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Abstract—In this paper, some convergence theorems of Ishikawa type iterative sequence with
errors for nonlinear generalized quasi-contractive mapping in convex metric spaces are proved. The
results presented in this paper not only extend and improve the main results in [1-8] but also give
an affirmative answer to the open question of Rhoades-Naimpally-Singh in convex metric spaces.
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1. INTRODUCTION AND PRELIMINARIES
Recently concerning the problem of the Ishikawa iterative sequence {z,} defined by

Zo € C,
Tntr=(1-an)Tn +anTyn, 120, (1.1)

Un = (1= 0Fn)Tn + BuTzs,

converging strongly to a fixed point of T" or to a solution of the equation Tx = f has been
considered by many authors (see, for example, [1,2,6,8-12]), where C is a nonempty closed convex
subset of a Banach space E, T : C — C is a nonlinear pseudocontractive mapping or accretive
mapping, and {a,} and {B,} are two sequences in {0,1].
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On the other hand, in 1974, Ciric {1] proved the following theorem.

THEOREM. (See [1].) Let (E,d) be a complete metric space, T : E — E be a quasi-contractive
mapping, i.e., there exists a constant k € [0,1) such that

d(Tz,Ty) < kmax{d(z,y),d(z,Tz),d(y, Ty) ,d(z,Ty) ,d(y, Tx)}, (1.2)

for all x,y € E. Then T has a fixed point x* in E and for any given zy € E, the Picard iterative
sequence {T™xzq¢} converges to this fixed point z*.

In 1976 and 1983, Rhoades [7] and Naimpally-Singh (5] suggest the following open question.

OPEN QUESTION. Can the Ishikawa iterative procedure be extended to nonlinear quasi-contract-
ive mapping in a metric space?

This question is in fact solved in the affirmative (see [3,4,8]) for the Hilbert or Banach space
setting.

The purpose of this paper is to prove some new convergence theorems for Ishikawa type iterative
sequence with errors in a convex metric space. The results presented in this paper not only extend
and improve the main results in [1-8], but also give an affirmative answer to the open question
mentioned above in convex metric spaces.

For the purpose of this paper, we first give some definitions and notations.

DEFINITION 1.1. Let (E,d) be a metric space and I = [0,1]. For any positive integer n > 2,
denote by E* = EXEx ---x E, I"=1IxIx---xI. A mapping W : E® x I" — E is said to

n n
be a convex structure of E, if it satisfies the following conditions: for any u,zy,xzq,...,Z, € E
and for any ay,qs,...,0, € I with Y., o; = 1; that is,
(1) W (z1,z2,...,24;0,0,...,0,0,...,0) = z;, i=1,2,...,m
= (1.3)
(2) d(u,W(z1,22,...,Tn;00,00,...,0,)) < Zaid(u, ;). '
i=1

E together with a metric d and a convex structure W is called a convex metric space and is
denoted by (E,d, W).

It should be pointed out that each linear normed space is a special example of convex metric
space, but there exist some convex metric spaces which cannot be embedded into any normed
space (see [13]).

DEFINITION 1.2. A function ® : [0,00) — [0,00) is said to satisfy the condition (Cs), if it is
nondecreasing, continuous from right, ®(t) < t, ¥t > 0, and &(0) = 0.

It is easy to prove the following proposition.

PROPOSITION 1.1. If function @ : [0,00) — [0, 00) satisfies the condition (Cp) and t < ®(t),
t € [0,00), thent = 0. '

DEFINITION 1.3. Let (E,d) be a metric space and T : E — E be a mapping. If there exists a
function ® : [0, 00) — [0,00) satisfying the condition (Cs) such that

d(Tz,Ty) < & (max{d(z,v),d(z,Tz),d (3, Ty),d(z,Ty),d(y,Tx)}), Vz,yekE, (14)

then T is said to be a generalized quasi-contractive mapping.

If ®(t) = kt, k € [0,1), then (1.4) is equivalent to (1.2}, i.e., T is a quasi-contractive mapping.
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DEeFINITION 1.4. Let- (E,d,W) be a convex metric space with a convex structure W
E® x I¥ — E satisfying condition (1.3) for n = 3. Let T : E — E be a generalized quasi-
contractive mapping, {on}, {Bn}, {1}, {&n}: {nm}, and {6.} be six sequences in [0,1] with
B+ =1E& +mm+0,=1n=012,...,and Y B, = co. For any given zy € E,
define a sequence {x,} as follows:

Tp+l1 = w (zn, Ty‘n) Un,; On, ,Bm 'Yn) )

(1.5)
Yn = W (20, TTn, Un; ny My dn), n2z0,
where {u,}, {v,} are two sequences in E satisfying the following conditions.
For any nonnegative integers n,m with 0 < n < m, if §(An,m) > 0, then
max {d(z,y):z € {w;, v}, v € {z;,¥;, Tzj, Ty;,u;,v;}} <6 (Anm), (1.6)
n<i,j<m
where
Anm = {2, 90 Txi, Tyiy ui, v i n <4 <m}

and

§(Anm)= sup d(z,y).
T,Yy€An.m

Then {zy} is called the Ishikawa type iterative sequence with errors of T'.
Especially, if n, = 0, 8, =0,V n > 0, it follows, from (1.3), that y, = z,,. Hence, from (1.5),
we have
Tns1 = W (Zn, TTn, Un; Qn,y Bny n) - (1.7)
The sequence defined by (1.7) is called the Mann type iterative sequence with errors of T.

It should be pointed out that if E is a linear normed space, then E is a convex metric space
with a convex structure W(z,y;1 -~ A\, A) = (L - A)z + Ay, Vz,y € E, X\ € I. Therefore, the
Ishikawa iterative sequence (1.1) is a special case of (1.5) with v, =0, é, =0, and u,, = v, = 0,
VYn>0.

2. MAIN RESULTS

We are now in a position to prove the main results of this paper.

THEOREM 2.1. Let (E,d,W) be a complete convex metric space with a convex structure W :
E¥xI® — E of E, T a generalized quasi-contractive mappingsatisfying condition (1.4), and {z,,}
the Ishikawa type iterative sequence with errors of T defined by (1.5). Then the sequence {z,}
converges to a unique fixed point p of T in E.

PROOF. Let N be the set of all nonnegative integers. For any n,m € N, 0 < n < m, we denote
Anm = {20, Y0 Txi, Tyi, usyvi :n < i < m}

and

0(Anm)= sup d(z,y).
Z,Y€EAn.m

Then we have
8 (An,m) = max {Dy, D3, D3, D4, D5, D},

where v
Dy = max {d(zp,Txz;),d{(xn,Ty) : n < i <m},
D, = max {d (Tz;, Tx;) ,d (Txz;, Ty;) ,d (Ty;, Ty;) : n < i,j <m},
D3 = max {d(z;,Tx;),d(z;,Ty;) :n<i<m, n<j<m},
Dy = max {d (y:;,Tz;),d (v;, Ty;) : n < 4,5 <m},
Ds = max {d (zi, z;) ,d (Zi,y;) ,d (¥i,¥;) : n < 5,5 < m},
Dg = max {d(z,y) : = € {wi, v}, ¥y € {z;,9;,Tx;, Ty;,u;,v;} : n < 4,5 <m}.
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First, we prove that
J(An,m) = Dx. (2.1)

For this purpose, we consider the following four steps.

(1) It follows from (1.4) that
D2 _<. ] (‘5 (An.m)) . (2-2)

(I) It follows from (1.5) and (1.3) that, if n < ¢ < m, n < j < m, then we have

d(zi, Tx;) = d(W (Ti-1, T¥i1, Uiz1; @1, Bic1,Yi-1) , TT;)
< ai1d (zi-1,Tx;) + Bic1d (Tyi-1, Txj) + vio1d (us-1, Tx;)
< max {d(zi-1,Tz;),® (6 (An,m)), De} -

If i — 1 > n, then in the same way, we can prove that
d (.’1:,;._1, TIEJ) < max {d ((L‘i_z, T.’L'j) ) ® (5 (An,m)) , Ds} .

By induction, for n < i < m, n £ j < m, we can prove that

d (.’E,‘, T."Bj) _<_ max {d (1:,'_1, T.'Bj) s & (6 (An,m)) y Ds}
S max {d (zi—2v sz) ) ® (6 (An,m)) 1D6}

< max {d (2n, Tz;), ® (8§ (An,m)) , De} -
Similarly, for n < ¢ <m, n < j <'m, we can also prove that
d (x4, Ty;) < max {d(zn, Ty;), ® (6 (An,m)), De} -
This implies that

D3 = max {d (z;,Tz;),d(z;,Ty;) :n<i<m, n<j<m}
< max {d (:L’n., ij) 7d(meyj)v¢’ (6 (An,m)) WDe:n<j< m} (2.3)
=max {Dy,® (6 (Anm)),Ds}.

(III) For n < i, < m, by (2.2) and (2.3), we have

d(yi, Tz;) = d(W (2, Tzi, vi; &, 7, 65) , )
< &d(z;, Tz;) + mid (Txi, Txy) + 63d (vi, Tx;)
< max {d (z:,Tz;),® (6 (An,m)), De}
<max{D;,® (6 (An,m)), Ds}.

Similarly, we can prove that
d(yi, Ty;) < max {D;,® (8 (An,m)), De} -

Hence, we have

Dy = max {d (y;, Tx;),d (4, Ty;) : n < 4,5 < m}

< max {Dy,® (6 (Anm)), Ds} - (24)

(IV) Since
Ds = max {d (i, z;),d(zi,y;) 4 (¥, ;) : n < 4,5 <m}.
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(a) We first make an estimation for max{d(z;,z;) : n < 4,j < m}.
Let
A, = max{d(z;,z;) : n < 1,5 <m}.

Then there exist k,l: n < k <! < m such that A; = d(zk, ;) and
d(xkvxl—l) < d(.’l;’k,l‘l) = Al-

Hence, we have

Ay = d(zk, 71)
=d(xk, W (z1-1, Tyi—1, w-1; -1, Bi-1,Y1-1))
< oq-1d (zk, 21-1) + Br—1d (T, Tyr—1) + Vi-1d (Tks w1-1)
< og-1d(zk, 21-1) + fi-1D1 + n-1De.
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(2.5)

(2.6)

If ;-1 = 0, from (2.6), we have A; < max{Di,Ds}. If oy # 0, from (2.5) and (2.6),

we have
Ay < oqad(zk, 1) + Bi-1D1 4+ i-1Ds

S ma-x{Ala Dla DG}
= ma.x{Dl,Ds}.
(b) Next, we make an estimation for max{d(z;,y;) : n <4,j < m}.
Let
Az = max {d(z,y;) : n < 4,j <m}.

Since y; = W(z;, Txzj,v5;€;5,1;,0;), using (2.7) and (2.3), we have
Az = max {d (z;, W (z;, Tx;,v5; €514, 65)) : n < 4,5 <m}
< max {¢;d (i, x;) + njd (%3, Tz;) + 0;d (23, v;) : n < 4,5 < m}
< max {D1, Ds, ® (6 (An,m))}-

(c) Finally, we make an estimation for max{d(yi,y;) : n < i,j < m}.
Let
A3 = ma‘x{d(yuyj) n S 1".7 S m} .

By using (2.8) and (2.4), we have

Az = max {d(yi, W (z;,Tz;,v;;&,15,65)) : n < 4,5 <m}
< max {§;d (yi, T5) + nid (¥, Txj) + 05d (33, v5) : n < 4,5 <m}
< max {d(y:,2;),d (%, Tz;) ,d(¥i,v;5) 1 n < 4,5 <m}
<max{Dy,® (6 (Anm)),De}.

It follows, from (2.7)~(2.9), that

Dg = max{d(:z:i,z:j) ,d(zi,yj) ’d(yiayj) n<i,j < m}
S max {Dl, d (6 (An,m)) ’DG} .

Combining (2.2)—(2.4) with (2.10), we have

0 (An,m) = max {D», Da, D3, Dy, D5, Dg}
<max{D;,® (6 (Ap,m)),Ds}.

2.7)

(2.10)

(2.11)
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If Dy < ®(6(An,m)) or D1 < Dg, then 6(Ap,m) > 0. Since ® satisfies the condition (Csp),
by using (1.6), we have that
Dy < ®(6(Anm)) < 6(Anm),

and
Di<Dg<é (An,m).

Therefore, from (2.11), we have
8§ (Anm) <&6{Anm),

which is a contradiction. Thus, we have D; > ®(6(Anm)) and D; > Dg. Hence,
from (2.11), we have

0 (Apm) < Dy.
However, it is obvious that

Dy <6(Anm).
Therefore, we have

Dy =6(Anm).

Taking n = 0 in (2.1), we have
0 (Ao,m) = max {d (zo, Tz;),d (20, Ty;) : 0 < j < m}
< d(zo, Tzo) + max {d (Txo, Tz;) ,d (T, Ty;) : 0 < j <m}
< d(zo, Tzo) + @ (4 (Ao,m))

and so we have
& (Aom) < (I —8)7' (d(20,T20)), VYm>0. (2.12)

This implies that the sequence {§(Ag )} is bounded.
On the other hand, for any positive integers n,m : 1 < n < m, it follows, Trom (2.1), that
8 (An,m) = max{d (zn,Tz;),d(xn,Ty;) :n < j <m}
= max {d (W (-'L"n—l, TYn—1,Un-1;n-1, Bn-1, 711—1) ’ ij) ,

n<j<m
d(W (n-1,TYn—1,Un—1; -1, Bn-1,Yn-1) , TY;) }

< max {an-1d(ZTn-1,TZ;) + Bn-18(TyYn-1,Tx;)
n<j<

+Yn-10 (Un-1,T2Z;) ,0n-1d (Tn-1,TY;) + Bn1d (TYn-1,TY;) + Yn-14 (Un-1,Ty;)}
< an_16{An—1,m) + Bn-1P (6 (An-1,m)) + Tn-10 (An—1,m)
= (1= fn-1)0 (An-1,m) + Bn-1® (6 (An-1,m))
= = Bp-1(I - ) (6 (An-1,m)) -

By induction and using (2.12), we can prove that

n—1

5 (Anm) < [ (- 5 (I - ) (6 (A3,m))

j=0

n—-1
< J[ (- 8;(1 - ©)) (5 (Aom))
7=0

n—1
<[Ia-6U-2) (),

j=0

where ty = (I - q’)_l(d(.’ro,T:L'o)).



Convergence Theorems 541

Since the function @ : [0,00) — [0, 00) satisfies the condition (C3), for any t > 0, ®(t) < t, i.e.,
(I - ®)(t) >0,Vt > 0. Again, since 3,2, fj = co. Therefore, we have that

o0

I (-8 -#) () =0.
3=0
Hence, we have
lim é(Anm)=0.
n,M—00

This implies that {z,} is a Cauchy sequence in E and
lim d(z,,Tz,) =0.
n—o0
Since F is complete, there exists a p € E such that z,, — p. Hence, we have

lim z, = lim Tz, =p.
n-—00 n—oo

It follows, from (1.4), that
d (T-Tny TP) <® (max {d (znap) yd (xny Txn) yd (pa Tp) ,d (mna Tp) yd (pa Txn)}) .

Letting n — oo on the both sides of the above expression and taking the right limit, we have

d(p,Tp) £ ®(max {0,0,d (p,Tp),d (p,Tp),0})
< ®(d(p,Tp)).

Therefore, it follows, from Proposition 1.1, that d(p, Tp) = 0; i.e., p is a fixed point of T in E.
Finally, we prove that p is a unique fixed point of T" in E. Suppose the contrary. Let ¢ also be
a fixed point of T' in E. Then we have

d(p,q) = d(Tp,Tq)
< @ (max{d(p,q),d(p,Tp),d(q,Tq),d(p,Tq),d(q,Tp)})
=& (d(p,q))-

Hence, d(p,q) = 0, i.e., p = ¢, and so p is the unique fixed point of T in E. This completes the
proof of Theorem 2.1.

Taking ®(t) = kt in Theorem 2.1, where k € [0,1) is a constant and ¢ € [0,00), we can obtain
the following result immediately.

THEOREM 2.2. Let (E,d,W) be the same as in Theorem 2.1, T a quasi-contractive mapping
satisfying condition (1.2), and {z,} the Ishikawa type iterative sequence with errors of T defined
by (1.5). Then the sequence {z,} converges to a unique fixed point p of T in E.

REMARK. Theorems 2.1 and 2.2 are two new convergence theorems of the Ishikawa type sequences
with errors for the generalized pseudocontractive mappings in convex metric spaces. These two
theorems not only provide an affirmative answer to the open question of Rhoades and Naimpally-
Singh in the setting of convex metric spaces, but also improve and extend the corresponding
results in [1-8].

For the Mann type iterative sequence {z,} with errors, we also have the following result from
Theorem 2.1.

THEOREM 2.3. Let (E,d, W) be the same as in Theorem 2.1, T a generalized quasi-contractive
mapping satisfying condition (1.4), and {z,} the Mann type iterative sequence with errors of T
defined by (1.7). Then the sequence {z,} converges to a unique fixed point p of T in E.
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