2] (the cohomology of these spaces is all
tautological, see for instance [6] or [18]).

Finally, if the general element of a twisted sector of MNR
2,n is smooth, then either n � 4 (and

in this range we have already seen that the cycles are all tautological), or the twisted sector is
either τ 11111 or τ 111111 (see Notations 2.16, 2.21). In these cases, the image is the hyperelliptic
locus with 5 or 6 of the Weierstrass points marked. The result in this case follows from [12,
Proposition 1]. �

This allows us to define:

Definition∗ 6.18. We define the orbifold tautological ring as:

RH ∗
CR(M2,n) := RH ∗(M2,n)

⊕
X twisted sector

H ev(X).

This is a subring of H ev
CR(M2,n) as a consequence of Theorem 6.15 and Proposition 6.17.

The results of the previous sections, in light of this definition, can be viewed as saying that
we have studied generators (and relations) of RH ∗

CR(M2,n) as an algebra over RH ∗(M2,n).

Corollary 6.19. The orbifold tautological ring RH ∗
CR(M2,n) is a Poincaré duality ring with

socle in top degree 3+n if and only if (the ordinary) tautological ring RH ∗(M2,n) is a Poincaré
duality ring with socle in top degree 3 + n.
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To conclude, we make a comment on the tautological stringy Chow ring. A more natural
approach to defining RH ∗

CR(M2,n) is by defining RH ∗(X) for every X twisted sector of M2,n.
If X is a twisted sector of M2,n, we want to define R∗(X). A possible sensible definition that
agrees with our Definition 6.18, is as follows. If X is a twisted sector whose general element
contains a smooth, genus 2 curve, then we declare all its rational Chow group to be tautological.
If instead X is a twisted sector whose general element is a nodal stable curve, it is obtained by
adding rational tails to one of the twisted sectors among Examples 2.37, 2.38, 2.39, 2.40. Again
we declare all its rational Chow groups to be tautological, unless X is obtained by adding rational
tails to one of the twisted sectors in the first line of Example 2.37. In this case, the coarse moduli
space of X is isomorphic to:

M1,k ×
∏
i�3

M0,ki
.

So, we pose:

R∗(X) := R∗(M1,k) ×
∏
i�3

A∗(M0,ki
).

Along these lines, one could define RH ∗
CR(M2,n) as the image in the Chen–Ruan cohomology

of the tautological stringy Chow ring.
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Appendix A. The inertia stack of [M0,n/S2] and [M1,n/S2]

This section is devoted to the study of the inertia stack (see Section 2.1, and especially Defi-
nition 2.1) of the two stacks [M0,n/S2] and [M1,n/S2], where S2 is the symmetric group, acting
on the first two marked points. It turns out that some of the twisted sectors of these inertia stacks
appear as building blocks of some of the twisted sectors of M2,n that come from the boundary
(see Definition 2.18). These twisted sectors are showed in Examples 2.37, 2.38, 2.39 and 2.40.
Among those building blocks, there are also the compactifications (Definition 2.17) of some of
the twisted sectors of the inertia stack of M1,n. For the inertia stack of M1,n and M1,n, we refer
the reader to [26, Section 3].

Note first that [M0,3/S2] is isomorphic to Bμ2, and therefore its inertia stack is simply two
copies of Bμ2 itself. We shall call 0∗ the twisted sector of the inertia stack of [M0,3/S2].
1
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Fig. 2. Adding marked points on a rational curve, preserving a given automorphism of order 2.

Lemma A.1. The inertia stack of [M0,4/S2] is:

I
([M0,4/S2]

) = ([M0,4/S2],1
) � (

0∗
2,−1

)

where 0∗
2 is isomorphic to Bμ2.

Proof. If 0, 1 and ∞ are three coordinates on P1, then there is exactly one further point that
is stable under the map φ : z → 1

z
: the point −1. The twisted sector 0∗

2 is this configuration of
points on P1, with the automorphism φ. �

Note that S2 acts freely on M0,n, when n � 5, and therefore the inertia stack of [M0,n/S2]
coincides with the untwisted sector [M0,n/S2] whenever n � 5. The following corollary can also
be obtained as a consequence of Section 2.3, once Lemma A.1 has been established.

Corollary A.2. The twisted sectors of the inertia stack of [M0,n+2/S2] are isomorphic to:

Bμ2 ×
∐

L1�L2=[n]
M0,L1+1 × M0,L2+1

where the sets Li are non-empty.

Proof. It follows from Lemma A.1 that the twisted sectors of the statement are all the possible
ways of distributing all the marked points in two sets and gluing them on rational tails on the first
and the second stabilized point. We illustrate an example in Fig. 2. �

Definition A.3. We call respectively 0∗
1 and 0∗

2 the twisted sectors of the inertia stacks of
[M0,3/S2] and of [M0,4/S2].

Now we study the inertia stack of [M1,n/S2]. We start by observing that for n � 7 all the
objects of the moduli stack M1,n have trivial stabilizer group, and the action of S2 is free, there-
fore the inertia stack is trivial. Now if φ is an automorphism of a genus 1 curve, then it either
exchanges the first two marked points, or it fixes them. Accordingly, the inertia stack splits:

I
([M1,n/S2]

) = I fix([M1,n/S2]
) � I exch([M1,n/S2]

)
= [

I (M1,n)/S2
] � I exch([M1,n/S2]

)
(A.4)
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where I fix is the disjoint union of all the twisted sectors whose distinguished automorphism fixes
the two marked points, and I exch are the twisted sectors whose automorphism exchanges the two
points. For the twisted sectors of M1,n, see [26, Section 3].

Our study of I exch is analogous to the one of Section 2.2. Let (C,x1, . . . , xn) be a smooth
genus 1 marked curve. If φ is an automorphism of it, such that φ(xn−1) = xn and φ(xn) = xn−1,
we can consider the cyclic covering π : C → C′ := C/〈φ〉. The points x1, . . . , xn−2 correspond
one-to-one to points in C′ of total branching for the map π . The last two marked points must be
π−1(p) for a certain p point of C′.

To state the theorem, we define some spaces that are certainly going to be twisted sectors.

Definition A.5. We define the stack Bi (2 � i � 6) as the moduli stack of double coverings
of smooth genus 0 curves with a reduced branch divisor D of degree 4, a choice of 1 marked
point p /∈ D, and a choice of i − 2 marked points x1, . . . , xi−2 ∈ D. We denote with −1 the
automorphism of the double covering.

By its very definition, the coarse moduli space of Bi is the same as that of [M0,5/S6−i].
Another twisted sector that we are going to deal with is the following:

Definition A.6. We define the stack C2. It is the moduli stack of connected unramified double
coverings of genus 1 curves, with one marked point on the base (or equivalently, a degree 2
effective reduced divisor on the fiber, invariant under the automorphism of the covering). In this
case, we call again −1 the non-trivial automorphism of the covering.

The moduli space of C2 is an étale triple covering of M1,1.
Following the notation established by us in [26, Section 3], we call (C̃4, i/− i) the two moduli

stacks of μ4-coverings of a genus 0 curve with a marked point at the only point of non-total
branching. The moduli stack (C̃4,±i) is the one where the character of the residue action of
μ4 on the cotangent spaces at the two points of total ramification is ±i respectively. The moduli
stacks (C̃′

4, i/− i) (and (C̃′′
4 , i/− i)) are obtained by marking one (respectively two) more points

of total branching for the μ6-covering of the genus 0 curve. The moduli stacks (C̃6, ε/ε
5) and

(C̃′
6, ε/ε

5) are defined in complete analogy.
Therefore one obtains, after (A.4) (see also [26, Section 3]):

Corollary A.7. The inertia stack of [M1,n/S2] for n � 2 are:

1. I ([M1,2/S2]) = [I (M1,2)/S2]∐(B2,−1)
∐

(C2,−1)
∐

(C̃4, i/ − i)
∐

(C̃6, ε/ε
5);

2. I ([M1,3/S2]) = [I (M1,3)/S2]∐(B3,−1)
∐

(C̃′
4, i/ − i)

∐
(C̃′

6, ε/ε
5);

3. I ([M1,4/S2]) = [I (M1,2)/S2]∐(B4,−1)
∐

(C̃′′
4 , i/ − i);

4. I ([M1,5/S2]) = [I (M1,5)/S2]∐(B5,−1);
5. I ([M1,6/S2]) = [I (M1,6)/S2]∐(B6,−1);
6. n � 7, I ([M1,n/S2]) = ([M1,n/S2],1).

For convenience (in Section 2.4), we define the following subsets of the inertia stacks of
[M1,i/S2].

T̃2 := I fix([M1,2/S2]
) = {([A2/S2],−1

)
,
([C4/S2], i

)
,
([C4/S2],−i

)
,
(
C6, ε

2), (C6, ε
4)},
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T̃3 := I fix([M1,3/S2]
) = {([A3/S2]

)
,
(
C′

6, ε
2), (C′

6, ε
4)},

T̃4 := I fix([M1,4/S2]
) = {([A4/S2]

)
,
(
C′

6, ε
2), (C′

6, ε
4)},

T2
ρ := {

(C̃4, i), (C̃4,−i), (C̃6, ε),
(
C̃6, ε

5)} ⊂ I exch([M1,3/S2]
)
,

T3
ρ := {(

C̃′
4, i

)
,
(
C̃′

4,−i
)
,
(
C̃′

6, ε
)
,
(
C̃′

6, ε
5)} ⊂ I exch([M1,3/S2]

)
,

T4
ρ := {(

C̃′′
4 , i

)
,
(
C̃′′

4 ,−i
)} ⊂ I exch([M1,4/S2]

)
,

T̃ ′
2 := {([C4/S2], i

)
,
([C4/S2],−i

)
,
(
C6, ε

2), (C6, ε
4)} ⊂ I fix([M1,2/S2]

)
,

T̃ ′
3 := {(

C′
6, ε

2), (C′
6, ε

4)} ⊂ I fix([M1,3/S2]
)
,

T̃ ′
4 := {(

C′
6, ε

2), (C′
6, ε

4)} ⊂ I fix([M1,4/S2]
)
.
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