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We show in two-dimensional space–time (d = 2) the relation between an N = 2 nonlinear supersymmetric
(NLSUSY) model and an N = 2 linear (L) SUSY Yang–Mills (SYM) theory with matter (N = 2 LSUSY QCD
theory). We give a new interpretation of four Nambu–Goldstone fermion (superon) contact terms, which
emerge from an N = 2 general SUSY QCD (composite) action, as mass terms for LSUSY supermultiplets
and discuss the possible SUSY breaking mechanism in NL/L SUSY relation for SUSY gauge theories in
d = 2.
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Dynamics of massless Nambu–Goldstone (NG) fermions for
nonlinear (NL) representation [1] of supersymmetry (SUSY) [2–4]
is described in the NLSUSY theory [1] where spontaneous SUSY
breaking mechanism is encoded a priori. NLSUSY general relativity
theory (NLSUSY GR) [5] for SGM scenario [5–9] gives in the asymp-
totic Riemann-flat space–time the (fundamental) NLSUSY model
with a fixed dimensional constant (the SUSY breaking scale) de-
pending on the cosmological and the gravitational constants.

The low energy effective theory of NLSUSY GR is obtained
by means of the linearization of NLSUSY [10–13], which gives
the relation between the NLSUSY model and linear (L) SUSY
theories (with spontaneous SUSY breaking) (abbreviated as NL/L
SUSY relation) [10–17] including the relation for Yukawa inter-
actions [18,19], SUSY QED [20,21] and super Yang–Mills (SYM)
theories [22], etc. In NL/L SUSY relation based on NLSUSY GR,
LSUSY-supermultiplet fields are realized as the composite (mass-
less) eigenstates of the NG fermions (superons) on true vacuum,
where the large scale structure of space–time is related to low
energy particle physics. Indeed, the NL/L SUSY relation for N = 2
SUSY QED theory (in two-dimensional space–time (d = 2) for sim-
plicity of calculations) [20,21] gives, e.g. a natural explanation of
the mysterious (observed) numerical relation between the (four-
dimensional) dark energy density of the universe and the neutrino
(ν) mass [9,23,24], provided ν is a composite of superons of these
kinds. (Note that for N = 2 SUSY in SGM scenario J P = 1− gauge
field appears [15] in the linearization of NLSUSY. Therefore N = 2
SUSY is realistic minimal case.)
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In order to extend the abovementioned analysis of low energy
particle physics to non-Abelian gauge theories, it is important to
study further the SUSY breaking mechanism for SUSY gauge the-
ories in NL/L SUSY relation. In this Letter we show in d = 2 that
an N = 2 LSUSY SYM theory with matter (an N = 2 LSUSY QCD
theory) is related to the N = 2 NLSUSY model by expressing basic
fields in LSUSY QCD in terms of NG-fermion superons. We focus on
the d = 2, N = 2 SUSY QCD composite theory and discuss adequate
SUSY breaking terms in NL/L SUSY relation. We shall see in the re-
lation between the NLSUSY action and a general SUSY QCD action
that four superon contact terms emerge from the SUSY QCD action
for redundant auxiliary fields (except D and F auxiliary fields) as
the similar case for the SUSY QED theory [20,21]. By considering
a new interpretation of those four superon contact terms as mass
terms for LSUSY supermultiplets, the possible SUSY breaking mech-
anism in NL/L SUSY relation for SUSY gauge theories is discussed
in d = 2.

The fundamental action of the NLSUSY model [1,25] for N SUSY
in terms of (Majorana) superons ψ i(x) (i, j, . . . = 1, . . . , N) is given
by

SNLSUSY = − 1

2κ2

∫
d2x |w|, (1)

where κ is a dimensional constant whose dimension is (mass)−1

in d = 21 and the determinant |w| is defined as

1 Minkowski space–time indices in d = 2 are denoted by a,b, . . . = 0,1.

The Minkowski space–time metric is 1
2 {γ a, γ b} = ηab = diag(+,−) and σ ab =

i
2 [γ a, γ b] = iεabγ5 (ε01 = 1 = −ε01), where we use the γ matrices defined as
γ 0 = σ 2, γ 1 = iσ 1, γ5 = γ 0γ 1 = σ 3 with (σ 1, σ 2, σ 3) being Pauli matrices.
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|w| = det
(

wa
b
) = det

(
δa

b + ta
b
)

(2)

with ta
b = −iκ2ψ̄ iγ a∂bψ

i , which terminates at O(t2) for the d = 2
case. The N NLSUSY action (1) is invariant under the following
NLSUSY transformations of ψ i ,

δζ ψ i = 1

κ
ζ i − iκζ̄ jγ aψ j∂aψ

i, (3)

which are parametrized by means of constant (Majorana) spinor
parameters ζ i . The NLSUSY transformations (3) satisfy a closed off-
shell commutator algebra,

[δζ1 , δζ2 ] = δP
(
Ξa), (4)

where δP (Ξa) means a translation with the parameters Ξa =
2iζ̄ i

1γ
aζ i

2.
In NL/L SUSY relation, the relations between basic fields in

LSUSY theories and superons ψ i (called SUSY invariant relations)
are obtained in the superfield formulation [26]. They are derived
systematically from the hybrid transformations of L and NLSUSY
on specific supertranslations of superspace coordinates {xa, θ i

α}
parametrized by ψ i [10],

x′a = xa + iκθ̄ iγ aψ i,

θ ′ i = θ i − κψ i, (5)

and the adoption of the subsequent SUSY invariant constraints for
superfields. (As for the detailed prescription for the construction
of the SUSY invariant relations in the superfield formulation, see
[10,13].)

Let us show below SUSY invariant relations for N = 2 vector
and N = 2 scalar matter supermultiplets in d = 2, N = 2 SUSY QCD
theory. The N = 2 general gauge [27,28] and the N = 2 scalar su-
perfields on N = 2 superspace (i = 1,2) are defined in d = 2 as

V(x, θ) = C(x) + θ̄ iΛi(x) + 1

2
θ̄ iθ j Mij(x) − 1

2
θ̄ iθ i M jj(x)

+ 1

4
ε i j θ̄ iγ5θ

jφ(x) − i

4
ε i j θ̄ iγaθ

j va(x)

− 1

2
θ̄ iθ i θ̄ jλ j(x) − 1

8
θ̄ iθ i θ̄ jθ j D(x), (6)

Φ i A(x, θ) = Bi A(x) + θ̄ iχ A(x) − ε i j θ̄ jν A(x)

− 1

2
θ̄ jθ j F i A(x) + θ̄ iθ j F j A(x) − iθ̄ i/∂ B j A(x)θ j

+ i

2
θ̄ jθ j(θ̄ i/∂χ A(x) − ε ik θ̄k/∂ν A(x)

)

+ 1

8
θ̄ jθ j θ̄kθk�Bi A(x). (7)

In the gauge superfield (6) we denote C, D and Mij = M(i j) (=
1
2 (Mij + M ji)) for scalar fields, Λi and λi for (Majorana) spinor
fields, φ for pseudo scalar fields and va for vector fields, respec-
tively. These component fields V (x) in Eq. (6) belong to the adjoint
representation of gauge group G; namely, V (x) = V I (x)T I with
generators T I = (T I )A

B of G satisfying [T I , T J ] = i f I J K T K . In the
scalar superfields (7) we denote Bi A for scalar fields, χ A and ν A

for (Majorana) spinor fields and F i A for auxiliary scalar fields.
Note that the N = 2 minimal off-shell vector supermultiplet are

defined from the general component fields in Eq. (6) by

{
vaI

0 , λi I
0 , AI

0, φ
I
0, D I

0

}
= {

vaI , λi I + i/∂Λi I , MiiI , φ I , D I + �C I}, (8)
whose LSUSY transformations are apparently expressed in terms of
only the fields (8) except a gauge parameter composed of Λi I and
satisfy the commutator algebra (4) (for example, see [19]).

By extending the previous works [17] for NL/L SUSY relation
in the superfield formulation to the superfields (6) and (7), SUSY
invariant relations for the above component fields in SUSY QCD are
given as the composites of ψ i for the N = 2 vector supermultiplet,

C I = −1

8
ξ Iκ3ψ̄ iψ iψ̄ jψ j|w|,

Λi I = −1

2
ξ Iκ2ψ iψ̄ jψ j|w|,

MijI = 1

2
ξ Iκψ̄ iψ j|w|,

φ I = −1

2
ξ Iκε i jψ̄ iγ5ψ

j|w|,

vaI = − i

2
ξ Iκε i jψ̄ iγ aψ j|w|,

λi I = ξ Iψ i|w|,
D I = ξ I

κ
|w|, (9)

and for the N = 2 scalar matter supermultiplet,

χ A = ξ i A
[
ψ i|w| + i

2
κ2∂a

(
γ aψ iψ̄ jψ j|w|)

]
,

Bi A = −κ

(
1

2
ξ i Aψ̄ jψ j − ξ j Aψ̄ iψ j

)
|w|,

ν A = ξ i Aε i j
[
ψ j|w| + i

2
κ2∂a

(
γ aψ jψ̄kψk|w|)

]
,

F i A = ξ i A

κ

{
|w| + 1

8
κ3�(

ψ̄ jψ jψ̄kψk|w|)
}

− iκξ j A∂a
(
ψ̄ iγ aψ j|w|), (10)

which are the form containing some vanishing terms due to
(ψ i)5 ≡ 0. In the SUSY invariant relations (9) and (10), ξ I and
ξ i A with the indices I and A for the gauge group G are arbitrary
real constants corresponding to the constant terms of the auxil-
iary fields D I = D I (ψ) and F i A = F i A(ψ) according to the simplest
SUSY invariant constraints [17,21] (see also [29] as for more gen-
eral SUSY invariant constraints).

Here we introduce a LSUSY action for d = 2, N = 2 SUSY QCD
theory in order to discuss NL/L SUSY relation for SUSY gauge the-
ories. The SUSY QCD (gauge invariant) action is the sum of a pure
SYM action for the vector supermultiplet and a matter action for
the scalar supermultiplet coupled to the vector one, i.e.

SSQCD = SSYM + Smatter. (11)

The N = 2 LSUSY SYM action SSYM in d = 2 is given in terms of
the component fields (8) by

SSYM =
∫

dx2 tr

{
−1

2
(F0ab)

2 + iλ̄i
0/Dλi

0 + (Da A0)
2 + (Daφ0)

2

+ D2
0 − 2ig

(
ε i j A0λ̄

i
0λ

j
0 + φ0λ̄

i
0γ5λ

i
0

) + g2[A0, φ0]2
}

(12)

where F0ab = ∂a v0b − ∂b v0a − ig[v0a, v0b] and Daϕ = ∂aϕ −
ig[v0a,ϕ] (for the vector supermultiplet components ϕ) with a
gauge coupling constant g .

The LSUSY matter action Smatter is defined from the gauge and
the scalar superfields (6) and (7) as
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Smatter = −1

8

∫
d2x

∫
d4θ− Φ

†
A

(
e−4gV )A

BΦB (13)

where Φ A(x, θ) = 1√
2
{Φ1A(x, θ) + iΦ2A(x, θ)} and θ± = θ1 ± iθ2.

The action (13) are separated into the following two parts, S0
matter

in terms of the fields (8) for the minimal off-shell vector super-
multiplet and S ′

matter in terms of the fields containing explicitly
the redundant component fields {C,Λi, M12, M11 − M22}, i.e.

Smatter = S0
matter + S ′

matter. (14)

Indeed, the actions S0
matter and S ′

matter are given by

S0
matter =

∫
d2x

[
iΨ̄A/DΨ A + ∣∣Da B A

∣∣2 + ∣∣F A
∣∣2

+ g
[√

2
{
Ψ̄A(λ0)

A
B B B + B∗

A(λ̄0)
A

BΨ B}
− B∗

A(D0)
A

B B B + Ψ̄A(A0)
A

BΨ B + iΨ̄Aγ5(φ0)
A

BΨ B]
− g2 B∗

A

{
(A0 A0)

A
B + (φ0φ0)

A
B
}

B B ]
, (15)

S ′
matter =

∫
d2x g

[
2i

{
F ∗

A(M12)
A

B B B − B∗
A(M12)

A
B F B}

− F ∗
A(M11 − M22)

A
B B B − B∗

A(M11 − M22)
A

B F B

+ 2
√

2
{
Ψ̄A

(
Λ∗)A

B F B + F ∗
A

(
Λ̄∗)A

BΨ B}
− 4F ∗

A(C)A
B F B + · · ·] + · · · , (16)

where we define the (complex) component fields (B A,Ψ A, F A)

from (Bi A,χ A, ν A, F i A) for the scalar supermultiplet and the
spinor fields λ0 from λi

0 as

B A = 1√
2

(
B1A + iB2A)

, F A = 1√
2

(
F 1A − i F 2A)

,

Ψ A = 1√
2

(
χ A + iν A)

, λ0 = 1√
2

(
λ1

0 − iλ2
0

)
, (17)

and also Daϕ
A = ∂aϕ

A − ig(v0a)
A

BϕB and Daϕ
∗
A = ∂aϕ

∗
A + igϕ∗

B ×
(v0a)

B
A (for the scalar supermultiplet components ϕ A ).

Now we discuss the relation between the NLSUSY action (1) for
N = 2 SUSY and the LSUSY QCD action (11). By substituting the
SUSY invariant relations (9) for the vector supermultiplet into the
SYM action (12), it reduces to Eq. (1) as

SSYM(ψ) = −(
ξ I)2

SNLSUSY + [surface terms], (18)

which is a trivial relation in a sense that each interaction terms
in SSYM(ψ) at O(g) and O(g2) vanish due to (ψ i)5 ≡ 0 in d = 2.
However, the relation (18) in d = 2 is nontrivial for N = 3 SUSY
[22], where (non-vanishing) interaction terms at O(g) in terms
of ψ i cancel with each other in SSYM(ψ).

As for the matter action (13), we can show the relation between
Smatter and SNLSUSY by changing the integration variables {xa, θ i

α}
to {x′a, θ ′ i

α } of Eq. (5),

Smatter(ψ) = −1

8

∫
d2x

∫
d4θ− J Φ̃

†
A

(
e−4gṼ )A

BΦ̃B

= −2
∣∣ξ A

∣∣2
SNLSUSY. (19)

In this relation (19), J = J (x, θ) is the Jacobian [10,13,14,17] which
is proportional to the determinant |w| and Φ̃ A = Φ̃ A(x, θ) and
Ṽ I = Ṽ I (x, θ) corresponding to the superfields on {x′a, θ ′ i

α } are

Φ̃ A(x, θ) = ξ A

θ̄−θ+, Ṽ I (x, θ) = − ξ I

θ̄−θ−θ̄−θ−, (20)

2κ 8κ
under the simplest SUSY invariant constraints, D̃ I (x) = ξ I

κ and

F̃ A(x) = ξ A

κ (the other tilded component fields in Φ̃ A and Ṽ I = 0),

where ξ A = 1√
2
(ξ1A − iξ2A).

From Eqs. (18) and (19), the LSUSY QCD action (11) is related
to the NLSUSY action (1) as

SSQCD(ψ) = (SSYM + Smatter)(ψ)

= −{(
ξ I)2 + 2

∣∣ξ A
∣∣2}

SNLSUSY. (21)

Let us discuss further the NL/L SUSY relation for the minimal
off-shell vector supermultiplet (8). Substituting the SUSY invariant
relations (9) and (10) into the actions (15) and (16) in Smatter pro-
duces the following four superon contact terms,

S0
matter(ψ) at O(g) =

∫
d2x

{
1

2
gκξ∗

A(ξ)A
Bξ Bψ̄ iψ iψ̄ jψ j

}
, (22)

S ′
matter(ψ) at O(g) =

∫
d2x

{
−1

2
gκξ∗

A(ξ)A
Bξ Bψ̄ iψ iψ̄ jψ j

}
.

(23)

Namely, the general NL/L SUSY relation (19) holds by means of the
(nontrivial) cancellations among the terms (22) and (23) as

Smatter(ψ) = S0
matter(ψ) +

∫
d2x

{
−1

2
gκξ∗

A(ξ)A
Bξ Bψ̄ iψ iψ̄ jψ j

}

= −2
∣∣ξ A

∣∣2
SNLSUSY, (24)

which is similar to the case of SUSY QED theory [20,21].
Here let us propose a new interpretation of the four superon

contact terms (23) in the relation (24) as some SUSY breaking
terms. We identify the contact terms (23) with scalar mass terms
responsible for soft SUSY breaking (for example, see [30] and refer-
ences there in). The follwing G-invariant mass terms for the scalar
fields,

Smass =
∫

d2x
[ −{(

μ2)A
B B∗

A B B + μ2
A tr A2

0 + μ2
φ trφ2

0

}]
, (25)

are considered in the d = 2, N = 2 SUSY QCD theory. This becomes
four superon contact terms,

Smass(ψ) =
∫

d2xκ2
{

1

2
ξ∗

A

(
μ2)A

Bξ B

− 1

8

(
μ2

A + μ2
φ

)(
ξ I)2

}
ψ̄ iψ iψ̄ jψ j, (26)

under the SUSY invariant relations (9) and (10). Then the relation
(24) can be written as

Smatter(ψ) = (
S0

matter + Smass
)
(ψ) = −2

∣∣ξ A
∣∣2

SNLSUSY, (27)

provided

ξ∗
A

{(
μ2)A

B + g

κ
(ξ)A

B

}
ξ B − 1

4

(
μ2

A + μ2
φ

)(
ξ I)2 = 0. (28)

By adding the relation (18) to Eq. (27), we show the NL/L SUSY
relation for the d = 2, N = 2 (massive) SUSY QCD theory with the
SUSY breaking terms,

−SNLSUSY = SSQCD = S0
SQCD + Smass + [surface terms] (29)

when (ξ I )2 + 2|ξ A |2 = 1. LSUSY in the SUSY QCD action S0
SQCD =

SSYM + S0
matter for the minimal off-shell vector supermultiplet is

broken explicitly by means of Smass. Note that adding linear D
(or D0) terms [31],
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S D =
∫

d2x

(
−ξ I

κ
D I

)
, (30)

which provides the vacuum expectation values 〈D I 〉 = ξ I

κ , to the
NL/L SUSY relation (29) gives the relation for +SNLSUSY as

SNLSUSY = SSQCD + S D

= S0
SQCD + Smass + S D + [surface terms], (31)

when (ξ I )2 − 2|ξ A |2 = 1 which is favorable from SGM scenario.
The above arguments also hold in NL/L SUSY relation for the d = 2,
N = 2 SUSY QED theory [20,21].

Our results are summarized as follows. In this Letter we have
shown in d = 2 that the (fundamental) N = 2 NLSUSY action (1) is
related to the N = 2 LSUSY QCD action (11) as the NL/L SUSY rela-
tion (21) by constructing the SUSY invariant relations (9) and (10)
with the constants ξ I and ξ i A corresponding to the constant terms
(vacuum expectation values) of the auxiliary fields D I = D I (ψ) and
F i A = F i A(ψ). The four superon contact terms (22) and (23), which
emerge from the actions S0

matter and S ′
matter at O(g), cancel with

each other in the NL/L SUSY relation. We have pointed out an-
other role (viewpoint) of NL/L SUSY relation, which induces LSUSY
soft SUSY breaking. By identifying the contact terms (23) with the
scalar mass terms (25), we have shown the new NL/L SUSY rela-
tion (29) (or (31)) with the constraint equation (28) for the mass
parameters (μ2)A

B , μ2
A and μ2

φ by means of ξ I and ξ i A , in which
LSUSY is broken explicitly. It is interesting if these arguments may
have some relations to the familiar explicit soft SUSY breaking by
A term in LSUSY gauge model. These arguments for the d = 4 case
are interesting and open problems.
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