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We obtain sufficient conditions for the oscillation of all solutions and existence 
of positive solutions of the neutral difference equation 

d(x,+cx,-,)+p,x,-,=o, n = 0, I, 2, . . . . 

where c and p,, are real numbers, m and k are integers, and p,, m and k are 
nonnegative. e 1991 Academic Press, Inc. 

In the past 10 years the oscillation and nonoscillation of solutions of 
difference equations have been extensively investigated [3,5-71. It turns 
out that many (but not all, see [6, 73) of the substantial criteria for 
differential equations have discrete analogues. Further, criteria have also 
been obtained for the oscillatory and nonoscillatory behavior of discrete 
analogues of delay differential equations [3, 51. Especially, the oscillations 
of all solutions of the neutral difference equation 

d(Y,+PY,,-,)+qY,-,=O, n = 0, 1, 2, . . . (1.1) 

have been investigated in [S], where A denotes the forward difference 
operator dy, = y, + 1 - yn. 
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A nontrivial solution { J,~) of Eq. (1.1) is said to be oscillatory if for 
every N > 0 there exists an n 3 N such that r,, J’,,, , 6 0. Otherwise it is 
nonoscillatory. 

In this paper we consider the first order neutral difference equation of the 
form 

d(.u,, + C-Y,, nl) + pnx,, k = 0, n=o, 1, 2, . ..) (1.2) 

and the forced equation of the form 

d(x, + cx,,-.,) +plrXn~~k = F,, n=0,1,2 ,.... (1.3) 

Equation (1.2) has also been considered in the numerical analysis of 
functional differential equations (see [ 1 ] ). 

Let M = max{m, k}, where m and k are nonnegative integers. Then by 
a solution of Eq. (1.2) we mean a sequence {xn} which is defined for 
n > - A4 and which satisfies Eq. (1.2) for n = 0, 1, 2, . . . Clearly, if 

x,=A, for n = -M, . . . . - 1, 0 (1.4) 

are given, then Eq. (1.2) has a unique solution satisfying the initial condi- 
tions (1.4). We assume throughout that p,? cannot be eventually identically 
zero. 

Our purpose in this paper is to obtain sufficient conditions for oscillation 
an nonoscillation of Eqs. (1.2) and (1.3). Some of the sufficient conditions 
are sharp, and most of the results in [S] are special cases of our results. 

It is obvious that the behavior of the solutions of Eq. (1.2) depends on 
the parameter c. We establish results for Eq. (1.2) in Sections 2, 3, 4, and 
5 according to the values of c. In Section 6 we present sufficient conditions 
for the oscillations of solutions of Eq. (1.3). 

The following lemmas will be needed for the study of Eq. (1.2). 

LEMMA 1 .l [3]. Assume that 

liminfp,=cr>O 
n-tr 

lim inf pn > 1 - c(. 
n - % 

Then 

6) -x,+1 - x, + p,,x, ~ m d 0 has no eventually positive solution; 
(ii) Xn+I - -x,1 + PnX,, n, >, 0 has no eventually negative solution. 



NEUTRALDIFFERENCEEQUATIONS 21s 

LEMMA 1.2 [3]. Assume that 
m 

lim inf pn > 
n-m (t?Zi-Y)m+l. 

Then the conclusion of Lemma 1.1 holds. 

LEMMA 1.3 [3]. Assume that p,, > 0 and 

limsup i Pk>l. 
n-m k=n--m 

Then the conclusion of Lemma 1 .l holds. 

2. CASE WHEN c= -1. 

LEMMA 2.1. Assume that c = - 1 and p, b 0 for n = 1,2, . . . . Let {xn} be 
an eventually positive solution of (1.2) setting 

z,=x,+cx,-,; 

then z,, > 0 and AZ, d 0 eventually. 

Proof From (1.2) we have 

(2.1) 

AZ, = -p,,X,-k d 0 

eventually since pn f 0, so z, cannot be eventually identically zero. It 
follows that {zn} is eventually positive or eventually negative. 

If Z, < 0 eventually, then 

Hence 
z,,<z,<o for nbN. 

X N+mn<~N+~N+~n-l,m< ... <nz,+x,. 

By letting n + co, we note that x,v+nm will be negative which is a contradic- 
tion with x, > 0. The proof is complete. 

THEOREM 2.1. Assume that 

0) c= -1 
(ii) p,, > 0 for n = 1, 2, . . and C,“= N p, = 00, where N is a positive 

integer. 

Then every solution of (1.2) is oscillatory. 
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Proqfi Suppose the contrary. Without loss of generality let [.yH j be an 
eventually positive solution of (1.2). By Lemma 2.1 z,, > 0 and AZ,, < 0 
eventually, which implies that lim,, _ % z,! = a >, 0 exists. 

Summing (1.2) from N to rz, we have 

,Z 

z,,+ 1 -zz,+ 1 p,x, x =o. (2.2) 
,=N 

Letting IZ -+ co, we get 

(2.3) 

Setting minNcr<N+m ximk=s>O, we know that . . 

2,=x,,-x,-,>o for n3 N. 

Hence x, 2 s for n 3 N. From (2.2) we have 

02 
co>z Nfka C PiXi-k>S f P,, 

i=N+k ,=N+k 

which contradicts condition (ii). The proof is complete. 

EXAMPLE 2.1. Consider 

A(x,-x,~,)+p,x,_,.=O, n = 0, 1) 2, . ..) (2.4) 

where m>O, m’>O, and 

n-m’1 -I 
“=(n+ l)(Z-m+l) iC, i ’ ( 1 (2.5 1 

It is obvious that z,Z N pi < rx, for N 3 m. Equation (2.4) does not satisfy 
assumption (ii) in Theorem 2.1. In fact, (2.4) has a nonoscillatory solution 
x,=Z:r=, l/i, n = 1, 2, . . . . 

EXAMPLE 2.2. Consider 

d(x,-x,,+,)+4x, -0 k- 3 n = 0, 1) 2, .,.) 12.6) 

where m is odd, k is even, and k, m are positive integers. Equation (2.6) 
satisfies the assumptions of Theorem 2.1, therefore every solution of (2.6) is 
oscillatory. In fact x, = (- l)n+ ‘, n = 1, 2, . . . is a solution of (2.6). 

Remark 2.1, Theorem 2.1 includes Theorem 1 (i) in [S] as a special 
case. 
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3. CASE WHEN -l<c<O 

LEMMA 3.1. Assume that - 1 < c -C 0 and pn Z 0. Let {x,,} be an even- 
tually positive solution of (1.2). Then z, > 0 and AZ, < 0 eventually, where z, 
is defined by (2.1). 

The proof of this lemma is similar to that of Lemma 2.1 and hence is 
omitted. 

THEOREM 3.1. Assume that 

(i) -1 <c<O, k>m; 
(ii) pn apn _ m for all large n; 
(iii) (l/( 1 + c)) lim inf, j m pn > kk/(k + l)ktl. 

Then every solution of (1.2) oscillates. 

Proof If not, we assume that {x,} is an eventually positive solution. 
Set 

z,=x,+cx n--m, w,=z,+cz H-WI. 

By Lemma 3.1, we know that z, > 0, AZ, < 0 and w, > 0, Aw, < 0. In fact, 

= -PnXn-k-cp,-mx,-m-k 

G -Pn(X,~k+CXn-m~k) 

6 -PnZ+k 

Q 0. 

Since lim, _ co 2, = 13 0 exists, we get 

lim w,=l+cl=(l +c)l>O. 
n-m 

Therefore w, > 0 for all large n. On the other hand, 

or 
w,=z,+cz,P,<(l+c)z, 

Wll z, a- l +c’ 

From (3.1) and (3.2), we have 

Aw,d -p,,Zn-k< -&w,*. 

(3.1) 

(3.2) 

(3.3) 
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By Lemma 1.2 and under condition (iii) Eq. (3.3) has no eventually 
positive solution, a contradiction. 

Remark 3.1. Theorem 3.1 includes Theorem 2 (i) and (iii) in [S]. 

EXAMPLE 3.1. Consider 

where p,, = (n - 2)(3n - 1)/2n(n + 1 )(n - 1). It is easy to see that p,, > P,~ , 
for all large n and that conditions (i) and (iii) are satisfied. Therefore by 
Theorem 3.1 every solution of (3.4) oscillates. In fact, x, = ( - 1)” l/n is such 
a solution. 

THEOREM 3.2. Assume that 

(i) -1 <c<O; 
(ii) lim inf, _ Ix1 p,=A>Oandlimsup,,,p,,>l-Aor 

(iii) lim inf, j o. p,* > kk/(k + 1 )k + ‘. 

Then every solution of Eq. (1.2) oscillates. 

ProoJ Suppose the contrary. Without loss of generality let {xn} be 
an eventually positive solution of (1.2). By Lemma 3.1 z, > 0, AZ, < 0 
eventually. We note that 0 < zn < x, for n = 1,2, . . . . So Eq. (1.2) becomes 

Az,+p,z,+,60. (3.5) 

From Lemmas 1.1 and 1.2, condition (ii) or (iii) implies that (3.5) has no 
eventually positive solution, a contradiction. 

THEOREM 3.3. Assume that 

(i) -1 <c<O, m>k; 

(ii) p, > 0 and p,, >p,, m for all large n. 

Set 

lim inf pn > F( lJ = 
(i- l)(l + CP) 

n-a: 
fkktl 2 

where iE (1, (-c)““‘) is a unique real root of the equation 

1 + cl”’ = (I- l)(k + kcl” - cml”). 

Then every solution of (1.2) oscillates. 

(3.6) 

(3.7) 
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Proof Suppose the contrary, and let {xn} be an eventually positive 
solution of (1.2). By Lemma 3.1. z, > 0 AZ, < 0 eventually. From (3.1), we 
have 

d(z, + CZ,~,)+p,Z,-k GO. (3.8) 

Set Y, = z,_~ ,/z,; then r,, > 1 for all large n. Dividing (3.8) by z,, we get 

6 1 +c(r,-,+, ‘..r,-Ir,-ry,- m+2...r,-Ir,) 

-m-n-ktl “‘rti. 

From (3.9), r, is bounded above. We set 

liminfr,,=/>l. 
n-tcr: 

Then 1 is finite. From (3.9) we have 

1 
lim sup - A * +cl”-’ 

n-cc r n+l I‘ 
(I-l)-Ikliminfp,. 

n-cc 

Hence 

liminfp <(l+cr*)(~-l) 
?I--- 

n-m 
/k+l . 

Set 

F(I)= (1 +cWl- 1) 
Iktl . 

(3.9) 

(3.10) 

(3.11) 

From F’(Z) = 0, we get the equation 

Equation (3.12) has a unique real root [on [ 1, co]. It is easy to see that 
F(f) is a maximum value of F(I) on [ 1, co ). Thus we have 

lim inf pn < F(T), 
n+cc 

which contradicts condition (3.6). The proof is complete. 

Remark 3.2. Theorem 3.3 is a discrete analogue of a result in [9]. 
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THEOREM 3.4. Assume that 

(i) -1 <c<O. 
(ii) pn 3 0, n = 1, 2, . . . . z,,‘=, p,= cc und ,fbr any subsequence 

ini> s In>, C,? l Pn, = co. Then every nonoscillatory solution of ( 1.2) tends 
to zero as n -+ co. 

Proof If not, let {xn} be an eventually positive solution of (1.2). By 
Lemma 3.1, z, > 0 and AZ, < 0 eventually. Then lim, _ I Z, = 13 0 exists. 

Summing (1.2) from N to n, we have 

Z PI+I-~N= 

which implies that 

fN Pixi-k< CC 

On the other hand, if lim supn _ x) X, > 0, then there exists a subsequence 
jn$h;J;L “h”,“,“, that limi, m x,,~ = s > 0. 

m>;fNl p.,,kx.,,$fN, Pn,+k (3.12) 

where N, is a sufhciently large number such that x,~ ass/2 for i> N,. The 
inequality (3.12) contradicts condition (ii). The proof is complete. 

EXAMPLE 3.2. Consider 

(3.13) 

By Theorem 3.4, every solution of (3.13) tends to zero as n -+ co. In fact, 
{x, > with x, = e-” is such a solution. 

THEOREM 3.5. Assume that 

(i) -1 Gc60 andpn>p>O 

(ii) 

Pn 
-P 
Pn-??? 

(3.14) 

Then every solution of Eq. (1.2) oscillates. 
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Proof If not, assume that there is a solution {xn) of (1.2) with x, > 0 
for n .> N - m, where N is a sufficiently large integer. Define 

z,=x,+cx,-,. 

By Lemma 3.1, we have z, > 0, AZ, < 0 for n > N. Define 

w,= -3>o, n 3 N. 
2, 

It is easy to see that W, < 1 for n > N. From (1.2) we have 

(3.15) 

P?l Az,+pnzn-k-c- 
P+Wi 

pn-mXn~k-m=O. (3.16) 

Dividing (3.16) by z, we have 

From (3.15), we have z,+i/z,= l- W, and z,/z, ~ k = nl~i- k (1 - Wi). 
Thus (3.17) becomes 

n- 1 

w,-p, n (l-wi)-‘+c~w ~ 

n-1 

i=n-k Pn-m ” m 
n (1 -wi)-‘=o. (3.18) 

i=n-m 

Set 
1 

vi=l-wi’ 
i= N, N+ 1, . . . . (3.19) 

or 
vi-1 w,=- 

0, ’ 
i= N, N+ 1, . . . . 

Hence (3.18) becomes 

(3.20) 

or 

v -1 n- 1 

-=p, JJ 
V, i=n-k 

(3.21) 
i=n--m 

i=n-k 

v,(v,-, - 1). (3.22) 
m i=n--m+l 

409/158/l-15 
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Define sequence { jti!,“}, n = N, N + 1, . . . . I= I, 2, as follows: 

{$,“> = { 1 >, n = N, N f 1, . . . . 

I 

1 +pn fi /y-c- P,l fj 3.jyy,,,- I), 
,=n k PI1 Wf , = N ,,I + I 

{ i”fy} = n>N+M 

) (2) 
“NtM, N<n,<N+M 

Here M = max(m, k). In general, 

1 

l+p, fi ;I;“-cp Pn fi ~“y’(A~~‘~,, - l), 
i=n-k Pn m i=n--m+l 

(At”} = n>N+M 

AU’ 
N+M, N<n<N+M. 

Define a sequence {p’} as follows: 

pl= 1 

P ‘+ ’ = f;f, 
A 

1 +pJ,@+ ’ 

I= 1, 2, . . . . 

It is easy to see that 

p2=~i;~(l+pllj>p1=l. 

In general, by condition (3.14), we have 

c* (p’)“-’ (p’- l)} 
n In 

1 =? inf 
/l n>N 

P /+ 1 
=-T P ’ 

i.e., (pLI} is increasing. 
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For each n > N, 

Assume that 

we see that 

By induction, we get that 

q > p’, for n>N, I=l,2 ,.... 

Now we shall show that 

v, 2 1Lp for n>N+MI. 

In fact, v,>1=1:), n>N+M. 
Assume that 

v, 2 ii’), naN+Ml. 

Then 

v,=l+P, i vi-&- ii vi(u,-,- 1) 
i=n-k Pn-TW i-n-m+ 1 

(3.23) 

= Au+ 1) n ) for n>N+(I+l)M. 

By induction we have proved (3.23). 
Let p* = lim,, co p’. We shall discuss two possible cases for CL*. 
First, we assume that p* is finite. It is obvious that ,K* > 1 and 

(3.24) 

by definition of {CL’} 
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From (3.24) we obtain 

which contradicts condition (3.14). 
Now in case IL* = + co, then iim,,, ‘x L‘,, = + ~1. Consequently, 

lim,, c M;,, = 1. 
From Eq. (1.2) and the fact that x,, 3 z,,, we have 

AZ,, + PZ,, k d 0. 

Hence 

(3.25) 

Now lim, _ co w, = 1 implies that lim, _ 3c z, + Jz, = 0 and lim, _ ~ z, Jz, = 
+ co. Therefore (3.25) is impossible and hence the proof of Theorem 3.5 is 
complete. 

THEOREM 3.6. Assume that 

(i) -1 <c60; 
(ii) pn>Ofor all large n>,iV-m; 
(iii) there exists a constant p* > 1 such that 

(3.26) 

then Eq. (1.2) has a positive solution. 

Proof: Let 

vN-‘$,f= ... =v&l=q, 

where q is a constant and q E (1, p*). Define 

vn=l+PnL=~pkvi-I~ i=nfim+,viCv~-~~ll 
” 

We see that, from (3.28), 

(3.27) 

n=N,N+l,.... 

(3.28) 

UN= 1 +pNv,qk-c- p;Nm vNq”(q- l) 
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or 

PN l-p,qk+c- 
PN-m 

From (3.26), we know that 

l-p,qk+c~qm-l(~-])>~ 
N--m 4 

SO 

‘N .‘< 1. 

4 

Hence 

By induction, we can prove that {v,] is well defined by (3.28). 
Define 

v -1 
w.=I- I vi ’ 

i= N-M, N-M+ 1, . . . . 

From (3.28), we have 

1 -= 
l-w, i=n-k 

or 

n-1 n-1 

w,=p, n (~-w~)~~-c~w,-, n (~-MQ~‘, (3.29) 
r=n-k Pn-??I i=n-m 

wheren=N,N+l,... and l>w,>O. 
Define 

and 

Z PI+1 =z,(l--A n>N-M. 
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Hence 

z,, = ‘Ini ( 1 - M’,), ;,, > 0. 
, ,Y &t 

We see that 

Al,=;,,+,-=, 

-w,z,<Q 

i.e., 

AZ, wn= --. 
Z, 

Substituting (3.30) into (3.29), we have 

-Az,=pnznek-c Jk (-AZ,-,) 
Phrn 

or 

AZ, ---=Z,-k+ -L AZ,-,. 
P” Pfi-??I 

(3.30) 

(3.31) 

Now we define 

hl+k 
Yn= - - > 0, n=N-M,N-M+l,.... (3.32) 

Pn+k 

From (3.31) and (3.32) we have 

or 

(3.33) 

Combining (3.33) and (3.32), we see that (y,) defined by (3.32) is a 
solution of Eq. (1.2). The proof is complete. 
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COROLLARY 3.1. Zfpn =p>O in Eq. (1.2) then every solution of (1.2) 
oscillates if and only if 

inf 
i 

1 
-+pp~-Cpm-‘(p- 1) > 1. 

P” p i 

Remarks 3.3. If m = 0, k 3 1, then (3.34) is equivalent to 

P kk 

1 +l’(k+ l)k+’ 

(3.34) 

(3.35) 

and hene (3.35) is a sufficient and necessary condition for every soluton of 
(1.2) to be oscillatory. 

Remark 3.4. If m>O, k> 1, then (3.35) implies that (3.34) holds. 
Therefore (3.35) is a sufficient condition for every solution of (1.2) to be 
oscillatory. This is a known result (Theorem 2, (iii) in [S]). 

Remark 3.5. If k = 0, m > 1, then (3.34) becomes 

inf 
i 

1 
-+p-c/Fl(p- 1) > 1. 

Ir>l p 1 

It is sufficient to have 

inf 
i 

i+p-c(p- 1) > 1. 
P’l p I 

(3.37) 

From (3.37) we get the sufficient condition 

p>l-c-26 (3.38) 

for every solution of (1.2) to be oscillatory, which is better than the condi- 
tion 

p>,l+c 

(Theorem 2, (i) in [S]). 

4. CASE WHEN c-c - 1 

LEMMA 4.1. Assume that pn 2 0 and C,“= 1 p,, = 00. 

Let {x,,} be an eventually positive solution of (1.2). 
Set z,=x,+cx,-,. Then z, < 0 and AZ, < 0 eventually. 
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Proqfi In fact, from (1.2), A:,, = -p,,x,, A < 0 for all large n. We shall 
prove that z,, < 0 eventually. 

If not. then 

i.e.. 

- = x,, + cx, - ,I ,,a0 for n3N; 

which implies 

x,, 3 -ix, ,n for n>N, 

o<x,-~,++< . <(- y.YN+~,-~,m~ (4.1) 

j= 1, 2, . ..). Letting j ---f 00 in (4.1), we get 

x,z + cc as n+oC. 

But 

AZ, = -p,,x,p, 6 -Mp,, for large n, 

where M is a positive number. Summing (4.2) we get that 

(4.2) 

z,+1 -z,<-M i pi 
i=N 

which implies that 

z,+ --a3 as n+co. 

This contradicts the fact that z, > 0, for n 2 N. The proof is complete. 

THEOREM 4.1. Assume that 

(i) c< -1 
(ii) m>k 
(iii) pn <pnem for all large n 
(iv) -(l/(l+c))liminfp,>(m-k-l)m-k-‘/(m-k)m-k. 

Then every solution of Eq. (1.2) oscillates. 

ProoJ Otherwise, without loss of generality, let {xn > be an eventually 
positive solution of Eq. (1.2). By Lemma 4.1, we have 

z, -=I 0, AZ, < 0. 
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Set w,,,=z,+cz,~,; then we have w, > 0, dw, > 0 eventually. Note that 

w,<(l+c)z,-,; 

then 

Hence 

Aw,=Az,+cAz,_,= -pnXn-k-cp,-,x,-k+m 

3 -PnZ,-k 

20 

or 

Set y,, = w, + i/w,, > 1. The inequality (4.3) implies that 

From condition (iv), we know that yn is bounded above. 
Taking limit inferior on both sides of (4.4) we have 

1 Ibl-- 
l+c 

hm inf pn I” ~ k, 

(4.3) 

(4.4) 

(4.5) 

where I= lim inf, _ 7. yn. From (4.5) we have 

1 -- liminfp <1-l <(m+l)“-k-i 
l+c l7+‘x *‘P-k’ (m-k)“Pk 

which contradicts condition (iv). The proof is complete. 

If condition (iii) does not hold, then we have the following criterion. 

THEOREM 4.2. Assume that the assumptions (i) and (ii) in Theorem 4.1 
hold. Further, assume that 

-lliminfp,> 
(m-k- l)“pkp’ 

c n-cc (m-k)“-k . 
(4.6) 

Then every solution of (1.2) oscillates. 
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Proqj: If not, let ix,!} be an eventualy positive solution. Note that 
z, = x,, + c-x,, ~ ,n > cx, n, From (1.2) we have 

AZ,,= -P,,x,, k 6 -3~ + ,,,I k). (4.7) 

The rest of the proof is similar to that of Theorem 4.1. We know that under 
assumption (4.6) the inequality (4.7) has no eventualy negative solution. 
But by Lemma 4.1, z, is eventually negative. This contradiction proves the 
Theorem. 

THEOREM 4.3. Assume that the assumptions oj’ Lemma 4.1 hold. Then 
every nonoscillatory solution of (1.2) tends to + cc or - a3 as n -+ co. 

Proof: Let {xn} be an eventually positive solution of (1.2). By 
Lemma 4.1 we have 

z, < 0, AZ, < 0 eventually. 

Therefore 0 > lim, _ u;I z,,=l> -co. We shall show that I= --cc. 
Assume that - co < 1~ 0. Summing (1.2) from N to n we get 

n 

Zn+l -ZN + C pi-xj-k=Oy (4.8) 
i=N 

which implies that 

(4.9) 

Since Cp”= N pi = co, we have 

lim inf, _ -*1 x, = 0, 

i.e., there exists a subsequence {n,} such that 

lim nj= co and 
z+m 

lim x,,~, = 0. 
j - m 

On the other hand, z,,, > CX~, _ m ; thus 

O<hxn,-_, (4.10) 
C 

which implies that lim,, o. z,, = 0, a contradiction. Therefore lim, j c13 z,, = 
--co. From (4.10) we have lim,,, x, = + co. The proof of eventually 
negative solution is similar. 
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5. CASE WHEN c>O 

THEOREM 5.1. Assume that 

(i) c>O, k>m 
(ii) pn bp,-, and 

& lim inf pn > 
(k-my-” 

n-m (k-m+ l)k-m+l’ 

Then every solution of (1.2) oscillates. 

Proof: The proof of this theorem is essentially the same as the proof of 
Theorem 4.1, and hence is omitted. 

Remark 5.1. Theorem 5.1 includes a part of Theorem 3 in [S]. 

6. NONHOMOGENEOUS DIFFERENCE EQUATIONS 

Consider 
(6.1) 

THEOREM 6.1. Assume the following: 

(i) c > c, 2 0, c is a positive number, m and k are positive integers, 

(ii) p,, >, 0 and there exists a constant number M > 0 such that 

P,GW-,. (6.2) 

(iii) Set Af,, = F,, and denote 

f,’ = max(f,, 0) 

f; = mad -fn, 0) 
and 

I!? Pn+kf” = a. (6.3) 
ll=N 

Then every solution of (1.3) oscillates. 

Proof: If not, without loss of generality, assume that {x,} is an even- 
tually positive solution. Then 

(6.4) 

where z, = x, + c,x, _ m > 0 eventually. 
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From (6.4) (z,! -.f;,) is nonincreasing eventually. If z,, -,f;, ,< 0 for II 3 IV. 
then 7 -,I <,jn for ~12 N, which contradicts the positiveness of z,,. Therefore 
z, -.f,, > 0 for all n 3 N. Hence 

-,, >,r,: for n3 N. (6.5) 

On the other hand, from (6.4) lim,,, , (;,, -,f;,) = 130 exists. Conse- 
quently, Cy: ,,, P;x,+~ < a. We see that 

1 Pn+kZn= c Pn+kXn+ c P,r+k(‘nX,-,,<m 
fI=N II = .N ,I = N 

(6.6) 

because of condition (6.2). Combining (6.6) and (6.5) we have 

1 Pn+kf’n+ <a 
II = N 

which contradicts (6.3). The proof is complete. 

THEOREM 6.2. Assume that 

(i) c, 3 0, pn 3 0, n = 1, 2, . . . . 
(ii) there exists fn such that Af, = F,, and 

lim sup fn = + co, liminff,= -co. 
n-m ,I + rx (6.7) 

Then every solution of Eq. (1.3) oscillates. 

Proof Suppose the contrary; without loss of generality, let {xn} be an 
eventually positive solution of Eq. (1.3). As in the proof of Theorem 6.1, we 
have 

and 

z, -f, > 0 for n>N 

A@,-f,)<Q so lim (z, -,f,) = CI 3 0. 
n - a 

From (6.7) there exists a sequence {nk) such that lim,, x1 fnk= -co. We 
see that 

lim (z,~ -f,,) = c( 3 0, II * 5 

which implies that {z,,} cannot be eventualy positive, a contradiction. The 
proof is complete. 
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EXAMPLE 6.1. Consider 

4x,+x,-2)+ 
4n3-6n2-2n+2 (n-2)(2n+l) 

n(n+ l)(n- 1) - n(n + 1) 1 x,-2 

2n+ 1 =F,=(-q”+‘- 
n(n + 1)’ 

It is easy to see that f,, = (- 1)” (l/n), pn + 2 as n + co, and 

Therefore every solution of (6.8) oscillates by Theorem 6.1. In fact, 
x, = (- 1)” (l/n) is a solution of (6.8). 

EXAMPLE 6.2. Consider 

2n-3 
d(x,+~,~,)+~x~~~=(-l)“+‘(2n+l). 

We see that Fn = ( - l)n+ ’ (2n + l), fn = ( - 1)“n. Hence all assumptions of 
Theorem 6.2 are satisfied. Therefore every solution of (6.9) oscillates. In 
fact, x, = ( - 1)“n is such a solution. 
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